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A HAUSDORFF MEASURE VERSION OF THE JARNIK-SCHMIDT THEOREM IN
DIOPHANTINE APPROXIMATION

DAVID SIMMONS

ABSTRACT. We solve the problem of giving sharp asymptotic bounds on the Hausdorff dimensions of
certain sets of badly approximable matrices, thus improving results of Broderick and Kleinbock (preprint
2013) as well as Weil (preprint 2013), and generalizing to higher dimensions those of Kurzweil (’51) and
Hensley (’92). In addition we use our technique to compute the Hausdorff f-measure of the set of matrices
which are not ¢-approximable, given a dimension function f and a function 9 : (0,00) — (0,00). This
complements earlier work by Dickinson and Velani (97) who found the Hausdorff f-measure of the set of
matrices which are i-approximable.

1. INTRODUCTION

1.1. Notation. Fix m,n € N, and let M denote the set of m x n matrices. Given a function 1 : (0, 00) —
(0,00) and two norms || - ||, || - ||, on R™ and R™ respectively, a matrix A € M is called ¥-approzimable
(with respect to the norms || - ||, and || - ||,) if there exist infinitely many vectors p € Z™ and q € 7" \ {0}
such that

[Aq —pll, < ¢(lall.).

If || - ||, is the max norm, then we may allow ¢ : N — (0, 00) in place of ¥ : (0,00) — (0,00). We denote
the set of y-approximable matrices by W (v), or by W, ,(¢)) when we wish to emphasize the role of the
norms || - ||, and || - ||,

Remark. When n = 1, then W (%) is the set of simultaneously ¢-approximable points in R™, and when
m = 1, then W (1) is the set of dually i-approximable points in R™. This convention agrees with most
sources, but some swap the roles of m and n (e.g. [} [111 [30]).

1.2. A brief history of Diophantine approximation. Diophantine approximation is traditionally con-
sidered to have begun in 1842, when Dirichlet proved the following theorem:

Theorem (Dirichlet’s Theorem). For any A € M and for any Q > 1, there exist p € Z™ and q € Z™\ {0}
such that

lall < Q and [|Aq — pllec < Q™/™,

where || - ||oo denotes the max norm. In particular, if
Vi(q) = q_n/m
then

We will refer to the equation (1)) as the corollary to Dirichlet’s theorem.
A natural question is whether Dirichlet’s theorem or its corollary can be improved. The first result in
this direction is due to Liouville, who showed in 1844 that the set of badly approximable matrices

BAS | M\ W (ye,)
>0

is nonempty when m = n = 1. The assumption m = n = 1 was removed by O. Perron in 1921 [27].
Liouville and Perron’s result shows that for any function ¢ satisfying /v, — 0, we have W (¢)) # M
(cf. |14} Section 2] for an extended discussion of this point). Nevertheless, for such a ¢ the set W () may
1
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still be “large” in a number of senses. For example, it is trivial to show that for any function v, W (1))
is comeagerl] The first nontrivial result concerning the size of W (1)) came in 1924, when A. Y. Khinchin
proved the case m = n = 1 of the theorem below [20]. Two years later Khinchin extended his result to
include the case n = 1, m arbitrary [21]; the general case was proven by A. V. Groshev in 1938 [15].

Theorem (The Khinchin-Groshev theorem). Fiz ¢ : N — (0,00), and consider the series
(1.2) > g™ (g).
q=1

(i) If [L2) converges, then W oo (1)) is of Lebesgue measure zero.
(i) If (L2) diverges and the function g — q"p™(q) is nonincreasing/ then Woo,00 () is of full Lebesgue
measure (i.e. its complement has measure zero).

Remark. Case (i) (the “convergence case”) of the Khinchin—Groshev theorem is a standard application
of the Borel-Cantelli lemma, case (ii) (the “divergence case”) is the difficult direction.

Fix ¢ > 0, and let ¥.(q) = ¢~¢. One naturally observes that (2] converges if ¢ > n/m, and thus in
this case the sets W (t.) are of Lebesgue measure zero. Nevertheless, the sets W (1).) still turn out to have
positive Hausdorff dimension. The following result was proven for n = 1, m arbitary by V. Jarnik in 1929
[19], and in general by J. D. Bovey and M. M. Dodson in 1986 [4]. Moreover, the case m = n = 1 was
proven independently by A. S. Besicovitch in 1934 [3].

Theorem 1.1 (The Jarnik—Besicovitch-Bovey—Dodson Theorem). For ¢ > n/m,

dimp (W (¢e)) = (n — 1)m +

Here and throughout, dimy (S) denotes the Hausdorff dimension of a set S.

Remark. In Theorem[IT] the limiting dimension lim._, o dimg (W (1)) = (n—1)m is not zero unless n =
1. The reason for this is that for every function ¢, W (1) contains the set {A € M : Aq € Z™ for some q €
7™\ {0}}, and it can be computed that the dimension of this set is (n — 1)m. Thus by monotonicity of
Hausdorff dimension, we have dimg (W (v)) > (n — 1)m for every function .

In fact, Jarnik proved a stronger statement than the above. Given a dimension function f E let H/
denote the Hausdorff f-measure (see Section ). Let fi : (0,00) — (0,00) be the function defined by the
formula

(1.3) felp) =p™".

The following result was proven for n = 1, m arbitrary by Jarnik in 1929 [19], and in general by D.
Dickinson and S. L. Velani in 1997 [I1]:

Theorem 1.2 (The Jarnik—Dickinson—Velani Theorem). Let ¢ : N — (0, 00), let f be a dimension function,
and assume that

o the functions ¥ /v, and f/f. are nonincreasing and satisfy

¥(a) (o)
bulg) o F-o) 0

We recall that a subset of a Baire space is called comeager or residual if it contains a dense G5 set. By the Baire category
theory, the class of comeager sets is closed under countable intersections. The complement of a comeager set is called meager
or of the first category.

2VVeakening this assumption has been the motivation for much further research in this area, culminating in its complete
elimination in the case (m,n) # (1,1) [I]. When m = n = 1, the theorem is false without the assumption, and the expected
measure of W () for arbitrary v is described by the Catlin conjecture [16] p.28].

3We recall that a dimension function is a nondecreasing function f : (0, 00) — (0, 00) such that limy,—0 f(p) = 0.
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e the function

18 nonincreasing, where

Consider the series
— L (9@ \" f(¥(9))
49 > (%) |

Then

0 if (T4) converges
oo if (I4) diverges

Note that Theorem [[2lincludes Theorem [Tl as a corollary. Indeed, setting f(p) = p® and ¥ = 1. yields
Theorem [L11

Remark. As with the Khinchin—Groshev theorem, the convergence case of Theorem[I.2is a straightforward
application of the Hausdorff-Cantelli lemma [2] Lemma 3.10], while the divergence case is the difficult
direction.

One may also ask about the characteristics of the sets B(v)) <M \ W(4). From the measure-theoretic

and topological points of view, there is no new information here; B(t)) is meager, and it is of measure zero
if and only if W (%)) is of full measure. However, from the dimension point of view there is more to ask. In
this context, the main result was proven by Jarnik in 1928 for the case m = n = 1. The general case was
proven by W. M. Schmidt in 1969 [29], using the game he had introduced three years earlier [28] which is
now known as Schmidt’s game.

Theorem (The Jarnik-Schmidt Theorem). The set BA = J ., B(v¢«) has Hausdorff dimension mn.

Since mn is the largest possible dimension, this closes the question of the dimension of B(%)) for functions
¥ such that v /1, — 0, since such functions satisfy BA C B(¢). On the other hand, for functions ¢ such
that ¢ > 1., we have Bo, o0 (1)) = & by the corollary to Dirichlet’s theorem. To summarize,

mn if /1 — 0
dimy (Boo,ce(¥)) = 1 0 if ¢ > s

unknown otherwise

1.3. Main results. Although the Jarnik—Schmidt theorem tells us the Hausdorff dimension of B(v) for
any function v satisfying /1. — 0, it leaves open the following two natural questions:

Question 1. What are the dimensions of the sets B(x) (x > 0), where for each k > 0
|Aq — pl;’ lally > & for all but}

_ def 1/m _ .

B(k) = B, (k) = B, )= AeM:
(x) po () o (R4 { finitely many (p,q) € 2™

Question 2. Given a dimension function f and a function 1 such that /1, — 0, what is H/(B(v))?

In the present paper, we give fairly complete answers to both of these questions. To Question [l we give
the following asymptotic answer:

Theorem 1.3. Given any two norms || - ||, and || - ||, on R™ and R™ respectively, we have
. mn—dimg (B, (k)) def V.V, mn
lim ’ = 9# v =
"0 K ’ 2¢(m+n)m+n

or equivalently

(1.5) dimpy (B, (k) = mn — 0, ,K + o(k).
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Here V,, (resp. V) denotes the volume of the unit ball in R™ (resp. R™) with respect to the || - ||, (resp.
I - l) norm, ¢ denotes the Riemann zeta function, and dimp denotes Hausdorff dimension.

This theorem has been preceded by many partial results. When m = n = 1, J. Kurzweil [24] Theorem
VII] proved that

(1.6) 1—.99 <dimpy(B1,1(k)) <1— .25k

for all sufficiently small k. Here || - ||; denotes the absolute value function on R. Later D. Hensley [17] (cf.
[8, Theorem 1.9]) improved this result by showing that

(1.7) dimy(By1(k) =1— Em — %fﬂ log(k)| + O(K?).

2
Of course, (L7) is stronger than (L) since .25 < 6/7% < .99. (7)) is also slightly stronger than (LH),
since it has an estimate on the error term o(x). Here is the calculation which checks that ([3]) and (7))
agree on the second term:

2-2 11 1 6

11— ————— _

22)1+1  ((2) =2
When n = 1 and m is arbitrary, S. Weil [30] showed that
Kl/(2m) ) kmt+1
m — klm <dimg(B(k)) <m — kgm
for some constants k1, k2 > 0 depending on m. This was improved by R. Broderick and D. Y. Kleinbock
[7] who showed that for m,n both arbitrary,

I g (B () .

——— < dimg(B(k)) <mn — ky———-

|log (k)| | log ()]

for some constants ks, k4, p(m,n) > 0 depending on m and n, with the property that p(m,1) = 2m Vm.
Note that the results of Kurzweil, Weil, and Broderick—Kleinbock all follow immediately from (LX), while
the result of Hensley does not. The conjecture of Broderick and Kleinbock made on [7, last para. of p.3]
also follows immediately from (LHI).

(1.8) mn — k3

Remark. Although the result (L8] is superceded by (L3, the left-hand inequality of (L8]) is still in-
teresting in that it was proven using Schmidt games [28], and appears to be the optimal result that one
can prove using this technique. Thus the left-hand inequality of (L8] illustrates both the strengths and

weaknesses of the Schmidt games technique when applied to problems more precise than simply asking for
full dimension of BA.

Remark. Although Theorem[I3lprovides asymptotic information about the nonincreasing function f, , (k) =
dimpg (B, (k)), the following questions concerning the behavior of f, , are still open:

1. Is f,,., continuous? It was recently proven by C. G. T. de A. Moreira [26] that f; ; is continuous, but
his techniques depend heavily on continued fractions and do not generalize to higher dimensions,
where the question remains open.

2. What is the supremum of « for which f, (k) > 07 Again, the answer is known only in dimension
one, where Moreira showed that f; 1(k) = 0 if and only if x > 1/3 [26] Theorem 1(ii)].

Remark. It is worthwhile to note that Theorem [[.3] provides an alternate proof of the Jarnik—Schmidt
Theorem. The existing proofs [29 [12] [6] have all been minor variations of each other, so it is nice to get an
independent proof. (It should be noted here that when m = 1 or n = 1, there are easier proofs available
[23, 13} [5] which rely on the so-called Simplex Lemma [23, Lemma 4].)

Regarding Question 2] we prove the following theorem, which should be thought of as an analogue of
Theorem [[.2] for the sets B(v) (¢ : (0,00) — (0, 00)):
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Theorem 1.4. Let f be a dimension function, and let ¢ : (0,00) — (0,00) be a function such that (L2)
diverges but ¥ /1. is nonincreasing and tends to zero. Let

log ( f(p) )
def .. . f+(p)
(1.9) Ly = 11?3(1)1f —Fw(p*m/(”””))

(cf. @3)), where

(1.10) Fyp(@Q) =Y _q" ™ (q).
q=1
Then
0 if Lfﬂll < Nu,v
(1.11) HI (B, (¥)) = { oo if Ly >N s
unknown if Ly y =1,
where
V.V,
(1.12) "ty _miAn

o = 2(m+n)  m Hav!

Remark. The divergence case of the Khinchin-Groshev theorem is a corollary of Theorem [[.4l Indeed,
let ¥ : N — (0,00) be a function such that ([2]) diverges but /1. is nonincreasing and tends to zero.
Since H/'* is Lebesgue measure and Ly, ,, = 0, Theorem [[4] says that the set Boooo(1) has Lebesgue
measure zero, or equivalently that the set W oo (1)) has full Lebesgue measure. If 1)/, is nonincreasing
but does not tend to zero, then Wi, (1)) can be seen to have full measure via comparison with the function

U(q) = ¥u(q)/log(2 Vv ¢)

Definition 1.5. In what follows, we shall call a function ¢ : (0,00) — (0, 00) such that (2] diverges but
¥ /1, is nonincreasing a nice approzimation function.

To illustrate Theorem[T.4l we consider its special case for a certain family of nice approximation functions
(1y)~y>0, and we find a “dual” family of dimension functions (fs)s>o which are useful for measuring the

sets (W (¢y))y>0:
Example 1.6. For each v,s > 0, let

Uy(q) =y ™mg ™ log(2 Vv q) 7M™, fs(p) = p™"|1og(p)|*,
we have
< 1
Fy(Q) =7 log(2V q)*la ~ vloglog(Q)
q=1
g (242 = b |l (s)*) = 1o ()
slog|log(p)| s

Ly ». = liminf ==
fotbr = L0 Yloglog(p~m/tntm) ~ 5

So by Theorem [[4] we have

0 if s <ynuw
HfS(B(dJ.Y)) =< 0 if s >ynu, -

unknown if s =y,

4Here and hereafter AV B denotes the maximum of two numbers A and B, and A A B denotes their minimum.
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Example reveals a surprising fact about the sets B(t), namely that there exist pairs (f,) and
constants 0 < y_ < 74 such that H/ (B(y_1)) = oo but H/(B(vy4+1)) = 0. This stands in marked contrast
to Theorem [[Z] which demonstrates that Hf (W (yv)) is independent of ~ for all functions f and v and
for all v > 0. Going further, we show that the phenomenon of the above example is in fact commonplace:

Corollary 1.7. For any nice approzimation function ¢ : (0,00) — (0, 00) such that ¥ /1. — 0, there exists
a dimension function f and constants 0 < v_ < v+ such that

M/ (B(v49)) = 0 but H/ (B(y-v)) = oo
Proof. We define the dimension function f via the formula

Flo) = 4P e Fy(p=m/tmin)) - p < py
p =

f(po) p > po
where pg > 0 is a small constant. We know that f is indeed a dimension function (i.e. is nondecreasing
and satisfies lim, o f(p) = 0) because ¢"9™(q) < 1 < n(m + n) for all ¢ sufficiently large, so if po is small
enough then f is nondecreasing. This choice of f guarantees that Lf ., = v~ for all v > 0; choosing
0 < v— < 4 so that ™ < n,, <~y_™ completes the proof. O

Corollary [T is less surprising than it first appears if we recall the contrast between the corollary of
Dirichlet’s theorem and the Jarnik—Schmidt theorem: Wiy o0 (105) = M (so that dimpy (Boo,co () = 0),
but dimg (BA) = mn (so that dimy (B(yy.)) — mn as v — 0, and in particular dimg (B(vy.)) > 0 for all
sufficiently small v > 0). Thus the conclusion of Corollary [[.7] was already known to hold for one function,

namely ¥ = v,.

Another surprising fact about (LII]) is that it shows that #/ (B, (1)) depends on the norms | - ||, and
| - ||l used to define B, ., (v). Actually, this is not a different fact than our previous surprising fact, since
multiplying the || - ||, norm by a constant factor is equivalent to dividing 1 by a constant factor; precisely,

By () = By o () where || - [l = [ - [],0/7-

We conclude this introduction by unifying Theorems [[.3] and [[.4] into a single theorem from which they
can both be derived as corollaries.

Theorem 1.8. Let f be a dimension function, and let ¢ : (0,00) — (0,00) be a nice approximation
function. Let Ly, be given by (L9), and let My, = ¢™(1). Then there exist continuous functions ¢, Cp.,
[0,00) — [0,00], depending only on m, n, u, and v, such that

0 if Ly oy < cpn(My)
(1.13) H (B, (1)) = § 00 if Ly > Cpp(My)

unknown if ¢, (My) < Ly < Cp(My)
AND

Cuw(0) =CLu(0) =y,
Proof of Theorem [L.3 assuming Theorem [[.8 Fix s,k > 0, and let fo(p) = p™" %, e(q) = £"/™.(q).
Then

Q
K
My =k Fy(Q) = Z " ~ klog(Q)
q=1
flp)\ _ T s|log(p)] _sm+n
og (mp) = sllog(o) Lo =Bt og (o /o) = % m
and thus
0 if s < hlcpu (k)
H™ (B, (k) = H'* (B, (1)) = { 00 if 5> ko C(K)

unknown if /@ml_‘_nc#,,,(/@) <s< HWL_HIO%U(H)
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It follows that
m m

o G (8) < i — dimp (B (k) < o G (K)
and hence by the squeeze theorem,
—di B,
lim " g (B (%)) __m N = Opu. O
Kk—0 K m-+n'"’ ’

Proof of Theorem assuming Theorem [[.8 Suppose that ¢ /¢, — 0. Then for each v > 0, the function
1y = 1) A y1b, agrees with ¢ for all ¢ sufficiently large. It follows that B(t¢,) = B(%). Taking the limit of

mw:ww as v — 0 yields (CITI). O

The remainder of the paper is devoted to giving first a heuristic argument for Theorem [[.8] and then a
rigorous proof motivated by the heuristic argument.

Note. To avoid needlessly cluttering the notation, in what follows we usually omit the subscripts of
norms, writing ||p|| for ||p||., ||al| for |ql,, etc. When it is important to clarify or emphasize which norm
is being used, we will do so.

Acknowledgements. The author would like to thank Faustin Adiceam for helpful comments on
an earlier version of this paper. The author was supported in part by the EPSRC Programme Grant
EP/J018260/1. The author thanks the anonymous referee for many helpful comments.
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2. HAUSDORFF MEASURE AND DIMENSION

A function f : (0,00) — (0, 00) is called a dimension function if f is nondecreasing and lim,_.q f(p) = 0.
In this section, we fix a dimension function f and a set S C R%. The Hausdorff f-measure of a set S C R?
is defined by the formula

HI(S) = glg% inf {Zl f(pi) : (By, (:vz))(l)o is a countable cover of S with p; <€ Vi} )

where here and hereafter, B,(z) = B(z, p) déf{y : d(z,y) < p}. Finally, the Hausdorff dimension of S is
given by the formula

dimg (S) = inf{s > 0: H*(S) = 0},

where H? is the Hausdorff measure with respect to the dimension function

Is(p) = p°.

We recall some well-known upper and lower bounds on the quantities #f(S) and dimg(S). The upper
bounds come from considering only covers whose balls all have the same radius. Such a cover is represented
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by two quantities: the set F' of centers of balls in the cover, and the common radius p. The cost of such a
cover is equal to #(F) f(p). It follows that

I (5) < B(5) ™ lminf N, (S)f(p).

where

(2.1) N,(S) = min {#(F) FCRY Sc | Bp(:c)} :

zeF

We call the number B (S) the lower boz-counting f -measurd] of S , in analogy with the lower boz-counting
dimension, which is given by the formula

dimp(S) = li;n_)iglf % =inf{s > 0: B*(S) = 0}.
Note that
dimpg (S) < dimp(S).
To get a lower bound on H7(S) and dimg(S), a more sophisticated argument is needed.

Lemma 2.1 (Generalized mass distribution principle). Let p be a probability measure on S such that for
allx € R and p > 0,

1(By(x)) < g(p),
where g is a dimension function. Then

f imin M
HAS) = a0

Proof. This can be deduced as a corollary of [25] Theorem 8.2], but the proof is much easier. If (B,, (x;))5°
is a cover of S such that p; < e Vi, then

<Zu i (x:) S; S(Sup %);ﬂm)

0<p<e
and thus
H(8) > tim inf L2 iming £, 0
e—=00<p<e g(p =0 g(p)

3. HEURISTIC ARGUMENT

In this section we give a heuristic argument explaining where the formulas (I3) and (CIT]) come from.
Let f be a dimension function, and let ¥ be a nice approximation function (cf. Definition [[L3]). The reader
can keep in mind the special case f(p) = p°, ¥(q) = £Y/™.(q) = (kg ™)™, where 0 < s < mn and
k > 0, i.e. the special case needed to prove Theorem [[.3]

In this section, the notation A ~ B indicates that the ratio A/B is asymptotically close to 1, but we
do not specify the circumstances under which this asymptotic holds. Similarly, A &~ B indicates that the
ratio A/B is bounded from above and below, but again the contextual requirements are unspecified. A
more rigorous way of denoting asymptotic relations will be described at the beginning of Section [4]

The first step in our calculation is to rewrite the set B(¢)) as the union of countably many closed sets.
For each Qg € N, let

def def
(3.1) Wy.qo = U Ay(p,a), By,gy = M\ Wy.q,,

(p,q)ez™ ™
lall>Qo

5Warning: Although we are calling B/ a “measure”, it is not countably additive on any reasonable collection of sets,
although it is finitely additive on sets A, B such that d(A, B) > 0.
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where for each p € R™ and q € R™ \ {0} we have
(3-2) Ay(p,aq) ={A e M:[|Aq—pl < ¥(lal)} -

Then we have

B(w): U Bﬂ%Qm
Qo=1
SO

(3:3) HI(B()) = sup H/ (By.q,) =00+ sup HI (By,q, N K).H
Qo1 Qo>1
where K denotes the set of m x n matrices whose entries are all in [0, 1], i.e. the “unit cube” of M.
Fix Qo € N, and we will estimate H/ (B, g,NK). We will use the lower box-counting measure BY (By, o,N
K) (cf. Section[) as a proxy for H/ (B, g,NK). Intuitively, B (By g,NK) is a good proxy for Hf (By,g,NK)
as long as the closed set By, g, N K is sufficiently homogeneous.

Heuristic assumption 1. For all sufficiently large Qo € N, we have H/ (By. g, N K) = B/ (By.q, N K).

Now to compute B/ (By, g, N K), we should fix p > 0 and estimate the number N,(By o, N K) defined
in (20). To do this, we will estimate the measure of the set N'(By q,,p) N K in order to apply the formula

NP(Bw;Qo N IC) ~ p—mn Ak (N(Bﬂthvp))'

Here A denotes Lebesgue measure on K, normalized to be a probability measure, and

N(S,p) % {A e M:d(A,S) < p}.
(The distance on M comes from the operator norm [[A|| = maxq),=1 [|[Aq][,.) Fix @ > Qo to be deter-
mined, and let

(3.4) Wp(@Qo@ = U A, By (Qo, Q) = M\ Wy(Qo, Q).

(pa)ez™ "

Qo<llall<Q
We will estimate the measure of By (Qo, Q) using an independence assumption, and then we will compare
the measure of By (Qo, Q) with the measure of N (By g, p), assuming an appropriate relation between @
and p. However, we must deal with the fact that if (p,q) € Z™*" and k € Z \ {0}, then Ay (kp, kq) C
Ay (p, q), and in particular the sets Ay (p,q) and Ay (kp, kq) are not independent. Let P C Z™ x (Z™\{0})
be a set consisting of primitive integer vectors such that for all (p,q) € Z™ x (Z™\{0}), we have (p,q) € kP
for exactly one value k € Z \ {0}.

Heuristic assumption 2. The sets Ay (p,q) ((p,q) € P, Qo < |ld]| < Q) are approximately independent
with respect to the probability measure Ax.

Using this assumption, we make the following calculation:

—log \c (By(Qo,Q)) ~ > —log (1= Ac(Ay(p, )

(p,9)€EP
Qo<Jlall<Q

~ Z Ak (Ay (P, q))-

(p,q)EP
Qo<|lall<@

Heuristic assumption 3. The set P is “homogeneous” in the sense that sums over subsets of P are
asymptotic to a fixed constant, say yp, times integrals over the same regions.

6Here we use the convention that oo -0 = 0.
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To compute vp, we observe that for R large,
ViVoR™ ™ ~ 4{(p,a) € 2™ x (2" \{0}) : |||l V [lal| < R}

= Y. #{(pa)eP:|kp|V|ka| < R}
kez\{0}
~ap Y VAR )™ = 2((m + n)yp Vu Vi R
kez\{0}
so vp = 1/(2¢(m + n)). Thus,

—log A (By(Qo, Q)

1
S e M (Bulp.a) im0
Qo<llqllL@Q
1
~ 2(m+n) AR R™ : || Aq — dA d
2¢(m +n) /Qoguqugg/n re ({p € R™ : [|[Aq — p| < ¢(lal))}) dA dq

1
= V m d .
2¢(m +n) /QoSIIQIISQ w"(lal) da

Lemma 3.1. If f:[0,00) — [0,00) is locally integrable, then
[l da=nvi [~ p(a) da
0

Proof. Tt suffices to prove the equality for functions of the form f(q) = [q < Q} (cf. Convention [ below),
and for these,

Q
[ llal < @) da = e (5,0.Q) = Vi@ = Vi, [ na" g 0
0
Using Lemma [3.1] we continue the calculation:
V,
~1og e (Bul@0: Q) ~ e s | v (lall) dq
(By(Qo, Q) m 1) Joreial<o (lal))
(3.5) nV,V, /Q .
— n m d
2Cm+m) Jg, ¥"™(q) dg
Nnu,qu(Q)a

where F is as in (LI0).

Now that we have estimated the measure of By(Qo,(Q), we want to compare it to the measure of
N (By,qo:p)- To do this, we compute the “thickness” of the sets Ay (p,q) ((p,q) € P). The following
lemma (which will be used in the real proof of Theorem[I.8)) suggests that the thickness should be interpreted

. def
as being ¥(||ql[) = ¥ (|lall)/llall:
Lemma 3.2. Let 11,12 : N = (0,00). Then for all p € R™ and q € R™ \ {0},

N (Awl (p,q), 1/)2'(2?“)) C Ay, 14, (P, )

For example, Ag(p,q) is an affine linear subspace of M, and N (Ao (p,q), ¥(|lq]])) C Ay(p,q).

Proof. Fix A € Ay, (p,q) and B € M with ||B — Al < ¢(|lqll)/[lqll. Then
|Ba—pll <||Aq —p| + |B— Al - |lql

gmﬂhﬂH% Nl = (W1 + ) (lall). O
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Heuristic assumption 4. The measure of By(Qo, Q) is approximately the same as the measure of
N (By,qQo: p), where p = U(Q) is the minimum “thickness” of the sets Ay (p,q) (Qo < [la]| < Q).
So
—log A (N (By.qo: 0)) ~ 1w Py (T (p))-

Since v is assumed to be a nice approximation function, we have log(q) ~ — 2 log(¢) and thus log ¥(q) ~

— % Jog(¢) and log U=1(p) ~ ——2_log(p). Since Fy, is either logarithmic or sublogarithmic, this gives

m—+n

—log Ak (N(B%Qoap)) ~ n#7VF¢(p7m/(m+n))_

We now have all the ingredients needed to finish the calculation. In what follows, the symbol ~ just means
intuitively that “the quantities are close” and we do not specify a more precise relation.

log BY (B0, N K) = liminf log (N, (By.0,)f(p))
p—0

~ liminf [log e (M (By,qo, p)) — mnlog(p) +log f(p)]

. _ fp)
~ liminf | —n, ., Fy(p m/(mAn)y 4 Jog
p—0 b Fu ) f«(p)
-0 if Lfﬂ/, < Ny,
= § 0 if Lfﬂp > Nuw -

unknown if Ly =0y
Using heuristic assumption [Il and applying [B.3) gives

0 if Lfﬂp < Mu,v
HI(B(y)) = if Ly > -
unknown if Ly =1y,

4. PRELIMINARIES AND NOTATION

The notation introduced in this section will be used throughout the paper. We provide a summary in
Appendix[A] for convenience. Recall that m,n € N are fixed, and that M denotes the set of m x n matrices.

Convention 1. The symbols <, £, and =~ will denote coarse multiplicative asymptotics, with a subscript
of + indicating that the asymptotic is additive instead of multiplicative, and other subscripts indicating
variables that the implied constant is allowed to depend on. If there are no variables indicated, then the
implied constant only depends on the parameters m, n, p, and v. The implied constant is understood to
depend continuously on all parameters. We emphasize that all parameters the implied constant depends
on other than m, n, u, and v will be explicitly notated, even if they appear to be clear from context.

For example, A i B means that there exists a constant k > 1 that depends continuously on the
parameters m, n, u, v, and K, and on no other parameters, such that A < kB. Similarly, A ~; B means
that there exists a constant k£ > 0, depending only on m, n, u, and v, such that B—k < A < B+ k. Note
that in the first example, if we have an upper bound and a lower bound on K then we can use continuity
to get an upper bound on the implied constant k.

Convention 2. When limits are written using arrow notation, they are assumed to be uniform with
respect to all parameters except for those mentioned in parentheses. For example, the notation
A——0
Q—o0
6—0 (K)
means: For all £ > 0, ther exist Qq, dp > 0, with Qg depending only on ¢ and §y depending on both K and
e (and on m,n, u,v), such that if Q@ > Qo and 0 < d < dp, then |A] <e.
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Convention 3. The symbols ~, <, and > will denote asymptotics whose implied constants tend to 1 (or

0 for additive asymptotics) as certain quantities approach their limits. The convergence of the implied
constant is notated using Convention 2l For example, the formula

6—>8J(Q)

means: For all ¢ > 0, there exists §p > 0 depending only on ¢, @), and m,n, u, v such that if 0 < § < &,
then (1-¢)B< A< (1+¢)B.

Similarly, the notation A < B means that A/B — 0; again the convergence is notated underneath the
< sign using Convention 2l (This differs from the common usage of < as the Vinogradov symbol; in this
paper, < plays the function of the Vinogradov symbol.)

Convention 4. Whenever a vector r € R™*" is fixed, we denote its components by p € R™ and q € R",
so that r = (p,q). Similarly, whenever p € R™ and q € R™ are fixed, we use the shorthand r = (p, q).
The same convention applies to v’ = (p’, ¢').

1 statement true

Convention 5. We use the Iverson bracket notation [statement] = .
0 statement false

Convention 6. The symbol < will be used to indicate the end of a nested proof.

4.1. Cantor series expansion. Let D = mn, so that R” is isomorphic to M as a vector space. In
what follows, we identify an element of M with its image in R” under the map which sends a matrix to

the list of its entries, and we take the norm on M to be the operator norm [|A|| = maxq=1 [|Aq|. We
write K = [0,1]” € M. Note that this subsection and the next one (i.e. §LINLZ) make sense in any
finite-dimensional normed space (R?, || - ||), without any reference to Diophantine approximation.

During the proof of Theorem [[8 we will specify a sequence of integers (Ny)$°, depending on the
approximation function ¥ and on an auxiliary parameter 5. We will describe how this sequence is chosen
later, but for now we assume that we are given a sequence (N )$° satisfying N > 2 Vk. We introduce the
following notations:

E, Y0, N, -1} C M (1<k < o0)
k

ok H E; (Cartesian product) (0<k<o0)
j=1
k

NFETT Ny = #(BR)VP. (0 <k < o0)
=1

Warning. The notations E* and N* should not be confused with the Cartesian and arithmetic powers
of a set F and a number N, respectively. In this paper, there is no set E and there is no number N. As a
plea to forgive this abuse of notation, we note that in the special case occurring in the proof of Theorem
L3 the sequence (N})$° is constant (cf. Remark A3 below), and so in that case the notations E* and N*
really do denote Cartesian and arithmetic powers.

For each w € EF, we write |w| = k. Let E* dof Urso E*. (E* is not included in this union.) For all
w € E*UE™ and k < |w|, we denote the kth element of w by wy, and we denote the initial segment of w
of length k by w1 k. We define the coding map 7 : E* U E*° — K via the formula

|w] Wi

k=1
This series is called the Cantor series expansion of m(w). Note that every element of K has at least one
Cantor series expansion, and almost every element of I (with respect to Lebesgue measure) has exactly
one Cantor series expansion. Moreover, for each w € E*, if

[w] déf{q— e E*® 711 |w| = w}, o défﬂ—([w])u
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then
1
(41) K:w = W(w) + W’C
In particular, K, is a cube of side length 1/N l“l, We observe that if w, 7 € E* are incomparableﬂ then /C,,
and K, have disjoint interiors.
The following notation will sometimes be convenient: Given w € E* and A € K, let

Du(4) = () +

By @), @, : K — K, is a bijection.

4.2. Evaporation rates. A {ree in F* is a subset of E* which is closed under taking initial segments. Let
T* C E* be a tree. For each k € N, let T* df gk T*, and for each w € T™*, let
T, ={a € B4 twa € T+t

Here and hereafter, wa denotes the concatenation of w and a. For each k > 1, let

+ def
S g s, #BA\T)

_def 1 .
P = -—— min Ex\T,).
k7 (NP weri1 #E\T)
In other words, P,j (resp. P, ) is the maximum (resp. minimum) proportion of children that get removed
from the tree T at stage k. We call the sequences (P;")$° and (P, )$° the upper evaporation rate and the
lower evaporation rate of T*, respectively.
Let T denote the set of infinite branches through T*, i.e. the set {w € E* :w | k € T* Vk}. The
goal of this subsection is to relate the Hausdorff f-measure of 7(7°°°) to the evaporation rate of T*, where
f is a dimension function. To do this, we introduce some more notation. Namely, let

— def .
M= (N)P(1=Pf) = min #(T.)

M= (NP (1 - P) = max #(TL)

weTk-1

k
Mk et [T »5
-
=1

In other words, M, (resp. M,") is the minimum (resp. maximum) number of children of any stage k — 1
node that remain in 7. For each 0 < p < 1, let k(p) € N be the unique integer satisfying 1/N*P)+! < p <
1/N*®) and let

k(p)
det (NH(P)p)P 1 D
f=(p) = 2 = H | P
M$(P) =1 1— Pj

Remark. The subscripts and superscripts above have been chosen so that O_ < [, for all relevant
objects.

Proposition 4.1. Let f be a dimension function. With notation as above,
(i) If T* C E* is a tree such that @ € T* and supy>, Pt <1, then

F(r(T imin f(p)
2) W (r(1)) 2 timint L

"Two strings are called incomparable if neither is an initial segment of the other.
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(ii) For any tree T* C E*,

(4.3) H (n(T>)) < B/ (n(T™)) % lim inf ()

Proof of (i). By pruning the tree T*, we may without loss of generality assume that #(7T,,) = M, |41 for
all w € T*. Let v be the unique measure on 7' such that

v([w]) = 1/]\4',“)| Yw e T,

Let p be the image of v under the coding map m. Now fix A € K and 0 < p < 1, and let k = k(p). Let
I€]| = maxpek || B||. Then

w(By(A) = > v(lwlna ! (By(4)

weERk+1

1
e € B Kun B, (4) # 5}

IN

1
W#{W € EM1 K, C B(A, (1+K])p)}

(since diam (/) < || K[|/N*Tt < ||K||p for all w € EFF)

1 A (BA, (1 [[K])p))
S MET (I/NET)D

(since A\x(Ky) = (1/N*HP for all w € EFY)

(since sup P < 1)
k>1

= f+(p).
Applying Lemma [ZT] demonstrates ([@2]). O

Proof of (ii). Fix 0 < p <1, and let k = k(p). For each w € T*, we have N,(K,,) = Ny« ,(K) =~ 1/(N¥p)P.
Since #(T%) < M¥, it follows that

MF 1
Ny (7 (1)) < No(K) & 7o = '
g w;k ’ (NFp)P— f-(p)
Multiplying by f(p) and taking the liminf as p — 0 finishes the proof. O

4.3. Choice of the sequence (N;)$°. In this subsection we describe how the sequence (Ng)$° to be used
in the proof of Theorem [[.8 will be chosen, depending on a nice approximation function % and a parameter
B > 0. To motivate this choice, we recall that in the heuristic argument of Section B] we estimated (cf.

(B3)) that for all 1 < Q1 < Qo,

(4.4) —log Ak (Bw(Ql, Qz)) ~ N Fp(Q1, Q2),
where By (Q1,Q2) is defined by (34]), and

Q2
(4.5) Fo(Qr, 02) ™ / 7™ (q) dg.

1
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Note that the two-input function F, defined here is related to the one-input function Fy, defined in (II0)
via the asymptotic

FolQ) 2 oy Fo(@0.Q)

We have switched from a sum to an integral for ease of calculations later.
Coming back to the motivation of the choice of (Nj)$°, we want to choose it so that the companion
sequence

(4.6) QF L (NFym/(mtn) (ke N)

satisfies Fy,(Q%, Q1) ~ B for all k, for an appropriate limiting process. The idea is to make sure that
QF and Q**! are “far enough apart” that the heuristic formula (4] is true for Q; = QF and Qo = Q**!,
but “close enough together” that the left-hand side of (4] is essentially the same as A (Wy(QF, Q1)).
The significance of the sequence (A]) is that the “minimum thickness” of By (QF, Q¥*1) is approximately
1/N*+1 (cf. Lemma and Heuristic assumption M) and thus heuristically, we expect that if w € E* is
the Cantor series expansion of a matrix A = w(w) € K, then it should be possible to control whether or not
A € By(QF, Q%) by controlling the coordinate wy1, given information about the initial segment w 1 k.
This will allow us to create a tree contained in By g, that we can control the evaporation rate of.

Now we need to show that it is possible to choose the sequence (Ny)$° in such a way so as to satisfy
Fy(QF, Q1) ~ B Vk, or more precisely,

kE k+1

(4.7) Fy(QF, Q) 2t o
Before we do, we collect some facts about the function F. Since v is a nice approximation function, the
function

aet [ (q) )m _

(1.9 o™ (L0) = aruna)
is nonincreasing, and thus ¢(Q2) < ¢(q) < ¢(Q1) for all ¢ € [Q1,Q2]. Since

Q2

Fu@1@) = [ o,

Q@ 4q
we get
(4.9) #(Q2)log(Q2/Q1) < Fiy(Q1,Q2) < ¢(Q1) log(Q2/Q1).
In particular, since ¢p(Q1) < ¢(1) = M, we have
(4.10) Fy(Q1,Q2) < My log(Q2/Q1).

Lemma 4.2. Fiz a, > 0 and a nice approxzimation function 1p. There exists a sequence of integers (Ny)5°
such that for all k > 1,

(4.11) B < Fy(QF, Q) < B+ Myalog(2),

where
def b def
NG, Q& ().
j=1

In fact, the sequence (Ny)$° can be chosen to consist of powers of 2.
In particular, letting o = m/(m + n) shows that we can choose (N)$° so as to satisfy (@1).

Remark 4.3. For the case occurring in the proof of Theorem [[L3) namely 1 (q) = &*/™.(q) for some
k > 0, the proof of this lemma can be accomplished by letting (N;)$° be the constant sequence whose
terms are all equal to 218/ (s log(2)1
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Proof of Lemma[{.3 Given k > 0 and Ny, ..., Ny, we find N1 > 2 such that (£.I1I]) holds. Let £ > 0 be
the smallest integer for which Gy, (N*,2°N*) > 3, where

Gy (My, Mz) % Fy (M, M5).

Such an integer exists since

lim Gw(Nk, 26N*) = / "™ (q) dg = oo,
L— 00 Q

k

where the last equality holds because 1 is a nice approximation function (cf. Definition [[5]). Since 3 > 0,
£>1. So

Gy(N®27INF) <
Gy (27 INF, 2 NF) < Myalog(2), (by (EI0)
and adding these inequalities yields
8 < Gy(N*,2°N*) < 84+ Myalog(2).

Letting Ny, = 2 finishes the proof. O
4.4. Homogeneous dynamics. Although we do not use it directly, it is worth recalling the connection
between Diophantine approximation and dynamics in homogeneous spaces first discovered by S. G. Dani
[10] and subsequently generalized by D. Y. Kleinbock and G. A. Margulis [22]. To state their result
precisely, we need some notation. This notation will end up being convenient for our purposes as well.

Let d = m +n, let Q, denote the set of unimodular (i.e. covolume one) lattices in R?, and let A, =

7% € Q4. Let G = SLy(R) and T' = SL4(Z). Note that €2 is isomorphic to the homogeneous space G/T
via the mapping gI" — g(A.). Let the function A : Q4 — R be defined by the formula

A(A) = ~ logmin [r],

r#£0
where
(4.12) (e, )| = (oIl v llall = [pll v .-
For each A € M and t € R, let
RC { I, —A } 7 g %t et/™[., . 7
I, e "I,

and note that w4, g: € G. Here I}, denotes the k-dimensional identity matrix.

Remark. The maps A — u4 and ¢t — g; are exponential homomorphisms (in the sense that their domains
are additive groups but their common codomain is the multiplicative group ). Dynamically, the subgroup
(ua) is a multiparameter unipotent flow on Q4, while the subgroup (g:) is a one-parameter diagonal flow
on Q.

Let 6 = D/d = mn/(m +n). Then the conjugation relation between the (u4) flow and the (g;) flow
can be expressed as follows:

(4.13) J_5tUAGst = Ue—t 4.
We are now ready to state the Kleinbock—Margulis correspondence principle:

Theorem 4.4 (|22, Theorem 8.5]). Let ¢ : [1,00) — (0,00) be a nonincreasing continuous function, and
let ry : [to,00) — R be defined by the formula

(4.14) P/ = g=t/m=Tu(®)
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as well as the requirement that both sides should be decreasing with respect to t. (The existence and
uniqueness of such a function is proven in [22] Lemma 8.3]). Given A € M, we have A € W (¢) if and
only if there exist arbitrarily large t > 0 such that

(4.15) A(grualy) > ry(t).
Equivalently, if for each t > 0 we let
(4.16) K1) = {A € Qu: AA) < ry ()},

then A € W () if and only if there exist arbitrarily large t > 0 such that grualA. ¢ K(¢,1).

Remark. Theorem 4] was originally stated for the case where || - ||, and || - ||, are both the max norm,
but the only place this is needed in the proof is to ensure that the relation ([@I2]) holds.

5. LATTICE ESTIMATES

The goal of this section is to justify the heuristic calculation [B.3]), but in a “local” way that will later
allow us to deduce estimates on the evaporation rates of certain trees. This “localness” will be represented
by the fact that we consider an arbitrary unimodular lattice A € Q4 rather than just the lattice A, = 7.
Specifically, let us fix:

e a lattice A € Qg,

e numbers @1, Q2 with 1 < Q1 < @3,

e a function ¢ : [Q1, Q2] — (0,00) such that 1 /1, is nonincreasing.
Then the goal of this section is to prove the following theorem:

Theorem 5.1. The set det
Wy a(Q1,Q2) = U Ay(r)
rcA
Q1<lall£Q2
(cf. B2)) satisfies

(5.1) M (Wya(Q1,Q2)) NuwFy(Q1, Q2),

Q1/ IriA)—)oo
H(Q1)/Fy(Q1,Q2)—0
Fy(Q1,Q2)—0

where
(5.2) Trr(A) A7 (A)

and ¢ is defined by (L8). Here A\1(A) denotes the first Minkowski minimum of A (with respect to the unit

ball), i.e.

A ()=

min |||
reA\{0}

Remark. The “irregularity” Irr(A) should be thought of as a way to measure how far away A is from the
“standard lattice” A.. The precise formula for Irr(A) is used in only two places: the proof of Lemma [5.§]
and the proof of Claim

The following corollary is what we will actually use in the proof of Theorem [L.8

Corollary 5.2. Let ¢ : (0,00) — (0,00) be a nice approzimation function and let the sequence (Ni)3° be
as in Lemma[.d Fizw € E*, and let

k= |W|, Jw = G5log(N*)Un(w)s A, = gwA*
Then for all QF < Q1 < Q2 < Q"
)\IC (Icw N WIZJ (Qh Q?)) & ~ (Nk)iDnu,uB-
Q1/(Q" Irr(Ay, ) ) — o0
B—0
Mw/ﬂ—)o

Fy(Q*,Q1)/8—0
Fy(Q2,Q"ThH) /-0
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Proof. This follows from applying Theorem [5.Ilto the lattice A’ = A, the numbers Q’ = Q;/Q* (i = 1,2),
and the function 1’ (¢q) = (Q*)"/™(Q*q), and then using (@II) and the formulas

Ko N Wy, (Q1,Q2) = @0, (KN Wy o (QF, Q%))
Fyr(Q4,@2) = Fu(Q1,Q2) = Fy(Q", Q%) = [Fy(Q", Q1) + Fy(Q2. Q"))

This corollary is the only part of this section which is used in the proof of Theorem [I.8] so Sections
and [ can be read independently of this section.
The proof of Theorem BTl will consist of three main steps:
o (Lemmal[5.12) estimating the measure of Wy A (Q1,Q2) “with multiplicity”, i.e. estimating the sum
of the measures of the sets Ay (r) (r € A, Q1 < ||q]] < Q2);
e (Lemma [BI3) proving a “quasi-independence on average” result for a certain subset of A, the
“regular primitive” vectors;
e combining to estimate the measure of Wy A (Q1,Q2) “without multiplicity”.
Before going into the proof of the main lemmas [5.12] and .13 we need some preliminaries. For these

preliminaries, we forget about the numbers @1, Q2 and the function v, and concentrate only on the lattice
A€ Qy.

5.1. Preliminaries. We collect here various facts needed in the proof of Theorem [(.11
Lemma 5.3. Let A be a unimodular lattice in R?, and let
A*dﬁf{seﬂ?d:r-sez Vr € A}
be its dual lattice. Let V< R% be a subspace such that ANV is a lattice in V', and let
Vi seRl i rs=0 Vr eV}
be its dual subspace. Then
Covol(A NV) = Covol(A* N V).

Here the covolume Covol(T") of a lattice I' in a normed vector space (V, ||-]|) is the volume of a fundamental
domailﬁ of I with respect to Ay, where Ay, denotes Lebesgue measure of V normalized so that the unit
ball of || - || in V' has measure 1

Proof. Without loss of generality suppose that the norm || - || is Euclidean, and we will show that in this
case

Viim(v) Covol(A N V) = Vi) Covol(A™ N v,

where V}, denotes the volume of the Euclidean unit ball in R¥.
Indeed, let ry, ..., ry be a basis of A such that rq, ..., ry is a basis of V, where k = dim(V'). Let s1,...,s4
denote the dual basis, so that sg1,...,sq is a basis of A* N V+. Since A is unimodular,

(rlA---/\rk)A(rk+1/\---/\rd) =1= (rkJrl/\"'/\rd)'(SkJrl/\"'/\Sd)
(see e.g. [3T], §3.2 and §5.5.1]), and thus the equality

d—k d
(A Arp)Aw=w-(spp1 A Asq)  (we R

8We recall that a set D C R? is called a fundamental domain of A if D4+ A = R® and Int(D) N (r 4+ Int(D)) = & for
all r € A\ {0}. In this paper, we make the additional assumption that D \ Int(D) has Lebesgue measure zero, so that
Apd =2 re ArtD-

9Note that this definition disagrees slightly with the notion of covolume used in §4.4] in which Lebesgue measure was
assumed to be normalized so that A([0,1]%) = 1. Hopefully this will not cause any confusion.
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can be checked by verifying that it holds on a basis of /\dik R<. So

Vaim(vy Covol(ANV) = [[ry A - Ay = HmI?X [(xr A= Arg) Awl|

= ”Inﬁaux lw- (sk41 A= Asa)ll = lIskr1 A~ Asall = Vaimev 1y Covol(A* N V. O

Another important fact about dual lattices is that if A; denotes the ith successive Minkowski minimum,
then

(5.3) Ni(A") = AZ i (A);
see e.g. [9) Theorem VIIL5.VI].
Notation 5.4. If D C R? and f : R? — [0, 0), we let

D)(r) = =
FoE) = s F), Joy(r) = _inf J(x).
and if p > 0 we let
f(p) — f(Bp(O))v f(p) = f(Bp(O))'

The following fundamental observation allows us to compare sums over the lattice A with integrals:

Observation 5.5. Let f : R? — [0, 00), and let D be a fundamental domain of a unimodular lattice A € Qg4
(cf. FootnoteB). Then

(5.4) / fpy(r) dr < Zf , FP(r) dr

reA

Furthermore, if ||A| denotes the codiameter of A, i.e.

Al = sup d(x, A),

x€R4
then

(5.5) /[Rd f(|\A||)(r) dr < Zf(r) < ‘/[Rd f(”A“)(I‘) dr.

reA

/ foy() dr' < flr / P

and summing over all r € A demonstrates (54). Next, let D be the Dirichlet fundamental domain for A
centered at 0, i.e. the set

(5.6) D= {xecR?:d(r,x) > |x| Vre€A}.
Then sup,¢p [|x|| = [|All, so D € By (0) and thus

/ fgap ) dr’ </ fioy (') A’ < f(r / FP ') dr! </r_Df(”A”)(r’) dr’,

and summing over all r € A demonstrates (&.3]). O

Proof. For each r € A,

When f(r) depends only on ||r||, a spherical coordinates calculation allows us to simplify the integrals
of Observation [5.5] yielding the following upper bound:

Corollary 5.6. Fiz |A]]| < Q1 < Q2, and let f : [Q1,Q2] — [0,00) be a decreasing function. Then
Q2
> Sz eif@)+ [ forttdr

reA Q1
Q1<Ir|£Q2
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Proof. Write

Flg) = {(f)(Ql Va) ig<Q;
if g > Q>
Then
S () < ]f F(lle]l - Al dr (by E3))
reA R
Q1 <||r||£Q2
S / rd_lF(r — |A]]) dr (Lemma B.T])
0
= [ IADTEG) ar
=l
1 d @ o1
= 2@+ A @)+ [ A ) dr
Q1
Q2
z@%@a+4 r4Lf(r) dr. (since [[A] < Q1) 0

5.2. Regular lattice vectors. The goal of this subsection is to find a “large” subset of A along which
quasi-independence holds. As noted in Section [l we will need to restrict at least to the set of primitive
vectors. But actually we may need to restrict further; some primitive vectors may still be “bad” in the
sense that including them in our set would cause problems for quasi-independence. It turns out that the
right way to measure how “bad” a vector is in this sense is given by the following definition:

Definition 5.7. The irregularity of a vector r € A\ {0} (with respect to A) is the number

eyl
(5.7) Irr(r) (A A i)™

As before, A1 denotes the first Minkowski minimum and A* denotes the dual lattice. Note that by
Lemma [5.3] we have
x| > Covol(A N Rr) =~ Covol(A* Nrt),

and thus Minkowski’s theorem implies that the irregularity of r is bounded from below (by a constant
depending on || - ||). Intuitively, the irregularity of r tells us about the “worst hyperplane” that r is
contained in, where “worst” means “smallest covolume”. The advantage of vectors with low irregularity is
that they can be used to construct fundamental domains of A which are approximately cylindrical; cf. the
proof of Lemma [5.13] below. The following lemma shows that there is a sense in which the irregularity is
bounded from above “on average”:

Lemma 5.8 (Almost all lattice vectors are regular). If d > 2, then
AT >K <
iy wp PEEAO) 2 K Q)
K—00 NeQy Q> K Trr(A) Q
where Trr(A) déf)\f@d*l)(A) as in ([@2).
Proof. Fix K > 1, A € Qq4, and Q@ > K Irr(A). Fix r € A with Irr(r) > K and ||r|| < @. Then
1/(d—1) 1/(d—1)
Matarty = (A < gl (@
1 r) (Irr(r) - K ’

so there exists s € A7, Nrt such that [[s| < S, where A}, denotes the set of primitive vectors of A*.
Equivalently,

0,

re U ANst.
SGA;
lIsl<S
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It follows that
(5.8) #{reA:Ir(r) > K, r] <Q}< > #(ANns™ N Bgy(0)).

SEAL,
sll<s

Next, fix s € A%, with [|s|] < S, and let T' = ANs*. Then

(59) #ITNBg)-Covol)=A [ |J  r+Dr | <ae (BO.Q+[T) = @+ T)*
rel'NBg(0)

where Dr denotes the Dirichlet domain of I' centered at 0, and A;. denotes Lebesgue measure of s*,
normalized so that A\g1 (s* N B(0,1)) = 1. Now by Lemma [5.3] we have

(5.10) Covol(T') = ||s||
and thus by Minkowski’s Second Theorem [9, VIII.4.V],
Covol(T’ Covol(I" s
I~ Aga (1) 5 So¥0lT) Covolll) Is|

~ /\d—2( ) — /\d—Q(A) ~ Irrf(d72)/(2d71)(A)

o @K/
= foyi) ey < U=
Plugging in (510) and (EI1) into (E9) gives
d—1
#01 Bo(0) £ S
Plugging this into (58], we get
‘d#{r €A:Trr(r) > K, || < Q}
SGA* Q
lsl<s
#{s e A" - sl < (A} 1
< +
(A 2 g
IA*lI<lIslI<S
- HA*”d S rd—2
X oM + .0 dr (by Corollary [£.0])
(1S . o> A5
S + (since A1 (A") Z ||A™| and d > 2)
Q Q r=0
~ I”CgA) + % < % (since [A*]| ~ AT (A) and Q > K Trr(A))

Taking the appropriate suprema and letting K — oo completes the proof. Note that the asymptotic
inequality A\ (A*) Z [|A*]| =4~ follows from combining Minkowski’s second theorem on successive minima
with the asymptotic ||A*|| = Ag(A*), while the asymptotic ||A*|| = A{*(A) follows from combining (5.3)
with the same asymptotic. g

For each K > 1, write

AT > K <
(5.12) ex = sup  sup € ff(r)d_ rll < Q)
AEQq Q>K Trr(A) Q

Then Lemma (.8 says that if d > 2, then ex — 0 as K — oco. The notation ex allows us to write down
the following analogue of Corollary for sums over lattice vectors with large irrationality:
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Observation 5.9. Fix K > 1 and A € Qg, and let f : [0,00) — [0,00) be a decreasing function which is
constant on [0, K Irr(A)]. Then

S Al < dexc / T )

reA 0
Irr(r)>K
Proof. 1t suffices to check this for functions of the form f(q) = [¢ < Q] (Q > KIrr(A)), and for these
functions the inequality follows from the definition of ex. O

5.3. Proof of Theorem [5.3l In the remainder of this section, we fix Q1,Q2,% as in the start of this
section.
The following lemma allows us to simplify the notation somewhat:

Lemma 5.10 (Good lattice vectors satisfy ||(p,q)|| = |lal]). Suppose that (Q1) < 1/2 and |K|| < 1/2.
Then for all (p,q) € R? with Q1 < ||a|| < Q2 such that KN Ay(p,q) # &, we have
(5.13) (P, @ = llall
Proof. If A € KN Ay(p,q), then
Ipll < [|Aq —pll + [[All - llall < &((lall) + K] - [[al|-

Since ||q|| > @1 > 1 and 1 is nonincreasing, we have

Y(llall) <P (Q1) < ¥(Q1)llall-
Thus [|p[| < (¥(Q1) + [KDllall < [lall, which implies (5.13). O

To make things easier, in this section we make the standing assumption that the hypotheses of Lemma
B0 are satisfied:

Assumption 5.11. ¥(Q1) <1/2 and | K| < 1/2.

In fact, Assumption 5.11] may be made without loss of generality: first of all, by replacing || - ||, by
Y| - |l for an appropriate v > 0, we can assume that ||| < 1/2; second of all, since in Theorem [5.1] we
are trying to prove an asymptotic which includes the convergence assumption ¢(Q1) — 0, it follows that
we can assume ¢(Q1) is as small as we want and in particular that ¥(Qq) < 1/2.

For convenience of notation we introduce the function

¥(q) = ¥(Q1Vq)
and we note that 1 is still nonincreasing (although the function q?(q) = q"im(q) is not nonincreasing). We
also let ¥(q) = ¥(Q1V q).

In the following lemma, A, denotes a subset of Ay, (the set of primitive vectors of A) such that for all
r € A, we have #({r, —r} NA}) = 1.

Lemma 5.12 (Estimates of the measure of Wy A (Q1,Q2), with multiplicity). We have

(5.14) 2 Ae(Bu() 01/t e e F0 Q1 Qo).
reAl #(Q1)/Fy(Q1,Q2)—0
Q1<lall£Q2
Moreover, for all K > 1 such that Q1 > K Irr(A) we have
(5.15) > A (Ap) & Fy(Q1,Q2)
QlST|§l/||\SQ2 P(Q1)/Fy(Q1,Q2)—0
Irr(r)>K
and thus
(516) Z )\}C (qu (I‘)) K:oo n#,VFﬂJ (le Q2)
reAf, #(Q1)/Fy(Q1,Q2)—0
Q1<lall£Q2

Irr(r)<K
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Proof.
Step 1: Initial calculation. Consider the function 7 : R?\ (R™ x {0}) — [0, 00) defined by the formula

n(p,q)défH j>f far | (03),

where

1 )déf %[P €f0,q]] ifg>0 _ d[t = qt]. Ao,y
‘—;‘[pe[q,oﬂ ifg<0 d \g

and X denotes convolution. Here f,u denotes the pushforward of a measure y under a function f, and
3—‘; denotes the Radon—Nikodym derivative of p with respect to v. The significance of 7 is that for each
q € R™\ {0}, n(-,q) is a nonnegative Riemann integrable function which satisfies

(5.17) /Sn(p,q) dp = Ac({A € K: Aq € S}) VS C R™.

Indeed, we have

=

=TI [@1 o) = =iy {f%' Ar g #0

50 Qj:()

*

=1

@
Il
s

<
Il

=

[t = a5t], Moy

:H :(:vl,...,:vn) HE?xj]*

@
Il
s
.
Il
s

= H _(tl, ceytn) E?thj] i} Ajo,1]»

N Aq] Ak
Also, note that
(5.18) n(yr) =~y""n(r) Yy >0 Vr e R4\ (R™ x {0}).
Now for p > 0 let
77 = max / 7 (p,q) dp, T(p) = min / () (P, q) dp,
lal=1 /gm llall=1Jgm

where n(®), 7(p) are as in Notation 5.4l Note that 7(P) N, 1 and T(p) /" 1 as p— 0. Also, by (B.I8) we have

/[R ) (P,a) dpP > T(,/|jql)

/ n®(p, q) dp < ~(¢/llal)

Next, for all r € A,, by (EI7) we have

(5.19) Vp >0 Vq e R"\ {0}.

(5.20) M (Ay(0)) = Ac({A € K : A € By(jqp(®)}) = /B ) dp
P (lal) (P
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and thus

> e (Bul)

reA
Q1<all£Q2
< > WOV (lal)
reA
Q1<lall<Q2
< V”/R @ @IHIAD (r)ym (|| ql| — A [Q1 — IA]l < llall < Q2+ [|A]] dr
(by (E.5))
(w(Ql)H\AI
< Vr\ QT / " (lall = 1A [Q1 = Al < [lall < Q2 + [[A]l] dg
(by E.19))
(Lgnsia) Q2F[IAll _ .
=Vurh @t Iny, " (g — [AlDg" " dg
Q1—|IAll
(Lemma B.T])
2(Q)+AL — A\ el -
<y CEERE) (D) [ Gt Il - 1A ag
1= 2[Al Q-]

Il _ n—1
< nV#Vl,T(w(Qcif)iuﬂu ") (5211_72H”AAH”) [Fy(Q1,Q2) + ¢(Q1)].

A similar argument (using (£.9))) shows that

Z A (Ay (1))

reA
Q1<||all<Q2
Qi+ JIA| ) [ (aveaiar

Z PVl T(ug, ) Fu(@1.Q2) — 6(@)log ST |

= () (Q1+2||A|| w(Q1,Q2) = 9(Qu) log { =5
Thus
(5.21) > A (Ay(r) oV VRV F(Q1,Q2)

QlSTﬁﬁSQz ¢(Q1)/Fy(Q1,Q2)—0

To get (5-14]), we need to change (521) to a formula about primitive vectors. Before doing this, we first
demonstrate (G.13]).
Step 2: Ignoring irregular lattice vectors. Fix r € R Since n(p’,q) < ||q||~™ for all p’ € R™,

(E20) implies that

(5.22) Me (Ay(r) 5 [l g™ (e,
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where we have used Lemma[B.T0to get ||q|| = ||r|| in the case where the left-hand side is nonzero. Now fix
K >1 such that Q1 > K TIrr(A), and let e be as in (B12). Then
> Mx(@um)s > () (by G23)
rel reA
Q1<Ir|I<Q2 Q1<|r||<Q2
Irr(r)>K Irr(r)>K
< > vl
reA
Ir)|<Q2
Irr(r)> K
Q2 -
< EKd/ 1™ (¢) dg (Observation [5.9])
0
= ex[dFy(Q1, Q2) + 6(Q1)]
< F"/"(le Q2)7
K—o00
6(Q1)/Fy(Q1,Q2)—0

which completes the proof of (E.I5).
Step 3: Accounting for repeated entries. Fix k € N such that £ < Q. The argument of Step 1
goes through just as well for the function ¢y, : [Q1/k, Q2/k] — [0,00) defined by the formula

Vr(q) = ¥ (kq)/k,
which satisfies
Ay (r) = Ay (kr) Vr e A, P(Q1/k) = k~9(Q1),
Fy (Q1/k, Qa/k) = k™1 Fy(Q1, Q2).
Thus, replacing 9 by ¥y in (B.21)) gives

Z Ak (Adl(r)) Q1/(I€|\NA||)—>OO nV#VVkidFdJ(Ql,QQ).
Qlﬁrl\%ﬂASQz #(Q1)/Fy(Q1,Q2)—0

Now let

i 1
A A (Ay(r)),
C T Vo Fu(Q1,Q2) E%; < (B(®)

Q1<14|I£Q2
def 1
B = A (Ay(r)) = Ay,
P VLV (Q1, Q) 2 e (Bul) =2 A

rekA LeN
Q1<qlI£Q2

and note that

(5.23) By, ~y k9.
Q1/lIA—o0 (k)
?(Q1)/Fy(Q1,Q2)—0

(To switch from a multiplicative asymptotic to an additive one, we have used the fact that k=% < 1.) Recall

that for all r € A, Irr(r) is bounded below by a constant depending only on m,n, u, v, say Irr(r) > §p Vr €
A. Now fix K € N such that Q1 > (K/dp) Irr(A). Since Irr(kr) = kIrr(r) > kdo for all r € A, and k € N,

by (@I58 we have

(5.24) S AL 7 Ql,Qz) > A (Ay(r) — 0.
|k|>K reA #(Q1)/Fy(Q1,Q2)—0
Q1< |lall<Q2

Irr(r)> K /b0
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Now let P be the set of all primes strictly less than K, and let S be the set of all square-free integers whose
prime factors are all in P (or equivalently, the set of products of distinct elements of P). Let u denote the
Mébius function[[ Then

A ~y Z Ay (by M)
K—oco keN
$(Q1)/Fy(Q1,Q2)=0  pap"voep

= Z 11(k) By,

kes

~y Z p(k)k—e (by &23)
Q1/][All =00 (K) kes
#(Q1)/Fy(Q1,Q2)—0

(since S is finite and depends only on K)

1
= Il —=

kepP
1
Koo @
Standard quantifier logic then gives
1
Ay ~ —

Q1/Irr(A)— oo C(d)
#(Q1)/Fy(Q1,Q2)—0

and rearranging gives (0.14)). Finally, combining (514 and (515]) and using the assumption @1 > K Irr(A)
to get Q1/Irr(A) o> gives (510). O
— 00

Lemma 5.13 (Quasi-independence on average). Suppose that Q1 > ||All. Then for allr = (p,q) € Apy
such that Q1 < ||q|| < Q2, we have

(5.25) > Ak (Ap) N AG()) Sieeiry) Y IR Fy(Q1, Qa),
r'€eA\Zr
lall<lla’I<Q2

where
Fu(Q1,Q2) ¥ Fu(Q1,Q2) + ¢(Q1).

Proof. We can assume that N Ay (r) # @, as otherwise (5.25]) holds trivially. Thus by Lemma [5.10] we
get |||l = ||r]|]. Also, since Fy(||qll, @2) + ¢(|ld]]) < Fy(Q1,Q2) + #(Q1), we may without loss of generality
assume that Q1 = ||q]|.

Let 7 : R? — r* be the orthogonal projection map, so that m(r) = 0. Then 7(A) is a lattice in r*. Let
D; C rt be the Dirichlet fundamental domain for 7(A) centered at 0 (cf. (5.8)). Let Dy = [—1/2,1/2]r,
and let D = Dy 4+ D3. Then D is a fundamental domain for A (though not necessarily a Dirichlet domain).
Note that

def
(5.26) IDI=" maxc x| < flw(A)] + [lell < AL+ [[xll < flall + x]] = 21

Claim 5.14. For allr’ € A\ Zr and " € v’ + D, we have
d(r',Rr) Ziw(r) d(r”, Rr).

Proof. Fix v’ € A\ Zr and v € ' + D. Then n(r') € n(A) \ {0} and n(r"”) € r' + D;. In particular, we
have
d(x’,Rr) = [|w(x')[| = Ax(m(A))

10For convenience, we recall that this function is given by the formula u(p1 - --pg) = (=1)® if p1, ..., px are distinct primes,
and p(n) = 0 if n is not square-free.
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and thus

d(r”,Rr) < d(r',Rr) + ||[7(A)]| < (1 + )\Hl (7(r(/)&|)|)) d(r’, Rr).

But since 7(A)* = A*Nrt, we have ||7(A)| ~ A7 (A*Nrt) and Ay (7(A)) = [|[A*Nret ||~ = A (A Nret).
Thus by Minkowski’s Second Theorem, the ratio ||[7(A)||/A1(7(A)) is bounded from above by a constant
depending only on Irr(r). This completes the proof. <

Denote the implied constant by k1 (so that k; depends on Irr(r)). We now split the proof into two cases
according to whether or not n = 1:

Completion of the proof if n = 1. Without loss of generality suppose that ¢ > 0 (where r = (p,q)) and

-1l =1-1, so that ||¢|| = ¢ = Q1. Now fix r' = (p’,¢’) € A\ Zr such that Ay(r) N Ay(r') # & and
Q1 < ¢ < Q2. Since
(5.27) Ay(r) = B(p/q,¥(q)), Ay(r') =B(P'/d,¥(q)),
we get
P P
‘ 7 EH < ¥(q)+¥(q) <2¥(q)
and thus
d(x',Rr) < d((p',4), (¢'P/9,4")) < 24'¥(q).
Thus by (£22),
> A (A nay) 5 > U (q)
r'€A\Zr r'€A\Zr
Q1<¢'<Q2 Q1<¢'<Q>

d(x'.Rr) <24’ ¥ (q)

@2+l i~ / ’ ’ / /
< [ oo o T =P [dC ) < 2kl (o)

—(Q2+ID]]
(by Observation B8l and Claim [B.T4])

Q4P _ , . ) .
[ (]~ Il e (Bla'p/a, 26 kel 1900) dg
—(Q2+IIDID

IN

(since d(r',Rr) < ks||p’ — ¢'p/q|| for some constant k)
QDI _ m
S [ PG = P W0) " 4y
0

Q2
—uq) [ B+ D) A

-2l
Q2
S U™ (9) /m U ) Q1 V)" dd’ (by G.20))
= U"(q)[Fy(Q1,Q2) +3Q19™ (Q1)] (since n = 1)
= V" ([[r)[Fy(Q1, Q2) + 36(Q1)]. (by Lemma [5.10)
This completes the proof of Lemma [5.13]in the case n = 1. O

Completion of the proof if n > 2.
Sublemma 5.15. For allr’ = (p’,q') € A\ Zr with ||d'|| > ||q||, we have

(5.28) Ak (Aw(r)ﬂﬁw(r'))§<%> ”( T||LT|||)d(E~[|r[;3|L))) ’

where A denotes the wedge product.
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Proof. Let G(n,d) denote the Grassmanian space consisting of all subspaces of R? of dimension n. Define
the map ¢ : K — G(n,d) via the formula

1(A) ={(Aq,q) : q € R"},

and note that for allr = (p,q) € R? and A € K, we have || Aq—p|| = d(r, t(A)). Also note that t.[Ac] S Ags
where \; denotes the natural measure on G(n,d) (i.e. the unique measure on G(n,d) invarant under the

action of SO(d)) So
e (B0 0 8u8) £ ({V g g 7I =l 1)

for some constant k3 > 0. Here we have used Lemma 510 to replace ¢(]|q||) and ¥(||d’||) by ¥ (]|r]]) and
P(||lr’|]), respectively, in the case where the left-hand side is nonzero.
Now, one way of selecting a point V' € G(n,d) randomly with respect to A is to independently select

m vectors sy, ...,S, € S?! randomly with respect to As (normalized Lebesgue measure on S) and then
to let V.= (N, si. (This can be verified by checking that the measure resulting from this method

is invariant under the action of SO(d).) In this case, d(r,V) > |r -s;| for all . It follows that the
probability that d(r, V) < ks3i(||r|) and d(x', V) < ks(r’') is less than the probability that for all ¢, we
have ||r - s;|| < ks (|r|]) and ||’ - s;|| < k3(]|r']]). Translating this into symbols, we have

Ag ({V € G(n,d) : dd((rl,.:gg i Ziig“illn)) }) < ()\S(R))m7
where
R={seS"" :|r-s| <ksy(|lr]), ['-s| <ksu(r'])}.
The region R is approximatel the product of a (d — 3)-dimensional unit sphere with a parallelogram

whose distances between pairs of opposing sides are ks (||r]])/||x|| and ks (||x’|])/]lr’]|, and whose angle
between sides is approximately ||r A r’||/(||r] - [|[*'|]). Computing the volume of this shape completes the

proof. <
Thus
1
T 2o M(Bu(n)nAy()
w2,
Q1<l9'1£Q2
S \ "
< Z (W (by (5:28) and Lemma [5.10)
r'€A\Zr
I 1<Q2
S = 1P\ " | |
< —_ dr (by Observation B8 and Claim [B.T4])
/]3(0,Q2+||D||) ( d(r’,Rr)/ky
< @Dl Q4P {/)V(I VvV z —||D]|) " 292 4 ds cylindrical coordinates
~ler(r) 0 0 x r=d(r',Rr), z =d(x',r})
Q24D _ R
:/ Y™ (R — ||D||)/ (R"2+r""%)drdR (R=xVz,r=2A2)
0 0
QDI _
~ [ e PR R (since n > 2)
0

HFurther details: The Radon—Nikodym derivative

des[Ak]
dXg
tx[wi] and wg corresponding to tx[Ax] and Ag. Both of these are positive continuous volume forms, so their quotient is a

can be computed as the quotient of the two volume forms
positive continuous function on the compact set +(C). If C'is an upper bound for this function, then we have t«[Ax] < C Ag.

12Here two Riemannian manifolds are “approximately the same” if each can be embedded into the other in a way that
does not distort size too much.
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Q2
= [ ramme ol ar

Al
Q2
S [ @V R AR = Fy(Q1, Q) + 30(Qu) (by E2)
—2Q1
This completes the proof of Lemma [5.13] in the case n > 2. O

We are now ready to complete the proof of Theorem b1t

Proof of Theorem 5l The < direction follows immediately from (&.I4]), so we prove the 2 direction. Fix
K > 1 satisfying Q1 > K Irr(A), and consider the function f : K — R defined by the formula

fa = > [Aedm)
m‘EAFfr
Irr(r)<K
Q:1<]lall<Q2

Then
IF115 = 11.f 1l

[ =pan
= > ) /[A € Ay(r)] - [A € Ay(r')] dAx(4)

reAf, r'eAl,
Irr(r)<K Irr(r') <K
@1<lall=@2 Qi <|a’I<Q2
r'#r

<2 Z Z A (Aw(r) N Aw (I‘/))

reAf r'€A\Zr
br(r)<kK lall<lld'[I<Q2
Q1<|lal|<Q2

KoY U(ENF (@, Q) (by Lemma BI3)
rGA;
Irr(r)<K
Q1<r||£Q2

Fy(Q1,Q2) Z e ([xl)

reA
Q:1<(r|£Q2

QA

IN

éFdJ(QlaQQ)

Q2
QIU™(Q,) + / rd= Iy () dr] (by Corollary [5.6])

= F’lﬂ' (Qla Q2)2'
Denote the implied constant by k4 = h(K), so that

I1£115 = 1 £1l1 < kaFyp(Q1,Q2)*

Now consider the function g : £ — {0,1} which is the composition of f with the map k +— [k: > 1}.
Equivalently, g is the characteristic function of the set

U Aw (I‘)
reA;
Irr(r)<K
Q1< <@z

Since f = fg, Holder’s inequality gives
11l = 1fglls < 1112 - llgll2
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and thus
(5.29)

N (Won (00 > ol — o2 5 W12 1112 W |
K (Wpa(Q1,Q2)) = llglls = llgll3 = 1712 = T+ ki Fu(@n 022~ T4 kaFu(0r, 022/l f T

It remains to work through some quantifier logic. Fix 1 < v < 2. By (I, there exists a constant

R.(Yl) > 1 depending only on v which is large enough so that
1
K > R
(5.30) Q1= KIrr(A) = Iflh 27 0w Fu(Qr, Q).
Q1) < Fy(@1,Q2)/ R
Letting K = R\" in (530) gives

{Ql > R»(yl) Irr(A)
$(Q1) < Fy(Q1,Q2)/RS)
(1)

and since Ry’ > 1 we have

B(Q1) < Fy(Q1,Q2)/R\Y = Fy(Q1,Q2) < 2Fy(Q1, Qo).
Combining with (5.29) gives
Q1> RS” Irr(A)
$(Q1) < Fy(Q1,Q2) /R

&)
letting REYQ) - 7778‘%512)7

Q1> Rgl) Irr(A)
#(Q1) < Fw(Qth)/Rgl) = A (Wpa(Q1,Q2) > llglh = 107 > Fy(Q1, Q2).
Fy(Q1,Q2) < 1/RY

Since v can be chosen arbitrarily close to 1, this completes the proof. O

= Hle 2 nu,u/y_le(QlaQQ)a

1
1+ h(R»(yl))(g/ny,u)Fdl(Qla QQ)

3

= gl = 77#,V771Fw(Q17Q2)

we have

6. LOWER BOUND

In this section, we prove the lower bound in Theorem [[.8] namely we prove that there exists a function
Cy.» such that if Ly > C,,(My), then H/(B(¥)) = co. As in that theorem, we let f be a dimension
function, and we let ¢ be a nice approximation function such that Ly, > C,, ,(My). Let the notation be
as in Section [4]

6.1. Sketch of the proof. Imagine a spaceship hurtling through the space 24, flying in the direction of
the (g¢) flow. It periodically makes corrections to its course by applying an operator from the (u4) flow,
where A € K. After an infinite amount of time, the path of the spaceship will be within a bounded distance
of a path of the form (g ua, As)i>o for some Ao, € M.

Now fix Qo > 0, and suppose you want the spaceship to steer in a way such that A € By q,, but
you have only limited control of its movements. Specifically, at certain times t1, ¢, ... you can make the
spaceship apply a u4 correction where you cannot choose A, but you can enforce some restrictions on the
possibilities for A as long as you allow e.g. at least 90% of the possible values for A. With these limitations,
what strategy should you use to guarantee Ao, € By, g,7

The answer is to use the mixing property of the (g:) flow to guarantee that at the times t¢1,ts, ..., the
spaceship is in a bounded region whose size is independent of ¥. During the “in between times” where
t # ty for any k, the spaceship can leave this bounded region but still stays in the time-dependent region
(K (¢,1))1>0 corresponding to 1 according to (L.IG).

More rigorously, choose R > 1 large enough so that the set Kr = {A € Q4 : A(A) < R} has measure
close to 1, say 1 — e. Due to the mixing property of the (g:) flow, if the gap sizes ty1 — t; are large
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enough then the set of potential directions A such that applying a u4 correction at time ¢ will cause the
spaceship to be in Kg at time tx4; has size at least 1 — 2. Thus by applying appropriate restrictions to
the movement corrections, we can guarantee that the spaceship is in Kg at the times ¢1,ts,.... Since the
set of directions we must discard is at most size 2e, this requirement does not significantly hamper our
ability to control the spaceship. But then each time we control the ship, we start out in Kg, and since
Kp, is compact “all points look the same” — any calculations we do will apply with the same quantitative
bounds to all points in Kr. But this means that the behavior of the ship at the intervals [tg, tx+1] (K € N)
can be treated as independent, so then the heuristic argument of Section Bl finishes the proof.

6.2. The proof. Fix R > 1 and 0 < 5 < 1, and let (Ny)$° be the sequence given by Lemma Fix
k € N. Recall that N* = ]_; N;, and let

ty = 510g(Nk), g = Gty

This will be our sequence of times we can steer the spaceship. Note that by @I3), g*ua = uyrag” for all
Ae M.

Now when we steer the spaceship at time ti, we will maneuver so as to avoid the rationals represented
by points in the window

Qk = {(p.a) € A : e 2RQF < [|q|| < e 2FQM1Y.

We will do this under the assumption that the lattice represented by the spaceship at time t; is contained
in the compact set

Kr={AeQq: A(A) <R}.
Specifically, if
B ={A€K:g"ual, € Kr}
B, =B\ |J Ap(r) = Bi\ Wy(e 2RQF, e 2RQH)
reQy

then, assuming that the current trajectory of the spaceship is represented by (giuaA)i>o for some A € By,
we will steer so that the new trajectory is represented by a point of B;H_l. Fix kg € N, and for each k > kg
let

TF ={w e E": Kuy; C B) for all j =ko, ... k}.
(For 0 < k < ko, let T* = E*.) Note that:

e The sets (Qx)7° are disjoint and their union is {r € A, : [|q| > e~ 2FQ*}.

e If T is the set of infinite branches through the tree T* = | J, T* C E*, then B(¢)) 2 n(T*). To
see why this is the case, fix w € T° and r € A, such that ||q|| > e 2FQ*0; there exists k such that
r € 9, and

7T(o.)) € Ko C B;C - K:\Aw(r).
Since r was arbitrary, we have m(w) € By g, € B(¢)), where Qo = e~ 2EQko.

6.3. Bounding the evaporation rate of T*. Fix w € T*, and let k = |w|. We partition the set Fyy1\ T,
into two subsets:

T‘L = {a [ Ek+1 : ICwa g_ Bk+1}a

T/ = B \ (T UT) = | To,
reQy

where
Tor= {a € By \TU{) e N Aw(r) #+ ,®/}.
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Claim 6.1. We have
#(T)

(6.1) S <1
(Ner1)® ) B )
and
#(T)))
6.2 s < N B-
(6.2) MNe)? S
R— oo
My /350 (R)

In particular, the upper evaporation rate (P,j)‘fo of T* satisfies

sup P < Ny B-
k>1 B—0
R—o00 (B)

My /B—0 (R,B)

Proof of [©1)). Fix e > 0. Let Aq denote the unique probability Haar measure on the space of lattices 4.
Since g, Kr = Qq, there exists R. > 1 such that

)\Q(KRE) >1—c.

We observe that the group G = SL4(R) can be written as the product of the two subgroups

Udﬁf{uA:AEM}

HY{(MeG:M;=0Vi=1,....m Vj=m+1,...,m+n}.
Let v1 be an absolutely continuous and compactly supported probability measure on H, and let v be the
image of Ax under the map A — u 4. Let v denote the image of 11 X v under the map (h,u) — hu. Then

v is an absolutely continuous and compactly supported probability measure on G. It follows that the map
Qg = M(Qq) defined by the formula

O™ [ o, avtg) € Mis)

is continuous with respect to the norm topology on M(£4), the space of measures on Q4. (Here §, denotes
the Dirac delta mass at x.) Equivalently, f(A) is the measure on Qg4 such that for all S C Qg4, we have
fMN)[S]=v({g € G:gA € S}). Thus the family of functions

FoM) E F(MN)g—Kr ] =v({g: qugh € K }) (tE€R)

is equicontinuous. On the other hand, by the Howe—Moore theorem [I8, Theorem 5.2], the matrix coeffi-
cients of the natural representation of G on L3(£24, \q) vanish at infinity, meaning that the action of G on
Q4 is mixing with respect to the natural measure \q. It follows that the (g;) flow on Qg is also mixing, so
for any fixed A we have
d[g — gA].v
A) = € Kp |—————
fr(A) /[9t33 R.] D

Equicontinuity implies that this convergence is uniform when A is restricted to any compact set.
Since the map h — gihg_; is nonexpanding on H and since A is uniformly continuous, there exists a
constant kg > 0 such that

(6.3) A(gthual) > A(giual) — ke YA € K Yh € Supp(r1) VA € Qq Vt > 0.
Also, there exists a constant k7 > 0 such that

(6.4) [A(ua—pA) — A(AN)| < k7 VA, B e K VA € Q4.

Fix R > R, + k¢ + k7, and we will show that

(6.5) #(T.) S e(Ni+1)”,
My, /B—0 (R)

(I) d/\Q(:Z?) Em—— )\Q(KRE) >1—c.
t—oo (A)
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which suffices to prove (6.]). Indeed, let ¢ be large enough so that fi(A) > 1 — ¢ for all A € Kp and
t > tr. Equivalently,

(11 x Ac) ({(h, A) : A(gehual) > Re}) <e VA € Kg Vt > tg.
Applying ([6.3)) gives
(6.6) A ({A:A(gtuAA) >R5+/€6}) <e VA e Kr Vt > tg.

Now fix w € T*, and let k = |w|. Since w € T*, we have 7(w) € B}, and thus A, d:Cfgku,,(w)A* € Kg.
Moreover, if we assume My /8 < §/(atr) (a valid assumption given the convergence assumption My /8 —
0 (R)), then (£I0) and (£I]) together imply that tj1 —tr = §log(Ng41) > tr. Thus, we can plug A = A,

and t = tp41 — tr = dlog(Ng41) into [@8). Now by [@I3]), we have
grual = gtUAgkUw(w)A* = gk+lu7r(w)+(N’“)*1AA* = gk+lu<1>w(A)A*-
Thus, applying a change of variables to (6.6) yields
(NFYP A ({4 € Ky : A(gFT 1 uald) > Re + kg }) <e.

Fix a € Ej41; then for all A, B € K, we have

[A(g" M uphs) = A(g T uads)| = |A(uyri (p—ayg" T uads) = A(gM uad)| < ke
It follows that

{A €Ky Ag"  uad) > Re + e} 2 {/cwa A€ Koo Mg ualy) > Re + ke + k7}

) U Keoa (since R > R. + k¢ + k7)
a€T],
and thus
(NO)Pae [ | Kua | <€
a€T],
Direct computation and rearrangement now yields (G.5]). O

Proof of (62)). Fix r = (p,q) € Qr and a € T, ;. By definition, there exists A € K, N Ay(r). Since
a ¢ T/ wehave A € Bgyq and thus

g luar ¢ B(0,e”B).
Equivalently,

1

lall > e ® or (N*1)2/™| Aq — p|| > e~ F.

On the other hand, since r € Q. we have
lal| < e ?7Q"!.

In particular, this contradicts the first half of the dichotomy (G.7)), so it must be the last half which holds.
Thus

—R( prk+1\—8/m -R Qk“ r_llal
[Aq —p[| > e "(N") = R 2 € R
Since diam(Kyq) = ||K||/N*+1, we have for all B € K,

|[Ba—pl| <|[Aq—p| + B — Al - [lal

K] - [l
< [lAga —p|l + TNF
< (1 +[IKle™ ™)l Aa - p[ < (1 + [[Klle™)(/lal])-
Letting ¢ = eg = ||K|le™, we have

Koo C A(1+E),¢,(r) - W(1+E),¢, (672RQk, 672RQk+1) Vre Qp VaeTl,,
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and thus
#(13)

D D Mc(Kua) < A (Ko N Wiaieyp (e 72RQF e 72RQM)

a€T!

Now let g, = g*ur(.) and A, = g As be as in Corollary 52 and let ¢'(q) = (QF)™/™4h(Q*q) be as in the
proof of Corollary 521 Fix K > 1. We have
#(T7)

NP = (Waseywra, (€72 K)) + (NP A (Ko N Wi ye)p (KQF, e 2RQH)) .

Term 1 Term 2

Now since w € T*, we have 7(w) € By, and thus A, € Kg. So #(A, N Bk (0)) is bounded depending only
on R and K. Thus by (5.22)),

Term 1 5 ((1+2)0)™ (e *M)#(Aw N Br(0)) Srx ¢'(e2F) = d(e21Q%) < ¢(1) = My
On the other hand, we have

K/Trr(A,) ———— o0 (since A, € Kg)
K—o0 (R)

Fliteyy (QF, KQ®) < (1+¢)™ log(K)My
F(1+E)w(672RQk+1,Qk+l) S (1 + E)m2RMw
and thus by Corollary [5.2]

T 2 ~ »(1 ~ 0.
e K—oo (R) e ( + ER)B R—o0 M, ﬁ
B—0

My /B—0 (R,K)

Standard quantifier logic completes the proof. O
6.4. Completion of the proof. For each v > 1, we have

eXP(—Wu,uﬂ) <1- 71/277%1/[3

for all sufficiently small 8, and thus by Claim [6.1] there exist h1(7Y), ha(7), hs(y) > 0 (depending only on ~y
and m, n, u,v) such that

B=nhi(v)
(6.8) R = ha(y) = [1 —sup B = exp(=y1u08) | -
My /B = hs(7) N

Without loss of generality, we may assume that hi, ho, h3 are homeomorphisms from [1,00] to [0, 5o],
[Ro, 0], and [0,dg] for some By, Ry,d9 > 0 (with hi, hs increasing and hs decreasing). In particular,
hi(1) = h3(1) = 0 while ha(1) = co. Then the function C), in the statement of Theorem [L8 can be
defined by the formula
hihs)~ Y (M v i M < Byd
CM,U(M) — (( 1 3) ( ))77#7 1 = ﬂO 0 )
o0 if M Z ﬂ050
Suppose that L¢y > C,,(My) (in particular this implies C),, (My) < oo and thus M, < Bodo), and

let vdéf(hlhg)_l(Mw), ﬁdéfhl(v), and R ha(7), so that C,,(My) = ynu,. By (68), we have 1 —
SUDPg>1 Pt > exp(—yn,,,B). Thus the function f} from §4.2 satisfies

k(p)

Fe(p) < | TT exp(rmunB) | 07 = exp(ymu,vBk(p))p"-
j=1
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We can relate 8k(p) to p via the definition of the sequence (Ny)$°:
Fy(p™®) = Fy (NMP)*) = Fy (@)

k(p)—1
= > Fu(@",QH
k=0
k(p)—1
> Y 5 (by (@ID)
k=0
= Bk(p).
Combining gives
Fi(p) < exp(ynuw Fy(p™))p"
and thus by Proposition i),
f(p)
-D explog | ==
H/(B(¢)) Z liminf p1(p) = lim inf (f* (p))

=0 exp(Yi, Fyp(p™))  p=0 exp(ynun Fy (p7))
Since Ly > Cpp(My) = ynp,0, the right-hand side is equal to co, which completes the proof.

7. UPPER BOUND

In this section, we prove the upper bound in Theorem [I.§], namely we prove that there exists a function
cup such that if Ly, < ¢, (My), then H/(B(v)) = 0. As in that theorem, we let f be a dimension
function, and we let ¢ be a nice approximation function such that Lf, < ¢, ., (My). Let the notation be
as in Section [4]

7.1. Sketch of the proof. As before, imagine a spaceship flying through 4 in the direction of the
(g9¢) flow, periodically making (u4) corrections, whose path eventually corresponds to a path of the form
(grua Ay)i>o for some Ay, € M. But this time, suppose that you want to steer in a way such that
As € Wy ,- Instead of being able to direct the movement of the spaceship at all of the times ¢4, s, ...
when it makes (u4) corrections, you can only restrict its movement at one of those times — better make it
count! In this scenario, what is the right strategy?

The answer again depends on the spaceship being in a bounded region, but this time, we don’t have
to work to move it into that region — if the spaceship ever leaves the time-dependent region (K (1,t))i>0
defined by (4I6]), then by definition we will have A, € W (4)) regardless of any choices we make. So we
can assume that at time ¢y, the spaceship is not in K (1, t;). From this vantage point, we can attempt
to move into Wy, g, by moving into Ay(r) for some r € A, with ||q|| > Qo. According to Corollary [5.2]
this strategy will work as long as the disadvantage that comes from being in K (¢, ;) rather than a fixed
compact region is small in comparison to the total size of Wy, g, relative to A, i.e. as long as

F’zp (ka Irr(Aw)Qk)
is small. But by (4.3)),
Fy(@" 1m(80)Q") < 9(Q") log(1zr(Au)) £ 6(Q)ry (1) ~ 6(Q1)]log 6(Q")| 5 0.

where the last convergence holds because ¢(Q%) < My.

7.2. The proof. Fix 0 < 8 < 1, let the sequence (Nj)$° (depending on ¢ and ) be given by Lemma 2]
and let the notation be as in Section [l Fix Q¢ > 0, and for each k let

TF ={we E¥ : K, N Byg, # 2}
(cf. (3I)). Then By g, = 7(T).
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Lemma 7.1. The lower evaporation rate (P, )° of T satisfies

liminf P > N B-
k— o0 i/2/ﬁﬁ>0
B—0

Proof. The idea is to choose numbers Q1 x, Q2,1 € [QF, Q1] such that Fy,(Q*, Q1x) and Fy(Qz., Q%)
are both small in comparison to Fy(Q¥, Q**1) > 3. Then for ¢ > 0 small and w € T*, the measure of
Ko NWi_eyy (Q1,%, Q2.x) can be bounded from below by Corollary 52

Choice of Q. For each k € N let Q;x = exp(¢~/2(Q*))Q*. This choice is made so as to maximize
Q1,; while leaving Fy(QF, Q1) relatively small:

Fu(QF, Qui) < 6(Q%)1og(Q14/Q") (by [@3))
= 3(QMo72(QY) = ¢2(Q) < M.

Choice of Q2. Fix 0 < ¢ < ||K| small. Since ¥ is continuous, for all k sufficiently large there exists
Q2% € [1,Q%"1] such that

K i
(7.1) “¥(@2) = yyxi = K@)
This choice is motivated by the implication
(7.2) Ko NMWa_0)p(Qri: Q) # 28 = Ko € Wy(Quk, Q2,1),

which holds for all w € E¥*? (since for such w, we have diam(K,,) = ||K||/N**1). The following calculation
shows that Fy (Q2,k, Q**1) is small in comparison to f3:

Fy(Qa., Q") < ¢(Qa,k) log(Q ™ /Qa.1) (by @9))
_ (IEI/ (¥ (Q2,1)))
— 0(Qu) o ( IFIAZI20 ) (by (D)
= ¢(Qz2,1)[alog([|K|/e) + (1/d)log(1/p(Q2,k))]
e ¢1/2(Q2,k) (since ¢p(Qa,r) < My < 1)
< M2

Application of Corollary The above calculations show that

Mw/ﬁ,Fw(Q’“ Q1 k)/57Fw(Q2 kanH)/B W 0.

In particular, if Miﬂ/ﬁ is sufficiently small (depending on ¢), then we have Q% < Q1 < Qa2 < QFH!
and so we can apply Corollary to get

(7.3) (NFYP A (Ko N Wiy (Q1k, Qa,)) Nuw (1 =€),

exp(¢~ 1/2(Q ))/IYY(A )—00
M,/ 2/%0 ©
where w € T*, g, = ¢"ur (), and A, = g A, are as in Corollary 5.2

Claim 7.2. The top convergence assumption can be replaced by the convergence assumption k — oo (¢, Qo),
since

(7.4) exp(¢~Y2(Q%))/ Irr(Ayy) —————— oo,

My —0
kﬂoo (%,Qo0)

Proof. Fix r € A, and let T = g,r. We bound ||r|| from below in four cases:
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1. Suppose Qo < ||q|| < Q. By assumption K, € Wy 0., S0 we may choose A € Ky, N By, g,. Then
IF]| ~ [lg"war| > (@)™ | Aa — p| > (@)™ ¥(|al)
> (@) (@) = o™ (@").
2. If [|ql| > Q", then [[¥]| > ||q]| = (@*)*[lall > 1.
3. Suppose 1 < [|q]| < Qo. Applying the argument of Case 1 to QT shows that
Qo[ 2 (@)™ (Qollall) = (@)™ ™(Q3)

and thus

~ k n/m -1 2
[rll £ (QF) Qo ¥(Q3) m o0

4. If @ = 0 but p # 0, then ||t]| = (Q¥)/™ || Z 1.
So if k is large enough (depending on ¢ and @), then

M) % ¢1™(QY)

and thus
Irr(Ay) £ ¢~ @D/m™(QF) < exp(o™2(QF)). <
Mw*}O
Completion of the proof of Lemma [7.1]l By (2], we have
W(l—é‘)’l/},/\* (Ql,k; QQ,k) g U ’Cwa g U Icwa
a€FEp 41 a€FEk 41
KowaCWy(Q1,k,Q2,1) wagTH+t

where the second inclusion holds for all k sufficiently large (depending on ¢ and (o). Thus

m#{a € Ek_;,_l Lwa ¢ Tk+1}

2 (N?)P A (Ko N Wa—eyy (Q1,k, Qa,))
k—s00 (1,Qo)

~ Nuw(1 —€)B (by ([@3)

B—0

M/ /B0 (e)

k—o0 (1,Qo)
~ Ny B-

e—0
Standard quantifier arguments yield

1
(N )D #{a € Ejy1: Kuwa € [[%Qo} Z 77#11/57
k+1 M}/? /B0

B—0
k—o00 (¥,Qo)

and taking the infimum over all w € T* and then the liminf as k& — oo completes the proof of Lemma
1l O
For each 0 < v < 1, by Lemma [ZT] there exists £ > 0 (depending only on v and m,n, u, v) such that
MP/p<e | [liminfes BT > ym8
B¢ Myalog(2) < (v —1)B

It follows that there exist §n > 0 and a decreasing homeomorphism A : [0,1] — [0,&] (in particular with
h(1) = 0) such that for all 0 < v < 1, (ZH) holds with & = h(7y). Then the function ¢, , in the statement
of Theorem [[.8 can be defined by the formula

(M) . (h_l(M1/4))277H;V 1f M S 53
R N it M > et

(7.5)
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Suppose that Ly, < c,,(My) (in particular this implies ¢, ,(My) > 0 and thus M, < &), and let
5d§§défM;/4 and ydéfh—l(g), so that ¢, ,(My) = ¥?n,,,. Since M;/Q/ﬁ = B = ¢ by [TH) we have
liminfy_,oc P > vy, say P, > yn,,.B for all k > ko = ko(, 3, Qo,y). Then the function f_ from

4.2 satisfies

k(p)
1
O == 5 | 7 Rvsoa xpOmunB(p)p".
j=ko Vv

We can relate Sk(p) to p via the definition of the sequence (N)$°:

Fy(p™®) < Fy (N*PHHe) = QM)+
k(p)
=Y Fu(@", Q")
k=0
k(p)

<Y B+ Myalog(2)] (by (.11))

k=0

< (k(p)+ 1)y '8 (by (Z5))
N4 v,8 77lﬂk(p)-

Combining gives
F=(p) Z.6.Q0y XY 1w Fy (p7))p”

and thus by Proposition 1(ii),

f(p)
-D explog | —5
. p~ " f(p) . (f*(p))
H/ (B = lim inf = lim inf :
(By,@o) 2v.8.Qory p=0 exp(V2nu. Fu(p=2)) p—0 exp(y2n,., Fy(p=®))
Since Ly, < ¢up(My) = ¥*nu,0, the right-hand side is equal to zero. Since Qo was arbitrary, we have
HF (B(x))) = 0, which completes the proof.

APPENDIX A. INDEX OF NOTATIONS

A.1l. Norms. Throughout this paper, m,n € N are fixed, as are norms || - ||, and | - ||, on R™ and R”,
respectively. Whenever || - || is used without a subscript, it may indicate one of the norms || - ||, or || - ||,
the norm

el = lpll. v llall, (r=(p,aq) € R™*"),
or the norm

|A = max [|Aql, (A€ M),
lall,=1

depending on context. If S is a set, then ||S|| = maxxeg |||, unless S is a lattice in which case ||S|| =
maxycge d(x, S).
A.2. Shorthand. The following mathematical objects depend only on m,n, u, v:

V,, = volume of B, (0,1) ={p € R : ||p||, < 1}

d=m+n D =mn
d=D/d a=m/d
V,LLVU mn VV,/
= v = 9:9 v — . "
T e = @) T mtn 2((d)
balq) =q /™ felp) = p™"

A, =27m"m



A HAUSDORFF MEASURE VERSION OF THE JARNIK-SCHMIDT THEOREM 39

The following objects also depend on 4 and/or the sequence (Nj)$° and/or the dimension function f:

#(q) = (¥(q)/«(0)™ = q"¢™(q), U(q) =v(q)/q
Q2 Q2 dg _
Fo(@uQ2) = [ a1 (0) da = o] a) = 9(Q1 v q)
Fy(Q1,Q2) = Fy(Q1,Q2) + ¢(Q1) My =4™(1) = ¢(1)
Ay(r) ={Aec M:|Aq—pl <¢(lal)}
Wya(@,Q2)= | Au) Wy(Q1,Q2) = Wy, (Q1,Q2)
Ql§ﬂ2ﬁ§Q2
Weao = | Wu(Qo,Q) W)= (] We.a
Q>Qo QoeN
k
= H Nj Qk — (Nk)a
tr, = 510g(N’“) = nlog(Q") 7" =g,

)

Ly = hmlnf

o (£
Pl

Remark. In the special case ¥(q) = ml/mw* (q), we get:

¢(Q) S \If(q) _ Hl/mq—l/a
Np = N, 4 o8/ (walog(2))] NF = Nk QF = Nke
mn — S
My =¢(1) =k Liw=—— Fy(Q1,Q2) = klog(Q2/Q1)

A.3. Miscellaneous notation organized by section of introduction.

4 §Il M C,u,llv v
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