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Sums of reciprocals of fractional parts and
multiplicative Diophantine approximation

V. Beresnevich* A. Haynes' S. Velani?

Dedicated to Wolfgang M. Schmidt on N°80

Abstract

There are two main interrelated goals of this paper. Firstly we investigate the
sums

al 1
Snl(ey) = ———
= nllnec =l
and
Y
(o) =3 —
= lIna—~|l
where « and «y are real parameters and || - || is the distance to the nearest integer.

Our theorems improve upon previous results of W. M. Schmidt and others, and
are (up to constants) best possible. Related to the above sums, we also obtain
upper and lower bounds for the cardinality of

{1<n<N:|na-v]<e},

valid for all sufficiently large N and all sufficiently small e. This first strand of the
work is motivated by applications to multiplicative Diophantine approximation,
which are also considered. In particular, we obtain complete Khintchine type
results for multiplicative simultaneous Diophantine approximation on fibers in
R2. The divergence result is the first of its kind and represents an attempt of
developing the concept of ubiquity to the multiplicative setting.
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Part 1

Problems and main results

Notation

To simplify notation the Vinogradov symbols < and > will be used to indicate
an inequality with an unspecified positive multiplicative constant. If a < b and
a > b we write a < b, and say that the quantities a and b are comparable.
For a real number z, the quantity {x} will denote the fractional part of z. Also,
|z] := z—{z} denotes the largest integer not greater than x and [x] := —|—z| :=
min{m € Z : m > x} denotes the smallest integer not less than z. Given a real
number z, sgn(z) will stand for 1 if x > 0, —1 if x < 0 and 0 if x = 0. Finally,
|z|]| = min{|z — m| : m € Z} will denote the distance from z € R to the nearest
integer, and R = (0, +00).

1 Sums of reciprocals

1.1 Background

Let a,v € R and suppose that
lna =~ >0 VnelN (1.1)

For N € N consider the sums

and

N 1
Rylay) =3
n=1

Inac =~

Note that for any real number x we have that ||z is the minimum of the fractional
parts {z} and {—x}. Hence, it is legitimate that the sums Sy(«a, ) and Ry(c, )
are referred to as the ‘sums of reciprocals of fractional parts’.
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The above sums can be related by the following well known partial summation
formula: given sequences (a,) and (b,) with n € N

N N
Zanbn = Z(an - an+1)(b1 + e+ bn) + CLN+1(b1 + 4 bN) . (12)
n=1 n=1

In particular, it is readily seen that

Sn(ay) =Y f&fﬂ + R]]\Vf(i’f) . (1.3)

n=1

Motivated by a wide range of applications, bounds for the above sums have
been extensively studied over a long period of time, in particular, in connection
with counting lattice points in polygons, problems in the theory of uniform distri-
bution, problems in the metric theory of Diophantine approximation, problems in
dynamical systems and problems in electronics engineering (see, for example, [2],
3], [4], [21], [28], [29], [30], [38, pp. 108-110], [41], [40], [48], [49], [50], [55],[56]).
Schmidt has shown in [49] that for any v € R and for any € > 0

(log N)? < Sn(a,7) < (log N)**<, (1.4)

for almost all @ € R. In other words, the set of « for which (1.4) fails is a set of
Lebesgue measure zero. It should be emphasised that (1.4) is actually a simple
consequence of a much more general result, namely Theorem 2 in [49], estab-
lished in higher dimensions for sums involving linear forms of integral polynomi-
als with real coefficients. To a large extent Schmidt’s interest in understanding
the behavior of sums such as Sy(a,y) lies in applications to metric Diophantine
approximation, more specifically to obtaining Khintchine type theorems. Our
motivation is somewhat similar.

In the homogeneous case, that is to say when v = 0, the inequalities (1.4)
are known to be true with € = 0 for any badly approximable «. This result was
originally proved by Hardy and Littlewood [29, Lemma 3]. Today this classical
statement can be found as a set exercise in the monograph [41, Exercise 3.12] of
Kuipers and Niederreiter. However, there is a downside in that the set of badly
approximable numbers is of Lebesgue measure zero and therefore we are only
guaranteed comparability in (1.4) for « in a thin set.

Walfisz [55, (48,,) on p. 571] proved that for any ¢ > 0 we have that Sy (o, 0) <
(log N)3*¢ for almost every o € R. In another paper [56, p. 787], he showed that
for any & > 0 we have that Ry («,0) < N(log N)'** for almost every a € R. This
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together with (1.3) implies the right hand side of (1.4) was essentially known to
Walfisz. Indeed, such upper bounds can be deduced from the even earlier work
of Behnke [4] and metric properties of continued fractions appearing in [37].

More generally (see [41, Exercise 3.12]) if « € R and f : Rt — RT is a
nondecreasing function such that

inf nf(n)|nal >0, (1.5)

then
2 f(n)
Sn(a,0) < (log N)* + f(N) + —. (1.6)
1<nen
A simple consequence of the Borel-Cantelli Lemma in probability theory (or
equivalently the trivial convergence part of Khintchine’s Theorem [32, Theorem

2.2] — see also §2), implies that if the sum

=1
nzl F (1.7)

converges then (1.5), and so (1.6), holds for almost all . However, when (1.7)
converges the last term of (1.6) grows at least as fast as (log N)?loglog N. This
means that even when v = 0, for almost all « the lower bound of (log N)? in
(1.4) does not coincide with the upper bound given by (1.6).

The true magnitude of Sy («,0) for almost every number was eventually dis-
covered by Kruse [40, Theorem 6(b)]. He proved that for almost every a € R

Sn(a,0) < (log N)?. (1.8)

Beyond this ‘almost sure’ result, Kruse [40, Theorem 1(g)] showed that for any
irrational «

K-1 K+1
Sn(a,0) > log gk - log(N/qk) + Z log ¢y, - log a1 + Z A, (1.9)
n=1 n=1
K-1 K+1
Sn(a,0) < log qr - log(N/qk) + Z log g, - (1+1loga,i1)+ Z a,  (1.10)
n=1 n=1
where [ag; a1, ag, . .. ] is the continued fraction expansion of a and K is the largest
integer such that the denominator gk of [ag; a1, as, ..., ak| satisfies gx < N (see



below for further details of continued fractions). Kruse also provides the following
simplification of (1.10)

K+1

Sy(a,0) < (log N)(log gk ) + Z Ay - (1.11)

n=1

Observe that the estimate (1.9) is not always sharp. For example, if a =
[1;1,1,...], the golden ratio, and N = gk, the lower bound (1.9) becomes
Sn(a,0) > log N and this is significantly smaller than the truth — see Theo-
rem 1.1 below. In fact, based on this example it is simple to construct many
other real numbers for which (1.9) is not optimal. In short, they correspond to
real numbers that contain sufficiently large blocks of 1’s in their continued frac-
tion expansion. In this paper we will rectify this issue. Moreover, we shall prove
that the two sides of (1.11) are comparable and provide explicit constants.

Turning our attention to Ry(«, 0), we have already mentioned Walfisz’s result
that Ry(a,0) < N(log N)'*¢ for almost every o € R. Beyond this ‘almost sure’
result, Behnke [4, pp. 289-290] showed that for any irrational «

N
1
Ry(e,0) < NlogN + Y Tnall (1.12)
n=1

n=0 mod g

where K is the same as in (1.9). The sum appearing on the right hand side of
(1.12) may result in substantial spikes and needs to be analysed separately. Lang
[43, Theorem 2, p.37] has shown that if, for some increasing function g : R™ —
R*, the inequality qx 1 < qxg(qr) holds for all sufficiently large K € N, where
qr are the denominators of the principal convergents of the continued fraction
expansion of «, then

Ry(e,0) < NlogN + Ng(N). (1.13)

As is mentioned in [43, Remark 1, p.40] both terms on the right of (1.13) are
necessary. This should be interpreted in the following sense: there are functions
g, irrationals « and arbitrarily large NV such that the inequality in (1.13) can be
reversed.

Although (1.13) is not optimal for all choices of @ and N, for badly approx-
imable « the result is precise. Indeed, when « is badly approximable, (1.13)

becomes
NlogN < Ry(o,0) < NlogN. (1.14)



for all N > 1. The latter was originally obtained by Hardy and Litlewood [28, 29]
in connection with counting integer points in certain polygons in R%. The upper
bound of (1.14) also appears in the work [21, p.546] of Chowla. Recently, Lé
and Vaaler [44] have investigated a much more general problem that involves the
sums Ry(a,0) and their higher dimensional generalisations. In particular, they
prove in [44, Theorem 1.1] that

Ry (c,0) > Nlog N (1.15)

for all N irrespective of the properties of the irrational number «. Indeed, the
implicit constant within > can be taken to be 1 provided N is sufficiently large.
In the same paper, Lé and Vaaler show that inequality (1.15) is best possible for
a large class of a. More precisely, they prove in [44, Theorem 1.3] that for every
sufficiently large N and every 0 < ¢ < 1 there exists a subset X..y of a € [0, 1]
of Lebesgue measure > 1 — ¢ such that

Ry(a,0) <. NlogN VYaeX.y.

The above results for Ry(«,0) can in fact be derived from the work of Kruse
[40]. More precisely, inequalities (75) and (76) in [40] state that for any irrational
a and N sufficiently large:

N
1 QK41
—— < Nlogqx + qxa lo , 1.16

; [nall BART AR P8 (L ar — N/ax) (1-16)
nZ0 mod qx

Y 1

Y ey = (1 +10g(N/ax), (1.17)

n=1

n=0 mod qx
where K is the same as in (1.9). These can then be combined to give (see formula
(77) in [40]) the estimate
Ry(a,0) < Nlog N + grag1(1 +log(N/qk)) - (1.18)

The techniques developed in this paper allow us to re-establish the above esti-
mates of Kruse with fully explicit constants.

One of our principle goals is to undertake an in-depth investigation of the sums
Sn(a,7y) and Ry(a,7y), especially in the currently fragmented inhomogeneous
case (7 # 0). The intention is to establish (up to constants) best possible upper
and lower bounds for the sums in question. We begin with the homogeneous case.
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1.2 Homogeneous results and corollaries

In the homogeneous case (7 = 0) we are pretty much able to give exact bounds
for

Sn(a,0) := Z ! and Ry (a,0) := Z !

2= llnal] [l

that are valid for all irrational «. In order to state our results we require notions
from the theory of continued fractions, which will be recalled in §3. For now
let gx = qx(a) denote the denominators of the principal convergents and let
ar = ax(a) denote the partial quotients of (the continued fraction expansion of)
a. Also, given k € N, let

Ak Z Q;

denote the sum of the first k£ partial quotients of a. Our first result concerns the
sum Sy(a, 0).

Theorem 1.1. Let « € R\ Q, N € N and let K = K(N,«) denote the largest
integer satisfying qg < N. Then, for all sufficiently large N

max{ %(logN)Q, AK+1} < Sy(a,0) < 33(logN)? + 10Ax 4 . (1.19)

Remark 1.1. The term Ag; appearing in (1.19) is natural since

1

—1< iy < —/—
gillgic||

2qi|qicx|
(see (3.5) below) and thus we have that

Agi = Z

Note that it is possible to quantify explicitly the meaning of ‘sufficiently large N’

quqzaII

in Theorem 1.1. The upper bound within (1.19) is a consequence of the following
statement for the ‘wilder’ behaving sum Ry(a,0). Note that the sum Ry(a,0)
is split into two subsets which are treated separately.

Theorem 1.2. Let o € R\Q, N > g3 and let K = K(N, «) be the largest integer
satisfying qx < N. Then

1
—— < 64Nlogqx +2¢sN, (1.20)
[na|

5iNloggi — (logga + 5N < )~
1<n<N
n#Z0, qrc—1 (mod g )

10



and

1
gr+1log(l+ N/qk) < Z < 4gg41(1 +log(1+ N/gk)). (1.21)

Sy lnell
n=0, qx 1 (mod qx)

Furthermore, let ¢ > 0. Then
. 1
E min {CN, —} < 12N (cagq1)

Sy [[roex]|
n=0, g1 (mod qx)

=

(1.22)

Remark 1.2. Note that the upper and lower bounds in (1.20) and (1.21) are
comparable and are thus (up to constants) best possible. The absolute constants
appearing in the above results (and indeed elsewhere) can be improved. For the
sake of clarity, during the course of proving our results, we do not attempt to
obtain the sharpest possible constants, let alone asymptotic formulae. Instead,
we aim to minimize technical details.

1.2.1 Corollaries to Theorem 1.1 regarding Sx(«,0)

First of all, we have the following straightforward consequence of Theorem 1.1.
Corollary 1.1. Suppose a € R\ Q satisfies the condition

A = o(k?). (1.23)
Then, for all sufficiently large N

(log N)? < Sy(a,0) < 34(log N)?. (1.24)

1
2

Proof. This result follows from (1.19), (1.23), the fact that qx < N, and the
estimate K < log gk (see (3.10) below). O

The set of a € R satisfying condition (1.23) is of full Lebesgue measure. In
fact, for any € > 0 the set of o € R such that A, < k'™ for all sufficiently large
k is of full Lebesgue measure (see [22]). Thus we have the following result.

Corollary 1.2. The upper bound in (1.24) holds for almost every real number «,
and the lower bound holds for all c.

11



1.2.2 Corollaries to Theorem 1.2 regarding Ry(«,0)

We now discuss various consequences of Theorem 1.2. By definition, logqx <
log N. Therefore, the sum in (1.20) is always < Nlog N. In fact, we shall see
that the sum is actually comparable to N log N unless « is a Liouville number.
Throughout the paper £ will denote the set of Liouville numbers; i.e. « € R\ Q
such that

hTILI_l)glfannOéH =0 VYw>0.

It follows from the Jarnik-Besicovitch Theorem [17, 35] (alternatively see [9]) that
dim £ =0; (1.25)
that is, £ has zero Hausdorff dimension.

Corollary 1.3. Let o € R\ Q. Then a ¢ £ if and only if for all sufficiently
large N

1
> —— =< NlogN. (1.26)
Sy nall

n#0, gk —1 (mod qr)

To establish Corollary 1.3, we will make use of well known facts about the
growth of the denominators g, associated with Liouville numbers. Recall that
the exponent of approximation of a € R is defined as

w(a) :==sup{w > 0: ||qe| < ¢”* for im. ¢ € N}. (1.27)

Note that, for an irrational «, by definition, w(a) < oo if and only if « is not
Liouville. Also, by Dirichlet’s Theorem, w(a) > 1 for all a.

Lemma 1.1. Let a« € R\ Q and let g denote the denominators of the principal
convergents of a. Then

1
w(a) = limsup 8 ksl

1.28

In particular, o & £ if and only if log qr+1 << log qx for all k.

Proof. This result is well known, however the proof is short and we give it for
completeness. It easily follows from the definition of w(«) that

1 -1
w(a) = limsup log lga]l™* :
1
q—00 0g4q

12



Recall that the principal convergents of the continued fraction expansion of o are
best approximations, that is ||gre| < ||ga|| whenever ¢, < ¢ < gx+1. Hence

o log [|qrar]|
w(a) = limsup ————.
k—o0 log qk
Since (2¢411)7" < [lgre|| < gil;, this expression for w(c) immediately implies
the required result. O

Proof of Corollary 1.3. Assume that o € £. Then, by Lemma 1.1, logqx =<
log g 1. Since, by definition, qx < N < qgi1, we also have that log N =
log qic. By Theorem 1.2, the sum in (1.20) is comparable to N log gx =< N log N.
This proves one direction of Corollary 1.3. Now assume that o € £. Then, by
Lemma 1.1, there is a sequence of K; such that log g, 1/ 10g qx, — 00 as i — oc.
Taking N = N; := gk,+1 — 1 implies that the sum in (1.20) is < N;logqk, =
o(N;log N;) asi — oco. This shows that (1.26) does not hold for Liouville numbers
and thereby completes the proof. n

Another consequence of (1.20) is that the sum in (1.26) can become o(N log N),
along a subsequence of N, when « is a Liouville number. Nevertheless, on com-
bining the estimates (1.20) and (1.21) we are able to recover the lower bound
(1.15) obtained by Lé and Vaaler in [44]. At this point it is worth formally
restating (1.15) as a result in its own right.

Corollary 1.4. Let a« € R\ Q. Then, for all sufficiently large N

Ry(,0) > NlogN. (1.29)

Proof. If N < ¢% then log qx > %logN and Corollary 1.4 is a consequence of
(1.20) appearing within Theorem 1.2. Otherwise N/qx > N'/2 and it follows
that log(1 + N/qk) > %log N. In addition, by the definition of ¢x, we have that
gx+1 > N and so in this case Corollary 1.4 is a consequence of (1.21) appearing

within Theorem 1.2. O

The proof of (1.29) given in [44] has its basis in harmonic analysis. However,
we will demonstrate in the next section that such homogeneous lower bound
estimates do not require either the full power of Theorem 1.2 or indeed the
harmonic analysis tools utilized in [44].

13



1.2.3 Homogeneous lower bounds via Minkowski’s Theorem

It turns out that appropriately exploiting Minkowski’s Convex Body Theorem [20,
p.71] from the geometry of numbers, leads to sharper lower bounds for Sy(a;,0)
and Ry(a,0) than those described above in Corollary 1.2 and Corollary 1.4.
Furthermore, the approach provides lower bounds within the more general linear
forms setting. To start with, we prove the following key statement, which only
uses Minkowski’s theorem for convex bodies and partial summation.

Theorem 1.3. Let A = (ay,...,q,) be any n-tuple of real numbers such that
1, aq,...,qn are linearly independent over Q. Let Ty, ..., T, be any positive in-
tegers such that T :=1Ty---T, > 2 and let L > 2 be a real number. Then

Z min {L,
q€Z™\{0}
lg;|<T; (1<j<n)

q10 + - +Qno~/n||_l}

> 2T min{log L,log T} + (2" — 2 — log4)T + 4. (1.30)

Proof. Since both sides of (1.30) depend on L continuously, we can assume with-
out loss of generality that L > 2. Also in the case T' = 2 the left hand side is
at least 2 x [[/_,(27;) = 2"*2, while the right hand side is 4log2 + (2" — 2 —
log4)2 +4 = 2"*2. Thus, (1.30) holds for T' = 2 and we can assume without loss
of generality that

min{7, L} > 2. (1.31)

Fix any b € R with 1 < b < V2 such that for some m € Z,

b™ = min{7T, L} . (1.32)
Let mg € N satisfy

o < 2 < pmott (1.33)

Since b < /2, we have that mg > 2. By (1.31), b™ > 2 and so 2 < my < m.
Next, given an integer k > 1, let

Nei={aeZ\ {0} : gyl Ty (1< <m), 575 < || D agq|| <074}
j=1

and let &, = U;’;k Ny. Obviously the sets N, are disjoint and so #®, =
> ey #Ne, where #X stands for the cardinality of X. Note that, by defini-
tion, ®; consists precisely of integer vectors q € Z" \ {0} such that |¢;| < T

14



(1 < j < mn)and H > i ajqu < b7*. Hence, by Minkowski’s Convex Body
Theorem we conclude that

#0, >2(b7FT| >207*T — 2 when b* <T. (1.34)
Furthermore, note that we trivially have that
#O, = (2T, +1)--- (2T, +1) —1>2"T  when b <2; (1.35)
that is, when k < myq. Then, since # N, = #®, — #P. 4, it follows that
Z min {L, || Zajqu_l} > Z Z min{L, b*}
j=1

aczZ™\{0} k=1 qEN;
lg;1<T; (1<5<n)

> Z Z min{b™, b*}

k=1 qGNk
DI I IR
k=1 qeNy, k=m+1 q€N},
= H#NDE 4 H Py DT
k=1
= Z(#q)k - #q)kH)bk + F#Ppypq O
k=1
m m+1
=D HB =Y HOT 4 H D, D
k=1 k=2
= #Pib+ > H#PL(V — b
k=2
= #Pb+ (b—1) ) b H#P,
k=2
mo m
=#Pb+ (b—1) ) VT HB+ (b—1) D bEHD,
k=2 k=mo+1
(1.34) & (1.35) mo m
> 2"Th+ (b—1)2"T Y v+ (b—1) > (27 T -2)
k=2 k=mo+1
=2"Tb+2"T(b"™ — b)+2(b—1)b~" Y (T —1")
k=mo+1
(1.33) m
> 2T 20— )bt Y (T -
k=mo+1
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m+1 _ pmo+1
— oLl 4 o(h — 1)b—1( ¥>

(m —mg)T — —

= 2" +2(b— )b~ (m — mg)T — 2™ + 20

US2 gntpp=1 L 9(h — 1)~ (m — me)T — 2min{L, T’} + 25™ .

Now since

_ min{log L, log T}, my < log 2
log b log b

we have that the above is

—1
> 2" Tht ort =L ; (min{log L,log T} — log2) — 2min{L, T} 4+ 4b~".

blog
Since this estimate holds for b arbitrarily close to 1 and since bl_i)r1n+ blio’glb =1, we
obtain that the above sum is
> 2" + 2T (min{log L,log T} — log 2) — 2min{L, T} + 4
= 2T min{log L,log T} + (2"*! —log4)T — 2min{L, T} + 4,
whence the required estimate immediately follows. O]

Remark 1.3. Tt is worth mentioning that a similar argument can be given for the
sums of products investigated in [44].

Theorem 1.3 together with formula (1.3), yields the following lower bound
estimates for Ry(a,0) and Sy («,0), that are sharper than those given by Corol-
lary 1.2 and Corollary 1.4. We leave the details of the proof to the reader.

Corollary 1.5. For any o € R\ Q and any integer N > 2
Ry(a,0) > Nlog N + Nlog(e/2) + 2

and
Sy(a,0) > %(log N)%.

Remark 1.4. Another consequence of Theorem 1.3 is that

1
> IOgT 10gT e lOg Tn 7
QG;\{O} H+(q)HQ1041 + e+ ‘JnOCnH ( )( 1) ( )

lg;|I<T; (1<j<n)
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where a4, ...,a, and T}, ..., T, are as above in Theorem 1.3 and

H+(Q): H|qz|7 where q:(q17---,Qn)-
q:7#0

We omit the details of the proof since in §1.4 below we will prove a more general
inhomogeneous statement.
By analogy with the one-dimensional case (see also [49, Theorem 2]), it makes

sense to make the following upper bound conjecture.

Conjecture 1.1. Let Ty, ..., T, be positive integer parameters and T =T} ---T,,.

Then, as T — oo, for almost every (aq, ..., a,) € R™ we have that
1
> < (logT)(logTy) - - (logT,,) . (1.36)

lg;| <T; (1<j<n)

Remark 1.5. Bounds such as (1.36) are instrumental in the theory of uniform
distribution to study the discrepancy of Kronecker sequences (n(al, cee a"))neN’
see for example [2], [23, §1.4.2], [34] or [39, §6]. Note that Lemma 4.4 in [2] (see
also [23, Lemma 1.95]) implies that the left hand side of (1.36) is < (log T')" 2.
When 7y = --- = T, this is logT times bigger than the conjectured bound
of (logT)"™. Tt may well be that the proof of Lemma 4.1 in [2] (see also [23,
Lemma 1.93]) can be adapted to prove the conjecture in the symmetric case. It
is worth highlighting the fact that compared to the sum in (1.36) the range of
summation in [2, Lemma 4.1] is restricted by the addition condition that

11, (q) HQlal +--+ anénH < (log T)*".

1.2.4 Almost sure behaviour of Ry(«,0)

Corollary 1.2 completely describes the almost sure behaviour of the sum Sy («, 0);
namely that for almost all @« € R we have that

1 (log N)*> < Sy(a,0) < 34(logN)?,

for all sufficiently large N € N. In this section, we make use of Theorem 1.2 to
investigate the almost sure behaviour of the sum Ry(a,0).
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In order to understand the almost sure behaviour of inequalities (1.21) and
(1.22) associated with Theorem 1.2, we first recall from §1.1, that by the Borel-
Cantelli Lemma, if f : N — R is any function such that the sum (1.7) converges,
then for almost all & € R one has that ¢f(¢)||qe| > 1 for all sufficiently large g.
In particular, taking ¢ = qx, where gk = gk («) is as before the sequence of de-
nominators of the principle convergents of o, we have that ||qxal| > (qx f(qx)) ™
for sufficiently large K. In addition, we have the following well known inequalities
from the theory of continued fractions [37]:

(2qx11)7" < lgrall < QR1+17

see also (3.5) below. Hence, whenever (1.7) converges, for almost every a we have
that

qr+1 < qr f(qx)
for sufficiently large K.

On the other hand, the main substance of Khintchine’s Theorem, the diver-
gent part (namely, (2.2) below with k& = 1), implies that if f is monotonic and
the sum (1.7) diverges, then for almost all a we have that ¢f(q)|lqa| < 1 for
infinitely many ¢ € N. Since convergents are best approximations, for almost all
a we have that 2qx f(qx)|lgxe| < 1 for infinitely many K. Thus, in the case f
is monotonic and the sum (1.7) diverges, it follows that for almost all o we have
that

qr+1 > qr f(qx)
for infinitely many K.

The above observations regarding the size of gx,1 together with (1.21) of
Theorem 1.2 give rise to the following statement.

Corollary 1.6. Let f : N — (0,00) be any increasing function. If (1.7) con-
verges, then for almost all a € R we have that

. < qx f(qx)1og(1 + N/qk) < N f(N),

Sy lInall
n=0, ¢x 1 (mod gg)

for all sufficiently large N € N. On the other hand, if (1.7) diverges, then for
almost all o there are infinitely many N € N such that

1
1<n<N
n=0, qx —1 (mod qx)
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Ezample 1.1. Let f(q) = logqloglogq. Then, Corollary 1.6 implies that for
almost all « € R

Rn(c,0) > N log N loglog N  for infinitely many N € N.

However, if f(q) = logq (loglogq)'™®, then Corollary 1.6 together with Corol-
lary 1.3 (and the well known fact that the set of Liouville numbers are a set of
measure zero), shows that for almost all &« € R

Ry (a,0) < N log N (loglog N)*™* for all sufficiently large N € N.

Finally, we analyze the almost all behavior of the sum appearing in (1.22),
in which the possible spikes of ||nal|~™! are “trimmed” to be no more than cN.
Once again, we appeal to the Borel-Cantelli Lemma, which implies that if (1.7)
converges then, for almost all «, we have qx 11 < qx f(qx) for sufficiently large K.
Since g1 = ax 119K + qr—1 > ax+1qK, we have that ax 1 < f(gx) < f(N) for
large K. This observation with f replaced by ﬁ f, together with (1.22) implies
the following statement.

Corollary 1.7. Let f : N — R be an increasing function such that (1.7) con-
verges. Then, for almost all o € R and for all sufficiently large N and ¢ > 0

1
> min {CN, —} < N (ef(N)V2. (1.37)
Ay [na
n=0, ¢x 1 (mod qx)

Ezample 1.2. Taking f(q) = log q (loglog ¢)**¢ with € > 0 in the above corollary,
gives the upper bound estimate

Lh.s. of (1.37) < N(c log N (log log N)Ha) 12
for almost all & € R, ¢ > 0 and for all sufficiently large N.
log N

(loglog N)i+e
Then Corollary 1.7 together with the upper bound appearing in (1.20) of Theo-

Ezxample 1.3. Take f as the previous example and ¢ = withe > 0.

rem 1.2 implies that

Nlog N 1

E min o8 , < Nlog N (1.38)
(loglog N)!*<" [[na|

1<n<N

for almost all & € R and for all sufficiently large N.
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1.2.5 The homogeneous estimates for algebraic numbers

In this section we investigate the implication of the estimates obtained above for
Rn(c,0) and Sy(a,0) on specific classes of numbers. In particular, we consider
the case that « is an algebraic irrational.

To begin with, observe that the task at hand is much simplified if we know the
continued fraction expansion of the number « under consideration. For instance,
it is well known that

e=1[2;1,2,1,1,4,1,1,6,1,1,8,1,1,10,...].
Now, for any irrational number we have that
r.hs. of (1.21) < qr1(1 +10g(2N/qk)) < 2ax119x(1 + log(2N/qxk))
< Nag1qx(14+10g(2N/qx))/N < Nag 1

and note that for e we also have that ay < k. Hence, Theorem 1.2 implies that
for all sufficiently large N

Similarly, it is readily seen from Corollary 1.1 that

Sx(e,0) = 3 — = (logN)?.

Sy llnell

The sums Ry(«,0) and Sy (a,0) are of course just as easily estimated when
a is a quadratic irrational. One just exploits the fact that the continued fraction
of « is periodic. The behaviour of the sums for quadratic irrationals is similar to
that for a = e.

The case of algebraic numbers a of degree > 3 is problematic, although some
bounds can be obtained using, for instance, Roth’s Theorem. Indeed, Roth’s
Theorem implies that the denominators g, of the convergents of an algebraic
number « satisfy g1 < ¢, for every ¢ > 0 and for all k sufficiently large.
Hence, Theorem 1.2 implies that if « is an algebraic irrational, then

NlogN < Ry(a,0) < N'te,

20



Lang’s Conjecture [42], dating back to 1965, implies that g, 1 < qx(log g ) for
any € > 0. Together with Theorem 1.2, this would in turn imply the following
strengthening of the previous statement: if « is an algebraic irrational, then

NlogN < Ry(a,0) < N(log N)'*e.

Using (1.3), one can deduce similar inequalities in relation to Sy («,0) for alge-
braic irrational « . Furthermore, it is not unreasonable to believe in the truth of
the following statement which, in view of Corollary 1.2, it implies that Sy(a,0)
for algebraic irrationals behaves in the same way as for almost all irrationals.

Conjecture 1.2. For any algebraic « € R\ Q

Sny(a,0) < (log N)2.

In order to establish Conjecture 1.2, it is not necessary to know that all the partial
quotients associated with an algebraic irrational grow relatively slowly. Instead,
all that is required is that the growth “on average” is relatively slow. Indeed,
Conjecture 1.2 is equivalent to the following statement.

Conjecture 1.3. For any algebraic o € R\ Q, there exists a constant ¢, > 0
such that for all k € N
Ap(a) < cok?.

1.3 Inhomogeneous results and corollaries
1.3.1 Upper bounds

We concentrate our attention on the sums Sy(a, 7). As we have seen from the
homogeneous case, these sums behave more predictably than the sums Ry(a, ).

Our first inhomogeneous result removes the ‘epsilon’ term in the upper bound
appearing in (1.4) obtained by Schmidt.

Theorem 1.4. For eachy € R there exists a set A, C R of full Lebesgue measure
such that for all o € A, and all sufficiently large N

Sn(a,v) = Z b < (log N)2. (1.39)

Sy lina =]
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In view of the lower bound given by (1.4), this theorem is best possible up to
the implied constant. Furthermore, the set .4, cannot be made independent of
v, as demonstrated by the following result.

Theorem 1.5. For any « € R\ Q and any increasing function f : N — R*
satisfying f(N) = o(N), there exist continuum many v € R, satisfying (1.1), and
such that

limsup f(N)™! (SN(a,'y) — max ;) = 00.

Nosoo 1<n<N nlna — 7|l

Despite Theorem 1.5, the main ‘bulk’ of the sum in (1.39) can be estimated
on a set A of a’s independent of 7. The following can be viewed as the inhomo-
geneous analogue of the upper bound appearing in Corollary 1.1.

Theorem 1.6. There exists a set A C R of full Lebesque measure such that for
any a € A, any v € R and any ¢ > 0, we have that for all sufficiently large N,

1
Y <ane (logN)*.
Ly nlina =7l

nlna—)|>e

We now move on to describing lower bound estimates.

1.3.2 Lower bounds

All our lower bound results will apply to any irrational number « which is not
Liouville, that is a € £. Recall, that £ is a small set in the sense that it has
Hausdorff dimension zero (see (1.25)).

Theorem 1.7. Let « € R\ (LUQ) and let 0 < v < 1. There exist constants
r,C1, and Ny, depending on o and v only, with 0 < r,Cy; < 1 and Ny > 1, and
such that, for any v € R and all N > Ny,

rN<n<N

[na—y[|=N~"

Using (1.3) we readily obtain the following result.
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Corollary 1.8. Let a € R\ (£UQ) and let 0 < u,v < 1. There exist constants
r,Cy, and Ny, depending on o, u and v only, with 0 < r,Cy < 1 < Ny, and such
that, for any v € R and all N > Ny,

Z v > Cy(log N)?.

n'|[na—y||Zr"

Proof. Let r be as in Theorem 1.7 and set

0 = {ulog]\f _1J '
log r

Then, it follows that

1
2 ana—vH Z 2 nllnec =]l

N¥<n<N PN <n<rt N
n[na=yl|2r? Ina—][>(rN) =
I
1 1
> _ -
£=0 Pt IN<n<rtN
Ina—y)|>(rtN)
l
- 1 l V4
> Z N - C1r*Nlog(r°N)
=0

> Cilylog(r®N) > Cy(log N)?,

provided that /5 > 1 and rN* > Ny. These conditions determine the quantity
N; appearing in the statement of the corollary. O

Corollary 1.8 complements the upper bounds associated with Theorems 1.4
and 1.6. It also implies the following statement.

Corollary 1.9. Let « € R\ (£UQ) and ¢ > 0. Then, for all sufficiently large
N and any v € R, we have that

Sn(a,7) = ) ;>>(logN)2.

n|lna—y||=e
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Remark 1.6. Recall, that Schmidt’s inhomogeneous result (1.4) is true on a set
of a € R of full measure, which may depend on ~. Corollary 1.9 shows that
the lower bound holds for all a € R except possibly for Liouville numbers - an
explicit set of Hausdorff dimension zero that is independent of ~.

Remark 1.7. We do not know if the condition that « is not a Liouville number
is necessary for the conclusion of Corollary 1.9 to hold for all v. However the
next result, which can be viewed as the inhomogeneous analogue of Corollary 1.4,
demonstrates the necessity of the condition that « is not a Liouville number in
the statement of Theorem 1.7.

Theorem 1.8. Let « € R\ Q. Then, o & £ if and only if for any v € R,

1
Ry(a,7) = Z m>>NlogN for N > 2.

1<n<N

1.4 Linear forms revisited

In this section we deduce a few further corollaries via the results of §1.3.2. These
provide inhomogeneous generalisations of the results of §1.2.3 and also give an
alternative proof of Theorem 1.3 and its corollaries, albeit with weaker constants.
The constants are not explicitly given but can be computed from the proofs given
below and in §1.3.2.

Theorem 1.9. Let A = (ay,...,ay) be any n-tuple of real numbers such that oy
1s irrational but not a Liouville number. Then, for any positive integers Ty, ...,T,
such that Ty is sufficiently large, and for any v € R,

1
> > Ty---TylogTh . (1.40)

qez” ||qla1++Qnan_7“

1<¢;<T; (1<j<n)
Proof. By Theorem 1.7, for any T} > Ty and any v, € R,

1
Y ——— = OiTilogTy,

(S lnen =

where Ty and C7 do not depend on 7;. Applying this inequality with v; =
v — (@ + -+ + ¢uavy), and summing over 1 < ¢; < T; (2 < i < n), we obtain
the desired statement. O]
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Theorem 1.10. Let A = (o, ..., ) be any n-tuple of real numbers such that oy
15 1rrational but not a Liouville number. Then for any positive integers Ty, ..., T,
such that Ty is sufficiently large, and for any v € R,

1 n
> logT; log T . 1.41
cgl @ Gllqon + -+ gua, — 7| o 1gog (141

1<¢;<T; (1<j<n)
Proof. By Corollary 1.8, for any T} > T and any v; € R

Z R - > Cy(logTh)?, (1.42)

1<p<T Q1HQ1041 - 71||

where Ty and C5 do not depend on 7;. Now consider (1.42) with v; = v — (qacve +
-+ + gna,), where o, ..., q, are integers. Then, on multiplying the resulting
inequality by (ga - - ¢,)~ " we obtain that

> 1 1
> Cy(logTh)? )
i dllaen + o+ gaan — 9 &

Summing this over 1 < ¢; < T; (2 <1i < n), we obtain the desired statement. [J

2 Multiplicative Diophantine approximation

2.1 Background

Many problems in multiplicative Diophantine approximation can be phrased in
terms of the set

k
S () = { (z1,...,25) € RF : HH”%H < (n) for im. n € N},
i=1

where & > 1 is an integer, ‘i.m.” means ‘infinitely many,” and ¢ : N — R* is
a function which, for obvious reasons, is referred to as an approximating func-
tion. The famous conjecture of Littlewood from the nineteen thirties states that
S5 (n+ en~!) = R? for any ¢ > 0, or equivalently that

liminf n|nal||nB|| =0 for all (a,B) € R%. (2.1)
n—oo
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Littlewood’s conjecture has attracted much attention— see [1, 25, 46, 54] and
references within. Despite some recent remarkable progress, the Littlewood Con-
jecture remains very much open. For instance, we are unable to show that (2.1)

is valid for the pair (v/2,v/3).

On the contrary, the measure theoretic description of S (n + en™!), and
indeed S5 (1) is well understood. For ¢ : N — RT monotonic!, a simple ‘vol-
ume’ argument together with the Borel-Cantelli Lemma from probability theory
implies that

ISy ()| =0 if Z Y(n) (logn)F ! < oco.
Throughout, | X| denotes the k-dimensional Lebesgue measure of the set X C RF.

For the case when the above sum diverges we have the following non-trivial
result due to Gallagher [26].

Theorem (Gallagher). Let ¢ : N — Rt be monotonic. Then
RF\ S (@) =0 if E: ¥(n) (logn)*~! = oo . (2:2)

Remark 2.1. In fact Gallagher [26] established the above statement for k£ > 1.
The k = 1 case is the famous classical (divergent) result of Khintchine [36] dating
back to 1924. The monotonicity condition in this classical statement cannot
in general be relaxed, as was shown by Duffin and Schaeffer [24] in 1941. In
short, they constructed a non-monotonic function ¢ for which "> | ¥(n) diverges
but |S;(¥)| = 0. In the same paper they formulated the following alternative
statement for arbitrary approximating functions.

The Duffin-Schaeffer Conjecture. Let ¢ : N — R*. Then for almost all
a € R the inequality

[noc —r| <1(n)
holds for infinitely many coprime pairs (n,r) € N X Z provided that

Z #ln) P(n) = oo. (2.3)

n

Here ¢ is the Euler phi function. Note for comparison that, for monotonic 1,
condition (2.3) is equivalent to Y - 1)(n) = oco. Although various partial results

'When 1 is not monotonic the convergence condition reads Y o7 | 1(n) [log¥(n)[F~! < oo;
see [11] for more details.
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have been obtained, this conjecture represents a key unsolved problem in number
theory. For background and recent developments regarding this fundamental
problem see [8, 32, 33]. However, since we shall make use of it later on, it is
worth highlighting the following ‘partial” result established in [24].

Theorem (Duffin & Schaeffer). The above conjecture is true if, in addition to
the divergent sum condition (2.3), we also have that

lim sup (Z @Qb(n)) (Z ¢(n)) > 0. (2.4)

N—oo

Note that condition (2.4) implies that the convergence/divergence behavior
of the sum in (2.3) and the sum >~ 1 (n) are equivalent.

Remark 2.2. In the case k > 1, we expect to be able to remove the condition that
1 is monotonic in the hypothesis of Gallagher’s Theorem (without imposing any
other condition such as coprimality) if we replace the divergence condition ap-
pearing in (2.2) by >.°7  ¥(n)|log¥(n)|*~1 = oo; see [11] for more details. For
the multiplicative analogue of the Duffin-Schaeffer Theorem see [11, Theorem 2].

2.2 Problems and main results

With k£ = 2, observe that for almost all (a, 8) € R?, Gallagher’s Theorem im-
proves upon Littlewood’s Conjecture by a factor of (logn)?. More precisely, it
implies that

lim inf n(logn)?||nal||nB|| = 0 for almost all (o, 3) € R% (2.5)
n—oo

Note that this is beyond the scope of what Khintchine’s Theorem (i.e., (2.2) with
k = 1) can tell us; namely that

liminf nlogn|na||||nf] =0 Vae€R and foralmostall 3€R. (2.6)
n—oo

However, the extra log factor in (2.5) comes at a cost of having to sacrifice a set
of measure zero on the « side. As a consequence, unlike with (2.6) which is valid
for any «, we are unable to claim that the stronger ‘log squared’ statement (2.5)
is true for example when o = /2. Obviously, the role of a and /3 in (2.6) can
be reversed. This raises the natural question of whether (2.5) holds for every a.
If true, it would mean that for any a we still beat Littlewood’s Conjecture by
‘log squared’ for almost all 5. In general, this line of thought leads to following
problem.
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Problem 2.1. Let k > 2. Prove that for any real numbers aq, ..., a1 € R one
has that

liminf n(logn)* |[nay | - - - |nag_1|| [[nag|| =0 for almost all oy, € R.
n—oo

Problems of this nature fall within the scope of the theory of multiplicative Dio-
phantine approximation on manifolds [15, 16]. In short, the approximated points
(a1,...,a) € RF associated with Problem 2.1 are confined to lie on the manifold,
or rather the line, given by (ay,...,a,_1) x R. More generally, one can pose a
similar problem for arbitrary submanifolds M of R* — see [15] for details in the
case the manifold is a planar curve.

In this paper we resolve Problem 2.1 in the two-dimensional case by obtaining
the following fiber version of Gallagher’s Theorem. Basically, given a € R, the
points (ay,az) € R? of interest are forced to lie on the line given by {a} x R.

Theorem 2.1. Let o € R and let v : N — R™ be a monotonic function such that

Z Y(n) logn (2.7)
n=1
diverges and such that for some & > 0,
lim inf ¢}~ (q) > 1, (2.8)
{—00

where g = qo(«) denotes the denominators of the principal convergents of .
Then for almost all B € R, there exists infinitely many n € N such that

[nall[nB] < ¢(n). (2.9)

Remark 2.3. Condition (2.8) is not particularly restrictive. Irrespective of v, it
holds for all @ with exponent of approximation w(a) < 3 and it follows from the
Jarnik-Besicovitch Theorem [17, 35] (alternatively see [9]) that the complement
is of relatively small Hausdorff dimension; namely dim{a € R : w(a) > 3} = 3.

Remark 2.4. Theorem 2.1 is applicable with ¢(n) = (n(logn)?loglogn)~! and
arbitrary irrational oo and thus resolves Problem 2.1 for k = 2.
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Remark 2.5. We have reason to believe that the approach taken in §10 to prove
Theorem 2.1 could be the foundation for developing a general multiplicative
framework of regular/ubiquitous systems. We hope to explore this in the near
future. For details of the current systems and their role in establishing mea-
sure theoretic statements for a general class of limsup sets associated with the
simultaneous approximation see [7, 9].

Remark 2.6. For the sake of completeness, we mention that a strengthening of
Khintchine’s simultaneous theorem to fibers, akin to the above strengthening of
Gallagher’s multiplicative theorem, has recently been obtained. Recall that the
basic object in the (homogeneous) theory of simultaneous Diophantine approxi-
mation is the set

Wi(1) == { (21, 2) € R* : max [lnai]| < (n) for im. n € N} ,

and under the assumption that ¢ : N — R is monotonic, Khintchine’s simulta-
neous theorem states that

REA W) =0 if Y v(n)=oc.

n=1

We refer the reader to [12, §4.5] and references within for further details.

We next consider the situation in which the sum (2.7) converges. In this
case we are able to obtain the following inhomogeneous statement that naturally
complements the above theorem. It can be viewed as the fiber analogue of the
convergence results established in [13, 15] for (non-degenerate) planar curves.

Theorem 2.2. Let 7,0 € R and o € R be any irrational real number and let
¥ : N — R* be such that the sum (2.7) converges. Furthermore, assume either
of the following two conditions:

(i) n+— ny(n) is decreasing and
Sn(a;y) < (log N)? for all N > 2; (2.10)
(ii) n+— 1(n) is decreasing and

Ry(a;v) < Nlog N forall N > 2. (2.11)

Then for almost all B € R, there exist only finitely many n € N such that
Inae — | [|nB — 8[| < 1b(n). (2.12)
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Remark 2.7. Recall that in view of Theorem 1.4, we know that condition (2.10)
is satisfied for almost every real number. This is far from the truth regarding
condition (2.11), as demonstrated by Example 1.1 in §1.2.4. Also recall that
in the homogeneous case, we are able to give explicit examples of real numbers
« satisfying (2.10) and indeed (2.11), such as quadratic irrationals (and more
generally badly approximable numbers) and e (the base of natural logarithm).

Corollary 2.1. Let « be a badly approzimable number, v = 0 and 6 € R. Let
¥ : N = Rt be monotonic such that (2.7) converges. Then, for almost every
B € R inequality (2.12) holds for only finitely many n € N.

Remark 2.8. Conjecture 1.2, if true, implies the validity of Corollary 2.1 for any
irrational algebraic number a.

Returning to the case when the sum (2.7) diverges, we highlight the rather
amazing fact that currently nothing is known concerning the natural inhomoge-
neous version of Gallagher’s Theorem.

Conjecture 2.1 (Inhomogeneous Gallagher). Letv,d € R and let ) : N — R™ be
monotonic such that the sum (2.7) is divergent. Then, for almost all (o, B) € R?
inequality (2.12) holds for infinitely many n € N.

In this paper we establish the following partial result.

Theorem 2.3. Let v € R, § =0 and ¢ : N — R™ monotonic, and assume that

the sum (2.7) is divergent. Then for almost all (o, B) € R? inequality (2.12) holds
for infinitely many n € N.

It will be evident from the proof of Theorem 2.3 given in §9.3, that the same
argument would establish Conjecture 2.1 in full if we had the inhomogeneous
version of the Duffin-Schaeffer Theorem at hand. Unfortunately and somewhat
surprisingly, such a statement does not seem to be in the existing literature and
we have not been able to prove it.

Problem 2.2. Let v € R and ¢ : N — R . Prove, that for almost all « € R
the inequality

[nov —r — [ <4(n)
holds for infinitely many coprime pairs (n,r) € N X Z provided that the divergent
sum condition (2.3) and the limsup condition (2.4) hold.
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Of course a version of Conjecture 2.1 in which the points («, 3) are restricted
to a fiber in R? or a (non-degenerate) curve is of interest but currently seems well
out of reach. In particular, it is natural to consider the following two-dimensional
inhomogeneous version of Problem 2.1.

Problem 2.3. Let 7,0 € R and o« € R\ (£U Q). Prove that

liminfn (logn)?||na — 7| |nB — 6|l =0  for almost all 3 € R. (2.13)
n—oo

Within this paper we obtain the following conditional partial result.

Theorem 2.4. Lety € R, 6 =0 and a € R\ (LUQ). Then, under the assumption
that the Duffin-Schaeffer Conjecture is true, (2.13) holds.

Remark 2.9. It is worthwhile comparing Problem 2.3 with the inhomogeneous
version of Littlewood’s Conjecture. The latter states: for any a, 8 € R such that
1,a, B are linearly independent over Q

liminf n||na — || ||n8 — 6] = 0 for any v, 6 € R?. (2.14)
n—oo

The existence of a single pair («a, 3) satisfying (2.14) was conjectured by Cassels in

the 1950s and remained open until the recent work of Shapira [51]. He showed the
validity of (2.14) for almost all pairs («, 5) and, in particular, for the basis 1, «,
of any real cubic number field. A higher dimensional version of these findings
have subsequently been established by Lindenstrauss and Shapira [45]. In short,
Problem 2.3 implies a (logn)? strengthening of the inhomogeneous Littlewood’s
Conjecture at a cost of ‘losing’” a null set of 5 € R, which almost certainly will
depend on §. Note that without the (logn)? strengthening, Shapira’s result shows
that for almost every o € R, the null set is independent of §. Recently, Gorodnik
and Vishe [27] have obtained a (logloglogloglogn)? strengthening of Shapira’s
result. Here A\ is some positive constant.
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Part 11

Developing techniques and establishing the

main results

3 Ostrowski expansion

The Ostrowski expansion of real numbers is very much at the heart of our ap-
proach towards obtaining good estimates for the size of |[na — 7|. In short,
the Ostrowski expansion naturally expresses real numbers in terms of the basic
parameters associated with the theory of continued fraction.

3.1 Continued fractions: the essentials

To begin with we recall various standard facts from the theory of continued
fractions, which can for instance be found in [37] or [47]. Let o be a real irrational
number. Throughout, the expression

a = [ag;ay,as,...] = ag+ T
a1 +
as +

&3""

will denote the simple continued fraction expansion of a. The integers a; are
called the partial quotients of o and for k > 1 satisfy a, > 1. The reduced

rationals
Pk

dk
obtained by truncating the infinite continued fraction expansion are called the

= [ag; ay, ..., ax] (k> 0)

principal convergents of a. We will often make use of the quantities
The following well known relations can be found in [47]:

Pr+1 = Q1P + Pr—1, Qk+1 = k419K + Qk—1 (k>1), (3.2)
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Do = {a}, Dy =(-DMlgpall  (k>=1),  (3.3)
CLk+1Dk = Dk—i—l - Dk—l (kﬁ Z 1), (34)

5 < qe1|Di| <1 (k>0). (3.5)
Using (3.3) and (3.4) it is easily verified that

apr2| Dysr| + [Dir2| = |Di| (k2 0), (3.6)
iammwmml! = | Dy (k>0) (3.7)
and therefore -
3" aal Dl = D + Dl (> 0), 35)
i=k+1

Recall that ag = |, p1 = apa; + 1, ¢ = a1, and therefore

Dy = qa—p = al{Oé} -1
In view of (3.3), D; < 0 and so it follows that |D;| = 1 — a;{a}. Now, since
|Do| = {a}, we have that a;|Dy| + |D;| = 1 and on using (3.8) with £k = 0 we
obtain that .

1=0

We will also appeal to the following well known and useful consequence of
(3.2), which can easily be verified by induction:
maX{QmT_l,al---am} < gm < 2"Vgg--ian, Vm>1. (3.10)
Finally, it is easy to show that

IDy| > [Dist| (k> 0). (3.11)

3.2 The Ostrowski expansion

The continued fractions framework offers a natural and convenient way of en-
coding real numbers (both integers and irrationals) via the continued fraction
expansion of a given irrational number. The following lemma explicitly deter-
mines the expansion of a positive integer in terms of the denominators of the
principal convergents of a given irrational number.
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Lemma 3.1. Let o € R\ Q and let a = ax(a) and qx = qr(c) be as above.
Then, for every n € N there is a unique integer K > 0 such that

dr <n < gg41,

and a unique sequence {cx+1}52, of integers such that

n= Z Clr1Gk, (3.12)

k=0
0<ci<ar and 0<cp1 <apys YVk=>1, (3.13)
¢, =0 whenever cpi1 = agy withk>1, (3.14)
a1 =0 YVik>K. (3.15)

The representation given by Lemma 3.1 is called the Ostrowski expansion (or
Ostrowski numeration) of the integers. In view of (3.15) the sum (3.12) is finite.
The next lemma shows that if we work with the quantities Dy, rather than simply
the denominators g, then a similar representation is valid for irrational numbers.

Lemma 3.2. Let a € [0,1) \ Q and let ay = ax(a), qx = qx() and Dy, = Dy(«)
be as above, and suppose that v € [—a,1 — «). Then there is a unique sequence
{br+1}32, of integers such that

¥ =Y b1 Dy, (3.16)

k=0
0< b1 < ap and 0 < bk—i—l < Af41 Vv k > 1, (317)
b, =0 whenever by, = a1 with k> 1. (3.18)

Observe that in view of (3.9) and (3.17), the series in (3.16) is absolutely conver-
gent.

Further details of the expansion of real numbers given by Lemmas 3.1 and 3.2
can be found in [47, pp. 24, 33]. As already mentioned, the Ostrowski expansion
of real numbers is a key tool in our approach towards obtaining estimates for the
size of |[na — ||, which will be the subject of the next section.
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4 Estimates for ||[na — vl

In this section we give estimates for the size of ||na — 7|| using the Ostrowski
expansions of n and . Before we proceed with the general case of this fairly
elaborate task, we consider the much easier homogenous case; that is, the case
when v = 0. Note that if (1.1) is not satisfied, ||[na — || = ||(n — l)a| for some
fixed | € N and so we are within the homogeneous setup.

4.1 The homogeneous case

We begin by stating a lemma which is a slightly simplified version of [47, Theorem
I1.4.1].

Lemma 4.1. Let « € [0,1)\ Q, n € N, and, with reference to Lemma 3.1, let m
be the smallest integer such that cp,q # 0. If m > 2 then

Inell = |> ckr1Di| = sgn(Dy) - Y cxs1 Dy (4.1)
k=m k=m

Alsoifm =1 and {a} < 1/2, then we have (4.1). In all other cases, |na|| > |Ds,
which is a positive constant depending on a only.

Lemma 4.1 underpins the following two-sided estimate for ||nal|.

Lemma 4.2. Let « € [0,1)\ Q and n € N, and let m be as in Lemma 4.1. If
|lna|| < |Ds| then m > 2, and if m > 2 then

(Cmy1 — 1)|Dm| + (Amy2 — Cm+2)|Dm+1| < HnO‘H < (emgr + 1)|Dm|' (4.2)

Proof. By Lemma 4.1, if ||na|| < |Ds| or m > 2, we have that (4.1) holds and
m > 1. Then using the fact that sgn(D;,) = (—1)* we find that

Inall = cmi1|Dm| = cmsa| Disr| + s Dira| = Conra| Diys| + - - - (4.3)
> Cms1| Dl + (@my2 — cmy2) | D]
_am+2’Dm+1| - am+4|Dm+3| -
(3.7)

= Cm+1’Dm‘ + (am+2 - Cm+2)|Dm+1‘ - ’Dml (4'4)
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where the above inequality is obtained by removing the non-negative terms
Cmt3|Dimt2l, Cmas|Dmeals - ., from (4.3) and using (3.13). This establishes the
Lh.s. of (4.2).

By (3.14) and the fact that ¢,,.1 # 0, we have that ¢,12 < @40 and so if m
was equal to 1, then the Lh.s. of (4.2) would imply the inequality ||na| > |Dsl.
Thus, ||na| < |Ds| implies that m > 2.

To obtain the r.h.s. of (4.2) we argue similarly to the proof of the lower bound,
this time removing the negative terms appearing in (4.3). It follows that

||TLOél| S Cm+1’Dm| + Cm+3|Dm+2| + Cm+5‘Dm+4| + -

(3.7)&(3.13) (3.11)
< Cmt1|Dm| + [Dmya| < (a1 +1)[ Dl -

The proof is now complete. O

4.2 The inhomogeneous case

It is worth pointing out that the inhomogeneous estimates obtained in this section
are valid with v = 0. We begin by establishing an inhomogeneous analogue of
Lemma 4.1.

Lemma 4.3. Let a € [0,1)\Q and vy € [—«, 1 —«), and suppose that (1.1) holds.
Further, let n € N and, with reference to expansions (3.12) and (3.16), let

5k+1 = Cga1 — bk-+1 (k’ Z 0) . (45)

Then, there ezists a smallest integer m = m(n, a,7y) such that d,,41 # 0 and

S =%(nao,7) =Y Ds (4.6)
k=m
satisfies the equations
Ina =l = 121} = min { |],1 - 3]} (4.7)
and
12| = sgn(0m11Dm)% . (4.8)
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Proof. Since || - || is invariant under integer translation, the Lh.s. of (4.7) is a
straightforward consequence of (3.1), (3.12) and (3.16), and the existence of m
follows trivially from (1.1). Furthermore, by (3.13) and (3.17), we have that
|02] < as and |6;| < a3 — 1. Then,

S1< S 0 Del < aa|Dil - [Do] =1, (4.9)
k=0 k=0

This implies that ||X|| = min{|X|,1 — |X|} and establishes the r.h.s. of (4.7).

In order to prove (4.8) first note that |0g41]| < agsy for all &£ > 0. Then, for
any integer [ > 1

Z5k+1Dk < o] - [ D] + Z k41| Di|
=l k=1+1

3.8
150 (D + D] + | Dia

L (] +1 = @) D1 + | il (4.10)
First, consider the case when |, 12| < @pio— 1. Then, by (4.10) with { = m+1,
we have that |Z;ozm+1 5k+1Dk‘ < |Dyy|- On the other hand, since 6,,,1 # 0 and
it is an integer, we have that |0,,11Dy| > |Dp|. Therefore, the first term in the
sum Y o 41Dy dominates and so (4.8) holds.

Now assume that 0,42 = ammi2. Then, by (3.13), (3.17) and (4.5), we have
that ¢pyo = a2 and by, 12 = 0. Consequently, by (3.14), we get ¢,,41 = 0, and
SO 01 = Cmi1 — b1 < 0. Then sgn (6,41 D) = sgn(dmi2Dpm1), which implies
that

6m+1Dm + Omr2Dmir| 2 | D] + [ D1 |-

In turn, by (4.10), we have that

Z Ok+1Dr

k=m-+2

S |Dm+1| + |Dm+2| < |Dm| + |Dm+1|'

Therefore the first two terms in the sum Zzozm Ok+1Dy (which have the same
sign) dominate and so (4.8) holds again.

The remaining case 0,,10 = —a,,12 is established in a similar manner to the
case Opt2 = Qmpo. We leave the details to the reader. O

Lemma 4.3 enables us to compute the value of ||[na — ~| via |X|. The next
two lemmas, akin to Lemma 4.2, provide accurate estimates for [X| and 1 — |X].
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Lemma 4.4. Let a, v, n, 0pr1, m and X be as in Lemma 4.3 and let K be as in
Lemma 3.1. Then there exists some { € N, with { < max{2, K —m + 1}, such
that

Omayi = (—1)'sg0(Gmi1)@myari (I<i<t-1), (4.11)

Omtore 7 (—1)£sgn(6m+1)am+2+g ) (4.12)
and we have that

%] = (I6m+1] = 1)[Dni

+ (@my2 — 1 —5g0(0m41)0ms2)| D1

+ (amp2ie — (= 1)580(0ms1)0mr240) | Dim144]

+ A, (4.13)
where
0 < |6]-1< a—2 (if m=0), (4.14)
0 < [6psr| =1 < ampr—1  (if m>1), (4.15)
0 < apao—1—5g0(0pm11)0ms2 < 2ami2 — 1, (4.16)
1 < amyore — (—1)'sg0(6pms1)0maore < 2amioie, and  (4.17)
0 < A < 2|Dyirie] + 2/ Donsosel < A Dsise - (4.18)

Remark 4.1. In the above statement ¢ can in principle be 1 in which case condition
(4.11) is empty and thus automatically holds.

Proof. By (3.15) and (3.17), we have that d,,1241¢ = —bmiore < 0 forall £ > 4y :=
max{1l, K —m}. Obviously, the expression

(_ 1)esgﬂ(5m+1)am+2+e

takes one positive and one negative value when ¢ € {{y, ¢, +1}. Therefore, (4.12)
holds for some ¢ < ¢y + 1 = max{2, K —m + 1}. On letting ¢ to be the minimal
positive integer satisfying (4.12) we also ensure the validity of (4.11).

Equations (4.14) and (4.15) follow immediately from (4.5) together with he
assumption that d,,.1 # 0, and properties (3.13) and (3.17) of the Ostrowski
expansion.
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Next, we consider (4.16). If 6,41 > 0, then ¢,,11 = 0y + b1 > 0 and, by
(3.13), we have that ¢, 12 < apyo — 1. This means that sgn(d,,41)0m12 = Omaz =
Cma2 — bmio < @y — 1 and implies the Lh.s. of (4.16). Similarly, if 6,1 < 0,
then b,,11 = ¢yt — 0my1 > 0 and, by (3.17), we have that b2 < @02 — 1. This
means that sgn(d,+1)0mi2 = —0mi2 = bmi2 — Cmi2 < amyo — 1 and again implies
the Lh.s. of (4.16). In either case [sgn(d,41)0ma2| < a@mie2 and so the r.h.s. of
(4.16) is straightforward.

IN

Equation (4.17) is a consequence of (4.12) and the inequality |d,,42+¢]
Amio40, Which is valid for the same reason as the r.h.s. of (4.15).

What remains is to prove (4.18). By (4.6), (4.8) and the fact that sgn(D;) =
(—1)", we obtain that

3] = sgn(0m41Dp) Z Or+1 Dk

= [Omt1| [ Dim| — 580 (0m41)0ms2| D1 [+

+ Z "sgn(0m11)0k+1| Di|
k=m+2
(4 1) m4-£
|5m+1| | Din| — 880(0m41)0m+2| Dt | — Z 1| Di|—
k=m+2

— (=1)"sg0(0m+1)Fmteral Dy |+
+ > (=) g (Gmi1)0k1| Dil
k=m-+{0+2

Therefore, on combining the implicit expression for A from (4.13) with the above
equation for |X|, we obtain that

m+£+1 00
A = |Dyp| + [Drosa| = Z 1| Di| + Z (= 1) "™sgn (1) 01| D] -
k=m+1 k=m-+0+2
(4.19)
Therefore, since |0x41| < ag41, we get that
- (38)
A > |Dpl + | D] — Z ag+1|Dg| =0
k=m+1
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and

m~+1+£ [e%S)
A < Dyl 4 |Dpga] — Z 1| Di| + Z 1| Dyl
k=m-+1 k=m+2+¢
= |Dp| + | Dt — Z ap1| D]+ 2 Z jot1| Dy
. k=m+1 . k=m-+2+(
‘Hr(3.8)
0
(38)
=" 2[Dpy1tel + 2| Dingarel < 4[Dimtagel -
This completes the proof. O

Corollary 4.1. Under the conditions of Lemma 4.4, we have that

[na = [ < ([0ms1] + 2)[ Dol

Proof. By (4.13) and (4.18), it follows that

||na - '7“ < (|5m+1| - 1)|Dm| + (2am+2 - 1)|Dm+1| + (2am+3 + 4)|Dm+2|
3.6
D (6mss] + V)| Dyal + |1 Donia| < (1ma| +2)[Dl.
]

Lemma 4.5. Let a, v, n, drr1, m and X be as in Lemma 4.3 and let K be as in
Lemma 3.1. Then there exists a positive integer L < K + 2 such that

5@'+1 = (—1)i+msgn((5m+1)ai+1 (1 < 1 < L — 1), (420)
Ors1 # (=1) ™ sgn (b1 )ar i (4.21)
and
1—12] = (a1 —1—(=1)"sgn(dm+1)d1)|Dol

+ (aL+1 — (—1)L+msgn(6m+1)5L+l)‘DL’
+A, (4.22)
where all the three terms in the r.h.s. of (4.22) are non-negative, and

0< A <4|Dy. (4.23)
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Proof. By (3.15) and (3.17), we have that §;;1 < 0 for all i > K + 1. This readily
implies the existence of L € N such that L < K + 2 and (4.20) and (4.21) hold
— see the proof of Lemma 4.4 for a similar and more detailed argument. The
non-negativity of the first two terms in the r.h.s. of (4.22) follows immediately
from the facts that |0;| < a; — 1 and |01 < agyq for £ > 1.

Now we proceed to the proof of (4.23). We have that

(4.6)&(4.8)

13| 1 —sgn(ms1Dm) Z Or+1Dr

(3.9
:) (al — 1 ‘Do‘ + Zak+1\Dk| - Sgn m+1D Z 5k+1Dk

k=1

= (a1 — 1 — (=1)"sgn(6m11)01)| Dol

+ Z (ar41 — (=) "sgn(ms1) k1) | Di
k=1

(4.20)

=7 (a1 — 1 — sgn(8ms1Dm)01)| Dol

+ (CLLH - (_1)L+msgn((5m+1)(5L+l)‘DL’

+ Z (ak-i-l - (_1)k+msgn(5m+l)5k+l)|Dk’ .
k=L+1

The latter sum is by definition A. Since |0k41] < agyq for all k, we trivially have
that

~ - 3.8
0< A <2 anlDd ® 20Dul+Deal) < 41Dy
k=L+1

This establishes (4.23) and completes the proof. O

5 A gaps lemma and its consequences

In the course of establishing Theorems 1.4 — 1.8 we will group together nat-
ural numbers n such that ||[na — 7| is of comparable size. Akin to Lebesgue
integration, this natural idea will prove to be extremely fruitful for our pur-
poses. We shall see that the ‘grouping’ in question leads to investigating subsets
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A(dy, . .., dpny1) of natural numbers that have, up to certain point, pre-determined
digits dy, ..., d,+1 in their Ostrowski expansions. The following lemma reveals
the structure of such sets in terms of the size of the gap between consecutive
integers in A(dy, ... ,dpy1)-

Lemma 5.1 (Gaps Lemma). Let « € R\ Q, m > 0 and dy, ..., ,dy,+1 be non-
negative integers such that dy < a1, dry1 < agyq fork =1,...,m and dp = 0
whenever dyy1 = apyq for k < m. Let A= A(dy,...,dns1) denote the set of all
n € N with Ostrowski expansions of the form

n = de+1Qk + Z Cry1qk - (5.1)
k=0

k=m+1

Write A = {ny < ng < ...} in increasing order. Then, for every i > 1 we have
that:

(i) if dyy1 > 0 then njpy —n,; € {Qm+1, Gm+1 T Qm}> and

(i) of dpy1 = 0 then nip1 — n; € {@ma1, qm}- Furthermore, if niyx —n; = qm
then ¢pio(n;) = ameo and the gap n; 1 —n; is preceded by ap, 1o consecutive
gaps of length qp,11.

Proof. The Ostrowski expansion of a natural number n can be defined via the
following well known “greedy algorithm”. First, choose the largest integer M
satisfying q,; < n. This is possible since « is irrational and so the sequence gy, is
unbounded. Then, select c;;41 to be the largest integer satisfying cyri1qm < n.
Next, subtract cyry19a from n and then repeat this process on the remaining
integer to determine cjy; and so on. Formally, with n,; := n we define

Chy1 = [%] and  ng_1:= N — Crr1qQr for k=M,M—-1,...,0. (5.2)
q

Since gy = 1, this process will terminate with the remainder equal to 0. Also we
define ¢, = 0 for k > M.

Using (3.2) and (5.2) one easily verifies properties (3.12)—(3.15); that is, the
above algorithm produces the Ostrowski expansion of n. Consequently, the set
A(dy,...,dpns1) can be put in increasing order by using the reverse lexicographic
ordering of the Ostrowski coefficients. For the rest of the proof let

n = de+1qk. (5.3)
k=0
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In view of the conditions imposed on dy, . .., d,, 1 in the statement of the lemma,
we have that A(dy, ..., dpy1) # 0. Furthermore, if n’ > 0thenn’ € A(dy, ..., dyi1)
and in this case n’ is the smallest element of A(dy,...,d,+1). Now we fix some
1 € N and suppose that

o0
/
N1 =n + E Ck+19k;

k=m'
where c¢;y1 = cpy1(ni1) are the Ostrowski coefficients of n;; and m’ > m + 1
with ¢, 41 # 0. Since ¢ + 1 > 1, we have that n;;; > ny; > n/, and such an m’
exists. We now consider three separate scenarios.

Case (1). Suppose that m’ = m+1. Then, by the reverse lexicographic ordering
of A(dy,...,dy41), we have that

o
n; =n' + (Cmi2 — 1)Gmir + Z Crt+-1Gk -
k=m+2

In this case, we obviously have that n; 1 — n; = g1

Case (2). Suppose that m’ — m is positive and even. Then again appealing to
the reverse lexicographic ordering we find that

n; =1 4 Gmi3dmi2 + Gnts@mia + -+ + QG Q-1
o0
+(Cm’+1 - 1)Qm’ + Z Cr+19k -
k=m'+1

Using (3.2) one readily verifies that n;,1 — n; = gn,11 in this case.

Case (3). Suppose that m’ —m — 2 is positive and odd. Then the form of n;
depends on whether or not d,,,+; > 0. If d,,41 > 0, then

ni =0 + (Gmr2 = 1)mi1 + GmraGmes + Gmy6Gmas +++ + GG 1
+(emrs1 — 1)gm + Z Cr+19k -
k=m/+1

Again using (3.2) one verifies that n;11 — n; = ¢ne1 + ¢m. Finally, if d,,,;7 =0
then

!
Ny =N + Qpy2Q@mt1 T OpyaQmt3 + Cmy6Qmys + - + QG —1

+(Cm’+1 - 1)Qm’ + Z Ck+14k
k=m'+1
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and using (3.2) gives n;11 — n; = ¢ The ‘furthermore’ part of (ii) easily fol-
lows from the above explicit form of n; and the reverse lexicographic ordering of
A(dy,...,dmy1). This completes the proof. O

Using Lemma 5.1, we are able to prove various useful counting results.

Lemma 5.2. Let « € R\ Q, N > 3 and m > 0. Furthermore, let dy, ..., dpns1
and A(dy,...,dnms1) be as in Lemma 5.1, let n' be given by (5.3) and let

An(dy, ..o dmir) == A(dy, .. dpyr) N [1, N

Then
1 _b5logN
o< |
nEAN(d1,....dmi1) n qm+1
n#n’
Proof. We will assume that Ay(dy, ..., d, 1) contains at least one element dif-

ferent from n', as otherwise the sum under consideration is zero and there is
nothing to prove. By Lemma 5.1, for any distinct ny, ny € Ay(dy, ..., dps1) with
Cmi2(n;) < amyo (1 = 1,2) we have that [n; — na| > @pne1. In this case we find
that

—_
IN

1
Z n Z n' + &Im-i-l

€Ay (drdmit) 1O gmin
Cm+2<Am+2, n#'n//
1 1 2log N
> 7 S :

D4l | 1 <N g Gm-+1

IA

On the other hand, any distinct ny,ne € Ay (dy, ..., dype1) With ¢pio0(n;) = amas
(1 = 1,2) lie in An(dy,...,dmnt1,ame2). Then, by Lemma 5.1, it follows that
|n1 — na| > Gm12 and so similarly

1 1
> <> -
n " 4 Qmr2@mt1 + Gm2

n€AN(di,....dm+1) 0<l<N/Gm+2
Cm+2=0m+2

1 +QIOgN < 31ogN.

Om42Gm+1 Gm+2  Qm+1

This together with the previous displayed estimate implies the desired statement.
O
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Lemma 5.3. Under the conditions of Lemma 5.2, let us assume that

#HAN(dy, .. dpy) > 1.

Then N SN
3 < #AN(dla R 7dm+1) <
qm+1 dm+1

+1. (5.4)

Proof. In order to establish the lower bound, first observe that since we are
assuming that #Ay(dy,...,dmns1) > 1, the lower bound inequality in (5.4) is
trivial if N < 3¢,,41. Without loss of generality, assume that N > 3¢,,.1. It is
readily verified that the minimal element of A(ds, ... ,dpy1) i8S < ¢my1- Hence,
by Lemma 5.1, any block of 2¢,,.1 consecutive positive integers contains at least
one element of A(dy,...,dy,+1). Therefore,

N = @i N>?§m+1 N

2Qm+1 o 3Qm+1 ‘

2Qm+1
This verifies the lower bound of (5.4).

N — m
BAN(dy, .. dpsr) > 1+{ g “J >

For the upper bound write A(dy,...,dpn+1) = {n1 < ng < ---} in increasing
order. Let t = #An(dy,...,dms1). Thus, ny < N < nyyq. Observe, that without
loss of generality, we can assume that ¢ > 2 as otherwise the upper bound in (5.4)
is trivial. With this in mind, we consider separately the two cases appearing in
the statement of Lemma 5.1.

e In case (i), we have that n;, 1 — n; > gue1 for all i« > 1 and therefore N >

ny + (t — 1)¢mny1. Hence
_ t>2
N _ E > ny + (t = 1)gmi1 S Qerl’ (5.5)
FA(dr ) t 2

and the upper bound in (5.4) readily follows.

e In case (ii), we have that any gap of length ¢,, among {ni,ns,...} must be
preceded by a,,12 consecutive gaps of length ¢, 1. Therefore, if t —1 < a,,,190+1,
then all the gaps n; — n;—; with ¢« < ¢ must be ¢,,+; and we have that N >
ny + (t — 1)gmy1- Then, by (5.5), we again conclude that the upper bound in
(5.4) holds. It remains to consider the case t — 1 > a2 + 1. In this case, it is
obvious that ¢ > 3. Further, by the division algorithm, ¢t — 1 = Q(a;42+ 1) + R
with 0 < R < @42 + 1. Then, there are at most @) gaps of length ¢,,, each
preceded by a,,.2 consecutive gaps of length ¢,,,1, plus R gaps of length ¢, 1.

Then, we have that
t—1—R

= am+2+1( +2qm+1 Q) dm+1
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>(t—1-—R) q’”’;“ + R i1

> (t—1— R)Imtl | pimil _ i1

2 2 2
231 Gm+1 - #FAN(d, - ding)
> 2 -
= 3 qm+1 3 )
whence the upper bound in (5.4) follows. O

6 Counting solutions to ||[na — || <e€

Given an a,v € R, N € N and € > 0, consider the set
Ny(a,e):={neN:|na—7| <e n<N}. (6.1)

In the homogeneous case (v = 0), we will simply write N(a,¢) for Ny(c,€). The
main goal of this section is to estimate the cardinality of N, (a,¢).

6.1 The homogeneous case

We begin by observing that when ¢eN > 1, Minkowski’s Theorem for convex
bodies, see [20, p.71], implies that

#N(a,e) > |eN]|. (6.2)

In fact, we have already used this estimate in the proof of Theorem 1.3. We
shall investigate under which conditions this bound can be reversed with some
positive multiplicative constant. The main result established in this section is
the following statement.

Lemma 6.1. Let « € R\ Q and (q)r>0 be the sequence of denominators of the
principal convergents of . Let N € N and ¢ > 0 such that 0 < 2¢ < ||gq]|.

Suppose that

1
— < g <N 6.3
25_(1@_ ( )

for some integer £. Then

|eN| < #N(a,e) < 32eN. (6.4)
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Proof. Without loss of generality, we will assume that ¢ is the smallest integer
satisfying (6.3). Since 2e < ||g2c||, by (3.5) and (6.3), we have that g, > g2, so
¢ > 3. By the minimality of ¢,

1
Q-1 < % < q. (6.5)

Let n € N satisfy the condition ||na|| < € and let m be the same as in Lemma 4.2.
Then, by (3.5) and (4.2), we obtain that

Cmg1 — 1 Qg2 — Cg2

(6.6)

2Gm+1 2Gm42  Qmyt

Since, by definition, ¢, 411 # 0, condition (3.14) implies that a2 — ¢pyo > 1.
Hence, by (6.6), we obtain that

1

2Gm+2

< |nal| < ¢

and thus ¢,,,2 > 1/(2¢). Since ¢ is defined to be the smallest integer satisfying
¢ > 1/(2¢), we conclude that m + 2 > ¢. Consider the following three cases.

Case (1): m > (. Then n lies in the set Ay(dy,...,d;) withd; =---=d; = 0.
By Lemma 5.3,
3N (6.5)
#An(0,...,0) < —+1 < 6eN+1.
~—— qe

¢

By (6.3), we have that 2N > 1. Therefore, the number of n € N(a,¢) that
correspond to this case is
< 8N.

Case (2): m+ 1 =¢. Then ¢,+1 = g > 1/(2¢) and consequently, by (6.6) and
the assumption ||na|| < e, we have that

Cm+1 < 1+ 2€qm+l S 4€Qm+1~ (67)

It follows that each n € N(a,e) with m + 1 = ¢, must lie in Ax(dy, ..., dpmi1)

with d; = -+ = d,, = 0 and d,;,41 = Cpy1, for some ¢, satisfying (6.7). By
Lemma 5.3,
3N
#AN(O,...,O,Cm+1) S +1.

(-1
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Since ¢,+1 = q¢ < N, we have that

AN

gm+1

#AN(O, e ,O, Cm+1) S

-1

Therefore, using (6.7), we conclude that the number of n € N(a,¢) that corre-
spond to this case is

AN
<

< ~deqmi1 = 16N .
Qm+1

Case (3): m + 2 = (. Then, by (6.5), we have that

Gm+1 = qe—1 < 1/(2€) < @ = @2
Consequently, by (6.6) we obtain that ¢,,,; = 1 and

Am+2 — Cm42

< |na|l <e.
2Gm+2 e
Thus, we have that

1

Qm+2 > % and U2 — Cmy2 < 26Qmy2 -

It follows that each n € N(a,e) with m + 2 = ¢ must lie in Ax(dy,...,dmni2)

withdy =---=d,, =0, dpps1 = 1 = 1 and dy 0 = ¢pyao. By Lemma 5.3,
3N 4N
#AN(O,...,O,l,cm+2) < +1<
N—— Am+2 qm+2

-2

Therefore, we conclude that the number of n € N(«,¢) that correspond to this
case 1S

< X 26qmio = 8N .

qm+2

On summing the estimates obtained in each of the above three cases yields
the desired result. O

The following corollary of Lemma 6.1 is phrased in terms of the exponent
of approximation w(«) of a € R, — see (1.27) for the definition. Recall that £
denotes the set of Liouville numbers; that is, the set of real numbers a such that
w(a) = 0.
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Corollary 6.1. Let « € LUQ and let v € R satisfy the inequalities

1
O<v<——. (6.8)
w(e)
Then, there exists a constant g = eo(a) > 0 such that for any sufficiently large
N and any € with N7 < e < &g, estimate (6.4) is satisfied.

Proof. We will assume that 2gy < ||gex||. Let £ be the smallest integer such
that (2¢)™! < ¢,. In particular, we have that ¢ > 3 and (6.5) is satisfied. By
Lemma 1.1 and the condition w(a) < 1/v, we have that g, < gl” for all
sufficiently large m. In particular, for sufficiently small gy the parameter ¢ will

ﬁ Then, using (6.5), we

be sufficiently large and hence we will have that ¢, < ql}
readily verify that

@ <qlt<1/2) <1/eY" < N.

Since, by the definition of ¢, we also have that (2¢)™! < ¢y, the inequalities
associated with (6.3) are satisfied. Therefore, Lemma 6.1 is applicable and the
conclusion of the corollary follows. O]

Now we discuss the situation not covered by Lemma 6.1, namely when (6.3) is
not satisfied. To begin with, we give another ‘trivial’ lower bound for #N(«, ).
Suppose that K is the largest integer such that qx < N. Then qx.1 > N and,
by (3.5), we have that

laoll < |Dk| < 1/qrcsa
Observe that for any positive integer s we trivially have that ||sgxa|| < s||gxc]|.
Hence, as long as sqx < N and s/qx+1 < &, we have that sqx € N(«,¢). Hence,

#N(Oé, 8) Z min { L‘EQK—HJ? LN/QKJ } : (69>

The next result shows that, up to a constant multiple, this rather trivial lower
bound combined with the other trivial lower bound given by (6.2) is best possible.

Lemma 6.2. Let « € R\ Q and (qo)eso be the sequence of denominators of the
principal convergents of a, N € N and € > 0 such that N™' < 2¢ < ||qua|. Let
K be the largest non-negative integer such that qx < N, and let

N N
M := max {sN, min {5C]K+1> —}} = min {EqKH,max {EN, —}} . (6.10)
2(]}( QQK

Then
|M| < #N(a,e) < 32M. (6.11)
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Proof. The equality in (6.10) between the min-max and the max-min expressions
is a consequence of the fact that e N < eqx 1, which follows from the definition of
K. The lower bound in (6.11) is a consequence of (6.2) and (6.9). Thus, it remains
to prove the upper bound. Suppose that gx < 1/(2¢). Then € < &’ := 1/(2qk)
and we have that N(a,e) C N(«,¢’). Clearly, Lemma 6.1 is applicable to N («, €’)
and thus it follows that

#N (o, e) < 328'N = 32N/2q.

Again, by Lemma 6.1, in the case qx > 1/(2¢) we have that #N(«,¢) < 32eN.
Hence
#N (o, e) < 32max{eN, N/2qx} .

Next, let N’ = qx 1. Note that N’ > N and therefore N(a,e) C N'(«,¢). Also
condition (6.3) is satisfied with ¢ = K + 1. Hence, it follows via Lemma 6.1 that

#N(a,e) < #N'(a,e) < 32eN' = 32¢x 112

Thus
#N (v, ) < 32min {eqx41, max{eN,N/2qx}}.

This is the upper bound in (6.11) and thereby completes the proof of the lemma.
O

6.2 The inhomogeneous case

We prove a statement that relates the cardinality of the inhomogeneous set
N,(a,¢) to that of the homogeneous set N(a,e). The upshot is that the es-
timates obtained in the previous section can be exploited to provide estimates
for #N,(a,¢).

Lemma 6.3. For any ¢ > 0 and N € N, we have that

#N,(a,e) < #N(a,2e)+ 1. (6.12)
Furthermore, if N!(a,€') # 0, where N’ := %N and &' := %5, then

#N,(a,e) > #N'(a,e')+1. (6.13)
Proof. First we prove the upper bound (6.12). Suppose that #N, (a,g) > 2, as

otherwise there is nothing to prove. Let ng be the smallest element of N, («,¢).
Then for any n € N,(«,¢) such that n > ny we have that

[(n = no)all = l|(nar =) = (noer = )| < [Ina = |l + [[noe — || < 2¢.
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Hence, n — ng € N(a,2¢) and (6.12) immediately follows.

Now we prove the lower bound (6.13). In view of the assumptions of the
lemma, fix any n; € N!(a,¢’). Then, for any n € N'(a,¢’) we obtain that

[+ n)a =7 < [lma =7l + [Ina| <&+ =e.

Also, note that 1 < ny; +n < N. Therefore for any n € N'(a,¢’) we have that
ni1 +n € Ny(a,e). The lower bound (6.13) now readily follows. O

7 Establishing the homogeneous results on sums

of reciprocals

In this section we prove Theorems 1.1 and 1.2. Before beginning the proofs, we
establish various useful auxiliary inequalities. As before, ¢x = qx(«r) denotes the
denominators of the principal convergents of a, and K = K(N,«) denotes the
largest non-negative integer such that qx < N, so

qx <N < gri1. (7.1)
By (3.10) and (7.1), we also have that
K —1<2logN/log2. (7.2)
Furthermore, it is easily verified that
max{log(%--- %), K} > 1 log ¢k . (7.3)
Indeed, by (3.10), we have that

K-1 K
qK<2 .al...aK<4 .a‘_21...aTK'

On taking logarithms, we obtain that
log qx < Klog4 +log(%--- %) < 2log4 max{K,log(% --- &)}

whence (7.3) follows.
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7.1 Proof of Theorem 1.2
7.1.1 The upper bound in (1.20)

u< K+1land 1 < a < ayyq,

For each pair of integers (u,a) satisfying 1 <
n < N such that the Ostrowski

let By(u,a) be the set of integers n with 1

IA A

coefficients {cy41}52, of n satisfy
cp=-=0¢1=0

and one of the following two conditions:

(i) c, =0and cyy 1 =a+1, or

(ii)) ¢, =1 and cyyq = ayy1 — a.

In view of the uniqueness of Ostrowski expansion, the sets By(u,a) are pairwise
disjoint. By definition, we always have that By(u,a) C {1,...,N}. We claim

that
K+1 QAy41

{neN:n<N, [lnal < Do} € | | By(u.a). (7.4)
u=2 a=1
To see this, take any n from the Lh.s. of (7.4) and, with reference to the Ostrowski
expansion of n, let m be the smallest integer such that ¢, ; # 0. By (7.1) and
Lemma 4.2, we have that 2 < m < K. If ¢,,01 > 1 then n lies in the set
Bn(m, i1 —1). If ¢;1 = 1 then n lies in the set By (m+1, amyo — Cmya). Note
that, by (3.14) and (3.15), in this case 1 < ay9 — Cpro < Qoo

By Lemma 4.2, if n lies in the Lh.s. of (7.4) then
|lnal| > a|D,| whenever n € By(u,a) (7.5)

for some u and a from the r.h.s. of (7.4). Clearly, the set By(u,a) is the union
of

An(0,...,0,a+1) and An(0,...,0,1,au41 — a), (7.6)
- 1%
u times u—1 times

where the sets Ay (- --) are defined in §5. Then, by Lemma 5.3 and the inequalities
given by (7.1), we find that

#Bn(u,a) < SN ifu<K-—1. (7.7)

qu+1
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Putting this together with (7.5) implies that

K-

H
e

u—+1 K-1 QAy+1

2 |nau : Zzaquﬂrm

u=2 a=1 nEBN(ua u=2 a=1

K—1ay+1

< 16NZZ—

u=2 a=1

K-1

< 16N Z(l +log ayi1)

u=2

< 16N (K — 2 + log(ay

(3.10)
< 64N logqx -

Considering the case ||na|| > |Ds|, we get that

| (5
Z <N[Do|7 < 2¢3N.

2 o] =

l[nel[>|D2|

It remains to note that if

K41 ay+1

then
n =0 or qx_1 (mod qk) .

.CLK))

(7.9)

(7.10)

Indeed, if n € By (K, a) then, since qxy1 > N > n, by definition, the Ostrowski
expansion of n is either (a + 1)gx or gx—1 + (ax+1 — a)gx. In both cases (7.10)
is satisfied. Similarly, if n € By(K + 1,a) then, by definition, the Ostrowski
expansion of n can only be qx + (axi2 — a)qr41 and since n < N < qgy1, we
have that n = qx. Clearly, (7.10) is satisfied again. The upshot is that the n’s
which fall into By (K, a) or By(K + 1,a) are irrelevant in estimating (1.20) and
therefore on combining (7.4), (7.8) and (7.9) implies the upper bound in (1.20).
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7.1.2 The lower bound in (1.20)

For each m, a € N, define By (m, a) to be the collection of positive integers n < N

with Ostrowski expansions satisfying cy.1 = 0 for all £k < m and ¢,;,01 = a. If
m< K —1and 1 <a < a1, the set By (m,a) is clearly non-empty. Then, by

Lemma 5.3, it follows that

#Byx(m,a) >

3Gm+1 .

Assume that n € By (m,a) and that one of the following is satisfied
o 1<a<apyyandm <K —2 or

e 2<a<apyy;andm=K —1.

(7.11)

Then it is easily seen that n # 0, gk (mod ¢x). Therefore, the sum in (1.20) is

bounded below by

a=2 EB* ) H H

By Lemma 4.2, ||na|| < (a+ 1)|D,,| for every n € By (m
this together with (7.11) implies that

K—-2am+1 aK N

Z Z 3¢m+1(a+ 1) Dyl Z 3 3axc(a+ D Dic

K—-2am+1 a K—1am+
£ %N< ++ZK:>G1 iy
m=2 a=1 a=2 m=2 a=1
K—1
> AN log gt AN
m=2
K-1
> 3N ) log “"”2”2 SN (log 92 + log 22£2) — LN .
m=0

Since 3a; > a; + 2 > a;,

log 222+ > Jog 22 > max{log(3/2), log 2},
and we obtain from (7.12) that

X > 3N max{K log(3/2), log(% ... %)) -

o4

$Nlog(9araz/4) — ¢N.

,a) with m > 2. Then

(7.12)

(7.13)



Trivially, 5 log(3/2) > £. Then, using (3.10) and (7.3) we obtain from (7.13) that

X

v

iNlog K — %Nlog G2 — %Nlog(9/4) — %N
> 5;Nlogar — (3log gz + 5)N .

This completes the proof of (1.20).

7.1.3 Proof of (1.21) and (1.22)

First observe that since N > g3 we have that K > 3. Furthermore, 1 < n; < N
and n; = 0 (mod ¢g) if and only if ny = agx for some a with 1 < a < N/q.
Since N < qgi+1 = axi19K + qix—_1, we also have that a < ag,;. Thus, the
expression n; = aqg is the Ostrowski expansion of such an integer n; and then,
by Lemma 4.1 (with m = K > 3), we have that

lniall = al Dl

Similarly, 1 < ny < N and ny = qx_1 (mod qg) if and only if ny = qx_1 +
(ags1 — b)gx for some b with ax 1 — (N — qrx—1)/qx < b < axy1. Again since
N < agi19x + qx—1, we have that axy1 — (N — qx—1)/qx > 0, which implies
that b > 1. By Lemma 4.1 (with m = K — 1 > 2), we have that

3.6
In2l| = | Dk 1| — (axcss — b)[Dic| & | Dicya| + b Dic]

By (3.5),
dK+1 < 1 < 2QK+1 and dK+1 < 1 < 2611(+1
a Inic]| a b+ 1 7 |[nac|| b
Consequently,
1 20K +1 20K +1
- < SHKA41 i
1<n<N 1<a<N/qx ag+1—(N—qr-1)/qarx <b<agr i1

n=0, ¢x 1 (mod qx)

—_

<dgrar Y, = < Agra(1+log(l+ N/gx))
1<a<1+N/qx

Q

and

1
d>ooo— = ) % > qi+1log(l+ N/ak) .

1<n<N ”naH 1<a<N/
N> Sax~ 9K
n=0, gk —1 (mod ¢x)
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These upper and lower bound inequalities prove (1.21). Similarly,

. 1 . 26]K+1 }
min < cN, —— } < 2 mm{cN,
2 { " Inal] 2 a

1<n<N 1<a<2N/qk
n=0, qx —1 (mod gx’)
. dag 19K
< 2 _ . .
< Z min {CN, . (7.14)
1<a<2N/qk

Here we have used the fact that qxi1 = axr19x + -1 < 2ax11qx. Now split
the sum on the r.h.s. of (7.14) into two sub-sums: one with a < 2(ax41/c)? and
the other with a > 2(ax1/c)2. The first sub-sum is trivially bounded by

N

2.¢N - 2(aK+1/c)%: 4N (cag1)

while the second sub-sum is bounded by

5. 2N dagiqk

1
- =8N (ca 2,
qx  2(axs1/c)? (carcn)

On combining the previous two estimates with (7.14) we obtain (1.22).

7.2 Proof of Theorem 1.1

Let N be a sufficiently large integer and K = K(N,«) be as in statement of
Theorem 1.1. By the definition of K, for any integer 0 < ¢ < K we have that
¢ < N. By (3.5), we have that ¢;11||¢;a]] < 1 and since ¢;41 = a;41¢; + ¢i—1 >
a;+1q; (q—1 := —1), it follows that a;11¢;||g;r|| < 1. Hence

K K
(a,0) EZ |an > Zai+1:AK+1-
i=0 v i=0

Combining this with Corollary 1.5 establishes the lower bound in (1.19). It
remains to prove the upper bound.

By the partial summation formula (1.2), for any function g : N — R, we have
that

Sy S T e G Yogl (119

n=1 n=1
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Now consider the specific function g defined as follows: given an integer k£ > 0,
for g <n < qpq, let
I~ if  n#0, g1 (modg)
g(n) :=

0 otherwise ,

where ¢_1 := 0. Theorem 1.2 implies that
G(m) < 64mlogm + O(m), (7.16)

where the implied constant depends only on «. Indeed, to see that this is so,
let M be the largest integer such that ¢qp; < m. Then for n < ¢, we have
that n # 0 (mod ¢p) while n = ¢qp;—1 (mod ¢y;) means that n = ¢y and so
g(n) = 0. Hence, on making use of (1.20), we have that

1 1
Glm) :Z > Y 2 fal

Qe <n<qk+1 gm <n<m
n#0,qx—1 (mod qy,) nZ0,qn—1 (mod gar)
1
< < 64mlo + O(m
1<n<m

n#Z0,qps—1 (mod qpr)

< 64mlogm + O(m)

which is precisely (7.16). On combining (7.15) and (7.16), it follows that

1 B al g( log
> alall = Z— < 642 + O(log N)

1<n<N
g(n)#0

< 32(log N)* + O(log N). (7.17)

It remains to consider the sum

1
2 nnal”

1<n<N
g(n)=0

We will use similar arguments to those appearing in §7.1.3. Fix any integer
k > 3. A positive integer ny € [qx, qx+1) satisfies ny = 0 (mod ¢) if and only if
ny = aqg for some a with 1 < a < (gg1 — 1)/qe. Similarly, a positive integer
N9 € [k, qrt1) satisfies ny = gr—1 (mod ¢) if and only if ne = g1 + (agy1 — b) g

57



for some b with axi1 — (ger1 — qe—1 — 1)/qr < b < agy1. It is easily seen that
b > 1. Then, by Lemma 4.1, we have that

[naal] = al Dyl

and

3.6
In2l| = | Dx-r| — (axsr — )| Dl E [ Diga| + 0| Dyl

By (3.5), we have that

1 < 2qk11 and 1 < 2qk11

[mall = a [nzall = b

These together with the inequality qr.1 < 2ag11qk, imply that

1 dap1qx 1 dag41qk
and

lmall = a [neall = b

Consequently, it follows that

1 Ak +1Qr dap41qx
2 el S > :

2 p—
Qs <N<gk+1 a>1 ke 1<b<apyi—1 b(ak—H b)Qk
g(n)=0
1 1 1
= 4 — 44 z
A+1 Z 2 Z (b - - b)
a>1 1<b<ajq1—1
1 1
= dag Z 2 +8 Z 3
a>1 1<b<apy1—1
272
< 3Okl +1+1ogarsr < 9apqq .

Hence, for N (and therefore K') sufficiently large we have that

K
> ! < > ) L 9k 0(1) < 104k,

1<n<N anO&H k=0 qu<n<qi: anOzH
g(n)=0 g(n)=0

This together with (7.17) establishes the upper bound appearing in (1.19) and
thus completes the proof of Theorem 1.1.

8 Establishing the inhomogeneous results on sums
of reciprocals

In this section we prove Theorems 1.4, 1.5, 1.6 and 1.8. Since ||z|| is invariant
under integer translations of z, without loss of generality, we can assume that

o8



a € 1]0,1)\ Q and that v € [—a,1 — a). Throughout, we will use the notation
and language introduced in §3 — §5. Also, we assume that (1.1) holds.

8.1 Proof of Theorem 1.6
Take 0 < € < 1 and let

A= {ae 0,1)\ Q:log(a; - --a,) < n, Zai < n''e for allnEN},

=1

where the implied constants may depend on a. It follows from the Khintchine-
Levy Theorem [47, Chapter V], Khintchine’s Theorem [32, Theorem 2.2|, and a
theorem of Diamond and Vaaler [22] that the set A has Lebesgue measure one.
We shall show that Theorem 1.6 holds with this particular choice of A.

In order to estimate the relevant sum we will make use of expression (4.7) for
|nae — ~y||. Namely,

Ina =l = min { |2, 1~ |31},

where ¥ = X(n,a,) is given by (4.6) and m = m(n,«,) is defined as in
Lemma 4.3. We will use the estimates for |X| and 1 — || given by Lemma 4.4
and Lemma 4.5.

8.1.1 The case m > K

Unlike our treatment of the corresponding homogeneous case, where m was always
bounded by K, in the inhomogeneous case the parameter m (which is determined
by the bri1’s as well as by the c¢xy1’s) can be arbitrarily large if the Ostrowski
expansion of v contains a large number of consecutive zeros. More precisely, if
b1 =+ =bgyir =0, bgiri1 # 0, then for n = Zszo br+1qr we will have that
m = K + T. However, as is clear from the definition of m and the coefficients
dk+1 given by (4.5), whenever m > K, we have that cx,1 = bgyq for all £ < K
and the associated integer n is uniquely defined by ~. Hence

1 1
) DI 5.1)
n<N: m>K n||na o 7” ¢
c<n|lna—||
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8.1.2 Thecase |¥|<1/2, m < K

By Lemma 4.3, in the case |X| < 1/2, we have that ||na — || = |3| and therefore
we can call upon Lemma 4.4 when required. With this in mind, for each pair of
integers (u, a) satisfying

0<u<K+1 and 1<a<2a,1—1, (8.2)
let C'y(u,a) be the set of all positive integers n < N such that [3] < 1/2 and one
of the following two conditions is satisfied:

(1) 51::511,:07 |5u+1|—1:a,0r

(i) wu>1, 1 =--=0,1=0, [0 =1, ayr1 —1—sgn(dy)0us1 = a.
In the first case we have that u = m while in the second case u = m + 1, where
m = m(n,q,y) is defined as in Lemma 4.3. Since we are dealing with the case

m < K, the condition u < K + 1 within (8.2) is natural and non-restrictive.
Then, applying Lemmas 4.3 and 4.4, we obtain that

Ina =~ = al D (8.3)

for any n € Cy(u,a). It is easily seen that Cy(u,a) lies within the union of the
following four sets:

An(by, ... by, by £ (a+1)) (8.4)

and
AN<b1,...,bu,1,bu:|: 1,bu+1 :l:(au+1 —a— 1)), (85)
where by, bs, . .. are the Ostrowski coefficients of v (see Lemma 3.2) and are fixed.

Let My(u, a) be the collection of the minimal elements of the non-empty sets
given by (8.4) and (8.5). Trivially, we have that #My(u,a) < 4. Further, using
Lemma 5.2, we obtain

1 log N
)3 n S '
neCn (u,a)\My (u,a) Tu+1

On combining this with (8.3), we obtain that

K+1 2au«!»l*1

1
2 L nllna =]

a=1 neCpn(u,a
c<nllna—y||
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1 1
= 2 bl v 2 Wl

u=0 =1 | neCy(ua)\My(ua) neMu (u,a)
c<n|lna—||
K+1 1 2au+1—1 1 K+1 2au+1—14
< logN - S — 4 =
UZ%QU-H’DU’ ; a uz% ; C
K+1 K+1
< log N - Z (1+logayy1) + Z Ayt - (8.6)
u=0 u=0

The last inequality is a consequence of (3.5) and the trivial fact that

2(Zu+1—1

Z o < 1+logayy -

a=1
Recall that, by (3.10), we have that K < logqx < log N and, by the definition
of A, we have that

K+1
Z log ay1 =log(ar -+ axi2) K K +2 < K < log N,
u=0

and
K+1

Z Qyp1 < K1+5 < (1OgN)1+E.

u=0

Hence, the above two estimates together with (8.6) imply that

K+1 2au+1*1 1

> D e = < (log N)*. (8.7)

a=1  neCy(u,a)
c<nllna—y||
Observe that this upper bound estimate is no bigger than the upper bound ap-
pearing in Theorem 1.6. However, we are not yet done with the case under
consideration, since there may be integers n with 1 < n < N and |X| < 1/2
which do not fall in any of the sets Cy(u,a). As is clear from the definition of
Cn(u,a) and the range of (u,a) given by (8.2), the remaining numbers n corre-
spond to the situation when the first two terms of (4.13) vanish. In order to take
these numbers into account, for each triple (m, a, ) such that

0<m<K, 1</{<max{2,K—m+ 1}, 1<a<2ami240,
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we define the set C;(m,a,f) to consist of integers n with 1 < n < N such that
|¥| < 1/2 and their Ostrowski expansions satisfy the following set of equalities:

01 = =0, =0
|5m+1| - ]-7
SN (0 t1)0my2 = Amia — 1, (8.8)

Omt2vi = (=1)'8g0(0nt1) A2+ (I<i<li-1)

Am+2+€ — (—1)ngn(5m+l>5m+2+e =a.

0
Let t = m + ¢ + 1. Then we have that

2<t<K+3. (8.9)
Since we are assuming that |X| < 1/2, by Lemmas 4.3 and 4.4, we have that
|lnac — || > al|g:]] for all n € C}(m,a,?).

In view of properties (3.13), (3.14), (3.17) and (3.18), the equalities associated
with (8.8) can only occur if the coefficients by,41, . .., by of the Ostrowski expan-
sion of v have one of the following two patterns:

bm+1 bm+2 bm+3 bm+4 bm+5 bm+6
< Qm+1 0 Am+3 0 Am+5 0 ce (810)
>0 Uy — 1 0 Am44 0 Am46

Therefore, for each ¢ satisfying (8.9), there are at most two corresponding pairs
(m, £) such that (8.8) is satisfied for some n < N. In other words, for each such ¢
there are at most two values of (m, ¢) such that C}(m,a,¢) is non-empty. Next,
in view of (8.8), observe that C}f;(m, a, £) is the union of two sets Ay (dy, ..., dis1)
with

dmy1 = b1 £ 1,

Amya = bnya £ (Amin — 1),

dmt2+i = bmioyi £ (_1)iam+2+i (1<i<t-1)

\ dintore = bmgore £ (—1) (amiore — a).
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Then, on exploiting the same arguments used to establish (8.6) and (8.7), we
obtain that

K+3 2a¢41

20 2 2 2 anal—vH

=2 (m/f) a=1 neCh(m,

ml+1=t c<nllna— ’yH

K43 K+2

< (logN)Z(1+logat)+Zat < (log N)2. (8.11)

t=2 t=1

Again, observe that this upper bound estimate is no bigger than the upper bound
appearing in Theorem 1.6. On using Lemma 4.4, it can be readily verified that
the sets Cy(u,a) and C};(m, a, £) considered above account for all integers n with
1 <n < N such that |X| < 1/2 and m = m(n,a,v) < K.

8.1.3 The case |¥|>1/2, m < K

By Lemma 4.3, when |X| > 1/2 we have that ||na — 7| = 1 — |3| and therefore
we can call upon Lemma 4.5 when required.

We consider two subcases. In subcase one, we assume that

o1 # (=1)"sgn(0m1)(ar — 1). (8.12)
Then, by (4.22), 1 — |X| > |Dy| = {a} and
1 Al
> m<<;ﬁ<<log]\7. (8.13)

1<n<N
|£|>1/2, (8.12) holds

In subcase two, we assume that

51 = (—1)™sgn(Gmr)(ar — 1). (8.14)

In view of properties (3.13), (3.14), (3.17) and (3.18), the equalities associated
with (4.20) can only occur if the coefficients by, . .., by of the Ostrowski expansion
of v have one of the following two patterns:

bl b2 b3 b4 b5 b@ Ce
ay — 1 0 as 0 as 01... (815)
0 Am+2 0 Qg 0 Qg
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For positive integers L < K + 2 and for 1 < a < 2ar41, let Fy(L,a) be the set
of positive integers n < N such that |X| > 1/2, m = m(n, «,v) < K and

o1 = (=1)"sgn(0m+1)(ar — 1),
5i+1 = (—1)i+msgn(5m+1)ai+1 (]_ S 1 S L — ].), (816)
ar+1 — (_1)L+msgn(5m+1)5L+l =a.

It is easily verified that the sets Fy(L,a) account for the remaining positive

integers n < N, not accounted for elsewhere in the proof of the theorem. By
Lemmas 4.3 and 4.5, for n € Fy(L,a) we have that

Inae —~[l = a| Dyl

Next, on using (8.16), it is readily verified that Fiy(L, a) is the set Ay (dy, ..., dp41)
defined within Lemma 5.2, with

dy = by + (—1)"sgn(my1) (a1 — 1),
div1 = b1 + (=1 "sgn (6, 11) a1 (1<i<L-1),

dryr = bryr — (=1) " sgn (1) (a — ags1) -

On exploiting the same arguments used to establish (8.6) and (8.7), we obtain
that

K+2 2ap41

Y 3

L=1 a=1 neFn(L,a
c<nllna—y||

K+2 K42
< (logN)Z(1+logaL)+ZaL < (log N)?. (8.17)
L=1 L=1

Combining the lower bound estimates given by (8.1), (8.7), (8.11), (8.13) and
(8.17) completes the proof of Theorem 1.6.
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8.2 Proof of Theorem 1.4

Fix v € R. Theorem 1.4 will follow from Theorem 1.6 if we can show that

1
Z ———— < (log N)? for almost all a € [0,1). (8.18)
1<n<N nflna =]
n[na—y||<1

Using the Borel-Cantelli Lemma in a standard way (e.g., see [9] or [52]) one can
easily see that for almost all & € R the inequality

_ < -
lnar— || < n(logn)?

has only finitely many solutions n € N. Therefore, (8.18) will follow on showing
that for some ¢ € (0, 1)

1
Z ———— < (log N)'*¢ for almost all « € [0, 1).

1/(10gn)2_<nﬂna—'yH§1

Given an integer n > 2, define

n(logn n

do
I(n :/ _da
) A, |lna =7l

It is elementary to check that

" (aty)/n—1/(nlogn)? (a+v)/n+1/n? do
=Y f - _da
(a+v)/n—1/n? (a+7)/n+1/(nlogn)? |n0é —a — '7|

a=1

and

~ 4loglogn as n — oo.

This together with Fatou’s lemma, implies that

! = 1 = J(n)
da < -7
/o 2 rogy e =1 | % S 2 nfiogaye <

n=2

(log n)~2<n[na—y||<1

The upshot is that the above integrand must be finite almost everywhere, there-
fore, for almost all o we have that
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1 1
- S IOgN 1+e
2 nmacy S MM > e =l

1<n<N 1<n<N
(logn) 2 <n|lna—v[|<1 (logn)~2<n|lna—v[|<1

< (log N)'e.

This proves (8.18) and thereby completes the proof of Theorem 1.4.

8.3 Proof of Theorem 1.5

Let a and ¢ be as in the statement of Theorem 1.5. Without loss of generality, we
will assume that a € (0, 1) and we let py. /g denote the principal convergents of «.
Let (g;)ien be a sequence of elements from the set {0,1} and define, inductively
a strictly increasing sequence of integers (k;);en as follows. Let ki > 1 be the
smallest integer satisfying

|Dg,~1| + | Dy, | < min{a,1 —a}. (8.19)
For ¢ > 1, assuming kq, ..., k; are given, let k;;1 be taken large enough that
kiv1 > ki +5, (8.20)
/{Zi+1 — ]{?1 =&; (Il’lOd 2) s (821)
Qki+1+1 .
———2>0+1)q 8.22
w(qki+1+1) ( ) o ( )
and
dk;+1 < Qk;11+1 (8 23)
Qk;_1+1 N qk;+1

Note that it is possible to choose k;;; in this manner because of the assumption
that f(N) =o(N) as N — oco. Now let

1 if k= k; for some 7 € N,
b1 = (8.24)

0 otherwise

and

v = Zbk—HDk = Z Dy, .
o -1
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It is readily seen that v € (—«,1 — «). Indeed, using (3.8) and (8.19) we have
that .
71 < S @il Dal = Dy 1| + 1Dy | < minfa,1 - a}
k=k1

Thus, (br+1)k>0 is the sequence of Ostrowski coefficients associated with the ex-
pansion of 7. In view of the uniqueness property of the Ostrowski expansion of a
real number, it follows that two different sequences (k;);en and (k});en give rise to
two different numbers v and +'. Note that, by (8.21), there are at least as many
sequences (k;);en as sequences (€;);en. Hence, there is a set of 4 as above of the
cardinality of continuum satisfying (1.1). Now fix any one of them and for each

7 € N let . '
n; = ZkaQk = ZQk
5—0 =1

Clearly, n; < gy,+1. Using Corollary 4.1 (recall the results of §4.2 are valid even

in the case v = 0) and (3.5) we find that

i — 7 <
kit1+1

Thus, it follows that

1 1 1
Sp; (@, ) — max ————— > min{ }

1<n<n; nflna — || ni—1llni—ia — 9" nilnie — ||

>>min{ Qk;+1 qki+1+1} (823) k;+1

qki—ﬁ-l, k;+1 Qie;_1+1
(822)
Z Z¢<QI€1+1) )
and thereby completes the proof of the theorem since ¢ can be taken arbitrarily
large.

8.4 Proof of Theorem 1.7

As before, without loss of generality we assume that v € [—a,1 — «). We can
assume that (1.1) holds since, if this were not the case, there would exist ny € N
and mg € Z such that v = nga+mg. Then, on making the substitution n’ = n—nyq
we would have that
> -y L

o — ]| I(n = no)ar||

rN<n<N rN<n<N
[lno—yl|=N—" l(n—no)af|=N~"
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Since n € [rN, N] takes at least |(1 —r)N| — 1 values the range of |n'| = |n — ny|
will contain all positive integers up to M := [1|(1 —r)N] —1]. Hence, assuming
that N is large enough so that N=* > M~ where v < v’ := (v +1)/2 < 1, we
have that

O
N — ~ = ITYNITI
o |no — | Vi |7/ ]|
Hnaf'YHEN_U ||n’a||ZM7UI

and the desired result would follow from the homogeneous case.

Let (bg+1)k>0 be the Ostrowski coefficients of v given within Lemma 3.2. Let
K be the largest integer such that qx < N, and let

K—1 p el
v—o Dk+1qr if it is non-zero,
QK otherwise.

It is readily seen that 1 < n < gx < N and that the integer m = m(n, a,~)
defined in Lemma 4.3 satisfies m > K. Then, by Corollary 4.1
damyr  4amqr 4 1

[nae — || < (|6m41] + 2)[Din| < < =—< —.
dm+1 Am+19m qm qK

Let 0 < v < min{v,w(a)™'}, where w(«a) is the exponent of approximation
of a — see (1.27). Note that w(a) < oo for a« ¢ L. Then, by Lemma 1.1,
a5 < %q[}’jrl < %N 7 if N is bigger than some sufficiently large Ny depending
on a. Thus, for any N > N, and any + satisfying (1.1), there exists a positive
integer n < N such that

Ina =4l < 1N,

Thus, for all N > Ny and all 7 satisfying (1.1), we have that
Ny(a, sN7") #£ 0
were N, (o, €) is given by (6.1). By Corollary 6.1
| Ne| < N(a,e) < 32Ne for N™" < e <eggand N > Ny,

provided Ny = Ny(a) is sufficiently large and gy = () is sufficiently small.
Then, by Lemma 6.3 it follows that

iNe < #N,(a,e) < 65Ne (8.25)
provided that AN7" < e < %so.
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Now let R > 1 be an integer such that R > 1040. For k € N, consider the
sets

Ap={neN:NR' <n <N, R¥V <lna—q| < R},
Then,
#AL = #N, (0, R) = #(N/R),(a, R™) = #N, (o, R7D)

> INR™™ — 65(N/R)R™™ — 65N R~ (F+1

> (4 —130R")NR™ > iINR™™,

provided that AN™% < R~ < %50. The latter holds when ky < k <log N/log R—
1 for some fixed ky € N. Clearly, the sets A; are disjoint and on taking r = R!

1 1
2 rao] 2 2 2 e =

we obtain that

rN<n<N ko<k<log N/log R—1 n€Ay
lna—v[|>N~"
kv
> E R™ - #A,
ko<k<log N/log R—1
1
> YN

ko<k<log N/log R—1
> tN(log N/log R —ko—1).

This completes the proof of Theorem 1.7 since R and kg depend on v and v only.

8.5 Proof of Theorem 1.8

If o ¢ LUQ, then the desired conclusion follows immediately via Theorem 1.7.
To prove the other direction, we suppose that a € £ and explicitly construct a
real number v and a sequence (N;);en such that

1
Z —— = o(N; log ;) as i — 00 (8.26)

2= Tna =]

Without loss of generality, we will assume that {a} < % Indeed, for any integer
r we have the inequality ||n(ra)| < |r|||na||, which implies that

1
2. TGl (527



Now, by Dirichlet’s Theorem, we can find r € {#1,+2, £3} such that {ra} < 3.
The upshot of this and (8.27) is that if {a} > 1, we simply replace o by {ra} in
the proof.

Recall that w(a) = oo for w € L. Then, by Lemma 1.1, we can find a sequence
{K;}ien of positive integers such that

1‘ log in+1
m ——
imoo log gk,

We will assume that K; > 1. Since qk,+1 = ak,+1qk, + qx,—1 We necessarily have
that ax,11 — 00 as i — oo. Thus, we may also assume that ag,.; > 8 for all 7.
Next, we define the sequence {by11}r>0 by setting

(“’Eﬁw if k = K, for some 1,

b1 = 0 if apy1 =1 or 2, (8.28)
1 otherwise,
and we let -
v = Z b1 Dy (8.29)
k=0

It is easy to see that this expansion satisfies (3.17) and (3.18). Therefore, the
sum (8.29) is absolutely convergent, the real number 7 is well defined and the
integers by, 1, k =0,1,... are the Ostrowski coefficients of 7.

Now, for each i let

a, = {%J and N; = a,qk,- (8.30)

Since ag, 1 > 8, we have that 2 < a} < ag, 1 and so

In order to prove (8.26) we will use the techniques developed in §8.1. First of all
we observe that for any positive integer n < N; its Ostrowski coefficient ck, 1
satisfies ck, 11 < @} < ag,+1/4, while the corresponding Ostrowski coefficient of
is > ag,11/2. Hence

ar;+1/4 < [0k, 41| < fag,41/2] < a1 — 1, (8.32)
and the parameter m = m(n, «, ) defined in Lemma 4.3 satisfies

70



Now, consider the sets Cy, (u,a) and Cy, (m, a, () as defined as in §8.1 with N =
N;. By definition, these deal with the situation |X| < 1/2. By Lemma 5.3 and
(8.31), we have that

N;
+ 1K
Qu+1 C]u+1

#C, (u,a) <

(8.34)

In particular, for the case when v < K; — 1, this implies that

K —1 2au+1 1 i

<<NZ Z —<<N Zlogau+1
= N;log(a: -~ ak,) < N;logqr, .

Next we deal with the set Cy,(u,a) when u = K. In this case, we have that

(830) | ag, 4 s
#CNi(Kiaa) < 3Ni/in+1 +1 < 3 { A J in/in-H +1< 1 +1.

Hence

for all @ > 1. Furthermore, since a; < ag,1/4 and by, 11 > ag,11/2 the sets
Cy, (K, a) will be empty whenever a < ag,+1/4 — 1. Indeed, any n € Cy,(K;, a)
has to lie in one of the four sets given by (8.4) and (8.5). If it lies within those
given by (8.4), then

n > (b1 — (a+1))gx, > (ar,11/2 — ax,1/4)ak; = (ar,11/4)qk, > N

and this is impossible for n € Cy,(K;,a). If n lies within those given by (8.5),
then either

b1+ (a+1—ag1) <1+ag1/2+ (ak+1/4 — ax41) <0,
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which is not allowed, or

n = (bge1— (a+1—ak41))ax, > (ak,+1/2 = ax1/4 + ak1)qx, > Ny,

which is also impossible. Therefore, the contribution from the sets Cy,(K;, a) to
the Lh.s. of (8.26) can be estimated as follows:

2 1
GKi+1T (8.3)&(8.35)

1 . . 1
DD D R > uba]

= TLGCN K; a) aKi+1/4§a+1§2aKi+1
(3.5) (3.2)&(8.30)
<K dK;+1 <K ]\/vZ (836)

Also note that the set Cl,(u,a) in the remaining case of v = K; + 1 is always
empty. Indeed, any n € Cy,(K; + 1, a) has to lie in one of the sets given by (8.4)
and (8.5). In either case, the Ostrowski coefficient of qx,, which is either by, 1
or by, 1 = 1is at least ax,,1/2 — 1 and so if n € Cy,(K; + 1, a) then

n > (ax+1/2 = 1ax, > (ax41/4)ax; > Ni

and this is impossible. Therefore, the contribution from the sets Cy, (K; + 1, a)
to the Lh.s. of (8.26) is zero.

Now we analyse the contribution to the L.h.s. of (8.26) arising from the
sets CJJ\FQ (m,a,?). Recall that, by definition, we must have that the equalities
associated with (8.8) are satisfied. In particular this means that for k = 0,...,m+
¢ the quantities |0k, 1| can only be 0, 1, axy1 — 1 or agyq. Then, by (8.32),
t:=m+{+1<K,;. By Lemma 5.3 and (8.30), we have that

#COF. (m,a,0) <

(8.37)
qt+1 qt+1

Recall that for a given ¢ there are at most two possible pairs of (m, ¢) as above
for which C]J{,i(m, a, ) is non-empty. Furthermore, by (4.13), we obtain that

lna =7l = a| Dy .

Thus, the contribution from CX,Z, (m,a,l) with t < K; — 1 is estimated as follows:

2at+1 1

Z DI SEED ST

t=2  m+l+1=t a=1 nGC7L (m,a,f)

72



2(lt+1 1

< Z Z Z a|Dt|Qt+1

t=2 m+l+1=t a=1

Ki—1
< N Z(l + log asy1)

t=2

< Nymax{K;,log(a; ...ak,)} < N;logqk, .

Ift= Kz'; then
AK+1

0 < g1 =brp1 £ (D) (ax,1 —a) < Nijax, = aj < 1

1

aK”ﬂ, we then have that |ax,41 — a| < bx,1 < Fak,41 + %

2

Since bk, 11 = (
whence
> 1 _ 151
aZ 50K,+1 — 5 Z 7AK;+1 -

In this case

|lna — ~| > > Yag, /21 > 1/qr, > N

Then, by (8.30) and (8.37), it follows that #CY, (m, a,f) < 1 and thus

> Y Y s Y

+1a|Dg,
m+l+1=K; aXag,+1 n€C+ (m,a,L) axati1 IKi+1 | K’“’

Finally, it remains to deal with the case || > 1/2. Note that in view of

our assumption 0 < {a} < % imposed at the start of the proof, we have that
a; > 3. Then, since K; > 1, we have that by = 1 and as is easily seen §; =
— by # £(a; —1). This means that the first term of (4.22) is never zero. Hence

1—|%| > |Do| = {a}. Then

> 1 < (8.38)

2y, I =1
S>1/2

Hence every positive integer n < N; has been accounted for and on combining
the various estimates above we obtain the upper bound

1
Z m < Ni loqui.

1<n<N;

By our choice of the sequences {K;} and {N;}, this implies (8.26) and thus
completes the proof of Theorem 1.8.
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9 Proofs of Theorems 2.2, 2.3 and 2.4

9.1 Preliminaries

We begin by describing our strategy and establishing various auxiliary state-
ments. Instead of dealing with the multiplicative problem associated with (2.12,
we consider the one-dimensional metrical problem associated with the inequality
¥(n)
|Ing — 9| < ———— :=¥1l(n). (9.1)
[nor— 7

If U7 (n) > 3, then (9.1) holds automatically. Hence, to avoid this trivial patho-
logical situation we will assume that

Ul (n) < 3. (9.2)
Let E, be the set of § € [0, 1] satisfying (9.1). It is easily verified that
| En| =20 (n).
If .
> W(n) (9.3)
n=1

converges, the Borel-Cantelli Lemma implies that the set of 3’s such that (9.1)
(and hence (2.12)) is satisfied infinitely often is of Lebesgue measure zero. Hence,
Theorem 2.2 will follow on proving that the conditions of the theorem ensure the
convergence of Y >°, U7 (n). Note that in this case (9.2) holds for all sufficiently
large n and thus our above argument is justified.

In order to prove Theorem 2.3 we will have to ensure that the sum (9.3) di-
verges. However, the approximating function ¥} in not monotonic so we cannot
apply the inhomogeneous version of Khintchine’s theorem?. Instead we will at-
tempt to make use of known results regarding the Duffin-Schaeffer Conjecture;
in particular the Duffin-Schaeffer Theorem. With the above strategy in mind, we
now investigate the convergence/divergence behaviour of the sum (9.3).

Lemma 9.1. Let ¢ : N — R* be decreasing and o,y € R be given. If the sum
(2.7) diverges and

Rn(a;v) > Nlog N for all N € N (9.4)

2The inhomogeneous version of Khintchine’s theorem states that for any monotonic 7 : N —
R* and § € R, the set S°(¢) := {B € R: ||nB —§| < ¢(n) for i.m. n € N} is of full measure if

S w(n) = .
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then the sum (9.3) diverges. Conversely, if the sum (2.7) converges and (2.11) is
satisfied then the sum (9.3) converges.

Proof. By the partial summation formula, for any N € N we have that

S W) = 3 () = ¢n+ D) Fal ) + 9N + DRxla,7). (95)

n<N n<N

Now, if (9.4) holds and (2.7) diverges, then using the monotonicity of ¢ and the
fact that ngn logm =< nlogn, we obtain that

> Win) > > ((n) —d(n+1)nlogn + »(N +1)Nlog N

n<N n<N

= Z (¥(n) —¥(n+1)) Zlogm + P(N +1) Z log m

n<N m<n m<N

= Zw(n) logn — oo as N — co.

n<N

The proof of the convergence case of the lemma follows the same line of argu-
ment as above but with >> reversed and makes use of the fact that )} _\ 1 (n)logn
is bounded. O

Combining Lemma 9.1 with Theorem 1.8 gives the following statement.

Corollary 9.1. If the sum (2.7) diverges then for all « ¢ LUQ and for all v € R,
the sum (9.3) diverges.

Lemma 9.2. Let ¢ : N — R™ be given and n — ni(n) be decreasing. Further-
more, let o,y € R. If the sum (2.7) diverges and

Sn(a;v) > (log N)? for all N € N, (9.6)

then the sum (9.3) diverges. Conversely, if the sum (2.7) converges and (2.10) is
satisfied, then the sum (9.3) converges.

Proof. By the partial summation formula, for any N € N we have that

> win) = Y (mbn) — (n+ en +1))S,(a.)

n<N n<N

(N + DN +1)Sy(a7).  (9.7)
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Now, if (9.6) holds and the sum (2.7) diverges, then using the monotonicity of
n + nip(n) and the fact that 3 _ 8™ — (oo )2 we obtain that

D Wi(n) > (nib(n) — (n+ 1)(n + 1)) (log n)*+
7 + (N + 1)¢(N + 1)(log N)?
> 3 () — (04 e+ 1)) 30 B

N
N+ DNV )Y loim .
m=1

By the partial summation formula, the r.h.s. is > _ v 1(n)logn and so we have
that

Z\Ilg(n) > Z¢(n)logn — oo as N — 0.

n<N n<N
The proof of the convergence case of the lemma follows the same line of argu-

ment as above but with > reversed and makes use of the fact that ) | 5 ¢(n)logn
is bounded. ]

9.2 Proof of Theorem 2.2

Combining Lemmas 9.1 and 9.2 together with the observations made at the be-
ginning of §9.1 completes the proof of Theorem 2.2.

9.3 Proof of Theorem 2.3

For £ > 0, define N := N () C N by
N ={n}ien ={n eN:p(n)/n>¢}. (9.8)

By choosing £ small enough we can guarantee that the set N has positive lower
asymptotic density in N; i.e. that

li]\rfninf#{ni eN:n;, <N}/N >0.
—o0
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To see this, first of all note that

@:H(l_i):exp —Z%_Zim%m

pln pln pln m=2
1
> exp [ — Z]—j . (9.9)
|

By [53, Lemma 4], for any & > 0 we can find an integer v (depending on ¢£’) so
that for any = > 0, the number of integers 1 < n < z which satisfy

A
p
p|n
p>v
is less than x/2. For all other integers we have by (9.9), together with Mertens’s
Theorem [31, Theorem 429], that
p(n)

—— > c-exp(—¢ — loglogv),
n

for some constant ¢ > 0. Therefore choosing

& =c-exp(—& —loglogv)

yields a set N with lower asymptotic density greater than 1/2, which verifies our
assertion. In particular, a consequence of the fact that the density is greater than
1/2 is that

n; < 2i, (9.10)

for all n; € N with sufficiently large i. Now let ¥7 denote the approximating
function U7 restricted to N; i.e. for n € N

v i e N

W1 (n) = [na—l

0 otherwise.

By definition, we have that
S(W3) € S(P),

and that

) #%(n) > &> ¢ln). (9.11)
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Next, it follows from a well know discrepancy result in the theory of uniform
distribution [49, Proposition 4], that if n; is a strictly increasing sequence of
positive integers and v € R, then for almost all « € R

1
> ———>TlogT. (9.12)
= llnia =]

Actually, this statement is explicitly established in the proof of [49, Theorem 2]
— see the last displayed inequality on [49, page 516]. This together with (9.10)
implies that there is a set A C R of full measure such that for any o € A

dowan) = Y vi(n)

n<nr i<T
1
= ZSZT (¥(n:) = ¥(nis1)) ; Troa =7
1
+ Y(nry) ; m

> Zw(ni)logi > Zw(%)logi

i<T i<T

> Z@D(n) logn .

n<T
Thus the divergence of the sum (2.7) implies that
Y yln)=o00 VYacA and VyeR
n=1

The upshot of this together with (9.11) is that for any o € A and v € R the
hypotheses of the Duffin-Schaeffer Theorem, namely (2.3) and (2.4), are satisfied
for the function 2. Thus, when ¢ = 0 the Duffin-Schaeffer Theorem implies that
set S%(17) is of full measure. Hence, it follows that S°(1))) with 6 = 0 is of full
measure, and this establishes Theorem 2.3.

Remark 9.1. Note that we have proven a little more than what is stated in
Conjecture 2.1. Namely, that for any v € R and almost all (o, 3) € R? the
inequality

I — [ [[nB]" < 1(n) (9.13)
holds for infinitely n € N if the the sum (2.7) diverges, where ||n5||’ stands for the
distance of nf to the nearest integer coprime to n. Observe that the argument
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used above would prove Conjecture 2.1 in full (i.e. for any real ¢) if we had
the inhomogeneous version of the Duffin-Schaeffer Theorem (see Problem 2.2) at
hand.

9.4 Proof of Theorem 2.4

Let WY (n) be given by

v(n) . 1
— th = .
lna — || A vn) n(logn)? logloglogn

Ul(n):=

Recall that

1
p(n) o |
n log logn

see for example [31, Theorem 328]. It follows, by the partial summation formula
together with Theorem 1.8, that for any irrational o € R\ L,

ZQ\PZA”) > nz;vlozgg)n

n<N
S b(n) Z
— loglogn loglog n+1 ||moz—7|]

loglog N—l—l Hma—fyH

n) logn 1
> Z loglogn N T;anognloglognlogloglogn'

Thus

It now follows, on assuming the truth of the Duffin-Schaeffer Conjecture for
functions W) (n), that for almost all 5 € R the inequality

Ing — s| < W) (n)

holds for infinitely coprime pairs (n,s) € N x Z. This completes the proof.
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10 Proof of Theorem 2.1

The approach we develop in this section inherits some ideas from the theory
of regular/ubiquitous systems — see [7, 9]. To begin with we recall some basic
statements. Note that the conclusion of Theorem 2.1 is trivial when a € Q.
Hence, throughout the proof we will assume that « is irrational.

10.1 A zero-one law and quasi-independence on average

We begin by recalling the following zero-one law originally discovered by Cassels
[19], see also [14].

Lemma 10.1. Let ¥ : N — [0,400) be any function such that ¥(n) — 0 as
n — oo. Then, the set W(¥) of = € [0,1] such that ||nx| < ¥(n) for infinitely
many n € N is either of Lebesque measure zero or Lebesgue measure one.

The obvious consequence of this result is that establishing Theorem 2.1 only
requires us to show that the set of interest, that is the set of 8 € [0, 1] such
that (2.9) holds infinitely often, is of positive Lebesgue measure. To accomplish
this task we will employ the following generalisation of the Borel-Cantelli Lemma
from probability theory, see either of [52, Lemma 5], [9, §8] or [12, §2.1].

Lemma 10.2. Let E; C [0,1] be a sequence of Lebesque measurable sets such
that

> B = oo (10.1)
t=1

Suppose that there exists a constant C > 0 such that

Y IEnEs<C (Z \Et\> (10.2)

tt'=1 t=1
for infinitely many T € N. Then

1
limsup E;| > —.
‘ t—>cop t‘ B C

(10.3)

The independence condition (10.2) is often refereed to as quasi-independence
on average and together with the divergent sum condition guarantees that the

80



associated lim sup set is of positive measure. It does not guarantee full measure;
i.e. that |limsup,_ . F¢| = 1. However, this is not an issue if we already know
(by some other means) that the lim sup set satisfies a zero-one law.

Remark 10.1. In view of Lemma 10.1, the value of C' (as long as it is positive
and finite) in Lemma 10.2 is of no interest. The point is that if we can show that
IW(¥)| > 0, then Lemma 10.1 implies full measure; i.e. |W(V¥)| = 1.

10.2 Setting up a limsup set

Let « € R\ Q and R € N satisfty R > 1. Given ¢,k € N, let €, ;, be the set of real
numbers 3 € [0,1] such that there exists a triple (n,r,s) € N x Z? of coprime
integers such that

R7*1 < |na—r|] < R7%,
InB —s| < Rk, (10.4)
R™! < n < R

Lemma 10.3. Let a € R\ Q, let (q¢)e>0 be the sequence of denominators of the
principal convergents of a, and let R > 256. Then for any positive integers t and
k such that 2R7* < ||qc|| and

RMY < ¢, < R™! (10.5)
for some £, one has the following estimate on the Lebesgue measure of €y,

Q1] > %

Proof. Let 8 € [0, 1]. By Minkowski’s Theorem for convex bodies (see [20, p.71]),
there are integers n, s, r, not all zero, satisfying the system of inequalities

lna—r| < R7F,
InB —s| < R7t+k (10.6)
In| < R.

In view of (10.5) we have that ¢ > 0 and t—k > 0. Hence R* < 1 and R™"* < L,

and n cannot be zero as otherwise n = r = s = 0. Also, without loss of generality
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we can assume that n > 0 and n,r, s are coprime. Note that if 5 € [0,1] \ Q4
then we also necessarily have that either

|nal| = |na —r| < R7F1,
1<n<R,

or

|nal| = |na —r] < R7F,
1<n< R,

In view of (10.5), Lemma 6.1 is applicable to either of the above systems and
therefore the number of integers n satisfying at least one of these systems is
bounded above by 64R'~%~1. Furthermore, observe that for every n the measure
of B € [0,1] satisfying [n8 — s| < R7'* for some s € Z is 2R~ (see, for
example, [52, Lemma 8]). Hence, the Lebesgue measure of [0, 1]\ €; ;. is bounded
above by

64R'" ' x 2RTF = 128R7! < 4

as, by hypothesis, R > 256. Hence, 25| > % as required. ]

Let 7* be any subset of pairs of positive integers (t, k) satisfying (10.5) for
some (. The precise choice of 7* will be made later. Further, given a positive
integer pair (¢, k) € T*, define

R < n < R,
N(t,k):={ (n,7,5) ENxZ?:{ R*' < |na—r| < R* 3. (10.7)
0<s<mn, ged(n,r,s)=1
Clearly, for two different pairs (¢, k) and (¢, k") from T*
(n,r,s) € N(t, k) & (n',r',s)e Nt k) = n#n'. (10.8)

By the definition of €2, ;, we have that

Gec | {BeR:nB-s| <R}

(n,r,s)EN(t,k)

c |J {BeR:|B—s/n| <R

(n,r,s)EN(t,k)
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Let Z(t, k) be a maximal subcollection of N (¢, k) such that

S1 59

ny na

> RTHTH (10.9)

for any distinct triples (ny, 71, s1) and (ng, 79, s2) from Z(¢, k). By the maximality
of Z(t, k), it follows that

Qe ¢ | {ﬁeR:‘B—%‘<(R+1)R_2t+’“}.

(n,r,s)€Z(t,k)

Since, by definition, for any (t,k) € T* condition (10.5) is satisfied for some ¢,
Lemma 10.3 is applicable, and we have that [ ;| > . Therefore,

% < ’th’ < #Z(t,k)x(QR+Q>R—2t+k’

and so #Z(t,k) > 7 R* % By (10.9), we also have that #Z(t, k) < R**.

Thus, we conclude that
1

2t—k < < 2t—k 1 = .
CiR < #Z(t,k) < R with 4 R

(10.10)
Now, given £ € R, let

Eup(€) = {B € R |8 — €] < w(R)R}. (10.11)

Furthermore, define

Euw:=|J Euls/n) (10.12)

(n,r,s)EZ(t,k)
and let E be the set of § € R such that § € E;; for infinitely many pairs

(t,k) € T*. The following fairly straightforward statement reveals the role of E
in establishing Theorem 2.1.

Lemma 10.4. Let E be as above. Then E C [0,1] and for every f € E\ Q we
have that

[nad| [nB]| < ¥(n) (10.13)
for infinitely many n € N.

Proof. Without loss of generality, we can assume that ¢)(n) — 0 as n — oo. Let
p € E\ Q. Then, there exist infinitely many pairs (¢, k) € 7* such that

n < Rt

lna —r| < R7F,

|8 = s/n| <y(RORTH
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for some (n,r,s) € N x Z?. Since t > k for (t,k) € T*, t must take arbitrarily
large values. Since 1) is decreasing, we have that

[nall [nfl <nlna—r|-|8 —s/n|
S Rt R—k ¢(Rt)R_t+k
=P(R') <¢(n). (10.14)

Since (R') — 0 as t — oo, if there are only finitely many n arising this way, we
would be able to find an n € N such that ||na|| ||ng|| = 0. Since « is irrational,
we would get that ||nf|| = 0, which means that § € Q and contradicts the
assumption that § € E'\Q. Hence, there must be infinitely many n € N satisfying
(10.14), and hence (10.13). The inclusion E C [0, 1] follows from the fact that
the approximants s/n to (3 lie in [0, 1]. The proof is thus complete. O

Remark 10.2. By Lemmas 10.1, 10.2 and 10.4, the proof of Theorem 2.1 would
be complete if we found a subset 7 of suitably ordered pairs (¢, k) such that the
associated sequence E , satisfies conditions (10.1) and (10.2). In the next subsec-
tion we present an explicit choice of 7. Subsequently, we deal with establishing
conditions (10.1) and (10.2) of Lemma 10.2.

10.3 Choosing the indexing set T*

The goal of this section is to make a choice of the indexing set 7* of pairs of
positive integers (t, k) introduced in §10.2. Recall, that we are given a monoton-
ically decreasing function ¢ : N — R* such that the sum (2.7) diverges. In what
follows we extend v to all real numbers x > 1 by setting ¢ (x) = ¢(|z]). Clearly,
the extended function is decreasing. Without loss of generality, we can assume
that

ny(n) <1 for all n € N. (10.15)

If this were not the case, we could replace 1 with ;(q) = min{+(q), (2¢q)~'},
which is monotonically decreasing and satisfies the divergence condition — see [5,
Lemma 4] for a similar argument.

Next, using the Cauchy condensation test, we obtain that

i tR' (R = 0o (10.16)
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Explicitly,

00 = Zw(n) logn = Z ¥(n) logn
n=1 t=1 Ri~1<n<R!

— (Rt o Rtfl)w(Rtfl) lOg Rt

t=1

< ithl/z(Rt).

t=1

Let n > 0 be a sufficiently small real parameter and ¢, be a sufficiently large
integer. Define

T(to,n) == {t €Nt >ty (R > R0t

Since the sum »_,°, tR™" converges for n > 0, the divergnce condition (10.16)
implies that

> tRY(R') = oo (10.17)
teT (to,n)
Let
n=3x+1 and vy =3+ 2, (10.18)

and let T be the subset of t € T (tg,n) such that
Rygt S Q@ < Rtfl
for some ¢. We now show that we can assume that

> tRU4(R') = o0 (10.19)

teT

Indeed, by (10.17), this is true if the sum over the complement of T converges.
Note that t lies in the complement of T if

@< R? and R < g (10.20)

for some /. In particular, this implies that
(3.5) 1 (10.20) /v
laal < — "< R = R(R#)TV < Re, M
de+1
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Note that the latter holds only finitely often for sufficiently small 7 if the exponent
of approximation of « is less than 3. Alternatively, if we are assuming (2.8), then
we have that

lar) > Ra; "™
for all sufficiently large ¢. In this case

—1/v
lgecr]| < Rg; '™ < 4(qe)

for infinitely many ¢. Then, for every § € [0, 1] we have that

lgeedl - llgeBll < flgeerll < () (10.21)

for infinitely many ¢. Thus, if (10.19) does not hold the conclusion of Theorem 2.1
holds anyway. Thus, from now on (10.19) will be assumed.

Finally we let
T ={(t,k):teT, [nt] <k < |wnt]}.

We now verify that the sum of the measures of the sets E; x taken over (¢, k) €
T* is divergent. Moreover, we provide an estimate for the rate of divergence. In
what follows

Sr(T):= Y  tRW(R, (10.22)
teT, t<T
and Y indicates the summation over (¢, k) € 7*; for example, Y means ‘sum
t<T

over (t,k) € T* with t <T".

Lemma 10.5. For any T > ty we have that

nCiSr(T) < Y |Ewxl < 29SH(T), (10.23)

t<T

where Cy is as in (10.10). In particular,

Z |Erg| > 00 as T — oc. (10.24)

t<T

Proof. Let (t,k) € T* with t < T. Recall that for any distinct triples (ny,r1, $1)
and (ng,re, s2) from Z(t, k) we have that (10.9) is satisfied. Furthermore, by

86



(10.11), (10.15) and the fact that R™** < 1/2, the radii of E;x(s/n) and
Eyy(s'/n’) are < SR Hence Eyx(s/n) and Eyx(s'/n’) are disjoint for dis-
tinct triples (n1,71, 1) and (ng, re, s2) from Z(t, k). Therefore, on using (10.10),
it follows that

Biel= > |Ew(s/n)]

(n,r,8)€Z(t,k)

= 2(RHRF . H#Z(t, k) (10.25)
(10.10)
> 2p(RHRTF . C\R*F = 20, R'W(RY) (10.26)

and

|Ek| = 20(ROR™F - 4 2(1, k)

(10.10)
< (RYHRTITR . RER — 9RMW)(RY) . (10.27)

Now, for each fixed t € T the number of different & such that (¢, k) € T* is
|vot] — [it] > vt — it — 2 = nt — 2 > nt/2, as long as ty > 2/n. Also,
|vat] — [it] < nt. Then, (10.23) readily follow from (10.26) and (10.27), while
the divergence condition (10.24) follows from (10.23) and (10.17). O

10.4 Overlaps estimates for L,

In the previous section, we established the divergent sum condition (10.1) of
Lemma 10.2 for the sets E;; with (¢,k) € T*. In order to complete the proof of
Theorem 2.1 it remains to establish the quasi-independence on average condition
(10.2) of Lemma 10.2 for these sets. Observe, that in view of (10.23), this boils
down to showing that for T sufficiently large

Y > |EwNEvp| < Sr(T)%. (10.28)

t<T ¢/<T"

10.4.1 Preliminary analysis

Let (t,k) and (¢, k") be in T*. In particular, we have that t,t" > t,

Y(RY) > Rt and  (RY) > R-Wt (10.29)
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and also that
[nt] <k < |vot] and [nt'] <K < |wt']. (10.30)
Our goal is to estimate the measure of E; N Ey s for (¢, k) # (', k’). To begin
with, note that, by (10.12)
EipNEyy = U Ey1(s/n) 0 Ey (s /0)). (10.31)
(n,r,s)EZ(t,k)
(n' 1 sVEZ(t' K)
Clearly,
|Evi(s/n) N Epp(s'/n')] < min{ |Ey i (s/n)l, |Evw(s'/n))] }.
Together with (10.11), this gives that
|Ey 1 (5/n) N Ep o (s'/n)| < 2min{yp(RORTHF p(ROYRTIH} (10.32)

Using (10.9) and (10.11) we obtain that for any given (n’,7’,s") € Z(t', k') the
number of triples (n,r,s) € Z(t, k) such that

Eix(s/n) N Ey(s'/n') #0 (10.33)
1S at most ’ ( // ’)] ( t/) "
Et’,k/ s /n 20(R" )R~
2+ R—2ttk = 2+ R-2ttk

By (10.10), we have that #Z(t',k') < R?®-*¥. Hence the total number of
pairs of triples (n',7’,s') € Z(¥', k') and (n,r,s) € Z(t, k) such that E;;(s/n) N
Ey o (s'/n') # 0 is at most

¢(Rtl)R7tl+kl 2 k!

Together with (10.32). this gives that
BN Erpl < SO(RYRW(R')R! (10.34)
< |Epk] |Ev x|
provided that

$(RY)RH
A (10.35)
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Since the roles of (¢, k) and (¢, k') can be reversed in the above argument estimate
(10.34) also holds when

w(Rt)R_H—k

The upshot is that if either (10.35) or (10.36) holds then we are in good shape.
In short, (10.34) together with (10.26) and (10.27) implies that the sets E;; and
Ey j are pairwise quasi-independent; namely that

’Et,k N Etlyk/‘ < |Et,k:‘ ‘Et/,k” .

10.4.2 Further analysis

We now use a divergent technique to estimate from above the number of pairs of
triples (n,r,s) € Z(t,k) and (n',r',s") € Z(t', k") such that (10.33) holds. First
of all note that (10.33) implies that

/

‘B_ %‘ <2/}(Rt)R7t+k and ‘ﬂ_ % < w(Rt/)th/Jrk/

for some 8 € [0,1]. Hence, by the triangle inequality, we get that

< 2max{y(R)R™* (R R (10.37)

S/
n n

Then, multiplying (10.37) by n'n and using the fact that n < R’ and that n’ < R,
we obtain that

In's — ns'| < 2max{yY(R)R'* Y(RY)RHY = A . (10.38)

Thus the original counting problem related to (10.33) is replaced by the problem
of estimating the number of solutions to (10.38). This is typical for the type of
problem under consider, see [32] or [52]. However, the available techniques to
analyse solutions to (10.38) assume that the pairs (n, s) and (n/, s’) are coprime
and thus for distinct pairs we have that

n's —ns #£0. (10.39)

Unfortunately, we are not able to impose such an assumption and thus we need
to develop a different argument.

In this section, let us continue with the task of counting solutions to (10.38)
under the condition that (10.39) holds. With this in mind, first of all observe
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that condition (10.39) together with (10.38) implies that A > 1. Fix n,n’ € N.
Clearly, n and n/ uniquely define r and »/, since they are the closest integers to
na and n'a respectively. Thus, to fulfill our goal it will be sufficient to count the
number of different pairs (s,s’) subject to (10.38) and (10.39) simultaneously.
We consider two cases: (i) the rank of the Z-module generated by the collection
of vectors (s, ') is 1, and (ii) the rank is 2. Clearly, these cases cover all possible
options.

Rank 1 case. In this case we have that all vectors (s, s’) in question are collinear.
Then there is a fixed non-zero integer vector (sg, s,) such that any other integer
vector (s,s’) in question has the form (s,s") = {(sg, sp) for some ¢ € Z. Since
1 < |n's = ns'| < A, we obtain that 1 < |[{| - |n’sg — nsp| < A. Thus, [{] <
A/|n'sg — nsy| < A. Therefore, the number of pairs (s, s’) in the rank one case
is no more than 2A.

Rank 2 case. In this case there are 2 linearly independent vectors (s, s’). All the
vectors (s, s') in question lie in the convex subset of points (z,y) € R? defined by
the following system of inequalities

In'x —ny| <A, 0<z<n.

The volume of this set is easily seen to be 2A. Hence, by Blichfeld’s Theorem?
[18], this body contains at most 4A + 2 < 6A integer vectors.

The upshot of our discussion is that in either case the number of integer
vectors (s, s') in question is < 6A. Hence, using (10.32) and the definition of A,
we obtain the following estimate

Z |Etr(s/n) N By (s'/n)] <

- < 24 max{y(R) R, (R R} - min{y(R) R~ (R R
= 24R™' R~ max{y(R)R"™, ¢ (R") R} - min{y(R") R, (R") R}
= 4R'R™" - (R)R* (R R
= 24tp(RYRF ¢(RY)R* .

Recall that, by definition, Z(t,k) C N(t,k), and so n satisfies the condition
|na| < R7*. Since for (t,k) € T* inequalities (10.5) are satisfied for some ¢,

3Blichfeld’s Theorem states that for any convex bounded body B C R™ and any lattice A
in R™ such that rank(B N A) = n the cardinality of BN A is < n! %’t(f) +n.
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Lemma 6.1 is applicable. This implies that the number of different integers n
in question is < 32R**. Similarly, the number of distinct values which can be
realized by the integer n’ is < 32R"~*. Therefore,

> Buk(s/n) N Epw(s'/n')| < 24576 (R R (R")R, (10.40)
n’s—ns’#0 24322

where the sum is taken over (n,r,s) € Z(t, k) and (n/,r',s") € Z(t', k") subject to
condition (10.39). The upshot is that if (10.39) holds then again we are in good
shape; the sets F;;, and Ey i are pairwise quasi-independent.

10.4.3 The remaining case

In this section we consider the case when none of the conditions (10.35), (10.36)
or (10.39) holds. Thus, for the rest of the proof we will assume that

Y(R)RHH Y(RYOR
R—2t+k <1, T <1 (10.41)
and investigate the following subset of the overlap between the sets E; , and Ey -
U Euls/n) N Ewp(s'/n'), (10.42)
n’s—ns’'=0

where the union is taken over (n,r,s) € Z(t,k) and (n',r',s") € Z(t', k") subject
to the condition
n's —ns' =0. (10.43)

Before we continue with the analysis of (10.42), we first show that ¢ and ¢’ satisfy
the inequalities

6 6
< (1455) ¢ and ¢ < (14550t (10.44)

To see this, first of all note that (10.41) together with (10.29) imply that

R—(l—i—n)t’R—t’—i-k’ R—(1+17)tR—t+k

R72t+k S 1 and R*ZtLHC’ S ]- .

In view of (10.30), the first inequality above implies that

C—2mt<2t—k < 2+nt' -k < 2
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whence the first inequality associated with (10.44) follows. The proof of the
second inequality is identical, with the roles of (¢,k) and (¢, k') interchanged.

Now we return to estimating the measure of (10.42). Let 5 be any element
of (10.42). Then there exist (n,r,s) € Z(t,k) and (n,r',s") € Z(¥', k") satistying
(10.43), such that

Rt—l S n S }%t7
lna —r| < R7% (10.45)
InB — s| < Rtk

and ) )
Rt —1 S n/ S Rt7

In'a —7'| < R7¥, (10.46)

|n'B —s'| < R7¥F.

Note that since the vectors (n,r,s) and (n/,r’,s") are primitive and distinct and
that n > 0 and n’ > 0, the vectors (n,r, s) and (n/, 7', s’) are not collinear. Hence,
the cross product of (n,r,s) and (n/,r’,s'); i.e.

(A,B,C) = (n,r,s) x (n',r',s),
is non-zero integer vector. By (10.43), we have that
B=-ns +n's=0.

Therefore,
Al +|C] > 0. (10.47)

Without loss of generality, we can assume that 0 < o < 1. Then 0 < r < n and
0 <7’ <n'. Further, observe that

Ca= (nr'—n'r)a= (na—r)r' — (n'a—1r")r, (10.48)
from which it follows that
c| < é(R‘k“' +R‘k'+t). (10.49)
Similarly, since n’s — ns’ = 0, we obtain that

A=rs —r's=(r—na)s — (r' —n'a)s.
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As before, since 0 < § < 1, we obtain that
Al < RTM 4 R (10.50)
Assuming that n < 1/9, by (10.18), (10.45) and the inequalities [11t] < k < |wot],
we obtain that
lna —r| < R7F < R~nt|

(10.51)
\nﬁ - Sl < R—t+k < R—(l—l/g)t < R_Vlt.

)

= (—a(nB —s)+pna—r),n—s,—(na—r)).

Hence, on using (10.51) and the fact that 0 < «, § < 1, we obtain that

Observe that

1l o

a B

r s

L p

n s

(1,a,8) x (n,r,5) = (

n r

(1,0, B) % (n,7,8)| < V6R™. (10.52)
A similar argument shows that
(L, 8) x (7", 8')| < VR (10.53)

In particular, since n > R'™!  (10.52) implies that the (acute) angle 6 between
(1,a, B) and (n,r, s) satisfies

(L, o, B) x (n, 7, 5)]
|(1’a7ﬁ)| ’ |(n,r,s)|
\/ER*VN‘/

n

< V6RR (It

|sinf| =

<

Similarly, since n’ > R'~', (10.53) implies that the (acute) angle §' between
(1,a, 8) and (n',7’, ") satisfies

|sinf’| < V6R R~

Let o be the angle between (n,r, s) and (n/, ', s"). Then, by the triangle inequality
for the projective distance (see, for example, [6, §3]),

|sing| < |sinf|+ |siné’|
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< 2max{|sind|, |sind'|}.

On the other hand, the angle 6 between (1,c, 8) and the vector subspace of R?
spanned by (n,r,s) and (n’,7,s') is at most min{f, 6} and thus satisfies the
inequality

| sin f] < min{|sin 6|, |sin@'|}.

Hence the volume of the parallelepiped generated by (1, a, 8), (n,r, s) and (n/, 7', s")
is

(1,0, 8)] - |(n, 7, 8)| - |(n, 7', )| | sin o] - | sin 6]
—— ——— e
<V3 <V3n <V3n!

< 6vV3nn/[sind| - |sin |
< 36\/§R2 Rth’Rf(1+l/1)t R*(lJer)t’

< 36V3R* Rt R (10.54)
We also have that this volume is equal to
(1,0, 8) - ((n,r, ) x (0,7, s"))| = (1,0, B) - (A, B,C)| = |CB + AJ.
Combining this with (10.54), implies that
|CB + Al < 36V3R? Rt R™Y (10.55)

In particular, this together with (10.47) and the facts that A € Z and that ¢ can
be taken arbitrarily large, implies that C' # 0. Combining (10.49), (10.50) and
(10.55), we have proved the following statement.

Lemma 10.6. Let T = R + R7¥*t and © = 36v3R2 R R~ . Then
(10.42) is a subset of the following

[T/a]
U Belb.1:|csl<6}.

C=1

Recall that if © < 1/2, then
{B€[0,1]:|CB| <O} =20.

Without loss of generality, the condition ©® < 1/2 can be assumed since ¢ and ¢’
can be taken sufficiently large. Note that

(10.44) 10
trt < 2 L <
< 2max{t,t'} < e

min{¢,t'} . (10.56)
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Then, using Lemma 10.6 and the inequalities [11t] < k < |[ot], we obtain that
the measure of the set (10.42) is

TVIE o gt (e 4 )
- o
< 72\/§R2 . (R72V1t+(171/1)t/ + R*QVltUF(I*Vl)t)
- o

(10<44) 72\/§R2 . <R2ylt+(1Vl)(l+%l)t+R2yltl+(lVl)(1+5ﬁ_%77>t/>
«

2 11n—12n2 11n—12n2 ,
M ) (Ri g—ﬁnn "L R g—ﬁnn t)
o

144V3R? R,Hg:éf;?z min{t.¢'}

(67

(10<56) 144+/3 R? _R—llnIéQUQ(tJ“t,) < 144+/3R? ‘

R+t

provided that n < 1/12. Thus,

2
< M . R+t

(0%

U Eyy(s/n) N By p(s'/n) ; (10.57)

n/s—ns'=0

where, recall, the union is taken over (n,r,s) € Z(t,k) and (n',r',s") € Z(t', k)
subject to condition (10.43) and assuming that (10.41) holds.

10.5 The finale

Estimates (10.40) and (10.57) combined together show that whenever conditions
(10.41) are satisfied, we have that for (¢,k) # (¢, k)

By, N Ep | < Y(RYR W(RY)RY + R™1H) (10.58)

This estimate also holds when conditions (10.41) are not satisfied, this time as a
consequence of (10.34). Thus, (10.58) together with (10.23) implies that

Z Z |Er i N By |

t<T ¢/<T"

< Y D WERHRWYERHR +> Y T R 4 SH(T)

t<T ¢/<T" t<T ¢/<T"
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= > > YRR

teT,t<T (Vlﬂ <k< \_I/Qtj

2

. S R +SHT)

tET I<T [v1t]<k<|vat]

( > w(Rt)PJ> +< > tR‘”t> + S (T)

teT, t<T teT, t<T

IN

< Sp(T)*+ (it}%—"t> +SH(T) < S(T)?

for sufficiently large T', since S7(T') — oo as T — oo. This establishes (10.28)
and thereby completes the proof of Theorem 2.1.
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