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Abstract: We propose a laser feedback interferometer operating at multiple terahertz (THz)
frequency bands by using a pulsed coupled-cavity THz quantum cascade laser (QCL) under
optical feedback. A theoretical model that contains multi-mode reduced rate equations and
thermal equations is presented, which captures the interplay between electro-optical, thermal,
and feedback e�ects. By using the self-heating e�ect in both active and passive cavities, self-
mixing signal responses at three di�erent THz frequency bands are predicted. A multi-spectral
laser feedback interferometry system based on such a coupled-cavity THz QCL will permit
ultra-high-speed sensing and spectroscopic applications including material identification.
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1. Introduction

Terahertz quantum cascade lasers (THz QCLs) are semiconductor sources capable of emitting
far infrared radiation in the frequency range 1.2–5.6 THz [1–4]. Since the first THz QCL
demonstration in 2002 [5], rapid development has been witnessed over the last decade, and THz
QCLs can now emit output powers > 1 W [6] and operate at temperatures of up to ⇠200 K
in pulsed mode [7]. The unique features of THz QCLs make them suitable for many relevant
applications in the field of chemical sensing, biological and medical imaging, and free-space
communications [8–11]. In contrast to conventional interband diode lasers, the intersubband THz
QCLs have small linewidth enhancement factors and high photon-to-carrier lifetime ratios, which
results in an absence of relaxation oscillations and enhanced stability in strong optical feedback
configurations [12]. Furthermore, the multimode dynamical behavior of THz QCLs with strong
optical feedback was investigated in [13], where coherent multimode oscillations were obtained
indicating spontaneous phase-locking. In addition, the carrier lifetimes in the THz QCLs are
dominated by non-radiative phonon scattering phenomena and are typically a few picoseconds.
This ultrafast mechanism and related laser dynamics in THz QCLs were also investigated for
applications such as frequency comb generation and time-resolved measurements [14, 15].

Recently, THz QCLs with weak optical feedback have been attracting increasing interest in
developing applications in sensing, imaging, and spectroscopy [16,17]. As a coherent sensing
technique, laser feedback interferometry (LFI) in THz QCLs has been successfully applied to
THz biomedical imaging, explosives detection, and THz radar imaging [18–25]. An LFI system
operates via laser radiation reflected back into the laser cavity from an external object, thus giving
rise to the “self-mixing” (SM) e�ect which is measurable in the electronic and optical behavior
of the laser [26]. Furthermore, THz QCLs that operate in pulsed current excitation mode are
becoming increasingly important, in e�orts to increase the temperatures at which these devices
operate. THz LFI systems employing pulsed THz QCLs have been modelled recently [27] and,
when compared with systems operating in CW regime, predict superior performance including
higher optical gain and lower net electrical power consumption.

All THz LFI systems reported to date have employed single-mode THz QCL sources.
The intrinsic frequency tuning range of single-mode QCLs by tuning the injection current and
temperature are limited on the order of only 0.05 cm�1 and 0.1 cm�1 (3 GHz), respectively [28,29].
In these systems the LFI signal is usually generated through frequency modulation by application
of a linear current sweep [18, 30].

A wide range of chemicals and biological tissues has multiple characteristic spectral fingerprints
in the THz region [31, 32]. In order to facilitate the identification or discrimination of a material
with improved accuracy, probing of its optical properties at frequencies near unique spectral
features will require tunable THz laser sources. A number of frequency tuning techniques
for THz QCLs have been reported [33–44]. These include using external cavities [33–35],
microelectromechanical system (MEMS) actuators [36], gas condensation [37], inter-digitated
distributed feedback cavities [38], coupled microcavity devices [39, 40], optomechanically
coupled QCLs [41], as well as heterogeneous active region in QCLs [42], silicon-dioxide
deposition [43] and facet illumination [44]. Large tuning range (� 20 GHz) emission has been
achieved by applying external grating, MEMS, gas condensation, coupled microcavity devices,
optomechanically coupled QCLs, heterogeneous active region or silicon-dioxide deposition on
the QCL chips, but su�er from slow tuning [36, 37, 41], operation di�culties [33–35, 39, 43],
or device complexity [42]. For example, the approaches reported in [33–35] require separate
mechanical control; the silicon-dioxide deposition based solution [43] realized frequency tuning
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by control of the thickness of the deposited dioxide; and the size of the external microcavity
in [39] was changed by a piezo stage. A robust continuous tuning of THz QCLs around a few
GHz have been demonstrated in [38, 44]. However, most of techniques above are not monolithic
electrically controlled tunable THz sources that are highly desired for LFI sensing applications.

Coupled-cavity (CC) THz QCLs can provide fast frequency tuning by control of the passive
cavity current where localized electrical heating in an optically coupled passive cavity permits
selection from, and stepping through, several discrete lasing modes [45,46]. We have investigated
the mode selection and tuning mechanisms in CC THz QCL based on the transfer-matrix theory
and multi-mode reduced rate equations [47]. The frequency tunability in CC THz QCLs have
also been demonstrated through self-heating e�ect and spectral coverage broadening for di�erent
active region designs [45, 48, 49]. In addition, we have established complete dynamic model for
THz QCLs that behaves realistically over a wide range of voltages and temperature [50, 51].

In this work we propose a method for broadband interrogation of materials by combining mode
hopping with fine (continuous) tuning of the individual lasing modes. The mode hopping provides
wideband, and controlled, coverage of the THz spectrum, whereas the continuous frequency
tuning enables the generation of the LFI signal within each frequency band. In our model, we
proposed a scheme for the generation of LFI signals by continuously tuning the QCL emission
frequency within three di�erent THz bands spaced by 28 GHz. The modes in the described
system are not active or passive mode-locked.

Herein, by using self heating induced via driving pulses applied to the active and passive
cavities, both continuous frequency tuning and discrete mode hopping are obtained to e�ectively
probe the external target at a series of THz frequency bands. In order to identify a particular
material, the geometry of the CC THz QCL structure can in principle be accurately designed
and fabricated to permit lasing modes which target specific spectral features. High-resolution
spectral imaging [22] and molecular spectroscopy [25] based on tuning the frequency of THz
QCLs have been achieved. However, the maximum frequency tuning range via control of the
driving current or heat sink temperature was limited to 1.5 GHz. The THz LFI system based on
a tuneable CC THz QCL allows for spectrally resolved sensing or imaging at wider frequency
tuning range. An LFI system operating in pulsed mode and built around such a CC THz QCL will
permit ultra-high-speed sensing for material identification, and if augmented by a fast-scanning
mirror, e�ectively real-time THz image formation in a compact system. The model proposed here
provides an important tool for both operational condition designs and CC THz QCL performance
prediction in LFI sensing applications. Although we used a CC geometry where the active cavity
length is comparable with the passive cavity length, this model and analysis is valid for other CC
geometries presented in [48, 49]. Results from the model indicate the feasibility of delivering
unique spectral features of a target at multiple frequency bands and spectrally resolved imaging.

The article is organized as follows. Section 2 describes the multimode reduced rate equation
(RRE) model in the presence of optical feedback for a CC THz QCL. This is followed by mode
tunability analysis and the dependence on critical parameters in Sec. 3.1. Multi-spectral LFI
signal results driven by the self-heating e�ect are presented in Sec. 3.2. Finally, Sec. 4 presents
our conclusions.

2. Multi-mode RRE model with optical feedback

A CC THz QCL is composed of an active cavity and a passive cavity, which are optically coupled
but electrically separated by an air gap [see Fig. 1]. Both cavities have separate electrical contacts
allowing individual control of cavity lattice temperature, refractive index, and of the gain with
changes in the injection current. The active cavity with length La is being electrically driven above
the lasing threshold, and the passive cavity with length Lp is being operated at current levels either
below threshold or well above optical power rollover point [27] to control the dominant mode
of the device. This ensures that the passive cavity is not lasing and can be modelled as a linear
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equivalent mirror [52]. The schematic system for a CC THz QCL with optical feedback is shown
in Fig. 1. A CC THz QCL is driven by an active cavity current Ia and a passive cavity current Ip.
The feedback coupling coe�cient  relates to the emission facet and target reflectivities and the
reinjection loss " is defined in [27]. The relationship between the external cavity length Lext and
the external cavity round-trip time is ⌧ext = 2Lextnext/c, where next is the refractive index of the
external cavity and c is the speed of light. When a target is probed at a particular frequency, its
e�ect on the beam is through its reflectivity at that frequency, R, and the phase change imparted
to the beam at that frequency, ✓R. A collection of pairs (R, ✓R) at several distinct frequencies
can serve as a fingerprint for material identification. For the LFI based sensing applications, any
physical variable that is under detection can be described by one of the parameters mentioned
above. For example, the moving target or changes in surface relief during a raster scan over the
object surface can be described by a time varying Lext(t), a refractive index of a target can be
found from the complex reflectivity R. The values of the parameters mentioned above are all
given in Table I.

Fig. 1. Optical feedback model for the coupled-cavity THz QCL. The internal cavity has
passive cavity of length Lp, air gap of length Lg, and active cavity of length La. THz emission
is through the facet on the right-hand side of the active cavity and traverses the external
cavity of length Lext with refractive index next before reflecting back toward the QCL by
the target. The power reflectivity and phase change introduced by the target are R and ✓R
respectively. The round trip propagation time in the external cavity is ⌧ext. A portion of the
reflected light, dictated by the re-injection loss ", re-enters the laser and mixes with the field
inside the laser cavity, generating the SM signal, which contains information pertaining to
the target.

Based on complex scattering transmission matrix theory [53], the air gap and the passive
cavity can be represented as an e�ective complex mirror. As such the CC QCL can be viewed
as a single cavity (SC) with an e�ective complex mirror. The eigenmode frequencies of a CC
THz QCL are determined by eigenvalues of the denominator of the transfer function of the
device [52]. The frequency-dependent e�ective complex mirror combined with gain spectrum of
the active cavity determines the dominant mode and the side mode suppression ratio (SMSR).
In addition, by tuning the amplitude of the passive cavity current, single-mode operation with
discrete mode hopping can be achieved by localized electrical heating of the passive cavity [45].
Furthermore, by considering self-heating e�ect in the active cavity due to the application of active
cavity pulses [27], continuous frequency tuning can be obtained as well. Therefore, through the
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combination of thermal processes in the coupled cavities and SM e�ect, we can e�ectively probe
the external target and obtain LFI signal at a series of THz frequency bands. We have earlier
presented a dynamical model for single-mode THz QCL in the presence of optical feedback [27].
In this article, we propose a model for CC THz QCL under feedback operating in multi-mode
regime. The behavior of a CC THz QCL under optical feedback can be described by the multimode
reduced rate equations (RREs) (1)–(4) with the “feedback term” identified by under braces. The
time varying lattice temperatures in the active and passive cavities Ta,p(t) during the thermal
processes can be obtained by solving the thermal Eq. (5). This set of equations reads as follows:

dN3(t)
dt

=
⌘3
q

Ia(t) � (N3(t) � N2(t))
N’

m=1
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dTa,p(t)
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=

1
ma,pca,p(T)

✓
Ia,p(t)Va,p(t) �

(Ta,p(t) � T0(t))
Rth,a,p

◆
, (5)

where N3(t) and N2(t) are the carrier populations in the upper and lower laser levels (ULL/LLL)
of the active cavity, respectively, while Sm(t) and 'm(t) represent the photon population and the
phase of the electric field in mode m. Equations (3) and (4) each represent N equations for the
photon population and the phase for longitudinal eigenmodes. The electron transport parameters
(⌘3, ⌘2, ⌧3, ⌧2, ⌧32) are obtained from the full self-consistent energy-balance Schrödinger–Poisson
scattering transport calculation for the given lasing cavity current Ia described in Refs. [27,50,
54, 55]. Joule heating due to the change of driving current can markedly a�ect the active region
lattice temperature of THz QCLs [56, 57]. Lattice temperature change would have an influence
on electron transport via changes of scattering rates, electron subband lifetimes and electron
subbands temperature [58–60]. All these e�ects were included in electron transport parameters
calculation. The photon lifetime ⌧p,m is calculated from ⌧p,m = (vg,m(↵a + ↵e�,m))�1, where ↵a is
waveguide loss of the active cavity, ↵e�,m is the e�ective mirror loss of the CC THz QCL obtained
by transfer matrix method [53], and vg,m is the group velocity for mode m. Once the equations are
solved, the emission output power per mode can be calculated by Pm(t) = ⌘0,m~!mSm(t)/⌧p,m,
where ⌘0,m is power output coupling coe�cient for mode m [53]. Equation (5) of the thermal
model in the active cavity or the passive cavity of a CC THz QCL is a function of the chip mass
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of the active or passive cavity ma,p, the e�ective specific heat capacities ca,p, the drive currents
Ia,p(t), and the cold finger temperature T0. The meaning of other symbols, together with typical
values used in the simulations are summarized in Table 1.

The theoretical model above couples self-heating e�ect of both active and passive cavities
into the multi-mode RREs for the CC THz QCL under optical feedback. Self-heating in the
device leads to change in laser frequency: mode tuning and continuous frequency tuning of
each dominant mode. We used the former to achieve wide tuning range and the latter to create
continuous-wave frequency modulated interferometric signal. However, the e�ect of optical
feedback on the self-heating of the device is neglected since the dominant contributor to heating
is electrical power delivered to the device.

3. Results and discussion

3.1. Frequency tunability in free-running CC THz QCLs

A free-running CC THz QCL can be described by multi-mode RREs without the “feedback terms”
identified by under braces, given in Eqs. (1)–(5). By setting the left-hand side of the thermal
equation for the passive cavity [Eq. (5) for Tp] to zero, the steady state solution is obtained in the
form �Tp = IpVpRth,p [45]. Changing the current of the passive cavity Ip brings about changes in
its lattice temperature, which in turn perturbs the refractive index of the passive cavity [45]. This
alters the threshold gain spectrum of the active region through changes to the reflectivity of the
e�ective mirror, and, through the control of the passive cavity current, can result in altering the
dominant lasing mode of the device. This current-controlled selection of the lasing frequency
(self-adjusted by mode hopping to a mode with the maximum net gain) is the mechanism we
propose in order to facilitate the wide-band operation of the device.

The exemplar device selected for modelling is a 150 µm-wide 11.6 µm-thick THz CC QCL with
a bound-to-continuum active region based on GaAs/Al0.15Ga0.85As material system, as described
in [45, 63]. As shown in Fig. 1, this device contains the active cavity of length La=1.5 mm, an air
gap of Lg = 13 µm and a passive cavity of length Lp=1.582 mm. The simulation model shows
that this structure supports up to seven discrete lasing modes (labelled here M1 through M7)
with a significant level of side-mode suppression ratio (SMSR) of above 25 dB, ensuring the
single-mode operation at all simulated passive cavity current values. It also demonstrates that by
changing the current of the passive cavity one can e�ectively promote the controlled discrete
change in lasing frequency by selecting individual modes in succession. The mechanism of mode
tuning of CC THz QCLs through localized Joule heating in the passive cavity was proposed
earlier [45].

By selecting the passive cavity current Ip and pulsing the active cavity with the drive current
at the above-threshold value [Ia=0.75 A, refer to Fig. 3] one achieves the pulsed single-mode
operation in modes M4 through M1. The eigenmode frequencies of modes M1 through M7 were
calculated at 2.710, 2.738, 2.766, 2.794, 2.822, 2.850, and 2.878 THz. We note that simulated
SMSR varies with Ip for each dominant mode and the maximum SMSRs occur when Ip is 0 A,
1.39 A, and 2.05 A for modes M4, M3, and M2, respectively [marked as A, B, and C in Fig. ].
The corresponding lattice temperature changes �Tp are 0 K, 67.4 K, and 124.8 K, respectively.
The output emission spectra of the CC THz QCL for Ip at 0 A, 1.39 A, and 2.05 A are shown
in Fig. 2 (b)–2 (d), for which the respective dominant modes M4, M3, and M2 with SMSRs of
25.9 dB, 25.6 dB, and 27.6 dB were obtained.

3.2. Multi-spectral LFI signal generated by thermal processes

A CC THz QCL under optical feedback can be described by the multi-mode RREs with the
“feedback terms” identified by under braces, given in Eqs. (1)–(5). Equations (3) and (4), describing
the evolution of photon densities and phases for each mode, parallel the assumptions made in the
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Table 1. Simulation parameters used in Eqs. (1)–(5).
Symbol Description Value / Units

⌘3 Injection e�ciency into ULL 54 %
⌘2 Injection e�ciency into LLL 1.65 %
Ia(t) Active cavity drive current 0.75 A
Ip(t) Passive cavity drive current 0 A, 1.39 A, and 2.05 A
La Active cavity length 1.5 mm
Lg Air gap length 13 µm
Lp Passive cavity length 1.582 mm
M Number of periods in active cav-

ity
90

�sp Spontaneous emission factor 1.627 ⇥10�4

⌧3 Total carrier lifetime in ULL 5 ⇥10�12 s
⌧32 Non-radiative relaxation time

from ULL to LLL
1.76 ⇥10�10 s

⌧2 Total carrier lifetime in LLL 2.7 ⇥10�11 s
⌧sp Spontaneous emission lifetime 5 ⇥10�10 s
↵a Waveguide loss of active cavity 9 cm�1

↵e�,m E�ective mirror loss Varies
!th,m Emission frequency at thresh-

old (no optical feedback)
2.710, 2.738, 2.766, 2.794, 2.822, 2.850, 2.878 THz

Gm Gain factor for mode m, from
mode 1 to 7

1.98, 2.03, 2.07, 2.09,1.92,1.76,1.65 ⇥104 s�1

⌧ext Round-trip time of the external
laser cavity

1.136 ⇥10�8 s

Lext External cavity length 1.704 m
next Refractive index of external cav-

ity
1.00

nin E�ective refractive index of ac-
tive and passive cavity

3.61

 Feedback coupling coe�cient
in external cavity

4.8 ⇥10�3

" Re-injection loss factor 0.01
R Reflectivity of external target 0.7
↵ Henry’s linewidth enhancement

factor [61]
-0.1 Refs. [27, 62]

ma,p E�ective mass of active and pas-
sive cavity

1.39 ⇥10�8 kg and 1.47 ⇥10�8 kg

ca,p E�ective specific heat capacity
of active and passive cavity

79.6 J kg�1 K�1

Rth,a,p E�ective thermal resistance of
active and passive cavity

9.082 and 8.612 K W�1

T0 Sub mount / cold finger tem-
perature

40 K

Ta,p(t) Lattice temperature of active
region and passive cavity

Varies
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Fig. 2. Mode tunability in a CC THz QCL with La=1.5 mm, Lg = 13 µm, Lp=1.582 mm: (a)
Multimode output power Pout as a function of the passive current amplitude Ip in the CC
THz QCL, and output spectra of the CC THz QCL for three di�erent values of the passive
cavity current: (b) Ip=0 A, (c) Ip=1.39 A, and (d) Ip=2.05 A, corresponding to A, B, C,
respectively in (a).

Lang and Kobayashi feedback model [26, 27]. From Eq. (5) for Tp and the results of Fig. 2, it is
seen that the self-heating e�ect induced by the driving current Ip is a significant contributor to
lattice temperature change in the passive cavity. When the passive cavity is driven by a current
pulse, a thermal response follows, with the lattice temperature rising rapidly at first, and then
saturating at a steady state value of T0 + IpVpRth,p. As noted earlier [64] this numerically obtained
thermal response can be approximated by using two exponential functions, or for the sake of
simplicity of interpretation, with one e�ective time constant. The associated equivalent thermal
time constant depends on the cold finger temperature T0, the electrical power IpVp, the thermal
resistance Rth,p of the passive cavity to the cold finger, the mass of the passive cavity chip mp, and
the e�ective specific heat capacity cp of the passive cavity material. When the pulse duration in
the passive cavity is longer than the thermal time constant, the lattice temperature in the passive
cavity saturates, and the dominant mode of the CC THz QCL will change to the mode with
maximum net gain. In addition, the self-heating e�ect can be used in the active cavity to fine
-tune the device lasing frequency. As our simulations [refer to Fig. 3] show, the short 2 µs current
pulse applied to the active cavity changes the lattice temperature and results in a continuous red
shift of the dominant mode, and not mode hopping.

Combining self-heating e�ects in both cavities thus allows a selection of the dominant lasing
mode (for wide-band coverage) in combination with continuous frequency tuning at each mode.
This enables a CC THz QCL to e�ectively probe the external target at a series of THz frequency
bands — resulting in a series of SM signals — so as to interrogate the response of the target under
test at multiple frequency bands corresponding to the unique spectral signature of the target.
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Fig. 3. Self-mixing response at three di�erent frequency bands generated by LFI with thermal
modulation in a coupled-cavity THz QCL: (a) the active cavity driving current Ia and passive
cavity driving current Ip; (b) the time varying lattice temperature in the passive and active
cavity Tp and Ta; (c) the emission frequency of active cavity of the CC THz QCL ⌫, where
three continuous frequency red shifts are shown in three insets, respectively; (d) the output
power of each emission mode Pout. The inserts show the fine power features at the peak of
each dominant mode, where blue, green, and orange solid curves indicate the output power
of mode 4, 3, and 2 under optical feedback (target reflectivity R = 0.7) respectively. The grey
lines in each insert denotes output power of the dominant mode without optical feedback;
(e) the SM signal PSMI, i.e. the di�erence between the blue, green, and orange and their
respective grey traces in (d). The grey region in (e) denotes the time period illustrated in
each inserts.
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Based on the mode tuning results shown in Fig. 2, the passive cavity currents of 0 A, 1.39 A,
and 2.05 A were chosen, to obtain the dominant modes M4, M3, and M2 respectively (2.794,
2.766, and 2.738 THz respectively) whilst maintaining the passive cavity in non-lasing conditions.
The pulse durations for the passive cavity are all 50 µs in order to reach the steady state lattice
temperature change �Tp, while the active cavity was driven by three pulses of amplitude 0.75 A
and duration 2 µs, as shown in Fig. 3(a). The two drive currents applied to the coupled cavities are
synchronized so that both pulses attain the OFF state simultaneously. This ensures that the narrow
active cavity pulses are applied when the lattice temperature is steady in the passive cavity.

The passive cavity current is modulated with low duty cycle of 10 % in order to mitigate the
e�ects of thermal cross-talk between the two cavities. The duration of the pulses, their respective
duty cycles and the relative timings are adjusted so that the thermal crosstalk is not a�ecting
the operation of the device. The cold finger temperature T0 is fixed at 40 K in this work. The
temporal evolution of the lattice temperature in the passive cavity and active cavity are shown in
Fig. 3(b). The resulting mode hopping as well as continuous changes in the emission frequency at
each mode are shown in Fig. 3(c). Continuous frequency tuning of 245 MHz is observed for each
of the dominant modes (M4, M3, and M2), which is induced by the lattice temperature variation
in the active cavity of 4.9 K (self-heating e�ect) when it is switched ON by the drive current.

Figure 3(d) shows the e�ects of optical feedback on the laser output power; variation in the
output power is the source of the SM interferometric signal. The output power with optical
feedback for M4, M3, and M2 are shown in Fig. 3(d) by blue, green, and orange lines, respectively.
The output power without optical feedback is shown by grey solid lines for reference. The
SM signals (the AC component of the power envelope with feedback), at three di�erent THz
frequencies spaced by 28 GHz are shown in Fig. 3(e) by blue, green, and orange lines, respectively,
and are the di�erence between the blue, green, orange and their respective grey traces in Fig. 3(d).

The eigenmode frequencies and mode spacing frequency can be designed by means of the
CC THz QCL parameters [45] in order to align with the target spectral features of interest. The
results suggest that the SM signals at various frequency bands may be obtained simultaneously
by using self-heating e�ects in both cavities, thereby enabling THz sensing or imaging over a
wide spectral range so that unique spectral features of a target under test at multiple frequency
ranges can be obtained simultaneously. Experimentally, the SM signal can be acquired not only
from the power variations, but also from the more conveniently measured accompanying changes
in the laser compliance voltage [65].

4. Conclusion

In conclusion, we established multi-mode RREs for a CC THz QCL subject to optical feedback,
and thermal model for the coupled-cavities. We analyzed mode hopping and continuous frequency
tuning in CC THz QCLs via self-heating induced by separate drive pulses applied to the passive
and active cavities. We demonstrated in model the feasibility of LFI at various THz frequency
bands using a single device. The results are of primary interest for the development of multi-
spectral LFI sensing and imaging with pulse-driven tunable THz QCLs. The model proposed
here forms a basis for future ultra-high-speed THz multispectral imaging systems and sensors
for material identification and detection. In addition, the model presented in this work provides
numerical platform for prediction and exploration of lasing and thermal dynamics in multi-mode
QCLs under optical feedback.
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