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1. Introduction

Every symmetric polynomial in two commuting variables z and w can be written as a
polynomial in the variables z 4+ w and zw; conversely every polynomial in z +w and zw
determines a symmetric polynomial in z and w. A similar assertion holds for symmetric
analytic functions on symmetric domains in C2. For noncommuting variables, on the
other hand, no such simple characterizations are valid. For example, the polynomial
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Zwz + wzw

in noncommuting variables z,w cannot be written as p(z + w, zw + wz) for any polyno-
mial p; M. Wolf showed in 1936 [11] that there is no finite basis for the ring of symmetric
noncommuting polynomials over C. She gave noncommutative analogues of the elemen-
tary symmetric functions, but they are infinite in number.

In this paper we extend Wolf’s results from polynomials to symmetric analytic func-
tions in noncommuting variables within the framework of noncommutative analysis, as
developed by J.L. Taylor [9] and many other authors, for example [2,3,5-7,10]. We prove
noncommutative analogues of the following simple classical result.

Let m: C? — C? be given by

m(z,w) = (z + w, zw).

If ¢ : D? — C is analytic and symmetric in z and w then there exists a unique analytic
function @ : 7(D?) — C such that the following diagram commutes:

In this diagram the domain 7(ID?) is two-dimensional, in consequence of the fact that
there is a basis of the ring of symmetric polynomials consisting of two elements, z + w
and zw. Wolf’s result implies that in any analogous statement for symmetric polynomials
in two noncommuting variables, 7(ID?) will have to be replaced by an infinite-dimensional
domain. The same will necessarily be true for the larger class of symmetric holomorphic
functions of two noncommuting variables.

We use the notions of nc-functions and nc-maps on nc-domains, briefly explained in
Section 2. An example of an nc-domain is the biball

gdcfOQ
B2 = UanBn,

n=1

where B,, denotes the open unit ball of the space M,, of n x n complex matrices. B? is
the noncommutative analogue of the bidisc. It is a symmetric domain in the sense that
if (x',2%) € B? then also (z2,2') € B?. Another example of an nc-domain is the space

Mmdéffj/wsf

n=1
of infinite sequences of n X n matrices, for any n > 1.

The following result is contained in Theorem 5.1 below. An nc-function ¢ on B2 is
said to be symmetric if o(zt, 2%) = p(2?,21) for all (2!, 2?%) € B2
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Theorem 1.1. There exists an nc-domain §2 in M> such that the map S : B> — M™
defined by

S(x) = (u,vz,vuv,vu2v,...), (1.1)

where

has the following two properties.

(1) S is an analytic nc-map from B? to £2;
(2) for every bounded symmetric nc-function ¢ on the biball there exists a bounded an-
alytic nce-function @ on 2 such that the following diagram commutes:

B2 5 10)

N A

UnM”

Moreover @ can be expressed by the formula
®=Fo QU

for some graded linear fractional transformation F and some unitary operator U on (2,
where Oy denotes the functional calculus corresponding to U.

The sense in which the maps ¢, S and @ are analytic is explained in Definitions 2.1,
2.2 and 2.4 in the next section; graded linear fractional transformations are explained in
Section 4.

The domain {2 of Theorem 1.1 is not the analogue of the symmetrized bidisc in all
respects: S is far from surjective onto {2, and we make no uniqueness statement for @ in
the theorem.

A more algebraic approach to symmetric functions in noncommuting variables has
been adopted by many authors, for example, .M. Gelfand et al. [4]. In the latter paper
the action of the symmetric group of order two on polynomials differs from the action
studied in the present paper (see [4, Example 7.16]).

2. nc-Functions

The settings for nc-functions are the “universal spaces” M¢ comprising d-tuples of
matrices of all orders, where d is a positive integer or oo. For n in the set N of natural
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numbers we denote by M,, the space of n x n complex matrices with the usual operator
norm. For 1 < d < oo the space M2 of d-tuples of n x n matrices is a Banach space with
norm

1 d _ .
[ ) = mas [

For d = oo it is more convenient to index sequences by the non-negative integers, so
that a typical element of M2 will be written g = (¢°, g, ¢?,...) with ¢ € M,,. Of
course M>° is not naturally a normed space, but it is a Fréchet space with respect to
the product topology.

For d < oo define

M G M

n=1

A set U € M? is said to be nc-open if U N M2 is open in M¢ for every n > 1. When
d < oo the space M? is a disjoint union of Banach spaces.

Definition 2.1. Let d € N. An nc-domain in M? is a subset D of M? that is nc-open
and satisfies

(1) it M\,N € D then M & N € D, and
(2) if M € DN MZ, and U € M,, is unitary then U*MU € D.

Here if M = (M*,..., M%) € M% and N = (N*,...,N%) € M% then M & N denotes
(M*eN',... . M*®N?) e M, where M7 & N7 is the (m+n)-square block diagonal
matrix diag(M7, N7). In (2) U*MU denotes (U*MU, ..., U*M2U).

The nc-domains are the natural domains on which to define nc-functions — see below.
For d = oo it is too restrictive to require that nc-domains be nc-open: there are too few

nc-open sets. The following refinement is a more fruitful notion.

Definition 2.2. An nc-domain in M is a subset D of M that is open in some union
of Banach spaces contained in M and satisfies conditions (1) and (2) of Definition 2.1.
Here a union of Banach spaces contained in M is a subset E of M such that

(1) for every n € N, E N MS® is a Banach space with respect to some norm || - ||,
that is invariant under unitary conjugation and that induces a finer topology than the
product topology on E N M, and

(2) E carries the topology of the disjoint union of the spaces (EN M, || - [ln)n>1-

Here of course to say that || - ||, is invariant under unitary conjugation on E N M
means that, for every x € E N M and every unitary matrix u € M,,,

|
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Example 2.3. The nc-disc algebra A(D) is the space of analytic square-matrix-valued
functions on D that extend continuously to the closure of D, with the supremum norm.
The space A(D) is a union of Banach spaces contained in M (see Proposition 3.3
below).

Definition 2.4. An nc-function is a function ¢ : D — M! for some nc-domain D in M4
(for some d < o0) that satisfies the conditions

(1) ¢ maps DN M? to M,, for every n € N;
(2) for all M, N € D,

(M & N) = (M) & ¢(N), (2.1)

and
(3) for all n € N, all M € DN M2 and all invertible matrices s € M,, such that
s 'Mse D,

(s Ms) = s p(M)s. (2.2)

An nc-function ¢ on an ne-domain D C M? is analytic if its restriction to D N M2
is analytic for every n € N.

If d = oo the last statement should be interpreted to mean that ¢ is analytic with
respect to the norm || - ||,, of Definition 2.2 on D N MS® for every n.

An nc-domain D C M? is symmetric if (Mg, M;) € D whenever (M, M) € D.
Clearly B? is a symmetric nc-domain. If ¢ is an nc-function on a symmetric ne-domain
D C M?, then ¢ is symmetric if o(My, My) = o(Mz, M;) for every (My, Ms) € D.

Definition 2.5. If D ¢ M% and 2 C M% are nc-domains, for di,ds < oo then an
nc-map from D to {2 is defined to be a map F : D — (2 such that F maps D N M% to
M for each n > 1 and F respects direct sums and similarities, as in conditions (2.1)
and (2.2).

If 2 is an nc-domain in M contained in a union of Banach spaces |, oy En, D is
an ne-domain in M?, d < oo, and F : D — §2 is an nc-map then say that F is analytic

if, for each co-ordinate mapping
fi s M = Mg = (90, 91,--.) = g
the map f; o I is analytic for all j € N.

An example of an nc-map from B2 to an nc-domain 2 in M is the map S described
in Theorem 1.1.
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Operator-valued ne-functions will also be needed. For Hilbert spaces H and K denote
by L(H, K) the space of bounded linear operators from H to K with operator norm.
L(H, H) will be abbreviated to L(H). An L(H, K)-valued nc-function on an nc-domain D
in M? is a function ¢ on D such that

(1) forn € Nand M € DN M?
(M) € L(C"® H,C" ® K);
(2) for all m,n € Nand all M € DN M% and N € DN M,
p(M ® N) = o(M) ® p(N)

modulo the natural identification of (C™ @ H) @ (C" @ H) with C™™" @ H for any
Hilbert space H, and

(3) for any m € N, any M € D N M¢%, and any invertible matrix s € M,, such that
s'Ms e D,

(s Ms) = (sT' @ 1g)p(M)(s® 1g).

The Hilbert space H can be identified with £(C, H) in the obvious way, so that we may
speak of H-valued nc-functions.

We shall denote the identity operator on any Hilbert space by 1. Where it is deemed
particularly helpful to indicate the space we shall use subscripts; thus 1,,,1,2 are the
identity operators on C", ¢? respectively.

3. Lurking isometries

A simple but powerful method in realization and interpolation theory is the use of
lurking isometries: if the gramians of two collections of vectors in Hilbert spaces are
equal then there is an isometry that maps one collection to the other. There is an nc
version of the lurking isometry argument due to Agler and McCarthy; it is contained in
the proof of [1, Theorem 7.1].

For an L(H, K)-valued nc-function f on an nc-domain D in M? (where H, K are
Hilbert spaces and d < 0o) define the redundant subspace of K for f, denoted by Red(f),
to be

{'yEK: C"®~vy L \/ ran f(x) for allnGN}. (3.1)
zeDNMZ
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Lemma 3.1. Let H, K, and Ko be Hilbert spaces and let D be an nc-domain in M® for
some d < oo. Let f be an L(H, K1)-valued nc-function and g be an L(H, Ks)-valued
ne-function on D such that, for alln > 1 and x,y € DN M2,

F) f(z) = g(y)*g(z) € L(C" @ H). (3.2)

There exists a partial isometry J : K1 — Ko such that, for every positive integer n and

re DN M,
(1, @ J)f(z) = g(x).

Moreover, if the dimensions of the redundant subspaces of K1 and Ko for f and g re-
spectively are equal then J may be taken to be a unitary operator from Ky to Ks.

Proof. Consider z,y € DN M? and an invertible s € M,, such that s~'zs € D. On
replacing = by s~!xs in Eq. (3.2) and invoking the fact that f, g are nc-maps we have

F) (57 ®1k,) f(2)(s @ 1) = 9(y)" (s © 1k, )9(2) (s @ 1mr).

Since the invertible matrices s~ with |s||||s~!| close to 1 span all of M,, it follows that

F) (T o1k, f(x) = g(»)*(T ® 1k,)g(x) € L(C" @ H) (3.3)

for all T € M,,. Let eq,...,e, be the standard basis of C™ and apply Eq. (3.3) with
T = eej, k, € =1,...,n, to deduce that, for any {,7 € C" ® H,

((ex @1k, ) F()E, (67 @ 1i,) F(y)n) 1, = ((€F © 1iy) 9(2)€, (€7 © L1y ) 9(y)0) -

2

(3.4)
Let

pres = (e, ® 1k, ) f(2)€ € Ky,
rex = (€ © 11, ) g(2)€ € Ko

and
Pn = span{pk@c: k<n, £€C"®H, z€ Dﬁ./\/li} C Ky,
Q, = span{qux: k<n, £€C"®H, x € Dﬂ./\/li} C Ks.
Eq. (3.4) states that
(Prews Peny) K, = (Qheas Qony) K-
It follows that there exists an isometry L,, : P,, — Q,, such that
Lonpres = Qrea

forallkén,fe@"@HandxeDﬂMﬁ.
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We claim that both (P,,) and (Q,,) are increasing sequences of spaces, and L,,|P,, =
L,, when n < m. Consider positive integers n < m and regard C" as the span of the first
n standard basis vectors of £2. Let k < n, £ € C" ® H and 2 € D N M. For any choice
of zp € DNMZ,_ and & € C" " ® H,

Ph(cato)@oao) = (¢h ® 1) f(z @ 20)(€ ® &)
(e ®@1)(f(z) @ f(x0))(€® &)
= (e ® 1) (f(2)¢ @ f(w0)0)
= (ex®1)f(2)¢
= Pkéx

Similarly gie@eo)(z@zo) = qkez- Hence P,y C Py, and Qp, C Q, while, for k < n,

Lnprer = Qree = LnPrew,

so that L,, and L,, agree on P,,.

Let P, Q be the closures in Ky, Ky of (J,, Pn, U,, Qn respectively. The isometries L,
extend to an isometry L : P — Q. Extend L further to a partial isometry J : K1 — Ka.
Note that

KioP={yveK: {(n®1lk,)f(x),y)=0foralln €N, &neCr, z€ DNMI}
= {’yEKls <f(:c)§,n®*y>:0for alneN, £neC”, xGDﬁMZ}

:{fyeKl: C"®~y L \/ ran f(x) for allneN},
r€DNMZ

which is the redundant subspace of K; for f. Likewise K5 © Q is the redundant subsace
of K5 for g. Hence, if the dimensions of the two redundant subspaces are equal then the
codimensions of P and Q in K7 and K5 respectively are equal, and consequently we can
choose the partial isometry J to be a unitary operator. Whether or not the redundant
subspaces have equal dimensions, for any n € N and forz € DN MZ, ¢ € C"® H,

(1, @ J)f(2)¢ = (1, @ J) P (ef @ 1k, ) f ()¢

k=1

= EBJ(eZ ® 1r, ) f(2)€
k=1

= EB(eZ ® 1k,)g(x)¢
k=1
=q(z)¢.

Hence (1, ® J)f(z) = g(z). O
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Here is a simple property of nc-functions.

Proposition 3.2. Let H, K and L be Hilbert spaces and let D be an nc-domain in M? for
some d < oo. Let f be an L(H, K)-valued nc-function and let g be an L(K,L)-valued
ne-function on D. Then the function gf defined by (gf)(x) = g(x)f(x) for all x € D
is an L(H, L)-valued nc-function on D and Red(g) C Red(gf). If f(z) is an invertible
operator for every x € D then f(-)~1 is an L(K, H)-valued nc-function.

Proof. It is routine to show that ¢gf is an nc-function. Suppose v € Red(g): then for any
neN,¢€cC"®K,neC? and x € DN MY,

(n®7,9(2)€) cugy, = 0.

In particular this holds when & = f(x)¢’ for any ¢ € C™ ® H, which implies that
v € Red(gf). DO

Proposition 3.3. The nc-disc algebra A(D) is a union of Banach spaces contained in M
with respect to the norms

gl = sup||g(2)|| for all g € A(D) N M and alln € N
z€D

when the function g € A(D) is identified with its sequence of Taylor coefficients.
Proof. The space
A,(D) < A(D) N M, (3.5)

the n x n-disc algebra, is clearly a Banach space for the supremum norm, and this norm
induces a stronger topology than the topology of pointwise convergence of sequences
of Taylor coefficients, which is the product topology on M restricted to A, (D). The
supremum norm is also invariant under unitary conjugation. Hence A (D) is a union of
Banach spaces contained in M in the sense of Definition 2.2. O

A (D) has the structure of an operator space, but we shall not use this fact.
4. Linear fractional maps

For any block matrix

p p
p= { 11 12} (4.1)
P21 P22

we shall denote by ]:5 the lower linear fractional transformation

]:;f(X) = po2 + p21 X (1 — p11X) 'p12 (4.2)
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whenever the formula is meaningful. For example, when p;; is an m; X n; matrix, it is
defined for every nq x my matrix X such that 1 —p;1 X is invertible, and then fﬁ(X) is
an mgy X ng matrix. More generally, if H,;, IC; are Hilbert spaces for ¢ = 1,2 and p is a
block operator matrix from K1 & Hs to Hi @ Ko and X is a bounded operator from H;
to K1 such that 1 — py; X is invertible on H; then .sz (X) is defined and is an operator
from Hs to Ks.

We shall also define the upper linear fractional transformation

FHX) = p11 + p12X (1 — ppaX) 'por. (4.3)
The following results are standard.
Lemma 4.1. For any matrices or operators p, X such that }"If(X) is defined

1-— fﬁ(X)*]:Zf(X) :pIQ(l — X*]ffl)_l(l — X*X)(]. —pllX)ilplg

X1 - P11X)71P12

+ [pf(1 — Xpjy) 7' X" 1](1—p*p) |

Furthermore, if p, X are contractions then
[F (X < llpll- (4.5)
Of course analogous results hold for F'.

Proof. The identity (4.4) may be verified by straightforward expansion. Since 1 —
X*X > 0 the identity implies that

1— FAX)" FHX) > [pla(1 - Xpiy) ' X" 1](1 - pp) [X(l - plllX)_lp”] .

Hence, since 1 — p*p > (1 — ||p||?)1, for any vector &,

(1= F(X)Fp(X))&.6)

N <<1 el?) [X(l —plllX)‘lpu] ‘. {X(l —p111X)_1P12} €>

> (1= |Ipl*) ll€lr™.
The inequality (4.5) follows. O

There are also graded linear fractional maps, which map n x n matrices to n x n
matrices.
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Definition 4.2. Let H;, IC; be Hilbert spaces for i = 1,2 and let p be a block operator
matrix from K1 @& Ho to Hy ® Ks. The graded lower linear fractional map with matrix p
is defined to be the map .Ff@,p which, for n > 1, maps X € L(C" ® H;,C™ ® K;) such
that 1 — (1, ® p11)X is invertible to

ff@,;(X) =1, ®@pa2+ (1, ®p21)X (1 — (1, ®p11)X)71(1n ® p12).
Similarly we define the graded upper linear fractional map
U —1
Flop(X) =1, @pn + (1, ®@p12)X (1 — (1, ®p22)X) (1, @ par). (4.6)

Observe that ]—'f®p(X) is an operator from C" ® Hy to C" ® Ky for each n. Likewise
1op(X) is defined for suitable operators X : C" ® K3 — C" ® H; and is an operator
from C" ® K1 to C"™ ® Hq for each n.
The function F'y, enjoys some properties of nc type. Its domain is the set

D= J{XeL(C"®KyC"®Ha): 1— (1, @p22)X is invertible}.

n=1

Proposition 4.3. Let p be the block operator matriz from K1 @ Ha to Hi & Ko given by
Eq. (4.1). Its domain D is closed under direct sums, and, for X,Y € D,

f@p(X D Y) = f@p(X) D f@p(Y)

Moreover, if X € DN L(C" ® K3,C" ® Ha) and s € M,, is an invertible matriz then
(571 ®19,) X (s ® 1k,) € D and

Top((s71 @ 13,) X (s @ 1k,)) = (571 @ Ly, ) Fiig, (X) (s ® 1i,).

The proof is straightforward.
5. A realization theorem

In this section we show that every bounded symmetric nc-function on the biball factors
through a certain nc-domain {2 in M and is thereby expressible by a linear fractional
realization formula.

M is naturally identified with the space M[z] = |J,, M, [2] of formal power series
over M in the indeterminate z. For n > 1 the element g = (g%, g',...) € M corresponds
to the series ;- ¢'27 € M,y[z]. With this understanding the ‘functional calculus
map’ Or on (a subset of) M corresponding to an operator T on a Hilbert space H is
given by

Or(9) =§:gﬂ'®Tﬂ' e L(C"®H), (5.1)

Jj=0
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whenever the series converges in an appropriate sense. In the present context it is enough
that the series in Eq. (5.1) converge in the sense of Césaro summability of the partial
sums of the series in the operator norm. As is customary, @r(g) will also be denoted
by ¢g(T) when it exists.

Theorem 5.1. There exists an nc-domain 2 in M such that the map S : B> — M™>
defined by

S(z) = (u,v*, vuv,vu’v,...), (5.2)

where

(5.3)
has the following three properties.

(1) S is an analytic nc-map from B? to £2;

(2) for every g € 2 and every contraction T the operator g(T) exists and ||g(T)|| < 1;

(3) for every symmetric nc-function ¢ on the biball bounded by 1 in norm there exists
an analytic ne-function @ on §2 such that ||P(g)|| < 1 for every g € 2 and ¢ = PoS.

Moreover @ can be realized as follows. There exist a unitary operator U on ¢ and a
contractive operator

p= [p“ p”] Cor5Cal
P21 P22

such that, forn > 1 and g € 2N M,

P(9) = Fig,(9(U))
= puly + (L, @ pi12)g(U) (1 = (L, © pa2)g(U)) ™ (1, @ poy). (5.4)

Proof. The existence of models of bounded nec-functions on the polyball is proved in [1],
and can also be derived from [3]. We shall combine this result with a symmetrization
argument.

Let £2 be the open unit ball of the nc-disc algebra A (D) of Example 2.3. More precisely,
{2 is the union of the open unit balls of the Banach spaces A, (D) = A(D) N MS° for
n > 1. By Proposition 3.3 A(D) is a union of Banach spaces contained in M and it is
easy to see that (2 is an nc-domain in M.

To prove (2) consider any g € 2N MS° and any contractive operator 7" on a Hilbert
space H. For k > 0 let hi(z) be the arithmetic mean of the k + 1 Taylor polynomials

@ +glz+- g2, r=0,1,...,k
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of g € A, (D). By Fejér’s theorem hy, converges uniformly on D~ to g. By von Neumann’s
inequality (hix(T))r>1 is a Cauchy sequence with respect to the operator norm, and so
g(T) = O7(g) is defined to be the limit of the sequence (hy(T)) in L(C™ ® H). Since
1hilloo = 19]loo < 1, it follows that ||g(T)|| < 1.

For (1) consider z € B2 N M2°: we must prove that S(z) € 2. If S(x) is identified
with its generating function S(z)(z) then, since |jv]| < 1,

S(x)(2) = u+ v’z +vuvz® + vt + -

=u+vz(1, —uz)" v

t+ 22 ol —2? !+ 22 Tl g2
5 + 2 zl 1, — z .

Clearly S(z) € A(D). Let

Q(x)z{z Z}
Then
Q(x):l xi—kxz xi_gﬂzi[l 1Hx1 %]L{l 1]
2|zl —2? 24z V211 -1]]0 2|21 -1
and hence
Q@) = max{{[z* ]|} = ll=]| < 1.
Since

S(x)(2) = Foa) (21n)

it follows from Lemma 4.1 that

IS@O 4, ) < 12l < 1,

and so S(z) € £2.
If z € B2N M2 then S(z) € 2N M2 for each n > 1. Moreover S respects direct
sums and similarities: if x € BN M2, and y € B2 N M2 then, for z € D,

2t @yl + 22 @ g2
2

xl@yl_xQ@y2z<1 X _xl@yl+x2@y2z>_lxl@yl—xz@yQ
2 men 2 2

= S(z)(z) ® S(y)(2),

Sz @y)(z) =
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while if s is an invertible matrix in M,, such that s~'zs € B? then, for z € D,

—1,.1 2

s Trxr s+ s Ly2s
S(stzs)(z) =
(57 s) () !
_ _ _ _ -1 _ _
+S lplsg — s 1g2s 1 sTlzls 4+ s~ 1a2s sTlzls — s71a2s
z — z
2 m 2 2

= s 18(x)(2)s.
Hence S is an nc-map from B? to 2. It is analytic since the restriction of S mapping
B2N M2 to 2N M C A,(D) is an analytic Banach-space-valued map for each n. We
have proved (1).
Let ¢ be a symmetric nc-function on B? bounded by 1 in norm. By [1, Theorem 6.5]

¢ has an nc-model; that is, there is a pair (P,x) where P = (P!, P?) is an orthogonal
decomposition of £2 (so that P! 4+ P? = 142), x is an £2-valued nc-function on B? and

L, —o(y) () = x(v)* (Lerae — yprp)x(z) (5.5)

for all z,y € B> N M?2. Here zp denotes z* ® P! + 22 ® P?, an operator on C" ® ¢2.
Since

1—ybop=1— (Zyj ®Pj>*(2xi ®Pi)
7 i
=1- Z(y”‘xz ® P")
_ Z z* z ®Pz
Eq. (5.5) can also be written (in the case that z,y € B> N M?2)
Ly — o) (@) = x@)" Y_((1n — y™2") © P')x(x)

%

= Z x(y)* (1, ® Pi) (1, — yl*xl) ® 1) (1, ® Pi)x(m)

=2 X W) (1~ 5" @ 1pi) X' (2) (5.6)

where, for i =1, 2,
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Let H; = P2 for i = 1,2. We claim that x’ is an H;-valued nc-function on B2.
Certainly x'(z) € L(C",C" ® H;) for x € B> N M?2. If 2,y € B? are n-square and
m-square respectively then

X(@3y) = Lsm @ P)x(z@y) = (1,8 1) @ P') (x(z) & x(v)) = X' (z) & X' (y).

Furthermore, if s € M,, is invertible and s~xs belongs to B? for some x € BN M?2,
then

X (s7h2s) = (14 @ P)x(s )

®P1)(s’1 ® 1p2) x(2)s
s @ 1y,) (1, © P')x(2)s
st ®@1p,)X (z)s.

(1
= (1n
= (s
= (s

Thus x* is an H;-valued nc-function on B? as claimed.
Since ¢ is symmetric we may interchange y!' and y?, z' and z? in Eq. (5.6) to obtain

L, — o) e(z) = X' ()" (1n — ™) @ 1,) X' (z)
+ W) (1 =y 2") @ 1, ¥ (2) (5.7)

where, for any function ¢ on B2, 1)(x', 22) denotes (22, ). Notice that ¥’ is also an
H;-valued nc-function on B2.
Average Eqs. (5.6), (5.7) to deduce that

L, — o) o(z) = wy)*((1 - y"*2') @ 1p2)w(z)
+(y) (1 - y*2%) ® L) (x) (5.8)

for x,y € B2, where

xH(x) 2

Ty :C" = (C"®Hy) @ (C"®@ Hy) =C" @ (2. (5.9)
and so

1
W(x) = — [X (””)} (C" o Ch R 2

Since X!, X' are H;-valued nc-functions on B?, the functions w and @ are £?-valued
nc-functions.

In Eq. (5.8) interchange !, 2% (but not ', y?) and use the symmetry of ¢ to deduce
that
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wy)* (1o —y"2") @ 1e)w(@) + @(y)* (10 - y*2?) @ 1) B (@)
= w(y)*((Ln —y"2?) © L) (2) + @ (y)* ((Ln — y**2') @ Lez)w(2).
Rearrangement of this equation yields
w(y) w(x) +w(y) d(r) —wly) d(r) —w(y) w(z)
= w(y)* (y"a' © Le)w(z) +a(y) (v 2 @ 1) o(x)
—w(y)*(yl*x2 @ Lgz)w(z) — w(y)* (y 20l @ 1p2)w(z).

Both sides of the equation factor:
(w(y)" —w(y)*) (w(z) —w(z) = (wy) (¥ © 1) —o(y) (y** @ 1))
x ((¢' ® 1e)w(z) — (z° ® 12)@(x))  (5.10)
Since both w and @ are £2-valued nc-functions on B2, so are w — 1 and the function
9(z) = (2! ®@ L2)w(z) — (2% @ Lp2) 10 ().

We can assume that the redundant spaces of both w—1w@ and g are infinite-dimensional.
To see this replace the nc-model (P, ) of ¢ by the model (Q, 1)) with model space ¢2 @ £2
(which may be identified with ¢2) which is trivial on the first copy of /2 and agrees with
(P, x) on the second copy. More precisely, Q' = 0@ P!, Q?> = 0@ P? and

P(z) =0@ x(z) : C" — (C" @ 2) @ (C" & £2)

for € B2 N M?2. Then
V) (Lenorerse ~ vim) 1) = [0 1)) (1~ ding(O.per) | () ]
=x(¥)" (1~ yprp)x(z)
=1, — o(y)"p(x)
and so (Q,) is a model of . It is easy to see that ¢ is an £? @ £?-valued nc-function

on B2 Now if w® is the analog of w defined with (Q,) instead of (P,x) then for
r € B2N M2,

wi(z) =00 w(r): C" - (C" & *) & (C" ® £)

and the redundant space of £2 @ ¢2 for w* — @* contains ¢? @ {0}: for £, € C™ and
r € B> N M2 and ¢ € (%,
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< C@O) ( ( )—’lZJﬁ(.’E))5>Cn®(£2®€2)

® (
((n®¢) @ Ocngez, 0cnge ® (w(x) —w(x))E)
0

and so C" ® (( ®0) L ran+(x) for all n € N and z € B2 N M?2. Similarly 2 @ {0} is
contained in the redundant subspaces of 2 @ ¢2 for w! and for g¢*.

With the assumption of infinite-dimensional redundant subspaces of w and g, by
Lemma 3.1 there exists a unitary operator U on ¢? such that for all n > 1 and all

xr € B2Nn M2,
w(z) —b(z) = (1, @ U)((z' ® L) w(z) — (2% ® 1p2)10(x)), (5.11)

and hence

1-(z'@U))w)=1- (2> U))d(z). (5.12)

We wish to rewrite the model relation (5.8) incorporating Eq. (5.12). To make it more
concise let us introduce the abbreviations

w(az)=1-(z'®U))w(x): C* = C"
X' =27 @Ue L(C"®?),
Yi=yl@UeL(C'*)
for j = 1,2. It is straightforward to check that w is an ¢2-valued nc-function on B2.
Eq. (5.12) states that w(z) is symmetric in (z!,2?), and we have

—1 -1

w(z)=(1-X")" w(z), w(z) = (1-X%) w()

and
Yl*Xl — yl*xl ® 162
In terms of w and X7, Y7 the model relation (5.8) can be written

1, — o(y) plz) = wiy) (1 - Y¥) (1 - YPX) (1 - XY w()

o) (1-Y) T (1 -y»X?) (1 - X?) w().

Now

-y a-yx)a-xH""
1 ( —1

—(1-y") T a-xH)T - (1 -y) Ty X (1 - XY
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= ()X T () S x) -1

1 1

=1-Y") +(1-X"" -1

Hence Eq. (5.8) becomes

1, — p(y) e(z) =w(k) [(1-Y¥) '+ (1-x1) " -1

+ (1= (1 =X —1w(e)
= w(y) [Az) + Ay)"]w(z)
where

A@)=(1-x)"+(1-x3)"" -1
—(1-(2'eU)) '+ (1-(2?eU)) ' —1eL(C aP).

It is easy to verify that A is an £(¢?)-valued nc-function on B2. Since

Aw) + A" = S(1+AW) (1+AW) - 5 (1 - AW)" (1 - A@),

N =

Eq. (5.13) implies that, for any z,y € B?,

L~ o) o(2) = 50(u)" (1+ A@)" (1 + A@)w(z)
— S (1 AW) (1 A@)w()

The last equation can also be written

[%(1 et [%5(1 oot
SO

Since both w and A are nc-functions, the maps

mEBQDMiH{l x}eﬁ(@”,@"@(@@ﬂ))

are (C @ £2)-valued nc-functions. Hence by Lemma 3.1 there exists a contraction

T:

def | @ B
C D

} Cpl? > Ca 2

(5.13)

(5.14)

(5.15)
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such that, for n > 1 and 2 € B2 N M2,

o(x) ]:{ al, 1n®BH 1,

%(1 + A(x))w(x) 1,,C 1,®D %(1 — A(x))w(x)

We need a simple matrix identity.

5727

(5.16)

Lemma 5.2. Let 71,75 € M,, and suppose that Zy,Zs and Zy + Z5 are all invertible.

Then Zy' + Zy ' is invertible and
- 1y -1 —
A(Z7+ 27N = 2+ Zo — (2 — Zo) (2 + Zo) "N (21 — Za).
Proof.

(Zy — Zo)(Zy + Z2) N2y — Zo) = (Z1 + Zo — 222)(Z1 + Z2) (21 — Zo)
=7y — Zy—275(Z1 + Z2) N2y — Zy)

=7y — Zy —222(Zy + Z5) 7' (221 — (21 + 22))

=71 — Zo— 4Zo(Z1 + Zo) ' 71 + 225
— T+ Z 427+ 27 o

Resume the proof of Theorem 5.1. From the definition (5.14) of A(z) and Lemma 5.2

with Z; =1 — X7,

(1= A@) (1 +A@)
——142(14 Az)

—Le2(1- ) a-x) )

=1+ %{21 —X - X2 - (X - x?) (21— X - X)) T (X - X))

PSR SHIP G ST MNP SEP GANP G &
B 2 2 2 2

1 2 1,2 1 2 -1.1_ .2
:_<x +x o4 " 21: ®U(1_Js +x ®U) x 295 ®U> (5.17)

2 2

which is an operator on C" @ ¢ when x € M2.
11

Recall the notations u = (z'+2?), v = §(2'—2?) and S(z) = (u, v?, vuv, vu’v,...) €

M>=. We have, for any x € B2,

Ou(S) =u®le+0*@U +vuw®@U? +vuv @ U3 + - - -
=u®lp+WeU)1-ueU) H(velpe),
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so that Eq. (5.17) becomes

(1—A@)(1+A@) " = =1, @ U)6y (S(x)). (5.18)
Next combine Egs. (5.18) and (5.16) to obtain a realization formula for . To this end
write
W’ (z) = %(1 + A(2))w(z) € L(C",C" & £?),
so that
! =(1- Az 7)) Wb (x
%(1 — A(@))w(@) = (1 - A(2)) (1 + A(z)) " w’(2)

= —(1, ® U)Oy (S(x))w’(z).

Eq. (5.16) can thus be written as the pair of relations

1
o) =al, + (1, ® B)E(l - A(m))w(m)
=al, + (1, ® B)(—=(1, ® U)Oy (S(2)))w’ (x) (5.19)
and
(@) =1, ©C + (L, ® D)% (1+ A(2))w(a)
=1,9C — (1, ® D)((1, ® U)Ou (S(z)))w’ (x). (5.20)

Eliminate w”(z) from this pair of equations to obtain
o(z) = al, — (1, ® BU)S(z)(U) (1 + (1, ® DU)S(z)(U)) (1, ®C). (5.21)
Let

p= [g :g([ﬂ =T [(1) _OU] e L(Ca ), (5.22)

so that p is a contraction on C @ £2. Eq. (5.21) states that, for x € B2,

p(r) = Fig, (S()(1))
= Fiop (00 (5(x))). (5.23)

According to the definition (5.4)
P = ff@)p o QU.

Eq. (5.23) states precisely that ¢ = @0 .S on B2.
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It remains to check that & is an analytic nc-function on the nc-domain {2 and is
bounded by 1. It is clear that @ is well defined and maps an element g € 2N MS° into
the closed unit ball of M,,, so that @ is graded. Clearly @ is Fréchet differentiable on
the open unit ball of A4,,(D) for each n > 1. By Proposition 4.3, for g, h € £2,

P(gdh) = f{‘@)p((g D h)(U)> = f®p(g(U) D h(U)) = f®p(g(U)) S2) f®p(h(U>)
= &(g) ® 2(h),

and so @ respects direct sums. It also respects similarities. Consider g € 2NA,, (D) and an
invertible matrix s € M,, such that s~1gs € 2. Note that, if g = (¢°, ¢*,9%,...) € M,

Ou ( =Y (s7'gls) @U7 = (s ®142)Ou(g)(s ® 1p2).
7=0

Consequently

O(s™"gs) = Fiap((s™95) (V)

1u®p(($71 ® lgz)g(U)(S X 1@2)).
Apply Proposition 4.3 with H; = K1 = C, Ha = Ko = 2 (recall Eq. (5.22)) to obtain
@(silgs) =5t 19p (g(U))s
=57 1d(g)s.
Thus @ is an nc-function on 2. O
In the course of the above proof the following realization formula was derived.

Corollary 5.3. For every symmetric function ¢ on B? bounded by 1 in norm there exist
a unitary operator U on £? and a contraction p on C ® % such that

=T, 00po8. (5.24)
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This is just a restatement of Eq. (5.23). Diagrammatically, U and p satisfy

BN

U, ball £(C" @ )

BQ
\ A
Ml

where ball £(C" ® ¢2) denotes the open unit ball of £(C" ® £?).

MOO

Remark 5.4. (1) There is a trivial converse to Theorem 5.1. If @ : 2 — M! is a bounded
analytic nc-function then @o S is a symmetric bounded analytic nc-function on B2, with
the same bound.

(2) The realization formula (5.24) can be re-stated in terms of the Redheffer prod-
uct [8]. If A, B are suitable 2 x 2 operator matrices then B * A is the 2 x 2 operator
matrix with the property

Fiea(X) = Fg o FA(X)
for every X for which the expressions make sense. In fact

Fr(A1r) Bia(1 — Aj1Bag) 1 Ao

Bx A=
{Am(l — By Ay1) ' By Fi(Ba)

If we take
A(z) = Q) ® 12 = {Z Z] ®1p, B=1,®p,
then we find that, for z € B2 N M2,

o(x) =FpoFam(1l,@U)

Consequently
o) = Fou (1, @ U) (5.25)

where
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C(z) = Bx A(x)
Fi op(u®1y2) (1, @p12)(1 — u @ paz) (v @ 142)
(V@ 1p)(1—u®pa) (1, ®par) ff)(z)@lez (1, @ pa2)

1
2

familiar realization formulae in that it is linear fractional not in z, but in 1 ® U.

and, as usual, u = % (z' + 2?), v = (2! — 2?). The representation (5.25) differs from

(3) Since the operator p in Eq. (5.15) corresponds to the Schur-class scalar function

PY(A) = p11 + pr2A(1 *p22>\)71p21

one might expect that ¢ could be written in terms of ¢ and the functional calculus @y .
However, @ depends on the particular realization of ; if

g=1®s) 'p(1@s)
for some invertible operator s on 2 then Figq # Figp in general.

As we observed in the Introduction, {2 is not a true analogue of the symmetrized
bidisc 7(D?) because the nc map S : B2 — (2 is not surjective. To repair this failing we
might replace §2 by its subset S(B?). However, S(B?) is not an open subset of M in
any natural topology.

We ask: for a given bounded symmetric analytic ne-function ¢ on B2, is there a unique
analytic nc-function @ : 2 — M! such that ¢ = ¢ 0 S?

If one does not require ¢ to be an nc-function then @ is not unique. Let ¢ be the
zero function on B?: then we may construct a non-zero analytic ¢ on {2 such that
PoS =¢=0as follows. Fix zg € D, 29 # 0. For g € 2N M = 2N M,[7] let

@ is well defined on {2 and is not identically zero at any level. It is easy to see that
@(S(z)) =0 for all x € B2. However @ does not respect direct sums.

Acknowledgments

The first author was partially supported by National Science Foundation grant
on Extending Hilbert Space Operators DMS 1068830. The second author was par-
tially supported by the UK Engineering and Physical Sciences Research Council grant
EP/K50340X/1 and London Mathematical Society grant 41219.

References

[1] J. Agler, J.E. McCarthy, Global holomorphic functions in several non-commuting variables,
arXiv:1305.1636.


http://refhub.elsevier.com/S0022-1236(14)00088-3/bib4A4As1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib4A4As1

5732 J. Agler, N.J. Young / Journal of Functional Analysis 266 (2014) 5709-5752

[2] D. Alpay, D.S. Kalyuzhnyi-Verbovetzkii, Matrix J-unitary non-commutative rational formal power
series, in: The State Space Method: Generalizations and Applications, in: Oper. Theory Adv. Appl.,
vol. 161, Birkhauser, Basel, 2006, pp. 49-113.

[3] J.A. Ball, G. Groenewald, T. Malakorn, Conservative structured noncommutative multidimensional
linear systems, in: The State Space Method: Generalizations and Applications, in: Oper. Theory
Adv. Appl., vol. 161, Birkhauser, Basel, 2006, pp. 179-223.

[4] I.M. Gelfand, D. Krob, B. Leclerc, A. Lascoux, V.S. Retakh, J.-Y. Thibon, Noncommutative sym-
metric functions, Adv. Math. 112 (1995) 218-348.

[5] J.W. Helton, I. Klep, S. McCullough, Proper analytic free maps, J. Funct. Anal. 260 (2011)
1476-1490.

[6] D.S. Kaliuzhnyi-Verbovetskyi, V. Vinnikov, Foundations of noncommutative function theory,
arXiv:1212.6345.

[7] G. Popescu, Free holomorphic functions on the unit ball of B(H)™, J. Funct. Anal. 241 (2006)
268-333.

[8] R.M. Redheffer, On a certain linear fractional transformation, J. Math. Phys. 39 (1960) 269-286.

[9] J.L. Taylor, Functions of several non-commuting variables, Bull. Amer. Math. Soc. 79 (1973) 1-34.

[10] D. Voiculescu, Free analysis questions II: the Grassmannian completion and the series expansion at
the origin, J. Reine Angew. Math. 645 (2010) 155-236.
[11] M. Wolf, Symmetric functions of noncommuting elements, Duke Math. J. 2 (1936) 626-637.


http://refhub.elsevier.com/S0022-1236(14)00088-3/bib416C704B616Cs1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib416C704B616Cs1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib416C704B616Cs1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib42474Ds1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib42474Ds1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib42474Ds1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib67656C66616E64s1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib67656C66616E64s1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib48656C4B6C65704D6343s1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib48656C4B6C65704D6343s1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib4B616C56696Es1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib4B616C56696Es1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib706F706573637532303036s1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib706F706573637532303036s1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib726564686566666572s1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib7461796C6F72s1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib766F6963s1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib766F6963s1
http://refhub.elsevier.com/S0022-1236(14)00088-3/bib776F6C66s1

	Symmetric functions of two noncommuting variables
	1 Introduction
	2 nc-Functions
	3 Lurking isometries
	4 Linear fractional maps
	5 A realization theorem
	Acknowledgments
	References


