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DIOPHANTINE APPROXIMATION FOR PRODUCTS OF LINEAR MAPS
— LOGARITHMIC IMPROVEMENTS

ALEXANDER GORODNIK AND PANKAJ VISHE

ABSTRACT. This paper is devoted to the study of a problem of Cassels in multiplicative
Diophantine approximation which involves minimising values of a product of affine linear
forms computed at integral points. It was previously known that values of this product
become arbitrary close to zero, and we establish that, in fact, they approximate zero with
an explicit rate. Our approach is based on investigating quantitative density of orbits of
higher-rank abelian groups.

1. INTRODUCTION

Let (u) denote the distance of the real number u to the nearest integer. The sequence
(qu) with ¢ € N reflects how well u is approximated by rational numbers. In particular, it is
well-known that for every @) > 1 one can find ¢ < @ such that (qu) < 1/@Q, but there is a large
set of numbers u satisfying (qu) > c(u)/q for all ¢’s with some ¢(u) > 0. The long-standing
Littlewood conjecture concerns simultaneous approximation of a pair of real numbers u,v € R.
It asserts that

(1) liminf g (qu) (qu) =0

holds for all u,v € R. This paper deals with the inhomogeneous version of this problem,
namely, whether the following relation
(2) lim inf [q] {qu — ) (qu — ) = 0
lg|—o0

holds for u, v, a, f € R. In this setting Cassels asked (see [4, p. 307]) whether there exists a pair
(u,v) for which the property holds for all real numbers «, 3. This question was answered
affirmatively by Shapira [I6] who showed that this is true for almost all pairs (u,v). He also
gave an explicit example of a family of algebraic numbers (u,v) satisfying this property, and
showed that it fails if u and v are rationally dependent.

It is natural to ask for which pairs (u,v) does the condition hold and/or admit quan-

titative improvements. It follows from the results of Gallagher [§] that for almost every
(u,v) € R?,

(3) liminf (log ¢)%q (qu) {qv) = 0.
q—00

Peck [14] showed if 1,u, v form a basis of a real cubic field, then

(4) liminf (log ¢)q {qu) (qv) < oo,
q—0

Pollington and Velani [I5] proved that holds with an additional log g factor for a large set
of pairs (u,v), and Badziahin and Velani [2] conjectured that holds for all real numbers u
and v.

Unlike in the homogeneous setting, literature on quantitative results in the inhomogeneous

setting has been lacking. An old argument of Cassels readily implies that for almost all
(u,v,a, B) € R4,

lin_l)inf(log q)2q (qu —a)(qv—B) =0
q o0
1
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(see, for instance, [10, Theorem 3.3]). The case with o = 0 was investigated by Haynes, Jensen
and Kristensen in [II]. They proved that for all badly aproximable u, and v contained in a
set of badly approximable numbers of full Hausdorff dimension depending on u,

lin_l)inf(log Q)" q(qu) (qu— B) =0  with any € > 0
q—>00

holds for all 8. Setting o = 0 allowed in [II] to use tools developed in [I5], but it seems
unlikely that this approach could be applied when « is non-zero.

Apart from these results, no other quantitative improvements of the inhomogeneous prop-
erty are known to us. The aim of this paper is to establish the first quantitative improve-
ment of with arbitrary «, 8. In contrast with the existing analytical methods, dynamical
ideas employed in this paper enable us to successfully deal with general «, 3 at a cost of a
weaker logarithmic saving. The following theorem is a quantitative refinement of one of the
main results from [16].

Theorem 1. There exists § > 0 such that for almost all (u,v) € R?,

lim inf (logs) |g])°lg| {qu — ) (qu — B) = 0

lg|—o0

holds for all o, B € R. Here log ) denotes the s-th iterate of the function x max(1,log|zl).

We note that our method, in principle, could also allow establishing this result for spe-
cific pairs (u,v) provided that corresponding orbits satisfy a certain quantitative recurrence
property.

In a subsequent paper [9], we also extend Theorem (1| to the p-adic setting motivated by the
p-adic version of the Littlewood conjecture proposed by de Mathan and Teulié [6].

The setting of Theorem [I] can be considered as a particular case of a general problem of
multiplicative Diophantine approximation for affine lattices (also called grids) in the Euclidean
space R%. A grid in R? is a subset of the form

Zxy+ -+ Zxg+w,

where x1,...,24 € R? are linearly independent and w € R? To formulate this problem
explicitly, we set N(v) := vivs - - -vg for a vector v = *(vy,...,v4) in R%

Definition 1.1. Let A be a grid in R? and h : Rt — [1,00) a function such that h(z) — oo
as & — 00.

(i) We say that A is multiplicatively approzimable if 0 is a non-trivial accumulation point
of a sequence N (vy,) with v, € A.

(ii) We say that A is h-multiplicatively approximable if there exists a sequence v, € A such
that v, — oo and 0 < |N(v,)| < h(||vn|) ™%, where || - || denotes the max norm.

We note that this notion is related to property in the following way. For u,v,a, 5 € R,
we consider the grid

(5) A(u,v,a,ﬁ) = {t(x,xu—y—a,xv—z—ﬁ) P LY,z € Z}

It is easy to check that if the grid A(u,v,«,3) is multiplicatively approximable, then
holds. Moreover, assuming that the function A is non-decreasing, if the grid A(u,v,a, ) is
h-multiplicatively approximable, then

lf[ffii?of h(laD)lgl (qu — ) (qv — B) < 1.

It was also proved in [I6] that for almost every lattice A in R?, the grid A + v is multi-
plicatively approximable for all v € R?. Here we establish a quantitative refinement of this
result.

Theorem 2. There exists § > 0 such that for almost every lattice A in R with d > 3, every
grid A 4+ w, w € RY, is h-multiplicatively approzimable with h(x) = (log(s) x)°.
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We note that this theorem fails for d = 2 (see [5]).

The paper is organised as follows. In the following section we set up required notation and
give a dynamical reformulation of the problem, which reduces our investigation to the study
of a quantitative recurrence property for orbits of a higher-rank abelian group A acting on
the space of grids in the Euclidean space. However, it is not easy to establish this recurrence
property directly, so in Section 3, we first investigate quantitative recurrence in a smaller space
— the space of lattices. In particular, it would be crucial in the proof to establish recurrence
to neighbourhoods of lattices with compact A-orbits. In Section 4, we discuss properties of
compact orbits and relevant density results. Finally, in Section 5 we give a proof of the main
theorems by performing local analysis in a neighbourhood of a grid whose corresponding lattice
has compact A-orbit.

1.1. Acknowledgements. The authors would like to thank S. Velani for suggesting the prob-
lem and for his encouragement during the work on the project. The first author was supported
by ERC grant 239606, and the second author was supported by EPSRC programme grant
EP/J018260/1.

2. PRELIMINARIES

In this section we introduce some basic notation regarding dynamics on the space of grids
in R% and give a dynamical reformulation of the above Diophantine approximation problem.
We also introduce a collection of root subgroups that provides a convenient system of local
coordinates.

2.1. Space of grids. Let G denote the group of unimodular affine transformations of R
Let us set Gg := SL(d,R) and V := R% Then G ~ V x Gy. For g € G, we write g = (v, go)
with v € V and go € Go. We also set I'g := SL(d,Z) and T := Z% x I'g. Then Iy is lattice
in Go, and T' is lattice in G. The space X := Gp/T'g can be identified with the space of
unimodular lattices in R, and the space Y := G/T" can be identified with the space of affine
unimodular lattices, which are also called unimodular grids. For x € X we denote by A,
the corresponding lattice in R¢, and for y € Y, we denote by Ay the corresponding grid. We
denote by 7 : Y — X the natural factor map. We observe that Ay, = A,y + w for some
w € V. Moreover, w can chosen to be uniformly bounded when m(y) varies over bounded
subsets of X.

2.2. Dynamical approach to the multiplicative approximability property. We show
that the multiplicative approximability property can be reformulated in terms of dynamics of
the group

A :={a = diag(a,...,aq) : a; > 0}

acting on the space Y. More specifically, we show that the grid A, is h-multiplicatively
approximable if the orbit Ay visits certain shrinking subsets W(1J,¢) of Y. Given €,9 > 0, we
introduce the following non-empty open subset of Y

W, e) :={y €Y : Jv € Ay, such that ||v|| <9 and 0 < |[N(v)| < €}.

We also denote by || - || the maximum norm on Mat(d,R), and for a subset S of Mat(d, R),
we set

S(T):={seS: |s| <T}.

Proposition 3. Let h be a non-decreasing function such that h(x) — 0o as x — co. Suppose
that for y € Y,

(WR) 3T, = 00 : A(Tp)y N W(T,, W(TH™1) # 0.
Then the grid Ay is h-multiplicatively appozimable.
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Proof. Tt follows from our assumption that there exist sequences a(™ € A(T},) and v(™ € Ay
such that
]az(n)vl(n)\ <T, for alli,
and
N (@™o™)] = IN(w™)| € (0,(T) ™).
This, in particular, implies that 0 # N(v(™) — 0, so that v(® — co. We deduce from the
first inequality that

-1
™| < (aﬁ")) T = | [[a\” ) T < T2
J#i
Hence, ||o™| < T, and since h is non-decreasing, we conclude that
0 < [N@™)| < h(lv™])~".
This proves that the grid A, is h-multiplicatively appoximable. O
Proposition [3|suggests a dynamical approach to the problem of multiplicative approximation

through analysing property (WR) — the quantitative recurrence property of A-orbits with
respect to the sets W(d0,¢) in Y.

2.3. Root subgroups. The crucial ingredient in understanding dynamics of the A-action on
the spaces X and Y are the root subgroups, which we now introduce. The adjoint action of A
on the Lie algebra of G is diagonalisable, and we denote by ®(G) the set of roots of A which is
the set of non-trivial eigencharacters of A appearing in this action. For each a € ®(G), there
is a one-parameter root subgroup U, = {uq(t) hier C G such that

aua(t)a ! = ug(a(a)t) fora e AandteR.
More explicitly, the set of roots consists of
a;j(a) = aiaj_l for 1 <i#j<dand fi(a)=a; for 1 <i<d.
The corresponding root subgroups are the groups of affine transformations defined by
wi;(t)u = u + tuje; and v;(H)u = u +te;  for u € RY,
where ey, ..., ey denotes the standard basis of R?. We denote the set of roots of the first type

by ®(Go) and the set of roots of the second type by ®(V). With a suitable ordering, the
product maps

Ax [ R=Go: (ata:ac@Go)—=al| [ walta)],

a€®(Go) a€®(Go)
I[I RoV: (ta:ac®Go)— [ walta)
acd(V) acd(V)

and

A X H R—>G: (a,ty:a € P(G))— H uq(ta) | @ H Ua(ta)

acd(G) acd(V) a€d(Go)
are diffeomorphisms in neighbourhoods of the origins. We set

Ugy(e) i={acA: la—e| <e}- ] {ualta):ltal <c},
aE‘I?‘(Go)

(6) Uy(e) = [ {ualta) :Ital <e},
acd(V)
Ua(e) == Uy (e)Ug, (e).
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Then Ug, (g), Uy (), and U (e) define neighbourhoods of identity in the groups Gp, V', and G
respectively. We also consider the neighbourhoods of identity

Oco(e) :=={g € Go: |lg —ell <e},
(7) Ov(e) ={veV: |v| <e},
Oc(e) :=={(v,9) € G: o] <&, [lg —ell <e}.
It is easy to check that there exists ¢y > 0 such that for every € € (0,1),
(8) U, (e) C Og,y(coe), Uy(e) COvy(coe), Ua(e) C Oglcoe).

While establishing quantitative recurrence of A-orbits to the sets W(¥, ¢) is the crux of the
proof of our main results, it turns out that analogous recurrence property is easy to verify for
orbits of the root subgroups. In fact, as an intermediate step in the proof, we will have to
establish recurrence to smaller sets which are defined as

W(V,e1,e2) :={y € Y : Jv € Ay such that |[v]| < ¥ and e < |[N(v)| < 2}
for 9 >0 and 0 < g1 < e3.

Lemma 4. Let a € ®(G). For every e1,e9 € (0,1), e1 < g2, and y € Y, there exist positive
¥ = Ory(1), positive t4 = Or(y) (1), and negative t— = Oy, (1) such that

ua(ty)y € W(9,e1,e2) and un(t-)y € W(9,e1,£2).

Proof. We first note that the grid A, can be written as Ay = A,y + w, where w belongs to
a fixed fundamental domain for the lattice Ar(,). In particular, ||w|| = O, (1).

Let us show that v;(t)y € W(¥,e1,e2) for some positive ¥ = Oy, (1) and some positive
t = Ogr(y)(1). Using that [[w|| = O, (1) and adding a suitable vector from the lattice Ay,
one can show that there exists a vector z € Ay = w + Ay, such that

2] = Ony(1), 2 <0, |z >1 forallk.

Indeed, since A, is a lattice, there exists s € Ay, satisfying s; < 0 and s # 0 for all k.
Then we can choose z of the form z = w + ¢s with a suitable £ € N. We have to choose ¢ so
that the inequalities
g1 < |N(Ul(t)z)‘ < €9
hold. Since N (v;(t)z) = N(z)+tN;(z) where N;(z) := [, ; 2, these inequalities are equivalent
to
51|Ni(z)]_1 < |Zz + t| < €2|Ni(z)|_1.

Hence, we can take t from the interval (e1|N;(2)|™! — 2,2/ N;(2)|~! — 2;). Due to our choice
of z, we have t > 0 and t = O, (1). Also, [|vi(t)z|| = Oxr(y)(1). Hence, it follows that
vi(t)y € W(¥,e1,e2) with some ¥ = O, (1) as required. Similarly, one can also show that
there exists negative ¢ satisfying v;(t)y € W(9,¢e1, €2).

The proof that u;(t)y € W(¥,e1,e2) for some positive ¥ = O, (1) and some positive
t = Op(y(1) follows similar lines. Since |[w|| = O, (1), we can add to w a vector from the
lattice Ay ;) to show existence of z € Ay = w + A, satisfying

2l = Ox)(1),  2>0, 2;<0, |z >1 forallk.
Since N (ui;(t)z) = N(z) 4 tz; Ni(2), the inequalities
e1 < |N(ui(t)z)| < e2
are equivalent to
N gl < iz ] < ol N ()]l

so that we can take t from the interval (e1|N;(z)| 72|71 — ZiZ;1,82‘Ni(Z)|_1|Zj|_1 — 227 ).

j
Then t > 0 and t = Or(,)(1). Also, it is clear that [u;;(t)z]| = Or(,(1). Hence, it follows that

uij(t)y € W(J,¢e1,e2) with some ¥ = Or(,)(1). The argument with negative ¢ is similar. [
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3. QUANTITATIVE RECURRENCE ESTIMATES

Quantitative recurrence plays an important role in the theory of Diophantine approximation.
In particular, this connection was realised in Sullivan’s work [17] and its subsequent general-
ization [12] by Kleinbock and Margulis. While these papers deal with recurrence to shrinking
cuspidal neighbourhoods, we have to investigate visits of A-orbits to shrinking neighbourhoods
of specific points inside the space X. The idea of our approach, which uses exponential mixing,
is similar to [12], but it will be essential to establish recurrence to neighbourhoods of partic-
ular shape with respect to the root coordinate system introduced in Section Namely, we
consider neighbourhoods of z € X defined by U.(x) := Ug, (), where Ug,(e) is defined in
(6), and U (z) := U, (e)x, where

U () ={acA: Jla—e| <2} [] {ualta):[tal <e}.
a€®(Go)

The main goal of this section is to prove the following proposition.

Proposition 5. Let xg € X, and a; be a non-trivial one-parameter subgroup of A. Then there
exists a constant 8 > 0, such that for almost every x € X and every T > Ty(z),

arx € Up—s(20)\Uz—5 5(x0)  for some t € [0,T].

We denote by p the normalised invariant measure on the space X and consider a family of
averaging operators

ATZL( )—>L2 f|—> /fata:

We begin by proving an L?-estimate for the operators Ar-.

Lemma 6. For every T > 1 and f € C*(X),

< T7Y25(f),
2

HATU) - [ tau

where S(f) denotes a suitable Sobolev norm.

Proof. We recall the exponential mixing property (see, for instance, [12, 3.5]): there exists
a > 0 such that for every fi, fo € C°(X),

O [ nn@dio = ([ fan) ([ pad) o (smsi).

This property will be used to establish the required L?-bound. Without loss of generality, we
can assume that | x Jdp=0. Then using @, we deduce that

| Az ()3 = T2 /

(t,s)€[0,T)?

_ 7 /MW / f(ar-s) F(@)du(x) dt ds

<T- <// eolt= s'dtds)

< T7S(f

/ f(awx) f(asz) du(x) dt ds
X

which completes the proof. O

We are now ready to apply a standard Borel-Cantelli type argument to prove Proposition

Bl
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Proof of Proposition[5. Let 8 € (0,1), to be specified later, and
Qr:={z € X : atx ¢ Up-5/9s (wo)\l/{;_ﬂm(mo) forall 0 <t <T}.

It is obvious from the definition that the neighbourhoods Ug,(¢) and Ug (¢) are e-boxes
with respect to a suitable smooth coordinate system, so that we can choose a non-negative
compactly supported function fr such that

supp(fr) C Up—s j28 (20)\Up—5 5 (20), /X frap=1,  S(fr) <T%

with some fixed ¢ > 0, determined by the Sobolev norm. We observe that for x € Qrp,

Ar(fr)(x) =0, so that
),

On the other hand, by Lemma [6]

2 2

|, Arton) = [ ndn < (TS (fr))? < T
Qr X 9

We pick g € (0,1) sufficiently small to make the last exponent negative. Then the above
estimates imply that

2
dp = Q7).

Aﬂm—Ahw

dp < HAT(fT) — /XdeM

|Qr| < T€
with some € > 0. Hence, it follows from the Borel-Cantelli lemma that the limsup of the sets

Qyr has measure zero. This means that for almost every x € X, we have x ¢ Qg for all
k > ko(z), i.e., for all sufficiently large k, there exists ¢ € [0, 2¥] such that

@I € Z/{2—kﬁ/2ﬁ ((L‘())\Z/{;_k[;ﬂ(xo).

Finally, given general T > 1, we choose k so that 2F < T < 2¥+1 Then [0, 2] C [0, T]. Hence,
for all sufficiently large T, there exists ¢ € [0, T] such that

arr € Up—1p /98 (150)\1/{511@6/2(900) C UTfﬁ(fUO)\u:)FfB/z(l’O)'
This completes the proof. O

Proposition [5| is sufficient for the proof of Theorem [2| but for the proof of Theorem [1| we
need a more refined recurrence property. We consider the one-parameter subgroup

ar := diag(e (U et e,
and denote by U the expanding horospherical subgroup of Gg for a; defined by
(10) U:={g9€Go: a;'ga; = east— oc}.

We note that U ~ R4 and the group U is generated by the root subgroups Usy1, ..., U . We
prove a recurrence result for orbits starting from points in Uz C X.

Proposition 7. Let zg,x € X. Then there exists a constant 5 > 0, such that for almost every
u € U and every T > Ty(u),

aux € Z/Ing(:):o)\Z/{r;_ﬁ/z(:Uo) for some t € [0,T].

Proof. We note that it will be sufficient to prove Proposition [7] for almost all u contained an
open neighbourhood Uy of identity in U. Our first goal is to prove an analogue of Lemma [f
for averages along Upz.

We introduce a complementary to U subgroup

W :={g € Gy : atga; " is bounded as t — co}.

The product map W x U — Gq is a diffeomorphism in a neighbourhood of identity. We
fix a right-invariant Riemannian metric on Gy which also defines a metric on X = Gg/T.
Let W, denote the open o-neighbourhood of identity in W. We assume that ¢ and Uy are
sufficiently small, so that the product map W, x Uy — Gy is a diffeomorphism onto its image,
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and the projection map g — gz, g € W,Uy, is one-to-one. Let X, := W,Uyx C X. We
note that the invariant measure on W,Uy C Gy is the image under the product map of a left
invariant measure on W, and a right invariant measure on Uy. After suitable normalisation,
this measure projects to the measure p on X,. This implies that for every f € C°(X),

) |Ar(wu) - [ fan - HATm— | ran

X

L2(Wg><U0) LQ(XU)
< T7Y25(f),
L2(X)

< HATU)/deu

where in the last estimate we used Lemma [6
We observe that for every wux € W,Upx and every t > 0,

d(aywuz, azux) < d(a;wa; ™, e) < o.
Hence, it follows from the Sobolev embedding theorem that for a suitable Sobolev norm S,
|[flarwuz) — flauz)| < oS(f), feCX(X).
This also implies that |A7(f)(wux) — Ar(f)(uz)| < oS(f), and
(12) 1AL (f)(wuz) — Ar(£)(uz)| 2w, gy < oIWol2S(f).
Combining and , we deduce that

HATuvmm>—/gfdu < (T2 4 oW, |Y2)S(f).

L2(W, xU))

Hence,

= ‘Wa‘_l/z
L2(Uo)

w%mwm—éfw

J%WW@—Afw

< (Wol 727712 1+ 0)S(f)
< (O'_ dim(W)/QT—1/2 + O')S(f),
and taking o = 7'~ for sufficiently small ¢ > 0, we conclude that for all 7' > 1 and f € C°(X),

' Ar(f)(uz) - [ fau
with some o > 0.

X
Finally, we note that the last estimate is a complete analogue of Lemma [f] for averages
along Upz. Now we can apply exactly the same argument as in the proof of Proposition [5| to
conclude that almost every u € Uy satisfies the claim of the proposition. O

L2(W, xU))

< T7*S(f)
L2(Uo)

4. COMPACT A-ORBITS

Our argument is based on studying the distribution of A-orbits of points in a neighbourhood
of a point with compact A-orbit. This idea goes back to the papers of Furstenberg [7] and
Berend [3], and in the context of Cartan actions it was developed by Lindenstrauss, Weiss [13]
and Shapira [16]. It would be sufficient for our purposes to know that there exists zp € X
with a compact A-orbit. In fact, it is known that every order in a totally real number field
gives rise to a compact A-orbit (see, for instance, [I3], Sec.6] for details).

From now on we fix 29 € X such that Az is compact. Let B := Stab4(x¢). It is a discrete
cocompact subgroup of A. The group B acts on the fiber 7—!(zo) which can be naturally
identified with the torus R?/A,,, where A, denotes the lattice corresponding to zo. Every
y € m Y(xg) corresponds to a grid A, = A, + v with v € V. We say that yer—!(zo) is
g-rational if qu € A,,. We note that B preserves the set of g-rational elements which has
cardinality ¢?. Hence, if y € m~!(xg) is g-rational, then the subgroup B; := Stab(y) has
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finite index in B, namely |B : B;| < ¢%. In particular, this implies the following approximation
property.

Lemma 8. There exists ¢ > 0 such that for every a € A, one can choose b € By satisfying

lab™!|| < exp(cq?).

Proof. We fix a generating set b1,...,b5_1 of B. Then bLB:B” € Bj. Hence, it follows that

every a € A can be written as a = bg (Hf:_ll bfi> b where by is in a fixed compact fundamental

domain of B in A, 0 < ¢; < |B: Bi|, and b € By. This implies the lemma. O

Our argument involves study of dynamics of the action for the groups B and Bj in a
neighbourhood of the fiber m=!(z). The crucial part will be played by two quantitative
density results that we now state. The first result (Theorem@, which was proved by Z. Wang
[18], establishes quantitative density in the fibers, and the second result (Proposition ,
which is deduced from Baker’s Theorem, will be used to prove density along orbits of root
subgroups.

We say that y € 77 1(xg) is Diophantine of exponent k if Ay = Az, + v and for some ¢ > 0,

(13) lq — 2| > cq 1 for every ¢ > 2 and z € A,.

The following theorem allows us to establish quantitative density in fibers 7=!(z¢) of the space
Y under a Diophantine condition.

Theorem 9 (Z. Wang [18]). There exist Qo,0 > 0 and ¢ = c(xg) > 0 such that for every
y € mYxo) and k > 1 satisfying and Q > Qo, the set B(Q¥2)y is (log(3) Q)7 -dense
in the torus ™ (zo).

We note that this result is stated in [I8] (see [18, Theorem 1.10]) for the standard torus
R9/7Z4 and balls defined by the Mahler measure, but it is straightforward to extend it to our
setting.

On the other hand, if the point y in the fiber is close to a g-rational point, we will analyse
action of the group Bj on orbits of the root subgroups and use the following proposition.

Proposition 10. Assuming d > 3, there exists n > 1 such that given o € ®(G) and a subgroup
B1 of B of index q, for every M > 1 and t > 0, there exists a € By such that

la(a) —t| < gtM ™' and log|la|| < |logt| M.

We note that 7 is precisely the exponent appearing in Baker’s estimate .
In the proof of Proposition [10| we use the following lemma.

Lemma 11. Let S be a multiplicative subgroup of R™ generated by multiplicatively independent
algebraic numbers A1 and X\o. Then there exists n > 1 such that for every M > 1 and t > 0,
there exists s = )\‘fl A2 € S satisfying
|s —t| < tM~Y and |01], |la] < |logt| ML,
Moreover, if S1 is a subgroup of S of index q < M, then there exists s = )\? )\gg € 51 satisfying
|s —t| < gtM™ and |04],|l2] < |logt| ML,
Proof. We set a; = log A1 and as = log A2. By Minkowski’s theorem, for every M > 1, there
exists (n1,n2) € Z2\{(0,0)} such that
(14) Inia; +noaz) < M~ and  |ngl, |ng| < M.

We set a := niai + neas. We note that a # 0 because A\; and A9 are assumed to be multi-
plicatively independent. It is clear that we can arrange a > 0. Let b := (MTAM. Then
-1

M
(15) Mt<b< ( + 1> a<2M™t
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It follows from Baker’s Theorem (see, for instance, [I, Ch. 3]) that there exists n > 1 such
that for all (mq,m2) € Z*\{(0,0)},

(16) |mia1 + moag| > max(|my|, |[ma|)~".

Hence, we deduce from and that (MT_IW < M" 1 so that b = f1a; + loay with
[01], [42] < M™M. Tt follows from that the set {ib : |i| < LM} forms a 2M ~!-net of the
interval [—L, L]. Hence, for every t > 0, there exists d = if1a; + il3as such that

|d —logt| < M~ and |it1|,]ils] < |logt|MTH,

This implies that |e? —t| < tM ™!, as required.

To prove the second part of the lemma, we apply the above argument to the elements \Y and
A that belong to the subgroup S;. It follows from that there exists (n1,na) € Z2\{(0,0)}
such that

In1(ga1) + n2(qas)| < gM~Y and |ny|,|ne| < M.

We set a := ni(qai) + na(gaz) and b := (%M. Then it follows from that a > qM™".
We proceed exactly as in the previous paragraph to prove the second part of the lemma. [
Proof of Proposition[10. We write xg = gol'o for some gg € Go. Then B = AN gOI‘ogo_l. It
follows that entries of elements in B are eigenvalues of matrices from I'g = SL(d,Z). Hence,
entries of elements in B are algebraic numbers. In particular, the group «(B) consists of
algebraic numbers. We apply Lemma |11 to a subgroup of this group. It was proven in [10],
Cor. 3.3] that a(B) is dense in Rt for every a € ®(G). Since B is finitely generated, this
implies that «(B) must contain two multiplicatively independent elements. Now Proposition
follows directly from Lemma O

5. PROOF OF THE MAIN THEOREMS

The proof of the main theorems will use the dynamical approach to the ‘multiplicatively
approximable’ property provided by Proposition [3| More explicitly, we will establish that for
points y in the space of grids Y, their orbits A(R)y visit the shrinking sets W (4, (logs) R)™¢),
provided that R is sufficiently large. As the first step, we use the results from Section
to deduce that the projected orbits A(R)z, with x = m(y), in the space of lattices X visit
shrinking neighbourhoods of any given point z¢ in X. We apply this observation when the
point xy has compact A-orbit. This will allow us to analyse behaviour of A-orbits locally in a
neighbourhood of the fiber 7=1(x9). The crucial step of the proof is the following proposition:

Proposition 12. Assume that d > 3. Let xg € X such that Axq is compact and x € X. We
assume that for fized v, > 0 and all sufficiently large T,

(17) Jag € A:  agl| < et and apx € Ur—p (20)\Up—5 j5(0)-

Then there exist 9,6 > 0, independent of , such that for any y € 7= (x) and all sufficiently
large R,
(18) A(R)y N W(, (log(s) R)~°) # 0.

We begin by investigating how the recurrence property in Proposition changes under

small perturbations of the base point y. It will be convenient to consider the family of neigh-
bourhoods of y in Y defined by O.(y) := O¢(g)y, where Og(e) is defined in (7).

Lemma 13. Let ¥ > 1, 0 < £ < g9(¥), eV/* < &1 < &2, and a € A(e~Y D). Then for every
yeyY,if

(19) ay € W(V,e1,e2),

then for all y' € O(y),
ay’ € W(30,2 ey, 2e9).
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Proof. Since y' € O.(y), we can write y' = hy with h € Og(e). The element h can be written
as h = (v,g) with v € V satisfying ||v]| < ¢ and g € Gp satisfying ||g — e|| < e. Then
ay’ = (aha=')ay where aha™! = (av,aga™!). We observe that for x € Mat(d, R), we have

laza™ | < [lall - [la™ (| - |l < flall®- [|]],
so that since a € A(e~1/(24) we deduce that
laga™ —e| <eV/?|lg —el| < €'/

Also flav]| < lal| [[o]| < &'/2.
According to our assumption ([19)), there exists z € Aqy such that ||z]| < ¥ and &1 < N(z) <
g2. Then the vector w := (aha™')z belongs to Ay, and

w = (aga™ ')z +av =z + ((aga™) — €)z + av.

This implies that [|w| < 39, and w = z + Oy(e'/?), so that N(w) = N(z) + Oy(c'/?). Hence,
ay’ € W(39,271eq,2e9) for e € (0,e0(99)). O

Proof of Proposition[13. We write agz = gozo with go € U, (Tfﬁ)\l/léo (T—5/2). The element
go has a decomposition
go=¢ H Ua(ta),
aE‘f‘(Go)
where ¢ € A with ||c—e|| < TP, |to| < T for all a, and |ts,| > T~ /2 for some ag € ®(Go).
In particular, go = e + O(T~?). For every y € 771 (z),

(20) aopy = goyo

with some yo € 7= 1(z0). The point yo corresponds to the grid A, + go_lw with some w € V.
Since go is bounded, w can be chosen to lie in a fixed bounded subset of V', depending only on
Ag,. Although we don’t have any control over w, we may assume (after changing ) that
either

(21) |w]|>T" or w=0.

More precisely, we modify as follows. If |Jw|| < TP, then w = [Locov) talta) with
lta| < T7P. The element g := (w, gy) € G can be written as

(22) g = H Uoz(ta) & H ua(ta) s

aed(V) a€®(Go)
and we obtain from that

(23) a0y = 9o,
where the point y):= (—gy 'w, €)yo corresponds to the grid A,,. On the other hand, if ||w]|| >
T8, we set g := go and Yo = Yo. We conclude that in both cases we obtain with ¢
as in , where y, corresponds to a grid A,, + ¢~ 1w with w satisfying . We note that
g=e+O(T?), and g has its Go-component equal to go.

Since behaviour of the orbit Ay depends crucially on the Diophantine properties of the
vector w with respect to the lattice A,,, the proof naturally splits into the following three

subcases:

k+1 where c(z0)

1. w is Diophantine: for every ¢ > 2 and wg € Ay, |qw —wo| > ¢(x0) ¢~
is as in Theorem [0

2. w is close to a torsion point with small period: there exist ¢ > 2 with ¢ < L and
wo € Ay, such that |quw — wo| < e(zo) g FFL.

3. w is close to a torsion point with large period: for every ¢ > 2 with ¢ < L and
wy € Auy, |qw — wo| > c(x0) ¢ *+1, but there exist ¢ € N and wy € A, such that

lqw — wo| < c(xg) g K.
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The parameters k and L appearing above will be chosen of the form k& = k(T) — oo and
L=L(T)— oo as T — oo, and they will be specified in the course of the proof.

Now we investigate each of these cases separately:

Case 1: w is Diophantine. It follows from Theorem [J that for sufficiently large @, the set
B(Q*?)w is (log(3) Q) ~7-dense in V/A,,. We observe that g 'w = w+ O(T7P). Let us
assume that QF2 < 76/2 (in fact, later in the proof we will have to impose a much stronger
restriction). Then the set B(Q*T2)g~ 1w is 2(log(3) Q) ~7-dense in V/Ay,, when @ is sufficiently
large. We observe that for a € B = Stab 4(zo),

aly, = Agyo = a(Agy + g_lw) = Ay + ag_lw.

Hence, the set B(Q*2)A,, is also 2(log(3) Q)" ?-dense in V. In particular, this implies that
there exist a € B(Q"2) and 2 € A4y, such that
(log(sy @) ™7 < z; < 5(log(3 Q)7 for every i.
These inequalities imply that
Izl <1 and  (logs @) % < N(z) < 5%(log(s @)%,
so that
(24) ayo € W(1, (log(3 Q) ™%, 5%(log(3 Q) %)

assuming @ is sufficiently large.

Next we claim that an analogous inclusion holds for the point agyy as well. Since gyy €
O,, 7-5(yo) for some fixed ¢y > 0 (see (8)) and a € B(Q¥+?), we will be able to deduce this
from Lemma [13| provided that () is not too large. Taking this into account, we choose ) so
that Q%2 = (¢oT?)'/(?9). We note that if k = o(logT) as T — oo, then Q — co as T — oo
and holds assuming T is sufficiently large. Then Lemma implies that if T is sufficiently
large,

aagy = agyo € W(3,27 ! (log(z Q)~%,2 - 5%(log(3 Q) ™).

Since QFt2 = (¢o TP)1/ (24,
aag € B(QF2)A(e’T) c A(eW DT,
Hence, taking R = e 17 we deduce that for all sufficiently large R,

(25) A(R)y N W(3, f(R)™9) # 0,
where
B
—L _ /oo R 2dx+2)
F(R):= (2 5%) 71/ @) Jog o) <c§d<k+2> <V0g+1> ! ) > log (1og(3)R—1ogk).

In order for to give a non-trivial estimate, we have to choose k such that
(26) logk =log3) R — s(R)  with s(R) — oo.

We note that this choice of k, in particular, implies that k = o(logT"), which we have used
above. Finally, we deduce from that for all sufficiently large R,

(27) A(R)y N W(3,0((log s(R)) ™)) # 0.

Case 2: w is close to a torsion point with small period. We start by modifying equation .
We observe that

acd(V) a€®(Go)
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where t!, = a(c)"'t, = O(T~?). Replacing ag by apc™!, we may assume without loss of
generality that holds with ¢ = e. We denote by y( the element of ¥ that corresponds to
the grid Ay, + ¢~ 'wg. Then

(28) apy = gyy = hyj  where h := (w — ¢ 'gwg,e)g € G.

We observe that

1 1

lw — ¢ gwol| < [[w — ¢ wol| + [lg wo — ¢ gwo|| < max(T7,¢7%).

We decompose h into a product with respect to root subgroups:

(29) h= ][] ualta),

acd®(Q)

where |t,| < max(T 7, ¢~*) for all roots a. We recall that k is chosen so that k = o(logT)
(see Case 1), Hence, it follows that |t,| < 27% for all roots a, when T is sufficiently large.
Let By := Staba(yj). Since By is precisely the stabiliser in B of the g-rational point ¢~ wy in
V/A.,, it follows that |B : B;| < ¢%. We observe that for b € By, we have

(30) bhyy = (bhb" Ny = | [ wala®)ta) | o6

a€®(Q)
Our argument is based on picking suitable elements b € B; which contract some of the
coordinates t,. This will allow to reduce the complexity of the product in . A useful tool
for achieving this is the following elementary lemma.

Lemma 14. Let vy, ..., vs be a collection of vectors in a vector space V' such that for all i # j,
v; and v; are linearly independent. Assume that there exists L € V* such that L(v;) > 0 for
all i. Then there ewists v; such that

e for some Sy € V*, Si(v;) > 0 and Si(v;) < 0 with i # j,

o for some Sy € V*, Sa(vj) =0 and Sz(v;) < 0 with i # j.

Proof. Let v; denote the positive multiple of v; such that L(7;) = 1. We denote by C the
closed convex hull of the points v;. Let ¥; be an extreme point of C. Then there exists a
hyperplane H in L = 1 which separates v; and v;, @ # j. It is sufficient to pick S1 € V* such
that {S; = 0}N{L = 1} = H with a suitable sign. The proof of the second part is similar. [

We note that conjugating by elements from Bj, one can only achieve precision Oa") (cf.
Lemma, but the coordinates ¢, are of order O(27%), so that our argument, which is presented
below, could only work provided that k& > O(g?). Since ¢ < L, it is sufficient to assume that
the parameter L = L(T) satisfies

(31) LY=o(k) asT — occ.

In view of (30)), we have to analyse the behaviour of a(b)t, @ € ®(G), with b € By. Now
we construct an explicit b € B; which contracts some of the factors in . Since B is a
lattice in A, there exists an element a € B such that a(a) # 1 for all @ € ®(G). In particular,
we have a decomposition

®(G) =0 U d®  where & :={a: aa) > 1} and &~ := {a: a(a) < 1}.

This decomposition is non-trivial because [ [, a(a) = 1. We recall that there exists ag € (Gy)

such that |t,,| > T77/2. Replacing a by a~! if necessary we may assume that g € ®+. Let us

pick the maximal exponent i such that a(a)?BP1l|t,| < 1 for all @ € ®(G) and set b := a*B:B1l,

Clearly, b € By. Also since ag(a)!PBUT=8/2 <1, it follows that i|B : B;| < logT, so that
bl < TOW.

It follows from our choice of the exponent i that there exists oy € ®(G) such that

an(a) VIR, | = an(b)ar (@) PP [ty | > 1.
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Hence,

(32) a1 (D)[ta,| > e,

On the other hand, for all @ € ®~, we have a(b)|ts| < |ta| = O(27F). We conclude that
(33) hi=bhb" = J] walsa),

ac®(G)

where |so| < 1 for all «, [sq,| > e~ and 50| < w?27F for fixed w > 0 and all a € O~
Let us introduce a parameter ¢ € (0, 1) which will be specified later (see below). Since
G has only d? roots, there exists 1 < ¢ < d? + 1 such that no coordinates |s,| are contained in
the interval ((w 2_"3)4%717 (w 2_k)<l]. We decompose the set of roots as ®(G) = & LI &3 where
®; consists of a such that |sy| > (w 2_’“)4%7 and @ consists of « such that |s,| < (w 2_’“)4271.
We note that &~ C ®5. Also, it follows from and that ay € ®1. In particular, @
is not empty. We observe that for a € ®3 and bounded g € G, we have guq,(s,) = vg where
v=e+ 0(2_&71":). Therefore, we can rearrange the terms in the product (29)), so that

(34) h1 = vihs where v; =e+ O(2™ ¢ lk and hg := H Ua(Sa)-
acdq

Now we apply Lemma[I4]to the set ®; considered as a subset of the dual A* of A. The condition
of the lemma holds because ®; C ®*. Hence, we deduce that there exist a1,as € A = (A*)*
and ay € @1 such that as(a1) > 1 and a(a;) < 1 for all @ € ®1\{az}, and as(az) =1
and a(ag) < 1 for all a € ®1\{az}. Rescaling a;, we arrange that as(a1) = |sq,| ™. Since
|Say| ™! < 25°F there exists a constant ¢; > 0 such that ||lai|| < 2¢1¢F. Moreover, ¢; depends
only on the initial choice of a;, so that it is uniform. Furthermore, we also rescale ag so that
l|laz] < 201¢°F and afaz) < 279 with some fixed 6 > 0 (depending on ¢) for all & € ®1\{as}.
Then

(35) lazas|| < flaalfaz]| < 2%1¢°F,

and

(36) 2(a102)|Sas| = 1,  afaraz)|sq| < 27 for all o € ®1\{as}.
By Lemma [8] there exists by € By such that

(37) | (araz)by | < 2.

It follows from and that

(38) 6| < 92c1¢%k ,0(q") _ 9(2c1¢"+o(1)k

We have

h 1= bohoby " = ] val(ra),

where ro = a(b)sq. By (36), and (31)), -

ITas| > e*O(qd), Iral < 970kOW@) = 9=(0—0(Wk fo1 4]l o € D \{as}.
Arguing as in , we deduce that
(39) hs = voua, (Tay) where vy = e + O(27(07oWk),

Let us assume that 74, > 0 since the other case can be treated similarly. By Lemma [4] for
every 0 < 1 < &2 < 1, there exists positive t4 = O, (1) = Og,(1) such that

(40) uaz(t+)yg € 1/\)(19751752)’

where ¥ = Op(,r)(1) = Ogy(1). By Proposition for every M > ¢%, there exists by € By
such that

(41) laa(b3) — ty [Tay| < q(ty /Ta,) M~ < ¢, 1M L
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and
(42) ]| < OUIOR(E/ran)IMTH) _ Ola®arm+)

Since in the next step we will apply Lemma |13| with a = b3, y = ua, (Ta,)yo and v’ = vy, we
have to take bg so that

(43) lbs]] < fle = vz 7/,
To arrange this (see (39)), we can take bs of size
(44) b3 < w2000/ (2d)

with sufficiently small wy > 0. Moreover, in the next step, we will apply Lemma with
a = bzba, y = hay(] and y' = v1y. Hence, we also have to arrange that

(45) Ibsball < [le — vy || 72/ 34,

For this purpose, we can choose b3 such that

(46) Ibsba | < wy2t™ H/(2d)

with sufficiently small wy > 0 (see ) We pick the parameter ¢ so that

(47) ¢ <1/(8cid).

Then in view of (38), [|b2| < 2¢ 7 1k/(4d) for sufficiently large T. Hence, if take bs of size
(48) [5]) < wp2¢ 4/,

then holds. Now let us take M such that

(49) @M < 6k with & > 0.

If ¢’ is sufficiently small, then implies that and hold, and consequently and
hold. The parameter M in can be chosen to satisfy M > (k/q%)Y/+1). Then it
follows from that

g+ /(1)

(50) ‘OzQ(bg)’l”az — t_;,_‘ < W <4,

where 0 := %. In order for this to give a non-trivial estimate, we have to require
that the parameter L is chosen so that
(51) LA+ — o(k)  as T — oo,

which is a strengthening of our previous assumption . We assume that holds. Then,
in particular, § — 0 as T — oo, and M > ¢? for sufficiently large T, which was required for

to hold.

Now in we choose €1 = ¢10 and g9 = c90 with some 0 < ¢; < c¢9. Then since
Uay (t4)yy € W(V,€1,€2), there exists z € Ay such that

(52) lua, (t4)z]| < ¥ and €10 < [N (uay,(t4)z)] < cab.
It follows from that
Uay (2(b3) Ty )2 = Uay (t4)z + O(09).

Hence, we conclude that the vector uq,(ag(bs)ra,)z also satisfies bounds of the form
(provided that the constants ¢; and ¢y are sufficiently large), Namely, we deduce that

|tay (aa(b3)ray) 2] < 20
if T is sufficiently large, and
) 0 < |N(uay(ao(bs)ray)z)| < ch0
for some ¢}, ¢}, > 0. Thus it follows that
b3Uasy (Tas) Yo = Uas (2(b3)Tas)ys € W(209,¢1 0,¢56).
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Since holds, we can apply Lemma [13| with a = b3 and y = uq,(ra,)y( to deduce that
bsbahayy = b3hayy = b3vatia, (Tay )yl € W(60,271¢, 0,26, 6)
for sufficiently large T'. Since holds, we can apply again Lemma [13| with a = bsby and
y = hay to conclude that
(bsba)bhyy = (bsbo)hyyl = (bsbe)vihoyy € W(189,471¢, 0,4c, 0)

for sufficiently large T'. Finally, combining this with , we deduce that for a := agbsbab, we
have
ay = (baba)bhyl € W(180,471¢} 0,4c% 0).
We note that .
lall < flaoll [baba|| b < " 24 /D TOW < l+UT

for sufficiently large T'. This proves that

k1/(n+1)

d(n+2)/(n+1)
(53) ATy nw (1819, 4c’2L )

for sufficiently large T'.

Case 3: w is close to a torsion point with large period. We consider the set
Doy (b, L) := {2 € V/Auy ¢ ||z — wol| < ¢ * for some wy € ¢~ Ay, and ¢ > L}.

Let diam*(.S) denote the supremum of diameters of the connected components of the set S.
We observe that

(54) diam*(Dy, (k, L)) < Z Z 2+ < qufk < L[4k,
g>Lwoeq—1Ag ¢>L

We recall that by either w = 0 or ||w|| > T~?. Hence, according to our assumption in
Case 3, we must have |Jw|| > T~#. Without loss of generality, let us assume that |w;| > T~7.
We consider the one-parameter subgroup a(t) := diag(e!,e~%,1,...,1) of A. We observe that

la(t)w — a(0)w]| = (¢" = )un| = (¢ = 1)T .

Hence,

(55) diam(a([0,log(1 + T~#))w) > T~2°,
We choose the parameter L so that

(56) Ltk <28

with sufficiently small w > 0. Then comparing and , we deduce that there exists a(t)
with [|a(t) — e|| < T~7 such that a(t)w ¢ D, (k, L). We replace by

a(t)aoy = a(t)gy
where the point y{, corresponds to the grid A,, + (a(t)g) 'a(t)w. Hence, if we replace ag by
a(t)ag and g by a(t)g, we obtain with w satisfying either the condition of Case 1 or the

condition of Case 2. Hence, we can reduce the proof to the situations considered in Cases 1
or 2. This reduction is possible provided that holds, so that we can choose

(57) L < T28/(k=d=1)
Then becomes

2Bd(n+2)
T +D(k—d—1)

E/(n+1) # 0.

(58) ATy nw [ 189,0

Finally, we complete the proof of the theorem by combining the estimates obtained in Cases
1 and 2, and optimising the parameter k = k(T"). We recall that k is required to satisfy
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with R = e *D7T 5o that k = 1;% for some p(T') — oo. Moreover, k has to satisfy . Since

we are assuming that k — oo, it follows from that holds provided that 79"/% = o(k)
with some ¢” > 28d(n + 2). Therefore, the parameter k has to be chosen so that

iz

”; logT —logk = &" p(T) — loglog T + log p(T') — —oc.

Hence, we can take p(T)) = rkloglogT for sufficiently small £ > 0. Then holds with
s(R) > log(4) R, where R = e+ )T Hence, implies that for sufficiently large R,

A(R)y N W(3,0((log(s) R)~*)) # 0.

This proves the proposition in Case 1.
Also with this choice of p(T") = kloglog T, provided that k is chosen sufficiently small, we
obtain that

T R R 26d(n + 2)

n —ad— 77 +

1 < T - 1

o8| G | S Ttk ol Ty leek
= (n+1)"'(28d(n + 2)p(T) —loglog T + log p(T))
< —cloglogT

with ¢ < (n+ 1)~!. Hence, implies that
AT )y nW(180,0((log T) ™)) # 0,
which proves the proposition in Case 2 and completes the proof of the theorem. O

Proof of Theorem[1]. We consider the family of grids
Au,v,a, B) := {{(z,2u —y —a,av — 2z — B) : 2,9,z € L}.

We note that the lattices A(u,v,0,0) with (u,v) € R? are precisely the lattices in the orbit
UZ3, where U is the expanding horospherical subgroup defined in . Hence, it follows
from Proposition [7| that for almost every (u,v) € R2? the lattice A(u,v,0,0) satisfies the
assumption of Proposition Therefore, by this proposition, the grid A(u,v,«, ) with
arbitrary «, 8 € R has property (WR) with h(7) = (logs) T)°. Thus, by Proposition [3| the
grid A(u, v, a, 8) is h-multiplicatively approximable. This implies that there exists a sequence
Vn = Yqn, @t — Ty — @, guv — 8, — B) With g, 7, sp € Z such that v, — oo, and

0< (log(5) ”UnH)6|QnH%U —Tn — allgv — sn — B < 1.

In particular, it follows that 0 # |q,||gnu — 7 — @||gnv — s — B] — 0. Since ry,, s, € Z, this
can only happen if |g,| — co. We observe that ||v,|| > |gn], so that

(1085) [9n)°|dn| {gnu — @) (gnv — B) < (logs) val)°lgnllgnt — 1 — @l lgnv — 50 — BI.

Hence, we deduce that

lim inf (log s |q])°[q] (qu — a) (qv — B) < 1,

lg|—o0

and Theorem [ follows. O

Proof of Theorem[3. The proof of Theorem [2]is similar. We note that it is sufficient to prove
the theorem for almost every unimodular lattice A because general lattices can be obtained
by rescaling. By Proposition [ almost every x € X satisfies the assumptions of Proposition
Let A denote the lattice corresponding to some x for which Proposition [12] applies. Then
combining Proposition and Proposition we deduce that for every w € R?, the grid A+w
is h-multiplicatively approximable with h(T) = (logs) T)°. This completes the proof of the
theorem. g
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