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Abstract. We study the asymptotics of Hankel determinants constructed using the values
¢(an + b) of the Riemann zeta function at positive integers in an arithmetic progression.
Our principal result is a Diophantine application of the asymptotics.
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1 Introduction
In the recent work [4], H. Monien investigated analytic aspects of the Hankel determinants

H" = HM[¢] = det (Ci4j+r)) for r=0,1,

1<i,j<n

where ((s) denotes the Riemann zeta function. He also studied more general determinants
constructed using values of Dirichlet series. One focus of that work was the asymptotic behaviour

of H,(LO) and H,sl) as n — 00, and a heuristic justification for the simplified asymptotic formula
log H,(ZT) = —n2logn+ O(n2) as n—oo for r>0.

In [5] Monien developed these ideas further and rigorously justified the above asymptotics
in the case r = 0, by explicitly constructing a family of orthogonal polynomials related to the
corresponding Riemann-Hilbert problem. However, his approach does not readily generalize to
prove the expected asymptotics for determinants built on the zeta values ((an + b) along an
arithmetic progression, which are more interesting from an arithmetical point of view. To be
precise, for positive integers a and b, we expect that

. o )
loglg(%ggn(C(a(z+]) +b)) = —an’logn+O(n®)  as n — oco.

This type of result is of interest, for example, when a is even and b is odd, so that the obviously
irrational (and transcendental) zeta values at positive even integers are excluded.

*This paper is a contribution to the Special Issue on Orthogonal Polynomials, Special Functions and Applica-
tions. The full collection is available at http://www.emis.de/journals/SIGMA /OPSFA2015.html


mailto:akh502@york.ac.uk
http://www-users.york.ac.uk/~akh502/
mailto:wzudilin@gmail.com
http://wain.mi.ras.ru/
http://dx.doi.org/10.3842/SIGMA.2015.101
http://www.emis.de/journals/SIGMA/OPSFA2015.html

2 A. Haynes and W. Zudilin

In this brief note we demonstrate how elementary means can be used to prove the weaker
asymptotic inequality

log‘Kdll(;t n(((a(z’ + )+ b))‘ < —gn2 logn + O(n?) as m — 00,

which leads us to the following arithmetic application.

Theorem 1. For any pair of positive integers a and b, either there are infinitely manyn € N for
which ((an + b) is irrational, or the sequence {q,}°2 1 of common denominators of the rational
elements of the set {((a+0b),((2a+Db),...,((an+b)} grows super-exponentially, i.e., q}/n

as n — o0.

— 00

The current knowledge about the arithmetic of odd zeta values — the numbers ((n) for n > 2
odd — can be summarised as follows. In 1978 R. Apéry proved [1] the irrationality of ((3), and in
2000 K. Ball and T. Rivoal showed [2] that there are infinitely many irrational numbers among
the odd zeta values. At the same time, it is widely believed that all of the numbers ((n), for
n > 2, are irrational and transcendental. Our result in Theorem 1 is very far from proving
this. The goal of this paper is, rather, to demonstrate how very simple analytic arguments can
be used to derive some information about the Diophantine approximation properties of these
numbers.

2 Asymptotic upper bounds

Suppose that {a,}°°; is a sequence of complex numbers which satisfies a, < n!=% for some
6 > 0. Then the Dirichlet series

o] n
f(s) = "

n=1

converges in the region Re(s) > o for some o¢p > 2 — §. For each n € Z~, let

Hy[f] = det (f(i+j))-

1<i,j<n

Lemma 1. As n — oo, the following estimate is valid:
1, 2
log | Hy,[f]] < —5n logn + O (n?).

Proof. Using the linearity of determinant with respect to each row and the formula for the
Vandermonde determinant we have that

o) [e%S) ax ax
177 n -1 —1
= k%k% e kﬁ+1 L i J

Now by considering one of the n! possible orderings of the integers ki, ..., k,, and using our
assumption on the numbers a,, we obtain that

—1
A, -+ Ok, i1
|Hp[f]] < n! Z kzk;” Cgntl <n! Z Z k1+5k1+5 Lt (HZ >

1§k1<---<kn ki1=1 kn=1

1
< nlexp (—2n2 logn + O(n2)> ,
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where the estimate
n n
Z(i—l)logi>/ (r —2)logzdx for n >3
i=1 2
is invoked. Finally, taking logarithms gives the desired result. |

As a slight generalization of the above argument, let a and b be positive integers and consider
the Hankel determinants

HOY[f] = det (f(a(i+j)+D)).

1<i,j<n

By the same steps as before, we obtain that

n -1
(a,b) | - — _2 2 2
[ H,7 [f]] < nl <£[11 ) n.exp( 5" logn + O(n )),

and taking logarithms gives us the following result.

Lemma 2. Asn — oo, the following estimate is valid:

log [H@Y[f]| < —%n2 logn + O(nQ).

3 Nonvanishing

In this section, suppose that 2 < n; <ng < --- < ny < --- is an arbitrary sequence, and assume
that the corresponding zeta values ((n1),((n2),...,{(ny),... are rational numbers.

o0
Lemma 3. The function f(z) = > ((nm)z™ is not rational.
m=1

Proof. Suppose that the statement of the lemma is not true. Then the quantities ((n,,) satisfy
a linear recurrence with constant coefficients. By our hypothesis that the numbers ((n,,) are
all rational, we may assume that the coefficients in the recurrence equation are all rational
numbers, in other words that the recurrence rule is given by

r0C(nm) + 11¢(Mm+1) + - + rel(Mmax) =0 for m=mi,m+1,...,

with rg,...,r € Q and 7o, 7% # 0. Then, for all m > m,, we have that
=/ T r
0 1 k _
KZ (g * o =+ ) =0
=1

and taking the limit as m — oo this gives that
ro+ri+---+r,=0.
This in turn implies that

o0
70 71 Tk .
> (G * e T ) =0
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Multiplying by 2™ and taking the limit as m — oo (which clearly exists since the right-hand
side is 0), we obtain that

. S o 1 Tk
1
2 ((f/zwm e T fnm+k/znm)

— Iim (r0+r71+--~+r7’“):0.

m—00 IMm+1—Nm Mk —Nm
Since 79 # 0 and ny, < Nypy1 < -+ < Nypak, the final equality here implies that the quantity

1 T Tk
2nm+17nm 2nm+k_nm

o +

is actually constant for all m > mg (with some mg > m;). Therefore we conclude that

To ! Tk
o o 1 + P 0 for m mao.

Proceeding in a similar way, we deduce that for each integer 1 < ¢ < k, there is an integer my
such that

o 1 Tk
Y7y r— + -+ Timir 0 for m > my.
This implies that rg = ry = --- = rp = 0, which is a contradiction. |

Lemma 4. The Hankel determinants det< (C(niﬂ_l)) are not zero for infinitely many n.
,j<n

Proof. This follows from Lemma 3, together with a well known result of Kronecker (see [3,
pp. 566-567] or [6, Division 7, Problem 24]). [

Note that the statement of Lemma 4 in the case when n,, = am + b can be obtained using
the argument from [4, Lemma 2.3]: in fact, the Hankel determinants are all positive in this case.

4 Proof of Theorem 1

If there are only finitely many n € N for which ((an + b) is irrational, then we can assume
without loss of generality, by replacing b with ang + b for a suitable choice of ng, that all of the
numbers ((an + b) are rational. It is clear from the definition that g | g, for all k¥ < n, and that

Gn1Gni2 - @ HEY[C) = 1<C}(3,t<n(%'+n<(a(i +j)+0b)) €Z for n e N.

By Lemma 4 there are infinitely many indices n for which the determinants Hf;"b) [¢] are nonzero,
therefore

Gnt1Gnt2 - Qon - [HEVC)] > 1.

If it were the case that ¢, < C"™ for some C > 0 and all n, then we would deduce that

\H,Sa’b) [¢]] > C—™Bn+D/2 for infinitely many n. However, for sufficiently large n this would
/

contradict Lemma 2, which leads us to conclude that the sequence q}L " is unbounded as n — oco.
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5 Concluding remarks

The same techniques used to prove Theorem 1 can also be applied to a much broader class of
Dirichlet series. For example, similar results can be obtained for more Dirichlet L-functions
and even L-functions attached to modular forms, by extending the argument in the proof of
Lemma 3. In fact, one does not even need to restrict to values of these functions at integers.
In a different direction, one can deal with the values at subsequences which tend to infinity
faster than arithmetic progressions (for example, the sequence ¢(2n? + 1), where n = 1,2,...).
The estimates from Section 2 would then become sharper, and the corresponding growth of
the common denominators, provided infinitely many of the L-values are rational, can be then
shown to be faster. Of course, as mentioned in the introduction, we expect that the nonzero zeta
and L-function values at positive integers are always irrational (and even transcendental). Our
principal result here is only to serve as an illustration of a much deeper relationship between
Hankel determinants and arithmetic.
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