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Dynamical locality of the free
Maxwell field

Christopher J. Fewster and Benjamin Lang

Abstract. The extent to which the non-interacting and source-free Max-
well field obeys the condition of dynamical locality is determined in var-
ious formulations. Starting from contractible globally hyperbolic space-
times, we extend the classical field theory to globally hyperbolic space-
times of arbitrary topology in two ways, obtaining a ‘universal’ theory
and a ‘reduced’ theory of the classical free Maxwell field and their cor-
responding quantisations. We show that the classical and the quantised
universal theory fail local covariance and dynamical locality owing to the
possibility of having non-trivial radicals in the classical presymplectic
spaces and non-trivial centres in the quantised *-algebras. The classical
and the quantised reduced theory are both locally covariant and dynam-
ically local, thus closing a gap in the discussion of dynamical locality and
providing new examples relevant to the question of how theories should
be formulated so as to describe the same physics in all spacetimes.

1. Introduction

The purpose of this paper is to test various formulations of the free Maxwell
field, both classical and quantised, for the property of dynamical locality.
This property was introduced recently in connection with a discussion of a
foundational problem for physics in curved spacetimes: namely, to understand
how a theory should be formulated such that its physical content is preserved
across the various spacetimes on which it is defined; i.e., so that it represents
the same physics in all spacetimes (SPASs) [23]. This touches on what is
actually meant by the physical content of a theory, which is not easy to make
mathematically precise and it is conceivable there might be more than one
satisfactory notion of SPASs, or possibly none at all.

A suitable framework to address such questions is the functorial frame-
work of locally covariant quantum field theory set up in [I2]. There, a quan-
tum field theory is described as a functor between a category of curved space-
times and a category of unital (C')*-algebras. Two quantum field theories are
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equivalent if and only if there is a natural isomorphism between the func-
tors describing them. Due to the flexibility of the functorial framework, the
ideas of locally covariant quantum field theory can be easily applied to other
physical theories by a change of the target category, leading to the notion of
locally covariant (physical) theories.

In [23], the issue of SPASs was addressed as follows. Any putative notion
of SPASs can be represented by a class of locally covariant theories - those
conforming to the notion in question. One can then assert axioms for what
a good notion of SPASs should be as restrictions on such classes of theories.
In particular, suppose one has two theories F', GG, in a class T, each of which
is supposed to represent the same physics in all spacetimes according to a
common notion. If there is at least one spacetime in which the theories F' and
G coincide, then it seems natural to demand that they should coincide in all
spacetimes. This idea was implemented mathematically for the case in which
theory F' is a subtheory of G: a class of theories T is said to have the SPASs
property if and only if whenever F, G are locally covariant theories in 7" and
7 : F5G is a partial natural isomorphism (i.e., at least one of its components
is an isomorphism), then 7 is a natural isomorphism. It was pointed out in
[23] that the collection of all locally covariant quantum field theories does not
have the SPASs property, while the class of locally covariant theories which
are furthermore dynamically local does. It was also noted that one might wish
to consider other implementations of the underlying idea of SPASs, to which
we will return in Section R4

The condition of dynamical locality requires that two notions of the
local physical content of a locally covariant theory should coincide: (a) the
kinematic description provided by the functor applied to local regions con-
sidered as spacetimes in their own right, and (b) the dynamical description
which singles out the elements that are invariant under changes to the metric
in the causal complement of the region. The precise definition will be recalled
in Section o} Dynamical locality is also of interest its own right, regardless
of SPASs, because of its consequences for locally covariant theories such as
additivity, extended locality (see [43] [36] for the original notion) and a no-
go theorem concerning preferred states in locally covariant quantum field
theories [23] §6].

It is useful to summarise the current state of knowledge regarding dy-
namical locality. Klein—-Gordon theory in spacetime dimension n > 2, with
mass m and curvature coupling &, is known to be dynamically local provided
at least one of m or £ is non-zero [24] [18]. The same is known to be true for
the extended theory of Wick polynomials for m > 0 in the two cases of min-
imal and conformal coupling in dimensions n > 2 [18]; moreover, the Dirac
field in n = 4 dimensions is dynamically local for m > 0 [I7]. The massless
minimally coupled scalar field fails to be dynamically local in all dimensions
n > 2, which can be traced to the rigid gauge symmetry ¢ +— ¢+ const of the
theory; as mentioned, dynamical locality is restored if either m or £ become
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non-zero. Moreover, the free massless current is also dynamically local in di-
mensions n > 3, and also in n = 2 if we restrict to the category of connected
spacetimes [24]. The inhomogeneous minimally coupled Klein-Gordon theory
has recently been studied [22]; here, the category of spacetimes is replaced
by a category of spacetimes with sources, and one modifies the definition of
the relative Cauchy evolution and the dynamical net to take account of both
metric and source perturbations. The result is that the inhomogeneous the-
ory is dynamically local for all n > 2 and m > 0. Thus we see that the failure
of dynamical locality is lifted as soon interactions, in the form of curvature
coupling or external sources (or, mass terms) are included. Note that, while
the curvature and mass terms break the gauge symmetry, this is not the case
for the inhomogeneous theoryE| In this paper, we intend to close a gap by
including the free (i.e. non-interacting and source-free) Maxwell field in the
discussion of dynamical locality.

In fact, the formulation of the free Maxwell field and related models has
attracted some interest recently, particularly in relation to local covariance.
Results on the initial value problem and the quantisation in [16] were gen-
eralised to differential p-form fields in [40], Hadamard states were discussed
in [21, 15] and the Reeh-Schlieder property was analysed in [I3]. However,
these treatments have in common that they make some assumptions on the
topology of the underlying spacetime. Approaches which do not make such
assumptions are [I4], which treats field strengths, [42], which treats the vector
potential, and [25], which discusses the Gupta-Bleuler formalism in curved
spacetimes. A consideration of electromagnetism in the spirit of Yang-Mills
gauge theories is given in the series of papers [5] [6 4]. Moving beyond electro-
magnetism, the renormalisability of quantum Yang-Mills theories in curved
spacetimes was established in [33] and a general setting for linear quantised
gauge field theories is given in [32]. One might also mention progress in lin-
earised quantum gravity [20], which partly inspired some of the work just
discussed.

There are various reasons for this interest in free electromagnetism.
First, it is important as a model in which physical phenomena such as the
Casimir effect can be described, and as a building block in the construction of
the perturbative construction of interacting quantum field theories in curved
spacetimes [11] [34], B5]. Second, it is a theory in which the effects of a non-
trivial spacetime topology such as topological charges and their superselection
rules [44] 1] and Aharonov-Bohm like effects [42] can be discussed. Related
to this, topological effects result in a failure of electromagnetism and similar
theories to obey the axioms of locally covariant physics — as emphasised
by [42], it is locality, rather than covariance, which is lost, as the price for
incorporating observables such as those related to Gauss’ law. Finally, for our
current purposes, the known failure of dynamical locality with the massless

1There is a subtlety in [22]: not all generators of relative Cauchy evolutions correspond to
observable (gauge-invariant) fields in the m = 0 case; if one excludes such relative Cauchy
evolutions from the construction of the dynamical net, then dynamical locality fails. See
22, Remark 7.20 & §8].
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and minimally coupled free scalar field, as a result of a rigid gauge symmetry,
evidently makes electromagnetism, as a local gauge field theory, an interesting
test case for dynamical locality.

A legitimate question is whether to use a field strength tensor [14] or a
vector potential description [16] Bl [0 [ 42] of the free Maxwell field for the
task of investigating dynamical locality. Our basic approach, following [14],
will be to take the theory of the free Maxwell field on contractible curved
spacetimes, where a field strength tensor description coincides with a gauge
invariant vector potential description and leads to symplectic spaces and
simple unital (C')*-algebras, and to ask how it may be extended to curved
spacetimes with arbitrary topologies in a functorial way. This differs from
other, more global, approaches like [16, Bl [6] [4, [42] insofar as we are led to
our global theory (on non-contractible curved spacetimes) by local reasoning.
Such an extension was already achieved in [14] for the quantised free Maxwell
field in terms of the field strength tensor using Fredenhagen’s idea of the
universal algebra [26] 28| [27]. The classical and the quantum field theory
obtained in this way will be called ‘universal’; as the field strength and vector
potential formulations of electromagnetism coincide in contractible curved
spacetimes, their corresponding universal theories are also equivalent: this is
a generalisation of the “natural algebraic relation” described by [§] between
the Borchers-Uhlmann algebras for the field strength description and the
vector potential description of the quantum theory of the free Maxwell field
in Minkowski space.

The classical and the quantised universal F-theories (“F” is to indicate
the field strength tensor description) of the free Maxwell field do not obey
local covariance since degenerate pre-symplectic spaces and non-simple unital
(C)*-algebras arise whenever the second de Rham cohomology group of the
curved spacetime considered is non-trivial. However, they still satisfy the
time-slice axiom and the dynamical net can be constructed, thus allowing one
to test them for dynamical locality, which they will fail as well. It is therefore
of interest to know whether these desirable properties can be restored in
some way; moreover, it would also be closer to the original spirit of algebraic
quantum field theory [3I], [30] to work with simple unital (C')*-algebras (and
thus with nondegenerate pre-symplectic spaces in the classical case. Hence, we
will also consider ‘reduced’ theories of the free Maxwell field which quotient
out non-trivial radicals or centres of the universal free F-theories — similar
ideas have been mentioned in [42], where it is also stated that this cannot
be done in a functorial way for the vector potential description. As we will
show, the classical and the quantised reduced free F-theory are both locally
covariant (by design) and, which is not so obvious, dynamically local.

The paper is structured as follows. We begin with some preliminary
work, collecting notions of locally covariant quantum field theory in Section
[2] and recalling some exterior calculus of differential forms in Section [3] Next,
we review the classical and the quantum field theories of the free Maxwell
field, which we wish to consider, in Section [l In Section [5] we recap the
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general construction of the dyamical net. In Section [6] we will see that the
classical and the quantised universal free F-theory obtained in Section [ fail
local covariance and dynamical locality due to the topological reasons already
mentioned. This failure can be remedied, leading to the locally covariant
and dynamically local, classical and quantised reduced F-theory of the free
Maxwell field, which will be the topic of Section [7} In Section [§] we discuss
the status of dynamical locality, the categorical structure underlying some of
our constructions, and the relation of our present work to the discussions of
SPASs in [23] 24].

2. Locally covariant physics

We briefly review the functorial framework of algebraic quantum field theory
in curved spacetimes collected in [12], in which a quantum field theory is
described as a functor between a category of spacetimes and a category of
unital (C)*-algebras, and its application to other physical systems.

2.1. Spacetimes and physical systems

The category of spacetimes, Loc, has as its objects all oriented globally hyper-
bolic spacetimes M = (M, g, 0,t) of dimension 4 and signature (+,—, —, —),
where o is the orientation and t is the time-orientation. A Loc-morphism
¥ : M — N is an isometric smooth embedding which preserves the orien-
tation and the time-orientation and whose image ¥ (M) is causally convexE|
in N (preservation of the causal structure). For (algebraic) quantum field
theory, the following two categories are of importance:

e C*Alg]": Objects are unital C*-algebras; morphisms are unital *-mono-
morphisms.

e *Alg]": Objects are unital *-algebras (over C); morphisms are unital
*x-monomorphisms.

Following standard notation, we denote the set of morphisms between ob-
jects A, B of *Alg]" by *Alg]"(4, B), and similarly for the other categories
encountered.

A locally covariant quantum field theory is a functor F : Loc — C*Alg]"
or F: Loc — *Alg". This means that to each spacetime M € Loc the
theory assigns an algebra FM (in C*Alg;" or *Alg]" as appropriate) and,
importantly, to each embedding of spacetimes ¢ : M — N in Loc, the theory
assigns a morphism Fv : FM — F N in the current algebraic setting, F'y is
a faithful unital x-homomorphism. The functorial axioms specify the action of
F on identity morphisms and composite morphisms, namely, Fidys = idgps
and F(Yoyp) = Fio Fp. Note that it is important to insist on the injectivity
of the unital *-homomorphisms in order to fully implement the principle of
local covariance.

24) (M) is causally convex in N if and only if each causal smooth curve in N with endpoints
in 9 (M) is entirely contained in ¢ (M).



6 C.J. Fewster and B. Lang

Due to the flexibility of the functorial framework, we can consider other
physical situations by changing the target category. The physical systems un-
der consideration shall form the objects of a category Phys, so that a mor-
phisms of Phys represents an inclusion of one physical system as a physical
subsystem of another. The category of Phys is subjected to further conditions
[23, §3.1]: to be specific it is required that all Phys-morphisms are monic and
that Phys has equalisers, intersections, unionsﬂ and an initial object, which
represents the trivial physical theory. A functor F' : Loc — Phys is called a
locally covariant (physical) theory. We will consider just a few candidates for
Phys in this paper, namely, *Alg]" and

e pSymply: Objects are (complexified if K = C) pre-symplectic spaces,
(V,w,C), where V is a K-vector space, C' a C-involution on V' (which
is omitted or set to be the identity on V if K = R)ﬂ and w a (possibly
degenerate) skew-symmetric K-bilinear form satisfying w o (C' x C) =
~ o w; the morphisms are symplectic C-monomorphisms, i.e.,

f € pSymply (V,w,C), (V' ', C"))

is an injective K-linear map f : V — V’ such that o’ o (f x f) = w and

foC=C"of.
We will also consider modifications of the categories mentioned so far as
auxiliary structures. Locg is the full subcategory of Loc whose objects are
contractible. *Alg; is defined in the same way as its subcategory *Alg]",
but dropping the restriction of injectivity and allowing general unital *-
homomorphisms. Similarly, pSymply is defined in the same way as its sub-
category pSymply', dropping the restriction to injective morphismsﬂ Fi-
nally, Symply is the full subcategory of pSymply’, where the (complexified
if K = C) pre-symplectic form is now assumed to be weakly non-degenerate.

2.2. The relative Cauchy evolution

We call a Loc-morphism ¢ : M — N Cauchy whenever the image v (M)
contains a Cauchy surface for IN; see [23, Appx.A.1] for some properties of
Cauchy morphisms. A locally covariant theory F' : Loc — Phys is said
to obey the time-slice axiom if and only if Fp : FM — FN is a Phys-
isomorphism whenever ¢ € Loc (M, N) is Cauchy.

For locally covariant theories obeying the time-slice axiom, it is possible
to define the relative Cauchy evolution [12], which captures the dynamical
reaction of the theory to a local perturbation of the background metric; its
functional derivative with respect to the metric perturbation is closely related

3For the categorical notions of equalisers, which are also known as difference kernels,
intersections and unions see [39] or [23] Appx.B].

4 A C-involution on a complex vector space V is a complex-conjugate linear map C : V — V
satisfying C o C' = idy .

5Note that in [24], pSymply denotes the category we call pSymply' here. As non-monic
morphisms arise when considering the universal theory of the free Maxwell field, it is
necessary to indicate unambiguously whether we only allow for monics or not.
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to the stress-energy tensor of the theory, see [12] 23] [24]. The relative Cauchy
evolution can thus be regarded as the natural replacement of the action.
Let M = (M, g,0,t) € Loc. A globally hyperbolic perturbation h of M
is a compactly supported, symmetric and smooth tensor field such that the
modification M [h] := (M, g + h, 0, t;) becomes a Loc-object, where t, is the
unique choice for a time-orientation on (M, g + h) that coincides with t out-
side supp h. We write H (M) for all globally hyperbolic perturbations of M,
while H (M; K) denotes the subset of all globally hyperbolic perturbations
whose support is contained in a subset K C M. For each h € H (M), we
define open sets M* [h] := M \ J;, (supp h), which will become Loc-objects
in their own right if endowed with the structures induced by M or M [h]ﬂ
by [23, Lem.3.2(a)]. We denote these Loc-objects by M~ [h] = M|y =
(M= [h] s 9l 0l ar= ) tlar ). By [23) Lem3.2(b)], the inclusion maps

Uty MER] — M and e paen) c ME [R] — M [R]
become Cauchy morphisms, which we will denote by
v, [h] s M [h] — M and 75, [h] - M* [h] — M [B].

Now, given a locally covariant theory F' : Loc — Phys which obeys the
time-slice axiom, the relative Cauchy evolution for F' induced by h € H (M)
is the Phys-automorphism FM — F M defined by

reehy (] = F (137 [h]) o (F (sag [1])) " o F (357 (1)) o (F (g (1)) ™" (1)

3. Some preliminaries on differential forms

Differential forms allow for an elegant geometrical description of electromag-
netism, that extends to curved spacetimes and allows for a relatively easy
quantisation. For M € Loc, we denote the C*° (M, K)-module of all smooth
K-valued differential p-forms (p > 0) by Q7 (M;K). Adding the subscript
“0”, i.e. writing QF (M;K), will denote the C* (M, K)-module of all smooth
K-valued differential p-forms of compact support. By convention, Q((ﬁ (M;K)
is the trivial K-vector space.

Several operators on smooth differential forms will be of importance to
us. First, the exterior derivativ dnr Q€0) (M;K) — Q’(’(;;l (M;K) is given,
in abstract index notation, by

p+1 _
= Z (_1)Z+1 Va; Way...ai1ais1..apis w € QF (M;K),
i=1

(dmw),,

cQp41

where V denotes the Levi-Civita connection on M by convention we set

dnr : Q(_O; (M;K) — Q?o) (M;K) to be the zero map. The K-vector space of all
P

(compactly supported) smooth K-valued differential p-forms w € Q(O) (M;K)

61t does not matter whether we use M or M [h] since M~ [h] N supp h = 0.
"The subscript ‘(0)’ indicates that the map is well-defined for both with and without the
subscript.
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which are closed, that is, dpsw = 0, is denoted by Q:?O),d (M;K). We say that
w € QF (M;K) is ezact if and only if there is § € QP! (M;K) such that w =
dpr0. The K-vector spaces H§R7(c) (M;K) := Q?OM (M;K) /dMQJ(’O_)l (M;K),
called the de Rham cohomology groups (with compact supports), indicate to
what extent the closed smooth differential forms (with compact support) of
a smooth manifold fail to be exact (via compactly supported smooth differ-
ential forms) and are deeply connected to the topology of the manifold via
singular homology. By Poincaré duality [29, §V.4], we have HYp (M;K) =
(H;;i (M;K))*, where ‘«’ denotes the vector space dual.

Next, the Hodge-*-operator *ps : Qfo) (M;K) — Q‘(lo_)p (M;K) is the
C* (M,K)-module isomorphism defined by

w A *pn = I%wal...apnal'“% volpr,  w,m € QP (M;K),

with inverse x; = (—1)P(4=P)¥1xpr. The Hodge-*-operator provides a weakly
non-degenerate K-bilinear pairing [, (-)A*az () of Q7 (M;K) and Qf (M; K).

Using the exterior derivative and the Hodge-s-operator, we form the
exterior coderivative Spr = (—1)P ¥y darar : Q’()O) (M;K) — QI(’(;)l (M;K),
which is formally adjoint to dps in the sense that

/ wA*M5M77:/ dpgw A *ppm

M M

whenever w € QP (M;K) and n € QP! (M;K) such that suppw N suppn is
compact. In abstract index notation

(5Mw)a1...ap_1 = _VGowaoal w e QP (M,K)

cQp_1)

Q?o), s (M;K) will denote the K-vector space of all (compactly supported)
smooth K-valued differential p-forms w € QP (M; K) which are coclosed, that
is dpw = 0. w € O (M;K) is called coezact if and only if there is 7 €
QP+ (M;K) with w = dpgm. Closed and coclosed as well as exact and coexact
smooth differential forms are related to each other by the Hodge-*-operator.

The d’Alembertian or wave operator Upg : Ql(jo) (M;K) — QF  (M;K)

(0)
is defined by Ops := —dprdns — dpsdpg. In abstract index notation we have

p
(DMw)a1...(lp = gabvavb wal...ap + Z(_l)pgab [vtl? Vai} wba1...ai_1ai+1...ap;
i=1
w e QF (M;K),

which establishes that [y is a normally hyperbolic linear differential oper-
ator of metric type (see [3, §1.5] for a definition but note that [3] employ the
(=, 4,4+, +)-metric signature). Hence, [3] shows that Ops has a well-posed
Cauchy problem and that there are unique retarded and advanced Green’s
operators Gﬁ/adv such that supp Gg\e/;/ade C JIT/I/_ (suppw) (usage of “ad-

vanced” and “retarded” is reversed in [3]). We will make extensive use of
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the difference Gpr := G%f — G?\(}Vﬁ and collect at this point some useful
properties:

Lemma 3.1. The following hold for any p > 0: (a) The identities G prdpgw =
dmGumw and Gypdpw = dpGuw hold for all w € Qf (M;K). (b) The
kernel of Opg on QF (M;K) is trivial, while the range of Gar on Q (M;K)
coincides with the space of n € QP (M;K) such that Oprn = 0 and so that
n has spacelike compact support (which is equivalent to having compact sup-
port on Cauchy surfaces [41]). The kernel of Gar on QF (M;K) is given by
OnmQ (M;K). (¢) The identity Gaprdpdnvw = —Gardardprw holds for all
w € Qb (M;K). (d) The kernels of dpOnr and dpsOng on QF (M;K) are
Q6.4 (M;K) and Qf 5 (M;K), respectively. (e) The kernels of dnaGadn and
oM Gnrdnr on Qf (M;K) are both equal to Qf 4 (M;K) ® Qf 5 (M;K).

Proof. (a) is proved, e.g., in [40, Prop. 2.1]; (b) is standard for normally
hyperbolic operators, e.g., [3, Thm. 3.4.7]; (¢) is a special case of (b) using the
definition of Ops. For (d), we observe that dasOpra = 0 for a € QF (M;K)
implies Opsdpra = 0 and hence that dpra = 0 by (b); conversely, it is clear
that a € di (M;K) implies dpsOpra = 0. Similarly, dps0para = 0 if and
only if dpra0 = 0. Finally, if dpsGpardpgw = 0 for w € QF (M;K) then we also
have Gprdaprdprw = 0 and hence dardprw = Opga for some o € QF (M;K)
by (b); as it is clear that dpOnma = 0, (d) gives o € Qf , (M;K). By
(c), we also have Gardprdpsw = 0 and by similar arguments, dprdprw =
OB for B € Q 5 (M;K). We deduce that Oar(w + a + 3) = 0 and hence
w € Qp ; (M;K) + Qf 5 (M;K). This is actually a direct sum, because any
w € Qf 4 (M;K)NQg 5 (M;K) obeys Oprw = 0, so the intersection is trivial.
The reverse inclusion is easily shown using (c). O

4. Classical and quantum Maxwell theories

4.1. The initial value problem
For M € Loc, the free Maxwell equations for the electromagnetic field
strength tensor F' € Q2 (M;K) are

dMF =0 and (5MF =0. (2)

Given the electric field E € Q(lm (3;K) and the dualised magnetic field B €
05 4 (X;K) on a smooth spacelike Cauchy surface ¥ for M with inclusion

map ¢y : X — M, we can formulate the well-posed initial value problem [14]
Prop. 2.1]:

dyF =0, 0mF=0, —F=B and s*si5sxy F=E (3)

Borrowing terminology from [§], we will generally call this the F-description
of the free Maxwell field.

8Note that the advanced-minus-retarded Green operator is often used in the literature,
e.g., [211 24].
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As is well-known, on any M € Locg, every solution of can be ex-
pressed as F' = dpA (ie., Fyp = V, Ay — Vi A,) because Hip (M;K) = 0,
whereupon the free Maxwell equations can be re-expressed as the sin-
gle equation dprdpsA = 0 for the electromagnetic vector potential A €
Q! (M;K). Owing to gauge freedom, however, the initial value problem

OnpdprA =0, -5 A=A and *3 Ly, *1_\/11 dpyA=F,

where ¥, ts; and E as above and A € Q} (3;K) is the magnetic vector po-
tential, i.e. dg.A = B, is not well-posed. Instead, a well-posed initial value
problem is obtained by passing to suitable equivalence classes of initial data
and solutions [16] 40} [42]. We will generally refer to the description in terms
of the vector potential as the A-description of the free Maxwell field.

4.2. Classical phase space and quantum algebra: contractible spacetimes

As explained in the introduction, we start with the description of the classical
and the quantised free Maxwell field on contractible curved spacetimes, where
there is no dispute about the symplectic spaces and the unital *-algebras of
the smeared quantum field and the F- and the A-description coincide.
Hence, we continue to assume that M € Locg. In the F- and the
A-description of the free Maxwell field, there are three descriptions of the
classical field theory in terms of a (possibly complexified) symplectic space:
the phase space of the Cauchy data, the phase space of the solutions and the
phase space of the test forms (cf. [16, §3] for the case of the electromagnetic
vector potential). However, these three choices are symplectomorphic and
hence equivalent. In view of the unital *-algebras of the smeared quantum
field and their relation to the classical phase space, we find it most convenient
to work with the phase space of the test forms.
F-description. As shown in the proof of [I4, Prop. 2.1], any solution of
with compact support on Cauchy surfaces is also a solution for the initial
value problem of the wave equation OpsF = 0 with compactly supported
Cauchy data, and can be written as [14, Prop. 2.2]:

F=Gum(dml+omn),  0€Q,(MK), neQf,(MK).

This general form may be simplified as M is contractible (so Hj, (M;K) is
trivial), and hence Qg 5 (M; K) = darQ3 (M; K) and Qf ; (M;K) = dpar Q5 (M;K).
Making use of Lem. we see that any solution of (3) with compact support

on Cauchy surfaces can be written as

F:dMGMéMw, WEQ% (M,K)

By Lem. e), w,n € Q3(M;K) give rise to the same solution if and only if
they differ by an element of QF ;, (M;K) @ QF 5 (M;K). As M is contractible,
we have Qg’d (M;K) = dp Q) (M;K) and Q(QJ,S (M;K) = 5003 (M;K), so
the space of the test forms may be described as a (complexified if K = C)
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symplectic space FM := ([Q2 (M;K)] ,wpg,7) ﬂ where
[QF (M;K)] == QF (M;K) / (dn ) (M;K) @ 6095 (M;K)) |

wnr ([w], [) = — /M GaaSaaw A #ardaan, )

[w] = @], [w], [n] € [ (M; K],

(the complex conjugation is to be omitted if K = R). The fact that wps
is a well-defined and non-degenerate follows immediately from the following
result:

Lemma 4.1. Let M € Loc (contractibility is not assumed). Then
(w,n) = — | Gprropgw A *pgdpgm,
M
is a skew-symmetric, K-bilinear form on Q% (M; K), with radical Qad (M;K)®
Q5 5 (M;K).
Proof. Bilinearity is obvious and skew-symmetry follows from general prop-
erties of Gps. Fixing w € Q3 (M;K) and noting that

GM(SMW/\*M(SM?’]Z/ dpmGrrdpgw N g VnEQ%(M;K), (5)
M M

the non-degeneracy of the pairing [, () A*az (-) : Q2 (M;K) x QF (M;K) —
K implies that the left-hand side of vanishes for all n € Q3 (M;K) if
and only if dprGardarw = 0 and hence w € QF ; (M;K) ® QF 5 (M;K) by
Lem. [3.1fe). O

The corresponding quantum version, that is, the unital *-algebra §M
of the smeared quantum field for the free Maxwell field in terms of the field

strength tensor is generated by the abstract elements Fas (w), w € Q&(M;C),
which obey the following relations (cf. [14], Def. 3.1]):

e Linearity and Hermiticity:
Frr Qw4 pn) = AP (w) + pFar (n)  and  Fag (w)* =Fp (@)
VA, u € C, Yw,n € Q% (M;C).
e Free Maxwell equations in the weak sense:
Far (dp0) =0 and Far (Oan) =0 VO € Q5 (M;C), ¥y € Q3 (M;C).

e Commutation relations{]
[Fn (), For (n)] = <1/ Grrdnpw A *M5M77) Agm Yw,m € Q3 (M;C).
M

As will become clear from the discussion of the quantisation functor later,
§M is simple.

9The use of the same symbol F [and later A] for both K = R and K = C, should not give
rise to any confusion.

10Also known as Lichnerowicz’s commutation relations — see the remark in [I6, §4] and
37].
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A-description. In the A-description, the classical field theory can be de-
scribed by the (complexified if K = C) symplectic space

AM = ([6m9Q (M;K)] ,onr,7),
where (omitting the complex conjugation if K = R)

(6825 (M;K)] := 6m 25 (M3 K) /prdna Q5 (M K),
oar (0], 0]) = — / Gt A *01,
M

[0] =[], 6], [¢] € [6a925 (M;K)],

see [16, 40l 13} [15]. Note, the first two references assume that M has compact
Cauchy surfaces. This assumption is not necessary here (though we have con-
tractibility at present). Also, recall the identity darQf (M;K) = Qf 5 (M;K)
due to the assumption M € Locg. The corresponding simple unital *-
algebra AM of the smeared quantum field for the free Maxwell field in
terms of the vector potential is generated by the abstract symbols [A],, (6),
0 € a2 (M;C), obeying the following relations [16], 21} (40, 42]:

e Linearity and hermiticity:
[Alns (A0 + 11¢) = MA]ps (0) + u[Al g (¢) and  [A], (0)" = [A]p, ()
VA u€C, V0,6 € 5003 (M;C).
e Free Maxwell equations in the weak sense:
[Al s (Sardagf) =0 Vo € Q) (M;C).

e Commutation relations:
[[Alns (0), 1Al (9) ] = (—i/ GM(%A*Mgb) lan V0,6 € 6pQ3 (M;C).
M

Functorial properties. Let ¢ € Locg (M, N) be a morphism between con-
tractible spacetimes M and IN. Then there is a natural pushforward of
compactly supported smooth K-valued differential forms, ¢, : Qf(M;K) —
Qb (N;K) as well as the pullback ¢* : QP(N;K) — QP(M;K), and there is
a well-known identity *Gnv. = Gpr (cf. e.g., [24, Sec. 3]). Making use
of these properties, we obtain Symplg-morphisms Fv : FM — FN and
AY : AM — AN by Fy |w] := [pw] for w € Q% (M;K) and Ay [0] :=
[1.0] for 0 € dpQ% (M;K). Similarly, putting Fv (Fas (w)) := Fn (¢.w) for
w € Q2 (M;K) and also 1) ([A], (0)) :== [A]ln (1:0) for 0 € 60,03 (M;K)
well-defines *Alg]"-morphisms §¢ : M — FN and Az : AM — AN. In
this way, we obtain functors

F : Locg — Symply and  A:Locg — Symply,
§:Locg — *Alg!"  and 2 : Locg — *Alg)".
It is straightforward to see that the map Q3 (M;K) 3 w — dapgw € dp Q3 (M;K)

gives rise to a Symplyg-isomorphism nas : FM — AM for each M € Locg
and that the family {nps} MeLocg thus obtained form the components of
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a natural isomorphism 7 : F—-A. Thus, F and A are equivalent physi-
cal theories on Locg. The quantum version of 7 is a natural isomorphism
e : §5A determined by epFas (w) = [A]y, (Onw) for w € Q2 (M;K) and
M ¢ Locg), and precisely generalises the “natural algebraic relation” be-
tween the Borchers-Uhlmann algebras for the F- and the A-descriptions dis-
cussed in [§] for Minkowski space.

4.3. Extensions to non-contractible spacetimes

The previous subsection described the classical and the quantised free Maxwell
field on contractible curved spacetimes in terms of both the field strength ten-
sor and the vector potential. However, there are physically relevant curved
spacetimes with non-trivial topologies such that not every field strength ten-
sor F' can be derived from a vector potential A via F = dA (Fy, = V, A —
V»A,), which generally leads to interesting features such as topological (elec-
tric and magnetic) charges and superselection rules thereof [44] [I]. An exam-
ple of such a curved spacetime is the Schwarzschild-Kruskal spacetime, which
has the topology of M = R x R x §?, hence Hjp (M;K) # 0 # Hip , (M;K).
Such features ultimately prevent one from having classical and quantised the-
ories of the free Maxwell field in the usual, straightforward manner (in the
F- as well as in the A-description).

Universal theories. In order to deal with non-trivial spacetime topologies and
to analyse the impact they have on the (unital) (C')*-algebras of the quantum
field theory, Fredenhagen has suggested the use of (the analogue of) the uni-
versal algebra construction in [26] 28] 27], to obtain a ‘minimal’ description
compatible with, and unifying, the local descriptions of the quantum field the-
ory on contractible regions of the spacetime. This was addressed in [33, Appx.
A] and carried out in detail in [I4]. The final result of the analysis is very sim-
ple in the F-description: the universal algebra §, M is precisely what would
be obtained by removing the restriction to M € Locg in the construction
of M and allowing general M € Loc instead (cf. [I4] Prop. 3.1+ 3.2]). The
difference lies in the fact that we now have Qf ; (M;K) # dar€ (M;K) and
Qg’é (M;K) # 0pQ3 (M;K) if H3, (M;K) # 0 (and hence HgR’C (M;K)#0
by Poincaré duality). This implies that §,M is non-simple and possesses a
non-trivial centre whenever M € Loc such that H(%R (M;K) # 0. Of course,
SuM = FM for all M € Locg.

A similar construction can be carried out for the classical field theory,
that is, there exists a ‘universal’ (complexified if K = C) pre-symplectic space
which can be constructed from the local (complexified if K = C) symplectic
spaces of the contractible spacetime regions. For each M € Loc, F/, M =
([Q8 (M;K)] ,w,pr,7) is the (complexified if K = C) pre-symplectic space
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given by (omitting the complex conjugation if K = R)
(03 (M:K)] = 93 (M:K) / (dpr€2} (M:K) © bpr €2} (M:K)

wunr (], [1]) = — /M Gagdnzw A *ardnan, (6)

[w] = [&], [w], [n] € [2F (M;K)],

which is well-defined as a consequence of Lem. On contractible spacetimes
M < Locg, F,M coincides precisely with FM defined by . However,
the skew-symmetric bilinear form w,ps is degenerate on spacetimes with
non-trivial H2, (M;K) as can be seen from Lemma Indeed, closed but
non-exact w € 03 (M;K) give rise to elements in the radical rad w,ps that
will be called electric topological degeneracies, while coclosed but non-coexact
w € Q% (M;K) give rise to magnetic topological degeneracies of w,pr (cf. [T4,
Prop.3.3]). Putting this another way, there is a linear isomorphism

H3R7C(M) D H(?R,C(M) — rad wy,pmr
(o] & [B] — [a + *np],

where the square brackets on the left are cohomology classes. The motivation
for our nomenclature is that an electric topological degeneracy w defines a
classical observable F + [ uw F' A xpw. By means of Poincaré duality the-
ory [10} §1.5] the space of such observables is spanned by integrals of the form
/. g *m F for some closed 2-surface S that can be chosen to lie in a spacelike
Cauchy surface, and so measures the topological electric charge enclosed by S.
Likewise, magnetic degeneracies determine observables measuring magnetic
fluxes.

Example 4.2. Let M be the Cauchy development of the exterior of a unit
ball in the ¢ = 0 hyperplane of Minkowski spacetime. Then H3, (M;K) 2 K,
and H§R7c (M;K) = K is generated by w = f(t,r)dt A dr in spherical polar
coordinates, where f € C§°(R x (1,00)). The observable [, F A spw is
proportional to the electric flux through any closed 2-surface in the t = 0
plane enclosing the excluded ball, while f u F A\ w is proportional to the
magnetic flux. (It is interesting to compare this with [42] Example 3.7], in
which context only the electric charges appear.)

For any Loc-morphism ¢ : M — N, we define Fu¢p : FM — FN
and §,M — §,N by extending the previous definitions, i.e., F,¢ [w] =
[w] and o (Far (w)) = Fn (Yuw) for w € Q% (M;K), thus obtaining
morphisms in pSymply and *Alg, respectively. This yields functors F, :
Loc — pSymply and §, : Loc — *Alg,, which will be called the classical
universal F-theory and quantised universal F-theory of the free Maxwell field.
Note that on restriction to contractible spacetimes, we recover the previously
constructed theories: Fy|Loce, = F and §ulLoce = 3-

Reduced theories. The degeneracies just mentioned ultimately turn out to
obstruct desirable properties of local covariance and dynamical locality. To
restore them, we may modify the theory by forming quotients by the larger
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direct sum of closed and coclosed forms, instead of quotienting by the direct
sum of exact and coexact forms, thus obtaining a classical reduced F-theory
of the free Maxwell field R : Loc — Symply. In more detail, for each
M € Loc, RM := ([Q3 (M;K)] ,rar,”), where

[25 (M:K)] = QF (M;K) /(95 4 (M:K) @ QF 5 (M;K)) ,
eae (1. [1]) == | Grabnass hosnataan, )

ol =[], L], [n] € [23 MK)].
(omitting complex conjugation if K = R). For any Loc-morphism ¢ : M —
N, Ry : RM — RN is given by [w] — [¢uw], w € Q3 (M;K). RM is
precisely obtained from F, M by quotienting out the radical of w,ps;. We
also see that RM = F, M whenever M € Loc such that H3, (M;K) = 0
(which implies H3R7C (M;K) = 0 by Poincaré duality and thus Q%,d (M;K) =
dn €y (M;K) and Q3 5 (M;K) = 60 (M;K)). Hence Rl|Loce = F-

The quantised reduced F-theory of the free Maxwell field, R : Loc —
*Alg)", is given for each M € Loc by the simple unital *-algebra SRM
generated by the abstract elements Rps (w), w € Q3 (M;C), subject to the
following relations:

e Linearity and Hermiticity:
Ry (Aw + pun) = ARas (W) + uRas (7))  and R ()" = Ras (@)
VA, p € C, Vw,n € Q3 (M;C).
e Strengthened free Maxwell equations in the weak sense:
R (W) = 0Vw € QF , (M;C) @ QF 5 (M;C).

e Commutation relations:

Rz () Raz (n)] = (—i )

The unital *-monomorphism Ry : RM — RN is given by Ry (Ras (w)) 1=
Ry (¢.w) for w € Q2 (M;K). It is readily seen that RM = §, M whenever
M € Loc such that HC%R (M;K) = 0 and thus R|pocg, = J-

We conclude this subsection with some remarks. First, our classical
reduced theory of the free Maxwell field is closely related to the “charge-zero
phase space functor” for electromagnetism given in [5], §7]. The latter functor
actually yields degenerate pre-symplectic spaces. However, as pointed out in
[25], the treatment of affine theories used in [5] should be corrected; once this
is done their approach would coincide with our reduced theory.

Second, it would also have been possible to start in the A-description of
the free Maxwell field and then obtain a corresponding classical and quan-
tised universal A-theory A, : Loc — pSymply and 2, : Loc — *Alg,
from A : Locg — pSymply and 2 : Locg — *Alg]", in the same way
as JF, : Loc — pSymplg and §, : Loc — *Alg, were obtained from
F : Locg — pSymplg and § : Locg — *Alg!. As A and F, and A

Garroprw A *M6Mn) “lapg Yw,m € Q(Q) (M,(C)
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and § are equivalent theories, that is, naturally isomorphic as functors, it
follows on abstract categorical grounds that A, is naturally isomorphic to
F. and that 2, is naturally isomorphic to §,. This means that the universal
F-theory and the universal A-theory of the free Maxwell field are equivalent
theories. Choosing the universal F-theory over the A-theory and vice versa
has no physical significance and purely expresses a different point of view on
the same theory. In the following sections, we will take the point of view of
the F-description, which slightly simplifies some arguments as we are auto-
matically working in a gauge invariant setting. In fact, there is a sense in
which the universal algebra construction and its classical analogue favour the
F-description. An explicit expression for 2, M and A, M, where M € Loc,
purely in terms of (equivalence classes of ) coclosed smooth K-valued differen-
tial 1-forms appears only to be available when H}p (M;K) and H3, (M;K)
are both trivial. The reason for this is that the universal algebra construc-
tion and its classical analogue allow not only for a 1-form potential for the
field strength, but also for a description in terms of a 3-form potential, i.e.,
V € Q3 (M;K) such that F = V.

Finally, we have described the various quantised theories §, §, and ‘R,
by constructing the algebras in each spacetime and giving the morphisms
corresponding to spacetime embeddings explicitly. However, we can also de-
scribe them more abstractly as the result of composing the corresponding
classical theories F, F, and R with a quantisation functor that implements
the infinitesimal Weyl quantisation of (complexified) pre-symplectic spaces.
Namely, given any complexified pre-symplectic space (V,w, C)E the unital
*_algebra @ (V,w,C) is defined to be x-algebra generated by abstract ele-
ments Qy (v) (v € V), subject to linearity of v — Qy (v), the hermiticity
condition Qy, (v)* = Qy(Cv), and commutation relations [Qy (v), Qy (w)] =
iw(v, w)lgww,cy. Farther, if f: (V,wy,Cy) — (W, ww, Cw) is a symplectic
C-homomorphism (again complexifying if needed), then Qf : Q (V,wy,Cy) —
Q (W, ww, Cw) is the unique unital *~homomorphism such that Q f(Qy (v)) =
Qu (fv) for all v € V. These descriptions give rise to functors @ : pSymply —
*Alg,.

It turns out that @ (V,w,C) is a simple unital *-algebra whenever w
is weakly non-degenerate [2, Scholium 7.1] and if f is injective, Qf will
be injectiveE Hence, @Q also gives rise to functors Sympl, — *Alg]" and
pSymply — *Alg!", all of which will be denoted by the same symbol Q
and called the quantisation functor. For the various locally covariant theories
introduced above it holds that R = Qo R, §, = Qo F, and § = Q o F as
well as A = Qo A.

4.4. Electromagnetic duality

As a slight digression, but with a view to later developments, we discuss
the status of electromagnetic duality in our theories. In each M € Loc, the

11Real pre-symplectic spaces are treated by first complexifying them.
12See [24] which discusses an equivalent description using the symmetric tensor product.
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Hodge- is a linear isomorphism of Q3 (M) to itself. As Sprxpr = (—1)P 1 xps
dpg and dpagxpg = (—1)P *pq0ng on QP(M), it is easily seen that *ps induces
an isomorphism of the quotient space [Q3 (M;K)]| given by [w] — [*asw],
and evidently obeys Fiy[xprw] = [xntsw] for every morphism ¢ : M — N
in Locg. At the level of solutions, dapsGardns *arw = — *pr dpa Gardngw for
w € Q3(M) and one easily derives from this that

war ([arw] , [ar]) = — /M dntCardar +ar w A (*a1 %01 1)

:—/ dMGM(SMUJ/\*MT]
M

=wpr ([w], [1]) [w], 1] € [QF (M;K)].
From these results, it follows that the electromagnetic duality rotations
Onr(a)[w] = [cosaw + sina *pq w] w € Q}(M), M € Locg (8)

yield automorphisms ©(a) € Aut(F) for o € R; as O(v)O(8) = O(a + )
and O(a + 27) = O(a) for all ,8 € R, we see that there is a faithful
homomorphism from U(1) into Aut(F). In a similar way one may check that
these automorphisms lift to automorphisms of both the universal and reduced
theories F, and R. Furthermore, they induce automorphisms of the quantised
theories by O as(a)Fas (w) = Fas (cos aw + sina *p7 w) and so forth.

Automorphisms of locally covariant theories have been identified as
global gauge transformations [I9]. This raises an interesting question, because
the electromagnetic duality is not a symmetry of the Maxwell Lagrangian
Z = —%F A+F, which changes sign under F' — *F. One might be concerned
that the presence of these automorphisms is an indication that the theories
under consideration are not true reflections of the original physics. Against
this, we note that the Maxwell Lagrangian has other unusual properties, in
particular, the field equations obtained by variation with respect to F' are
trivial. The Maxwell equations can be derived from the Lagrangian, however,
by demanding conservation of the stress-energy tensor constructed by varying
the action with respect to the metric. As electromagnetic duality rotations
leave the stress-energy tensor invariant, there is good reason to accept them
as bona fide symmetries.

5. Kinematical and dynamical nets, and dynamical locality

One of the virtues of locally covariant quantum field theory is that it gen-
eralises the framework of algebraic quantum field theory in a natural way
[12, §2.4]. Let F : Loc — (C)*Alg;" be a locally covariant quantum field
theory, where we think of the algebra elements as local observables or as lo-
cal smearings of the quantum field. For M € Loc, we denote the set of all
globally hyperbolic open subsets of M by & (M). Due to the functoriality
of F, O(M) 3 O — Fuio(FM|p) is a net of local unital (C)*-algebras,
where 1o : O — M denotes the inclusion map and M| denotes O endowed
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with the structures as an oriented globally hyperbolic spacetime induced by
M. We call this net of local unital (C')*-algebras the kinematical net of F
for M and also denote to (FM|o) by F¥* (M;0). The adjective “kinemat-
ical” is chosen because the construction only relies on the functoriality of
F, which corresponds to isotony in algebraic quantum field theory, that is,
a Haag-Araki-Kastler axiom referring to the kinematics of a quantum field
theory.

By contrast, the dynamical net of F' for M € Loc is a net of local uni-
tal (C)*-algebras whose construction refers to the relative Cauchy evolution
of F' and hence to dynamical aspects of the locally covariant quantum field
theory [23] §5]. We thus assume that F' obeys the time-slice axiom and take
K compact in M € Loc. Then we consider all elements of F"M which are in-
sensitive to all globally hyperbolic perturbations h € H (M K l) supported
in the region K+ := M \ Jpr(K) that is causally inaccessible to K,

F*(M;K)={a€ FM |rceh;[hla=a Yhe H (M;K*)}.

This can be used to define what it means for an observable or smearing of
the quantum field to be localised in K. Finally, to localise observables or
smearings of the quantum field in globally hyperbolic open subsets of M, we
define for all O € & (M),

F¥(M;0):= \/ F*(M:K),
Kex (M;0)

that is, F¥" (M;0) is defined as the unital (C)*-algebra generated by the
unital (C)*-algebras F'* (M; K), where K ranges over a specific collection
K (M;0) of compact subsets of O.

The definition of # (M;O) is slightly involved. First, we define a
Cauchy ball to be an open set of a smooth spacelike Cauchy surface ¥ for
M diffeomorphic to an open ball of R? under a smooth chart for ¥, with the
chart image containing the ball’s closureE A finite union of causally disjoint
Cauchy balls is called a multi-diamond, of which the Cauchy balls form the
base. Finally, following [23, §5], 2# (M; O) is the set of all compact subsets
of O € ¢ (M) which have a multi-diamond open neighbourhood whose base
is contained in O.

The assignment & (M) 3 O + F&" (M;O) is the dynamical net of F
for M and a locally covariant quantum field theory is said to be dynamically
local if and only if it obeys the time-slice axiom and the dynamical net coin-
cides with the kinematical net. Note that F*i" (M;0) and F¥® (M;0O) are
both subalgebras of F'M.

The kinematical and dynamical nets can be defined in much more gen-
eral locally covariant theories, including categories Phys which do not have
a notion of the image of a morphism. To do this, we redefine F¥* (M; O) as

13Every point © € M is contained in a Cauchy ball: let ¥, be any smooth spacelike
Cauchy surface for M containing x, choose any smooth chart ¢ : U — W C R3 for 3
with z € U and & > 0 such that the e-ball around ¢ (x) is contained in W, and then take
By = ¢ 1 (Bs(p (x))) with § < .
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FM /o, and focus attention on the unital *-monomorphism miz., : F*¥" (M;0) —
FM given by mlj\i/}l;o = Fupm,0, where tpr.0 @ Mo — M is the Loc-
morphism induced by the inclusion map of O in M. In categorical termi-
nology, mlj\i/}l;o is monic and defines a subobject of F'M (see [39] or [23, Appx.
B]), thus allowing us to define the kinematical net for every locally covari-
ant theory F' : Loc — Phys by the rule assigning to each O € & (M)
the subobject mjy., : F¥" (M;0) — FM. Also the dynamical net can be
characterised purely in terms of categorical notions, to be specific equalisers,
intersections and unions of subobjects (see again [39] or [23] Appx. B]), and
thus can be formulated for every locally covariant theory F' : Loc — Phys
obeying the time-slice axiom. The construction results in an assignment of
O € 0 (M) to a subobject m‘;\fl?o : FOY" (M;0) — FM, details of which
can be found in [23] §5]. A locally covariant theory is dynamically local if and
only if mlj\i/}l;o and m%ﬁ'ﬁo are equivalent subobjects (see yet again [39] or [23],
Appx. B]) for every O € 0 (M).

The net advantage of this abstract categorical viewpoint is an immense
simplification in the argument that the quantised reduced free F-theory R :
Loc — *Alg]" is dynamically local. Since %R is related to the classical reduced
free F-theory R : Loc — Symply via a functorial quantisation prescription,
it is enough to show that R is dynamically local and then prove a small
number of additional properties listed as [24, (.£1-.Z4)].

6. Dynamical locality of the universal theory

6.1. The universal theory fails local covariance

It was already pointed out in [I4] §3.7] that the quantised universal free F-
theory §, : Loc — *Alg; is not a locally covariant quantum field theory
according to [I2] because algebra homomorphisms corresponding to space-
time embeddings are not always injective. The same is true for the clas-
sical universal free F-theory F, : Loc — pSymply. This problem arises
whenever one has a Loc-morphism ¢ : M — N between objects obeying
H(?R’c (M;K) = H?, (M;K) # 0 and HflR’C (N;K) = H2, (N;K) = 0, where
the isomorphisms are due to Poincaré duality. A specific instance may be
given as follows:

Example 6.1. With M as in Example and NN taken to be Minkowski
spacetime, let 1) : M — NN be the inclusion morphism. Then H3, (M;K) =
K, while H2,, (N;K) = 0.

Under such circumstances, there exists w € Qf ; (M;K)\ darQ% (M;K),

which corresponds to a nonzero element [w] € [Q3 (M;K)|] = F,M, be-

cause w cannot be written in the form w = dps0 + dpgn for 0 € Qf (M;K)
and n € O} (M;K)E However, the push-forward ¢.w € Q3 (N;K) obeys

14Otherwise, opmn = GIﬁDM(sMn = —Gﬁ(stMtsMn = —GﬁéMdM(dMe — w) =0,
so w = dpz0, a contradiction.
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dnYww = Pedprw = 0 and hence Y,w € dnQ (N;K) @ S8 (N;K) be-
cause Hip . (N;K) = 0. Thus (F9) [w] = [hw] = 0 € [Q3 (N;K)] and,
similarly, (§.v) (Far (w)) = Fn (Y.w) = 0z, N, S0 neither F,1) nor §,1 is
injective.

A similar argument applies to w € QF 5 (M;K) \ darQ3 (M;K). The
elements just described in this and the last paragraph precisely span the
radical of w,ps and the centre of §,M, respectively, M € Loc (cf. [14]
Prop.3.3]). Hence, local covariance of F, and §,, is precisely spoiled by the
radical elements and the central elements, respectively.

Despite the failure of injectivity, the theories F,, and §, are well-behaved
in other ways. For example, §, is still a causal functor — local algebras of
causally disjoint regions commute — owing to the form of Lichnerowicz’s com-
mutator. As we will see shortly, both F, and §, obey the time-slice axiom, i.e.
Fut is a pSymplg-isomorphism and §, is an *Alg;-isomorphism whenever
¢ € Loc (M, N) is Cauchy.

6.2. The universal theory obeys the time-slice axiom

We start with some helpful, more general statements, which will allow us
to show the validity of the time-slice axiom and to compute inverses. The
specification of inverses usually involves certain choices (of representatives
of equivalences classes and of smooth spacelike Cauchy surfaces) and time-
slice maps will help us to efficiently deal with these choices. For the rest of
this subsection, let ¢ € Loc (M, N) be Cauchy, £ = (E, N, 7, V) a smooth
K-vector bundle over N and P : T'*°(§) — I'*°(£) a normally hyperbolic
differential operator of metric type.

Definition 6.2. A time-slice map for (¢, &, P) is a K-linear map L : I'g° (§) —
I's° (€) such that

supp ((idpgo(f) —PL)J) Cy (M) Vo € T ().
If a particular time-slice map is understood, we will write
o =o0e+ Pog

for the corresponding decomposition og := Lo, o := 0 — Pog.

Time-slice maps exist by slight modification of a standard construction:
fix any two smooth spacelike Cauchy surfaces ¥/ and ¥p for N such that
»/ %, C ¢ (M) and %7 lies strictly in the future of 3,. This can be achieved
using [23, Lem.A.2] and the splitting theorem of Bernal and Sénchez [7,
Prop.2.4]. Further, let {x™, x~} be a smooth partition of unity subordinated
to the open cover {I%; (£,),In (£7)} of N. Define for each o € I'§° (£)

oe =0 — PxTG*¥o — Py~ G*'0, (9)

where G*V and G*°* are the advanced and the retarded Green’s operator for
P, which exist and are unique [3, Cor.3.4.3]. By the properties of x* and
Get/aV supp oe is compactly supported in 1 (M). Finally, o € T (€) is
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defined by og := xTG*¥o + y~G™¢. However, many properties of time-
slice maps can be proved without using a specific formula. The main techni-
cal point is that any compactly supported solution ¢ to the inhomogeneous
equation P¢ = o, where o € T'g° (£), must be supported in the intersection
JIJ{, (supp o) N Jy (supp o) because ¢ = Gret/advy Tet us observe

Lemma 6.3. If L is any time-slice map for (¢, &, P), we have
supp Lo C ¢ (M)

whenever o € T'§° (§) with suppo C ¢ (M); if K is another time-slice map
for (¥,§, P), then

supp (K — L)o C ¢ (M) Vo € I'§° (§).
Hence,
oe, — 0¢, = P,
where T € T (&) with suppT C ¢ (M); moreover,

_ ~adv/ret
= GN

L“'N\J;v”(wum) J|N\J;/+(w(M))'

Proof. Taking any o € I'§° (§) with suppo C o (M), PLo = o—(idrg ) —PL)o
is (compactly) supported in ¢ (M). As Lo is compactly supported, it follows
that Lo is supported in J3; (¢ (M)) N Jn (¢ (M)) = ¢ (M) as required.
Next, let o € T3 (£). Then by definition of time-slice maps, P (K — L) o has
support in ¢ (M), while (K — L) o has compact support. Thus (K — L) o is
(compactly) supported in Jg; (¢ (M)) N Jn (¢ (M)) = ¢ (M). The penulti-
mate formula follows from this and the definition o¢ := ¢ — Poy = 0 — PLo
for o € Ty (£). Finally, our result shows that the action of any timeslice map
on o is fixed modulo terms compactly supported in (M ). Outside this set,
all timeslice maps agree, so we may use the formula implicit in @D to obtain
the final result. O

As a digression, the existence of a time-slice map for (¢, £, P) implies
that the following is a short exact sequence of K-linear maps

0 — PTE (6,4 (M)~ T (€) @ PTE (£, (M) -5 T (€) — 0

where a : 0 — (0,—0) and B : (0,7) — o + 7, and we denote smooth
sections of ¢ with compact support in O C N by I'° (£, 0). Exactness at
PT'S° (&, (M)) is immediate because « is injective; moreover its image is pre-
cisely the kernel of /3, so we have exactness at I'g° (&) @ PT'§° (§,¢ (M)). Any
time-slice map L for (¢, &, P) induces v : T'g° (§) = I's° (§) @ PT'E° (&, ¢ (M))
by v: 0+ (60 — PLo,PLo), and as oy = idpee(g), it is clear that 3 is
surjective and we have a split short exact sequence.

Lemma 6.4. Let n = (D, N, o, W) be a smooth K-vector bundle with a nor-
mally hyperbolic differential operator @ : T'*° (n) — I'*° (n) such that P and
Q are intertwined by a linear differential operator 0 : '™ (§) — I'*° (n), i.e.
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OoP = Qo0. Suppose L and K are time-slice maps for (1, &, P) and (1,1, Q),
then for any o € T (£),

supp (0Lo — Kdo) C ¢ (M)
and accordingly
(00)g, — 0oe, = Q (0Lo — Kdo) = QT
with 7 € T'§° (n), supp T C ¢ (M).
Proof. We calculate for o € T'g° (€)
Q(0Lo — Kdo) = 0PLo — QKdo = 9 (0 — 0e,)) — (90 — (90)g, )

= (80)€K - 80’€L7
where supp ((00)e, — doe, ) € ¢ (M). Hence, dLo — Ko is compactly sup-
ported in ¢ (M) and the remaining assertion follows. O

Finally, let us apply this to smooth differential forms with a view to
the description of electromagnetism. Let our smooth K-vector bundles be
the (complexified if K = C) p-th exterior power A} of the cotangent bundle
Th of N for p > 0 and let ¢p € Loc(M,N) be Cauchy. Then taking the
appropriate wave operators as the normally hyperbolic differential operators
acting on smooth differential p-forms, the exterior derivative and the exterior
coderivative provide intertwining operators. The previous lemma now gives
the following.

Lemma 6.5. For any time-slice map L : Qb (N;K) — QF (N;K), we have for
w € QF (N;K),

(dnyw)e — dnwe = Onn and  (Onw)e — dnwe = Onb,

where n € Q8T (N;K) with suppn C ¢ (M) and 0 € Q87 (N;K) with
supp 6 C ¢ (M). Further, if w € Qf ; (N;K) ® Qf 5 (N;K), then

we = o+ /87 (10)
where o € Qf ; (N;K) with suppa € ¢ (M) and B € Q 5 (N;K) with
supp 3 C ¢ (M).

Proof. The first part is a direct consequence of Lem. [6.4} Now suppose that

dyw = 0, then supp (dnLw) C ¢ (M). Using Oy = — (dNIN + OndN), We
have

w=we+0OnLw orequivalently w+dndnLw=we—dndnLw

the right-hand side of which is obviously supported in ¢ (M). Hence, the
left-hand side of the second equation must have the same support and is in
the kernel of dpn. Thus holds for closed w, and as the same argument
applies to coexact w, the result is proved. ([
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We will now apply these general statements in order to show that F,
and §, obey the time-slice axiom. In the proof, we will explicitly construct
the inverses of F,1 and §,1, where 1 € Loc (M, N) is Cauchy, which will
be helpful when computing a concrete expression for the relative Cauchy
evolution for F, and §,. Since functors preserve isomorphisms and §, =
Q o F, (where @ : pSymply — *Alg, is the quantisation functor) it is
enough to concentrate on the classical universal free F-theory.

Proposition 6.6. Fory € Loc (M, N) Cauchy, F, is a pSymply -isomorph-
ism whose inverse is explicitly given by

(F)~ ' FuN — F,M, W] — [ wel

for any time-slice map of (¢, A%, DN) and any representative w of the equiv-
alence class [w] € [QF (N;K)|. Thus, both F, and §. obey the time-slice

axiom.

Proof. By Lemma and Lemma the map = : F,N —» F, M, [w] —
[1)*we], is well-defined, i.e. independent of the representative of [w] € [Q3 (V;K)]
and the time-slice map chosen (cf. the paragraph after Lemma . It is not
difficult to check that = is K-linear, symplectic and intertwines with the C-
involution in the case K = C. The computations

(Eo (Fut)) [w] = E[Yuw] = [§" (Yuw)e] = [ huw] = [w]

Viw] € [QF (M;K)],
where we have used Lemma [6.3] and
(Futp) 0 B) [w] = (Fu) [*we] = [t we] = [we] = [w]

V[w] € [Q2(N;K)]
show the rest. O

6.3. The relative Cauchy evolution of the universal theory

The explicit inverse computed in Prop. allows us to compute the relative
Cauchy evolution for F, and §, induced by h € H (M). To this end, let L* :
Q% (M;K) — Q3 (M;K) be time-slice maps for (15, [h] : M [h] = M, 3,,0nr)
and (137 [A] : M~ [h] — M[h],\3;, Opgpn)) respectively and use the symbols
“€®’ to correspond to L=. Then we have, for any [w] € [Q3 (M;K)],

rceﬁ [h] [w] = [(we+)e-] = [we+] — [DM[h]LiweJr]

= [w] + [(Onr — Ongppy) L™ we+ ]

where we have used the fact that L™ we+ is compactly supported and hence
(O L~ we+] = 0. Now Opz and Opgpp differ only on the support of h, which
lies outside and to the future of the range of 15, [h], allowing us to replace
L~ by G‘I"\d/l‘[’h} (by the last part of Lem. . Hence

reels [h] [w] = [w] + [(DM - DM[h])G?\‘},V[h]w€+]

= [w] = [(On — Opgin)) Gmjnywe+ |
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where we have used the fact that Ggwet[h]w€+ vanishes on the support of h.
This expression is independent of the time-slice map L, because we+ is
fixed modulo the image of [lps on smooth differential 2-forms compactly
supported in the image of 24, [h], on which Ops and O M|n) agree. Standard
manipulations with smooth differential forms and the equivalence relation
give

reepg [B] [w] = [w] — [(Onrp — Onr) Garmdnrwes | (11)
for any [w] € [Q3(M;K)]. Finally, the relative Cauchy evolution of §, is
given by the application of the quantisation functor:

reeSs [h] = Q (rcef}; [h]) .

6.4. The failure of dynamical locality for the universal theory

The failure of injectivity demonstrated in subsection [6.3] already shows that
F., and §, cannot possibly be dynamically local in the original sense of this
definition [23]. For if ¢ € Loc(M, N) is such that JF,1 is noninjective (e.g.,
as in Example then the same holds for f lf\i,fM, which is thereby inequiv-
alent to the (necessarily injective/monic) subobject f %’?M s FIn (N3 M) —
Fu.IN. Similarly, in the quantised case, the subobject @%?M cF (NG M) —
FuIN cannot be equivalent to the non-monic <p11‘\i;;M =T &lfi“ (N; M) =
FuM — F,N.

In this subsection, we show that the failure of dynamical locality for
these theories is even more severe and cannot be achieved even if we restrict
to contractible globally hyperbolic open subsets. There is no harm now in

shifting our focus from the abstract categorical subobjects f If\i/}l;o, f ?\Z?O, <pkiMn; o

and @%\yf;o to the concrete (complexified if K = C) pre-symplectic spaces and
unital *-algebras X" (M; 0), EV™ (M;0), F&» (M;0) and & (M;0).

Let M € Loc be such that H3, (M;K) # 0. By arguments given in
Sect. there exists w € Q3 (M;K) satisfying dpsw = 0 but [w] # 0 €
[Q3 (M;K)] (and hence Fpz (w) # 0 € §,M). In other words, [w] corresponds
to a electric topological degeneracy. Lemma and give

reeqs [h] [w] = [w] Vh € H(M),

and hence (rceﬁ} [h]) (Fapr (w)) = Fag (w) for all h € H (M). Consequently,
[w] € Ff (M;K) and Fpg (w) € §2 (M; K) for all K € ¢ (M;0) and for all
contractible O € ¢ (M). This implies [w] € F¥" (M;0) and Fps (w) €
3dyn (M;0) for all contractible O € ¢ (M). As [w] is in the radical of
the (complexified if K = C) pre-symplectic form on F, M, it follows that
Fdyn (M;0) has a degenerate (complexified if K = C) pre-symplectic form,
while FXin (M; O) is weakly non-degenerate; thus these two (complexified if
K = C) pre-symplectic spaces cannot possibly be symplectomorphic for any
contractible O € & (M); i.e., dynamical locality fails.

The same is true for the quantised universal free F-theory because, for
every contractible O € & (M), & (M; O) is not simple, while <" (M; O)
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is simple; hence these two unital *-algebras are not unital *-isomorphic. As
far as the dynamical net is concerned, the elements [w] resp. Fas (w) are local
to all regions.

We have shown that the electric topological degeneracies spoil dynam-
ical locality. This is also true for magnetic topological degeneracies, i.e.,
w € OF (M;K) satisfying dpzw = 0 but [w] # 0 € [QF (M;K)]| and Fas (w) #
0 € F, M. These are also fixed points under relative Cauchy evolution, which
is not obvious from , but can be shown abstractly because electric and
magnetic topological degeneracies are exchanged by the electromagnetic du-
ality rotation ©(r/2) defined by (8, which is an automorphism of F, and
therefore commutes with the relative Cauchy evolution [I9, Prop. 2.1]. The
application of the quantisation functor yields the analogous result for the
quantised universal free F-theory.

We summarise:

Theorem 6.7. The classical and the quantised universal free F-theory (and
hence also the A-theory) are not dynamically local (even in the weakened
sense obtained by restricting to contractible open globally hyperbolic subsets).

7. Dynamical locality of the reduced theory

In the last section we saw that the classical and the quantised universal free
F-theory (and hence A-theory) fail local covariance and dynamical locality.
However, we were also able to clearly identify what causes this failure, namely
the possibility of having non-trivial radicals in the classical case and non-
trivial centres in the quantum case. The reduced theories are free of these
features and, as we will show, they are dynamically local. We work in the
F-description, but all our statements have analogues in the equivalent A-
description.

7.1. The relative Cauchy evolution of the reduced theory

Having established local covariance, we will now show that the classical and
the quantised reduced free F-theories obey the time-slice axiom. We will
compute their respective relative Cauchy evolutions and differentiate them
with respect to the metric perturbation, thus obtaining the stress-energy
tensor for the classical reduced free F-theory. Since R = @ o R, we can
concentrate on the classical case.

The only difference to the subsections and is so far the use of
a different equivalence relation and hence different equivalence classes, i.e.
[-] instead of [-]. Assume ¢ € Loc (M ,N) is Cauchy and L : Qf (N;K) —
Qf (N;K) is a time-slice map for (1, A}, On). By Lem. we = a+ (3 with
a € Qf ;(N;K) such that suppa C ¢ (M) and 8 € Qf 5 (N;K) such that
supp 8 C ¢ (M) for w € QF (M;K) such that dpgw = 0 or dpgw = 0. Thus we
can adapt the results of Subsectionand Subsectionby just replacing [ ]
with [-]. In particular, R and 2R obey the time-slice axiom and their respective
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relative Cauchy evolutions induced by h € H (M) are given (in the same con-
ventions as in Subsection in particular,"€"’ refers to an arbitrary time-
slice map L : Q3 (M;K) — Q2 (M;K) for (¢4, [h] : Mt [h] — M, %,,0n))
by

reefy (] [w] = [w] + [[(5M[h ~ 1) Gt dmrwe- | (12)
= [w] = [(6nepn) — On1) Gaaprydnawer ] [w] € [Q& (M;K)],

and also
reedy [h] = Q (rcely [h]) . (13)

The intermediate expression in allows us to employ a Born expansion as
in 24, (B.2)],

Gitinw = Gir'w — G3r (Omp — Om) Giglw Yo € QF (M3 K),
in order to further compute:
reepy [A] [w] = [wl + [(nrin) — Inr) GRT drwe+ ]
- [[(5M[h] —0n) G’ (Oneny — Omr) Gy ]dMW€+]] :
[w] € [98 (M;K)].

Now, supp G¥fwe+ Nsupph = () by construction for any w € Q32 (M;K)
and, as dpg(p) — Onr vanishes outside supp h, we can replace G*}\‘}I"deng by
—Gpdpwer = —Gprdprw to obtain

reery [h] [w] = [w] — H(éM[h} — ) (GMde (14)
+Ga (DM[h] - DM) G?\‘}I‘fh]de€+>]] , [w] € [[Q(Q) (M;K)ﬂ,

For M € Loc, we can associate to each [w] € [Q (M;K)] a solution
of the free Maxwell equations with compact support on smooth spacelike
Cauchy surfaces for M by setting Fi,,j := darGardnw for any representative
w € Q3 (M;K). Clearly, all representatives will give rise to the same solution
and if dpr GO = Fip for [n] € [Q& (M;K)], [n] = [w] necessarily. Thus,
in the classical reduced free F-theory, we are only dealing with solutions of
which are of the form dasGardnsw for w € Q3 (M;K). Note that all solutions
of the Cauchy problem (3] take this form if M € Locg, (cf. Subsection .
This provides a nice interpretation of the relative Cauchy evolution: namely,

dnen) G Onan) (Raag () ((RZL )~ [[wﬂ) = dr(n) G M) O min e

is the unique solution of the free Maxwell equations on M [h] which coincides
with Fp,; on MT[h] (cf. [24]). The agreement is not difficult to see, the
uniqueness follows from the well-posedness of the Cauchy problem. Then, if
n € Q% (M;K) is a representative of rceX; [h] [w], then darGardarn is the
unique solution of the free Maxwell equations for the field strength on M
agreeing with dagp)G ppdmipwer on M~ [h]. This interpretation of the
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relative Cauchy evolution will become very helpful in the proof of Lemma

1l

7.2. The stress-energy tensor of the classical modifed theory

To show that R and fR are dynamically local, it will be helpful to relate the
relative Cauchy evolution to the stress-energy tensor for the classical reduced
free F-theory. This can be done as follows: taking any compactly supported,
symmetric and smooth tensor ﬁelﬂ h € Tg° (15 © 747), there exists € > 0
such that th € H (M) for allt € (—¢,¢) (cf. [24], §§2&3]). The relative Cauchy
evolution for R induced by th € H (M) for M € Loc is differentiable in the
weak symplectic topology (cf. [24] §3 & Appx.B]), i.e. there is a K-linear map
Hpg [h] : RM — RM such that

d
vt (Fing [ [ Tnl) = 5 e (eeef [ L, Ta) | (15)
[w], [7] € [QF (M:K)]
and the derivative on the right hand side exists for all such [w], [#]. Note,
Hpg [h] is called Fag[h] in [24], a notation we avoid for obvious reasons.
Inserting and already dropping some terms of order ¢ and higher, we
need to compute (up to first order in t)

& enr (reoy [0 L, D) | = i ene ([ (Snaios — 9ne) daaGars] T

= —lim 1 (5M[th] _5M) dpGarw A sppdag Gpardngm,
t—0 M
[w], [n] € [95 (M;K)].
(16)

The coderivative dpz[;p) may be expanded by a lengthy but straightforward
computation (being careful to recall that the inverse metric to g + th is
(g+th)™" = g=! — th¥ + O(t?), which reads in abstract index notation
9" —th® + O(t?)):

1

t=1 ((6M[th] — 5M) w)cd =V, (habwbcd) 35 (Vbhg) wbcd + (Vahie) wabd
— (Vahpa) @, + O(t), w € Q% (M;K),

where V stands for the Levi-Civita connection with respect to g. This yields

1
Hp [h] [wea] = H—Va (h* (GmdmW)yeq) + 5 (Voh3) (Gmdmw)’y  (17)

— (Vahue) (Gaadnge) ™y + (Vahoa) (Grrdng)™, ]
[w] € [95 (M;K)],

whose well-definedness can be seen by using the weak non-degeneracy of rps.
In order to bring into a nicer form, we define w := dprGprw € Q3(M;K)

15Recall, Ty denotes the cotangent bundle of the smooth manifold M.
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and FJ,p := dpyGardngn. The divergence theorem entails the following iden-
tities

/ Va (habwbcd) F[[C:]] VOlM = 7\/ habwbchaF[[C;]i]] VOIM,
M M

/M (Why) wbchﬁl]] volpr = — /M (hZVb (wbcd) Fﬁi]] + hgwbchbFﬁﬁ]) volas

and
/N (Vahie) @y Fg) volmr = — /M (hfé (Vawq) Ffip) + hbcw“”dvaFm) vola,

where V, (wbcd) == (0M@).q = + (dMGMOMW) g = Flued; together with
dMF[[n]] =0 and

@ Vo FES volar = wbcdv{bF{ﬂ volps = 31w A #ardag Fiyp = 0,

they yield overall

tam (Hag [P [w], [n]) = %YM (veeny (k] [e], [n]) ’tzO
- /M ha (ig‘“’F lehmn Fl}" — gmn F{] Fﬁ) volu
__ /M hao T3 ([w], [n]) vola,
[w]. [n] € [3 (M;K)].

(There is a sign error in the analogous formula [24, Eq. (3.7)], which however
does not alter the main results of that reference.) Here Tz ([w], [77]) is the
polarised form of the stress-energy tensor for the classical reduced free F-
theory on M € Loc

a 1 a mn anm n
TJ\/? ([w], [n]) = Zg bF[[w]]mnF[[y]]] - gmnF[[w]] F[Fn]]a [w], [n] € [[QS (M;K)ﬂ )
(18)

where Fl,j := dpyGavdpw with a representative w € Q3 (M;K) for [w] €
[[Q% (M; K)]] The same expression is obtained for the stress-energy ten-
sor of the classical universal free F-theory if [-] is replaced with [-].

7.3. Verification of dynamical locality for the reduced theories

We will now prove that the reduced free F-theory R : Loc — Symply obeys
dynamical locality (hence the same is true for the corresponding reduced
A-theory). To do so, we can work with concrete (complexified if K = C) pre-
symplectic spaces and avoid referring to underlying categorical notions such
as subobjects. We will follow the reasoning of [24] using the stress-energy
tensor of R in order to characterise the dynamical net. The main technical
point of difference is that the field strength tensor satisfies not only the wave
equation but also the free Maxwell equations.
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Lemma 7.1. Let K be any compact subset of M € Loc. Then
R* (M; K) = {[w] € RM | suppTar ([w]. o] € Jar (K) }
= N ker Hy [h] (19)

herg (TaOTar)
supp hCK*

and also R* (M; K) = {[w] € RM | supp F,j € Ju (K)}.

Proof. Labelling the members of as I, IT and IIT respectively, we will
prove that I C IIT C IT C 1. Starting with I C III, suppose [w] € R® (M; K).
For h € T§° (15; ® T4y) with support supph C K=, there is ¢ > 0 such
that th € H (M;K*) for all t € (—¢,e). As rcely [th] [w] = [w] for all
t € (—e,e), we have %rps (veely [th] [w], [n]) |t:O: 0 for all [n] € RM.
Hence also tas (Hpg [h] [w], [7]) = 0 for all [n] € RM and so by weak non-
degeneracy, [w] € ker Hpg [h]; as h was arbitrary, we have I C III. For III C 1T,
if
[w] € m ker Hpy [h],
helr P (TasOTrs)
supp thJ‘

then tag (Hag 1] [w), ToT) = = fu hao T35 ([w] []) volas = 0 for all h €
I8 (15, ® Thy) with support supp h € K+, so supp T ([[w}],M) C Jm (K)

as required. Finally, to prove II C I, we note that suppTas ([[w]],ﬂ) C

Jn (K) implies that supp (Fﬂwﬂ) C Jum (K) because the energy density,
which is the sum of the squares of the off-diagonal components of Fj,j (in
some local framing), must vanish at each point p ¢ Jas (K). Accordingly,
Fj,7 is a solution of Maxwell’s equations in the perturbed spacetime M [h]
for every h € H (M; KJ-). Hence, it is the unique solution on M [h] that co-
incides with FJ,j on M [h] and also the unique solution on M that coincides
with F,j on M~ [h]. Thus, [w] and rce; [A] [w] give rise to the same solu-
tion of the free Maxwell equations on M which implies rcefy [h] [w] = [w]
and consequently [w] € R® (M; K). The final statement is immediate from
the argument just given. ([

Lemma 7.2. For all O € 0 (M), we have R (M;0) C R¥" (M;0).

Proof. Let [w] € R¥®(M;0) and w € Q% (M;K), suppw C O a repre-
sentative of [w]. Choosing for each x € suppw a Cauchy ball B, contain-
ing x and taking the Cauchy developments, we have found an open cover
{DM(BI)}mesuppw of suppw in M. Since suppw is compact, finitely many
of these sets are enough to cover suppw, say suppw C |J;_, D (B;) with
n > 0.

Let {X,Xi |i=0,... ,n} be a smooth partition of unity subordinated
to the open cover {M \ suppw, Dps (B;) | i=0,...,n} of M. Defining for all
i €1 w;:=x'w e N%(M;K) with suppw; € Dps (B;) N O, we can write w =
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o wi. By construction, suppw; € # (M;0). As supp Tng (ﬂwz]] ,M) C
Jnr (suppw;), Lemma [7.1] yields [w;] € R® (M;suppw;) and hence, [w] =
Yoo [wi] € RY™ (M;0) because R¥™ (M; O) is the smallest (complexified
if K = C) pre-symplectic subspace of RM containing R® (M; K) for all
K € # (M;0). 0

The following lemma can be considered as an analogue to [24, Lem.3.1.]
and is integral to the proof that the kinematical and the dynamical nets
coincide.

Lemma 7.3. Let M € Loc and K C O € O (M) compact. There ezists
X € C°(M) such that every solution F € Q? (M,K) of Mazwell’s equations
with supp F' C Jpg (K) can be written as F = GpOpgx F, where Opgx F €
02 (M;K), SprxF € Q5 (M,K) and dprxF € Q3 (M,K) are supported in O.

Proof. The proof works in exactly the same way as that of [24, Lem.3.1(i)].
The additional point is that due to dps F = 0 and dps F' = 0, the Leibniz rule
gives dpsxF' = 0 and dprxF = 0 outside of the compact set Ky C O defined
in [24, Lem.3.1(i)], and are thereby compactly supported in O. O

Recall from Sectionthat for M € Loc and O € 0 (M), R™" (M;O)
is the (complexified if K = C) pre-symplectic subspace of RM generated by
UKEX(M;O) R* (M K).

Lemma 7.4. For all O € 0 (M), we have R™™ (M;0) C R¥" (M;0).

Proof. We have to show that for each K € 2 (M;0), [w] € R*(M; K)
has a representative n € Q3 (M;K) with suppn € O. By Lemma we
have supp dprGparéprw C Jar (K) for any representative w € Q% (M;K) of
[w]. Now, by definition of ¢ (M;0O), K has a neighbourhood comprising
finitely many causally disjoint diamonds {Dps (Bi)}izo,...,n’ n > 0, based in
smooth spacelike Cauchy surfaces for M such that the bases {B;},_,
are contained in O. Note that these diamonds might not be entirely con-
tained in O. Hence, {Day,, (Bi)}z':o....,n are globally hyperbolic open sub-
sets of both M|o and M, which are furthermore contractible. Because of
the causal disjointness, their (disjoint) union U := | | Dagy, (B;) is a glob-
ally hyperbolic open subset of M|p and M, containﬁ K and each con-
nected component is contractible. We apply Lemma [7.3] to U and find that
F .= dMGM(SMw = GMDMXF = *GM(SMdMXF — GMdM5MXF; where
dpxF € Q3 (M;K) and dprxF € Qf (M;K) are compactly supported in
U. Since each connected component of U is contractible, there are ny,n2 €
02 (M; K) with supp 71, suppn2 C U satisfying the equalities dpsxF = darm
and dpg X F = dpgme. Thus, dpsGardnprw = darGardng (1 — 12), which shows
[w] = [m — m2]. Accordingly, n :=n; —n2 € Q3 (M;K) is a representative of
[w] that is compactly supported in O (because 7 is compactly supported in
UCO,). O

16DI\/”O (Bi) = Dpg (Bi) NO for i =0,...,n because O is causally convex in M.
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Combining Lemmal[7.2] and Lemma|7.4] the main statement of this sub-
section follows:

Theorem 7.5. The classical reduced theory of the free Mazwell field is dynam-
ically local.

From Theorem [7.5] we may deduce that the quantised reduced free F-
theory R : Loc — *Alg]" (and hence the quantised reduced free A-theory)
is dynamically local:

Corollary 7.6. The quantised reduced theory of the free Mazxwell field obeys
dynamical locality.

m

Proof. B = @ o R with the quantisation functor @ : pSymply — *Alg)
and as a result of that we need to check (£1— .Z4) of [24, p.1688]:
(Z1) The relative Cauchy evolution of R is differentiable in the weak symplec-
tic topology as in , and the resulting maps obey (the sign appears
incorrectly in [24])

' (HM (] M,m) S /M hay T2 ([[w]],m) volar,
[w] € [Q%(M;K)], h€ H(M;0),0 € ¢ (M), M € Loc,

where Thy ([[w]],ﬂ) € I'™ (1pr © Tar) for each [w] € [Q3 (M;K)] and
M < Loc.
(£2) Foreach O € 0 (M) containing supp hof h € TP (14; © Ths), img Hpg [h]
can be identified with a subset of R (M; 0).
(£3) R obeys extended locality, i.e. R (M;0) R (M;0,) =0 € RM
for spacelike separated 01,04 € € (M), M € Loc.
(Z4) R*(M;K) = ﬂ ker Hps [h] for K compact in M € Loc.
hel® (Ta;OTas)
supp thL
(£1) is obvious from what was done in Subsection For M < Loc, the
image of Hpy [h], where h € T'§° (T4; © Tpz), can be identified with a subset
of R (M; O) for each O € ¢ (M) with supph C O € 0 (M) by (17)). (£3)
is obvious and (#4) is proven by Lemma Hence, [24, Thm.5.3]'| applies
and proves the result. (I

8. Discussion

8.1. Summary

In this paper, we have discussed the notion of dynamical locality for the
free Maxwell field. Describing the quantum field theory in terms of the uni-
versal algebra of the unital x-algebras of smeared quantum field (cf. [14]),
and describing the classical field theory by the equivalent for (complexified

17The sign error in [24] does not affect the validity of this result because the focus is on
solutions with vanishing stress-energy tensor.
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if K = C) pre-symplectic spaces, we showed that the classical and the quan-
tised universal theories, given by functors F,,, A, : Loc — pSymply and
Tu, Ay : Loc — *Alg)”, fail dynamical locality due to Loc-objects M with
H32, (M;K) # 0. However, we were able to modify the classical and the
quantised universal F-theory to obtain locally covariant and dynamically lo-
cal theories R : Loc — Symply and R : Loc — *Alg]". In establishing this,
we have used the same chain of arguments as [24] for the free real scalar field.

To conclude, we discuss three aspects in more detail, namely the status
of dynamical locality, the categorical structure underlying some of our con-
structions, and the relation of our present work to the discussions of SPASs
in [23] 24].

8.2. Dynamical locality

Our present results on the free Maxwell field contribute to the emerging
picture of dynamical locality as follows. The failure of dynamical locality
for the universal free F-theory can be traced to the existence of topologi-
cal charges present whenever the second de Rham cohomology is non-trivial.
These observables are invariant under all relative Cauchy evolutions and so
are common to every element of the dynamical net, which does not distin-
guish between observables that are local to every region and “observables
that are localised at infinity”. Actually, these observables can have unusual
spatial localisation as well: it is possible for such an element to be common
to spacelike separated elements of the kinematic net, giving a failure of ex-
tended locality [43], B6]. In the quantum field theory, the topological charges
are central elements which parameterise different superselection sectors of
the theory [44] (], again underlining their global nature. By contrast, the
reduced F-theory of the free Maxwell field in n = 4 dimensions provides
a well-behaved locally covariant and dynamically local theory (at the cost
of giving up topological observables labelled by the first and the second de
Rham cohomology group with compact supports). Overall, dynamical local-
ity appears to be a reasonable expectation for theories of local observables,
but to fail where theories admit observables of an essentially global nature
that are stabilised by topological or other constraints.

8.3. Categorical structures

A number of ideas concerning the ‘universal’ and the ‘reduced’ theory for
the classical and the quantised free Maxwell field can be put in a broader
categorical context. The details of the following discussion have been worked
out and will appear in B.L.’s forthcoming Ph.D. thesis.

For each M = (M,g,0,t) € Loc, we can consider the category Jm
whose objects are those N = (N, gn,0on,ty) € Locg such that N € M
is a globally hyperbolic open subsets (excluding N = M if M € Locg)),
gN = g|n, oy = o]y and ty = t|y; the morphisms in Jps are the inclusion
maps. We can thus restrict each of the functors §,2 : Locg — *Alg]" to
JInm and obtain functors §ar,™Anr : I — >"Alg]{’“. The universal algebras
FuM and A, M are now precisely the universal objects of the colimits (see
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[39, Sec.2.5], [0, Sec.2.6] or [38], Sec.II1.3] for this categorical notion) for the
functors Far and Az but viewed as functors Far, An : Tar — *Alg,. Here, it
is crucial to drop the restriction to injective unital *~homomorphisms, because
*Alg, is cocomplete, i.e. the colimit for any functor from any small category to
*Alg, always exists, while *Alg]" is not; in fact, the colimits for Fy and Ay do
not exist in *Alg" for general M. This justifies the use of the term ‘universal’.
At this point, we get the functorial property of §,,2, : Loc — *Alg, for
free because they necessarily turn out to be the left Kan extensions (see [9]
Sec.3.7] or [38, Chap.X]) of §,2 : Locg — *Alg, (again, one must work in
*Alg, rather than *Alg]"). Hence, from this categorical point of view, the
universal theories of the quantised free Maxwell field are highly distinguished
extensions of the quantum field theories on contractible curved spacetimes.

The notion of a colimit and a left Kan extension also make sense for the
categories pSymply, pSymply and Symply, but none of these three cate-
gories is cocomplete. However, it can be shown that the functors Fas, Ans :
Jnm — pSymplg have colimits whose universal objects are precisely JF,, M
and A, M respectively, and that F,, A, : Loc — pSympli are the left Kan
extensions of F, A : Locg — pSymply. Moreover, the relations Q (F, M) =
FuM and Q (A, M) = A, M can be understood as special cases of a gen-
eral result. Although the colimits for Fas, Apns @ I — pSymply (or
Symply) do not exist, the non-existence of colimits does not rule out the
existence of left Kan extensions and it would be indeed interesting to know
if §,2 : Locg — *Alg;" and F, A : Locg — pSymplg (or Symply) have
left Kan extensions in *Alg;" and pSymplg (or Sympl). If they do exist,
the resulting theories would be distinguished as the minimal locally covariant
extensions of the theory on contractible curved spacetimes; while we have not
reached a conclusion on the question of existence, it can however be shown
that if these extensions exist, they would coincide with the reduced theories.

8.4. Theories of the free Maxwell field and SPASs

The models for the free Maxwell field in curved spacetimes studied in this
paper provide a new viewpoint on the issue of the same physics in all space-
times (SPASs), in relation to locally covariant (quantum field) theories that
can be regarded as extensions of others. The locally covariant theories F,, and
R (resp., §» and R) coincide on all spacetimes (of dimension n = 4) with
trivial second de Rham cohomology group. To be specific, let Locy be the
full subcategory of Loc formed by the spacetimes M with HZ,(M;K) = 0,
and let K : Locy — Loc be the inclusion functor. Then there are natural
isomorphisms F, o K-3R o K and §, o K-> o K. However, the locally co-
variant theories are not equivalent on Loc and it is evidently not tenable to
regard both the universal and reduced F-theory of the free Maxwell field as
each representing the same physics in all spacetimes according to a common
notion.
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As far as we are aware, there is no way of embedding the reduced free F-
theory as a subtheory of its universal cousinE However, it would be natural
to regard the universal free F-theory as an extension of its reduced counter-
part. On the classical level we have a short left exact sequence

0 — radw, — Fu —3 R,

of functors from Loc to pSymply, where all components of e are epic. Here,
0 denotes the constant functor returning the zero (complexified if K = C)
pre-symplectic space and rad w,, is the functor assigning the radical rad w,, ps
(equipped with the zero (complexified if K = C) pre-symplectic form) to each
M € Loc, and with morphisms obtained by restriction from F,. The com-
ponents of m, which are given by the inclusion maps of rad w, ps into F,,
are necessarily monic. As pSymply lacks a zero objectH it is not possi-
ble to write a short exact sequence, and we have to insist on e being epic
separately. Applying the quantisation functor, we obtain a similar short left
exact sequence in the quantum case. In general, we could consider any se-
quence C — B — A with monic m and epic e as indicating that B is an

m e
extension of A (by C), where A, B,C : Loc — Phys (for these purposes, we
would allow Phys to admit non-monic morphisms). One may then formulate
a version of the SPASs property to cover extensions: a class ¥ of theories
Loc — Phys has the SPASs property for extensions if, whenever A,B € T
and B is an extension of A so that e is a partial natural isomorphism, then e
is a natural isomorphism. It would be very interesting to know whether the
class of dynamically local theories satisfies this version of SPASs in addition
to the subtheory version studied in [23]. Our results on the free Maxwell field
studied here are certainly consistent with a positive answer to that question.
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