UNIVERSITYW

This is a repository copy of Representations of twisted Yangians of types B, C, D: |.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/id/eprint/112231/

Version: Accepted Version

Article:

Guay, Nicolas, Regelskis, Vidas orcid.org/0000-0002-0092-6917 and Wendlandt, Curtis
(2017) Representations of twisted Yangians of types B, C, D: |. Selecta Mathematica, New
Series. pp. 2071-2156. ISSN: 1420-9020

https://doi.org/10.1007/s00029-017-0306-x

Reuse

Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of
the full text version. This is indicated by the licence information on the White Rose Research Online record
for the item.

Takedown
If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

\ White Rose .
university consortium eprints@whiterose.ac.uk
/,:-‘ Univarsies of Leeds. Sheffield & York https://eprints.whiterose.ac.uk/



mailto:eprints@whiterose.ac.uk
https://doi.org/10.1007/s00029-017-0306-x
https://eprints.whiterose.ac.uk/id/eprint/112231/
https://eprints.whiterose.ac.uk/

DMUS-MP-16/10

Representations of twisted Yangians of types B, C, D: 1

Nicolas Guay'®, Vidas Regelskis?3®, Curtis Wendlandt'®

! University of Alberta, Department of Mathematics, CAB 632, Edmonton, AB T6G 2G1, Canada.
2 University of Surrey, Department of Mathematics, Guildford, GU2 7XH, UK.
3 University of York, Department of Mathematics, York, YO10 5DD, UK.

E-mail: ®nguay@ualberta.ca ® vidas.regelskis@york.ac.uk ¢ cwendlan@ualberta.ca

ABsTrACcT. We initiate a theory of highest weight representations for twisted Yangians of types
B, C, D and we classify the finite-dimensional irreducible representations of twisted Yangians asso-
ciated to symmetric pairs of types CI, DIII and BCDO.
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1. INTRODUCTION

Yangians constitute one of the two important families of quantum groups of affine type along with the
quantum affine algebras and are of interest to both mathematicians and physicists. Their representation
theory has been studied quite a lot over the past thirty years and occasionally applications have been found
to the study of other mathematical entities, for instance to isomonodromic deformations [ChMal], slices in
affine Grassmannian [KWWY], classical centralizers [Modl, MO] [Na] and the geometry of Schubert varieties
[RTV]. The category of finite-dimensional representations of Yangians is not semisimple, so understanding
the irreducible ones does not provide a complete picture of the category, but it is nevertheless the most



important first step that needs to be taken. Such an understanding comes first from classifying those
modules in terms of certain polynomials (see [Dr3]) and then from building realizations of those modules
[KN1l [KN2| [KN5|, [KNP], studying their behaviour under tensor products [Mo3l, [NaTall, NaTa2|, etc.

In theoretical physics, Yangians first appeared via their relation to rational solutions of the quantum
Yang-Baxter equation [Drl]. It was later discovered that they are also relevant in the study of symmetries
of certain integrable systems [Bell [Be2]. In the case of integrable systems with boundaries, it turns out
that certain subalgebras of Yangians called twisted Yangians are sometimes relevant to understanding their
symmetries, see e.g. [DMS, [Mal MaReTl, MaRe2l [MaSh|. In the mathematical literature, those that have
been mostly studied are the twisted Yangians of type AI and AII (corresponding to the pairs (gly,son)
and (gly,spy)) introduced by G. Olshanskii in [O]], further studied in [MNO|] and whose representation
theory was the subject of a good number of papers by A. Molev, M. Nazarov et al., see for instance [KN3|
KN4, [KN5, [KNPL [MoTl, Mo2l Mo4l, Mo5, [Na]. They are coideal subalgebras of the Yangian of gly. In
[GRI, for each symmetric pair of type B, C or D (see Subsection [2.2), similar (extended) twisted Yangians
denoted Y (gn, G)™ (resp. X (gn, G)"™ - see [AMR]) were introduced as coideal subalgebras of the (extended)
Yangians Y (gn) (resp. X (gn)) where gy = son or gy = spy. (See Subsection [2.2) for the definition of the
matrix G.) Some of their structural properties were determined: in particular, it was shown that Y (gn, G)*
can also be viewed as a quotient of X (gn,G)" which in turn can be defined using the reflection equation
that first appeared in [Ch] and [Sk].

The goal of this paper is to begin the study of the irreducible finite-dimensional representations of the
new twisted Yangians defined in [GR]. Our main results provide the classification of these modules in the
cases when the underlying symmetric pair is of type CI (i.e. (spy,,gl,)), DIII (i.e. (s02,,gl,)) or BCDO
(i.e. (gn,0n)): see Theorems and [6.6] which are applicable to the extended twisted Yangians
X (gn, G)t™ and their respective Corollaries andwhich are applicable to Y (gn, G)™. The classification
is stated in terms of certain polynomials as in the case of Yangians of simple Lie algebras [Dr3], twisted
Yangians for symmetric pairs of type A [Mo5|] and twisted ¢-Yangians [GM]. To obtain our classification
theorems, we follow a well established approach (see [Moll Mo2l Mo5, MRl [AMR]). As a first step, we
prove that any finite-dimensional irreducible module is of highest weight type, hence the quotient of a
Verma module: see Theorem [4.5] The classification problem thus reduces to determining conditions on the
highest weight which hold exactly when the corresponding simple module is finite-dimensional, but there
is another question which must first be considered. In the context of the RTT-presentation which we are
using, a Verma module can sometimes be trivial (see Proposition 5.4 in [AMR]), so it is important to find
conditions which are equivalent to non-triviality: such conditions are stated in Proposition [£.17| whose proof
depends on Theorem 4.2 in [MR] and relies on Proposition which states that a certain subspace of any
representation of X (gy,G)™ can be made into a module over an extended reflection algebra (which is an
extension of a twisted Yangian of type AIIT). The same proposition, along with Theorem 4.6 in [MR], allows
us to deduce certain conditions (see Proposition on the highest weight which are necessary for the
irreducible quotient of a Verma module to be finite-dimensional. Similar results were already known for the
twisted Yangians Y+ (V) associated to the symmetric pairs (gl, gn), where gy = 50 or sp, with the role
of the reflection algebra played instead by the Yangian Y'(n) of the general linear algebra gl,, (N = 2n or
N =2n+ 1): Propositions and should be compared to Proposition 4.2.8 of [Mo5].

One of the key ingredients in the proof of the Classification Theorems and is provided by
Lemma and Proposition which state that a certain subspace Vi of a X(gn,G)*-module V
inherits the structure of a module over a twisted Yangian associated to a symmetric pair (g’, ), where
rankg’ = rankgy — 1. This allows us to argue by induction on the rank of the Lie algebra gy in order to
establish necessary conditions for the finite-dimensionality of V. As for the base case for the induction, it can
be deduced from the known Classification Theorem for finite-dimensional irreducible modules over twisted
Yangians of type AI or AII (see [Moll, Mo2, [Mo5]) using the isomorphisms established in [GRW]. To prove
sufficiency of the conditions in the aforementioned theorems, we build a representation of X (g, G)™ with
the proper highest weight from a finite-dimensional representation of X (gy).

In the present manuscript, our results on highest weight modules of twisted Yangians in Section [4] are
valid in all Cartan types listed in Section [2] except type DI(b), however in Section |§| we fully classify finite-
dimensional irreducible modules of twisted Yangians of types BCDO0, CI and DIII only. We hope to be
able to extend our classification results to twisted Yangians of other types in a future publication. Type
DI(b) is excluded from our considerations because the generators that should be used to define the notion of



highest weight vectors are not exactly the same as in the other types. This is a consequence of the fact that
the matrix G below (see Subsection is not diagonal in type DI(b). Furthermore, the proof of similar
classification theorems for twisted Yangians of type CII and DI(a) seems to be noticeably more complicated,
hence has also been postponed.

Once the full classification of irreducible finite dimensional modules has been achieved, we hope to investi-
gate connections of the twisted Yangians introduced in [GR] to centralizer constructions as in [Mo4, MOl [Na]
and possible analogs of the functor studied in [KN3| [KN4]. Furthermore, the methods of proof of this paper
should be applicable to obtain classification theorems as in [GM] for finite dimensional irreducible modules
over twisted quantum loop algebras associated to symmetric pairs of types B, C, D similar to those studied
in [MRS].

Outline. The paper is organized as follows. In Section [2] we introduce the necessary definitions and recall
the basic facts about symmetric pairs of classical types, the reflection equation and its solutions. In Section
we recall the definition of Yangians, twisted Yangians and reflection algebras. The main results of this paper
are presented in the remaining three sections. We initiate the highest weight theory for representations
of twisted Yangians of types B, C, D, for the cases when the matrix G is diagonal in Section [d] In the
following one, we deduce the classification theorems for finite-dimensional irreducible representations of
twisted Yangians of types CI, DIII and BCDO when the rank is small. The last section contains the main
classifications theorems of finite-dimensional irreducible modules for twisted Yangians of types CI, DIII and
BCDo.
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2. DEFINITIONS AND PRELIMINARIES

2.1. Notation. Let n € N and set N = 2n or N = 2n + 1. We will always assume that g = gly, g = sly
or g = gy, where gy is the orthogonal Lie algebra son or the symplectic Lie algebra spy (only when
N = 2n). The algebra gy can be realized as a Lie subalgebra of gly as follows. We label the rows and
columns of matrices in gly by the indices {—n,...,—1,1,...,n} if N =2n and by {-n,...,—1,0,1,...,n}
if N =2n+1. Set 6;; = 1 in the orthogonal case and 6,;; = sign(¢) - sign(j) in the symplectic case for
—n < 1,7 <n. (It is understood that, when N is even, i = 0 and j = 0 are excluded.)

Let Fy; = E;j —0;;E_j _;, where the E;; are the usual elementary matrices of gly. These matrices satisfy
the relations

(2.1) [Fij, Fri) = 0uFit — 6 Frj + 050, —1Fi,—i — 0i50; ik F—_j1, Fij +0;;F_; _; =0.

We may identify gy with spanc{F;; : —n < 4,j < n} and we will use hy = spanc{F;; : 1 < i < n} as
Cartan subalgebra. Given a Lie algebra a its universal enveloping algebra will be denoted by ila.

Next, we need to introduce some operators: P € End(CY @ CV) will denote the permutation operator on
CN ® CY and we set Q = P'' = P where the transpose t is given by (E;;)! = 0;;E_; _;; explicitly,

(2.2) P = Z Ei; ® Eji, Q= Z 0ijEij @ E_i ;.
—n<i,j<n —n<i,j<n

In the cases when both orthogonal (6;; = 1) and symplectic (6;; = sign(¢) - sign(j)) transpositions are used
simultaneously, we will denote the former by ¢, and the latter by ¢_. Let I denote the identity matrix.
Then P2 =1, PQ = QP = +Q and Q? = NQ, which will be useful below. Here (and further in this paper)
the upper sign corresponds to the orthogonal case and the lower sign to the symplectic case. In addition, we
will also use the notation (£) and [£], which will be explained in appropriate places.

Let tensor products be defined over the field of complex numbers. For a matrix X with entries z;; in an
associative algebra A we write

(2.3) Xo= ) I®-®I0E;®Ie--@Iex;cEndC")* oA

—n<i,j<n s—1



Here k € N>5 and 1 < s < k; it will always be clear from the context what k is.

Henceforth, we will employ the convention used above in labelling the rows and columns of N x N matrices
except in the following circumstances. When discussing symmetric pairs of type AIII (see Subsection
and the corresponding twisted Yangians B(N, q) (see Subsection , we shall follow the notation from [MR]
and instead label the rows and columns of N x N matrices using the ordered set {1,..., N}.

2.2. Symmetric pairs of classical Lie algebras. The symmetric pairs we are interested in are of the form
(g,9”), where p is an involution of g and g” denotes the p-fixed subalgebra of g. The involution p is given
by p(X) = GXG~! for a particular matrix G, except that p(X) = —X* for types Al and AIl. We will make
well-suited choices of G for the purposes of the present paper, which agree with the ones in [MNO], [MR],
and to the ones in [GR] up to conjugation. We also introduce a further refinement of Cartan’s classification
of symmetric spaces that reflects the explicit form of G listed below and differences in the study of the
representation theory of the extended twisted Yangians.
Let p and ¢ be such that p > ¢ > 0 and p+ ¢ = N. In the list below, for each Cartan type, we indicate

the corresponding symmetric pair and give our choice of matrix G:

e AT :(g,¢”) = (sly,s0y) and t = t,.

o AIl :(g,9”) = (sly,spy) and t =1t_.

(

o AIIL : (g,0°) = (sly, (al, ® gl,) Nsly) and G = S0 By — S0 | By,
e CI N =2n (5.0") = (spy.gly) and G = .2, (E;i — E_i ).

N
e DII : N =2n, (g,9”) = (son, gly) and G = Y2 (B —E_ ).
e Bl(a): N =2n+1, (g,9”) = (son,50, ® 50,) such that p is odd and ¢ is even. The matrix G is

p—1 N-—1
2 2
(2.4) G= > Eu— > (Bu+E_i)
e
In particular, the subalgebra of g” spanned by F;; with — =1 < 5 < 2215 jsomorphic to 50, and

the subalgebra spanned by F;; with |, |j] > % is 1somorphlc to so,.
e BI(b): N=2n+1, (g,¢°) = (soN,sop @ s0,) such that p is even and ¢ is odd. The matrix G is

(2.5) Z Eii + Z (Bii+ E_i ).
z——— j=491= q+1
Now it is so, spanned by Fj; with — el < <L and so0, is spanned by F;; with |i], |j] > Q

e CIl : N =2n,(g,0”) = (shyn,5p, @ﬁpq) such that both p and ¢ are even. The matrix G is

w|Z

(2.6) G = i:(Eu +E_; ;) — Z (B + E_i ).

i=1 =241
In this case the subalgebra of g” spanned by Fi; with —5 <i,j < % is isomorphic to sp, and the
subalgebra of g# spanned by F;; with [i[, |j| > § is isomorphic to sp,,.

e DI(a): N = 2n, (g,9”) = (son,50, ® so,) such that both p and ¢ are even. We choose G to be
the same as for CII case, i.e. given by (2.6). Hence the subalgebras so, and so, of g” are defined

analogously.
e DI(b): N =2n, (g,9”) = (son,s0, D s0,) such that both p and ¢ are odd. We choose G to be
(2.7) G=FE,_1+FE_11+ Z(Ezz +E_; ;) — Z (Eii + E_i —i).
i=2 pt3

1:2

Type DI(b) is exceptional as it is the only case when G can not be chosen to be diagonal.

In addition, we will consider trivial symmetric pairs:



e ABCDO: (g,9”) = (g,9) and G = I.

These can be thought of as limiting cases of types AIIl, CII and BDI when p = N and ¢ = 0. For ease of
notation, we will further refer to types CI, DIII, CII, BDI and BCDO as types B-C-D.

2.3. R-matrices, K-matrices and the reflection equation. The matrices R(u) € End(CY @ CM)[[u~1]]
that we will need are defined by [MNO| [AACFR]:

P P Q
2. =] — — f [ b =] - — 4+ —— f
(2.8) @) R@=I-" for gly, b R@=I-"—+— for g,

where k = N/2F1 for g = gn. These R-matrices are rational solutions of the quantum Yang-Baxter equation
with spectral parameter,

(2.9) Riz(u) Ris(u + v) Ras(v) = Ros(v) Ris(u + v) Riz(u),
and satisfy the identity R(u) R(—u) = (1 —u~2)I. Set Rf( ) = R (u) = R" (u) here, t; is the transpose
with respect to the first copy of End(C") inside End(CY ® CV) = End(CV) ® End((CN) ty is defined
similarly.
Definition 2.1. We recall the following matrices K (u) € End(CY)(u) from [GRL MR} MNO] -

o K(u) =1 for symmetric pairs ABCDO, AI and AII;

o K(u) =G for symmetric pairs AIIl, CI, DIII and DI, CII when p = q;

o K(u)=(I—cuG)(l—cu)~! withc= ﬁ for symmetric pairs BDI, CII when p > q.
When K(u) is a constant matriz, we will say that it is ‘of the first kind’; if it depends on w, it will be said
to be ‘of the second kind’.

The K (u) of types Al and Al is a (scalar) solution of the twisted reflection equation
(2.10) R(u —v) K1 (u) R*(—u — v) Ko (v) = Ko(v) R*(—u — v) K1 (u) R(u — v),
where t = t4 and R(u) is given by a) in (2.8). In all other cases, K (u) are solutions of the reflection equation
(2.11) R(u — v) K1 (u) R(u + v) K2 (v) = Ko (v) R(u + v) Ky (u) R(u — v),
with R(u) given by a) in (2.8) for type AIII, or by b) in (2.8)) for all the B-C-D types.

Matrix solutions of these reflection equations are often called K-matrices in the literature, which is why
we are using the notation K (u) in this subsection; however, when working with twisted Yangians in the rest
of this paper, we will write G(u) instead of K(u) to conform with the notation in [GR] and [Mo5]. The
matrix K(u) defined above satisfies the unitary relation K (u)K(—u) = I. The next lemma is automatic
when K (u) is constant; for the other cases, it follows using the same argument as in the proof of Lemma 4.3

in [GR] - see below (4.3.1) in loc. cit. Here we will use the notation (4) where the lower sign distinguishes
types CI and DIII from the other cases.

Lemma 2.2. Ezcept in type A, the matriz K (u) satisfies the following identities:

(2.12) K4 () = (£) K (5 —u) £ 2 <U>2—uff <: —u) |, r(K(u)K <n2 ;&)2 - tr(K (u) - I
where
(2.13) p(u) = (£)1F — L 4 BEW)

Moreover, p(u) satisfies

(2.14) p(u)p(k —u)=1-— Gu_np

Next we give an additional solution K (u;a) to (2.11) parametrized by a free parameter a € C which will
be used in Section [6] to construct one-dimensional representations of twisted Yangians of types CI and DIIIL.
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Lemma 2.3. Let a € C and let G be of type CI or DIII. Then the matrix
(2.15) K(uja) =G +au 'l
is a one-parameter solution of . Moreover, it satisfies the symmetry relation
K(uja) — K(k —uwja)  tr(K(usa)) -1
2u — K 2u—2Kk
Proof. We begin by showing that G + au~'I satisfies the reflection equation , that is
Ris(u—v)(G1 + au 1) Rya(u+v)(Ga + av™'Io) = (G + av ' Io)Ria(u + v) (G + au ' I1)Rya(u — v).

The matrices G and I are themselves solutions of , thus it suffices to show that
v Ria(u — v)G1 Ria(u+v) + u Rig(u — v)Rya(u + v)Go

=u 1 GoRia(u + v)Ria(u — v) + v Ryn(u 4 v)G Ria(u — v).

(2.16) K'(u;a) = —K(k —u;a) £

(2.17)

Notice first that

P P 1 P P 1
(218) (1_u—v>g1(1_u—|—v>v +<1_u—v> (1_u—|—v>g2u
' B _ P _ P 1 _L _ P 1
g2(1 u—l—v) <1 u—v)u +(1 u+v>gl(1 u—v)v .

This is verified by expanding both sides. After subtracting (2.18)), the left hand side of (2.17) becomes
1 <ng _ _PGiQ + QG2 PQG> )

utv—K\ v (u—v)v v (u—vu

1 (le QG P QRGIQ QG QPG n QG2 >

+

u—v—r\ v vut+v) (ut+v—rKo v (u+v)u  (ut+v—kK)u

while the right hand side becomes
1 <Q2Q _ GPQ n GiQ  PGiQ )
U—v—FK\ U u(u +v) v (u+v)v
1 (ng ~ GQPr n G2Q? n QY1  QGP n QRG:1Q ) '

u+v—kK\  u u(u—v) ulu—v—kK) v (u—vw  vlu—v—rk)

Multiplying both sides by (u+v —k)(u—v — k)(u? — v?*)uv and equating the coefficients of u*v7, we see that
it suffices to establish the following relations:

(2.19) KQG2 + QPGa — Q*Ga + KQGs + PQGa = kGoQ + G2QP — GoQ? + kG2Q + G2 PQ,
(2.20) Q41 + QG2 — G1Q + QG2 = G2Q — QG1 + G2Q + G1Q,
(2.21) —QG1 P+ QPGy + PGi1Q + PQGy = G2QP + QG1 P + G2 PQ — PG Q.

Since Q? = NQ and PQ = QP = +Q, is equivalent to (2k — N)(QG2 — G2Q) = F2(QG2 — G2Q),
and since k = N/2 F 1, this equality is indeed satisfied. As PG; = GoP and G' = —G, we have —G1Q =
(PGy)t = (GoP)1r = GoQ. Similarly QG; = —QGa, from which follows. Relation holds since
PGy = G1P, PG, = GoP and PQ = QP. This completes the proof that K(u;a) = G + au~'I is a solution
of (2.11).

By Lemma we already know that holds if K (u;a) is replaced with G. Thus it suffices to show
that it also does if K (u;a) is replaced with v =11, which can be checked directly. (]

3. YANGIANS, TWISTED YANGIANS AND REFLECTION ALGEBRAS

3.1. Yangians and extended Yangians of types B-C-D. We briefly recall the algebraic structure of the
Yangian Y (gn) and the extended Yangian X (gn) of the Lie algebra gxn. For complete details and proofs of
statements presented below, please consult [AACFR] [AMR].

Fix N € Z>o if g =spy or N € Z>3 if g = son. We introduce elements ") with —n <i4,5 <nand

ij
r € Z>o such that tl(.?) = ¢;;. Combining these into formal power series ¢;;(u) = Zrzo tl(»;)u_ , we can then
form the generating matrix T'(u) = > _, o, i<, Eij @ tij(u). Let R(u) be given by b) of (2.8). The same

R-matrix will be used in Subsections 3.2 and

T
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Definition 3.1. The extended Yangian X (gn) is the unital associative C-algebra generated by elements tg)
with —n < 4,7 <n and r € Z>q satisfying the relation

(3.1) R(u —v)T1(u) Ta(v) = To(v) Ty (u) R(u — v),

or equivalently

1

().t (0)] = —— (tag (W)t (v) =ty () ta(w))
1

_ m _n<za<n (6k,7i O;ia taj(u) t,a’l(v) — (Sl’,j Hja t]@,a(v) tia(u)> .

The Hopf algebra structure of X (gn) is given by
(3.2) Acti(u) = Y tia(w) @tej(u),  S:T(u)=T(u)™,  e:T(u) 1.
—n<a<n

We will call the generating matrix of the extended Yangian X (gn) the T-matrix. We will use the same
terminology for the Yangian Y (N), ¢f. Subsection

Let A € GL(N) be such that AA* = I and let a € C be a constant. Moreover, let f(u) € 1 +u~*C[[u™?]]
be an arbitrary formal power series with constant term equal to 1.

Proposition 3.2. The maps
(3.3) a2 T(u) = T(u+ a), pr o T(w) — fu)T(uw), ay:T(u) — AT (u) A,
are automorphisms of X (gn).

Definition 3.3. Consider the subalgebra of X (gn) defined by

(34) Y(on) = {y € X(gn) : ps(y) =y for any f(u) € 1+ u"'Cllu"]]}.
This subalgebra is called the Yangian of the Lie algebra gy .

There exists a distinguished central series z(u) =1+ _;2-u™" such that
(3.5) Alz(w) = 2(u) @ 2(u),  S(z(w)) = 2(w)™",  T(u)™' = z(u) " T"(u+ k),

Moreover, the coefficients 21, 22,... of z(u) are algebraically independent and generate the whole center
ZX(g) of X(gn).

By [AMR] Thm. 3.1], the algebra X (gx) is isomorphic to the tensor product of its subalgebras ZX (gn)
and Y(gn). Since ZX(gn) is generated by the coefficients of the series z(u), it follows that the Yangian
Y (gn) is isomorphic to the quotient of X (gn) by the ideal generated by z1, 22, ... (¢f. Cor. 3.2 in 4bid.), or
in other words, we have that

(3.6) X(gn) = ZX(gn) @ Y(gn) —  Y(en) = X(gn)/(2(u) = 1).

Moreover, the centre of Y (gy) is trivial. We will denote the T-matrix of Y (gn) by 7 (u). Its matrix elements
will be denoted by (7 (u))i; = 7i;(u), and hence 7;;(u) =3 5, 7y~ with Ti(jp) = 0;;.

Let y(u) be the unique series in 1 + u=*ZX (gn)[[u"!]] such that z(u) = y(u)y(u + ). By (3.5) the
automorphism gy takes y(u) to f(u)y(u) and hence the matrix y(u)~'T(u) is ps-stable. In summary, we

have that
3.7 Ay(uw) =y(u) @ y(u), T(u) = y(u) T (u), T(u)™ = THu+ k), pg T (w) — T(u).

The Yangian Y (gx) is a Hopf subalgebra of X (gn) with the coproduct, antipode and counit obtained by
restricting those of X (gx); see [AMR], Prop. 3.3].
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3.2. Twisted Yangians and extended twisted Yangians of types B-C-D. These algebras were intro-
duced in [GR]. Let us briefly recall their main algebraic properties. For complete details and proofs of the
claims below consult cit. loc. It will be convenient to call the generating matrix of a twisted Yangian (or
a reflection algebra) the S-matrix. Moreover, to be consistent with the notation in [GR] and in [Mo5], we
denote by G(u) the matrix K (u) of type B-C-D given in Definition
Definition 3.4. The extended twisted Yangian X (gn,G)' is the subalgebra of X(gn) generated by the
Z(;) with —n < 1,5 <n and r € Z>o of the entries s;j(u) of the S-matriz
(3.8) S(u) =T(u—r/2)G(u)T (—u+ K/2).

The algebra X (gn,G)™ is a left coideal subalgebra of X (gn): A(X(gn,G)™) C X(gn) ® X(gn,G)"™.
We have that s;;(u) = >0, Ojptia(u —#/2) gap(u)t—j —p(—u + K/2), where gqp(u) are the matrix entries

of G(u) and, by (3.2),
(3.9 A(sij(u)) = Z Oivtia(u — K/2)t_5 p(—u+ K/2) @ sqp(u).

—n<a,b<n

coefficients s

We now recall some properties of the matrix S(u). By Lemmas 4.2 and 4.3 in [GR] we have the following.

Lemma 3.5. The S-smatriz S(u) satisfies the reflection equation

(3.10) R(u — v)S1(u) R(u + v) Sa(v) = Sa(v) R(u + v) Sy (u) R(u — v),
or equivalently

1

— (s () () = s (0) s (w))

1 n

Z (5;” Sia(1) $a1(v) — 041 Ska (V) saj(u)>

U+ v
a=—

[si5(w), sk (v)] = "

_ ﬁ zn: 8ij (ska(u) Sa1(V) = Ska (V) Sal(U)>

- ﬁ Z (5k,—i9ia3aj(u)5—a,l(v) — 01— 04j 8k7_a(v)sm(u))
(3.11) T
_ m <9j,—k 517_,16(11,) s_jvl(v) — 917_1 skv_i(v) S—ZJ (u))
+ o U)(ul_ v—r) 0i,—; Z <5k,—i3—j,a(u) sa1(v) — 01,4 Ska(v)sa,—i(u)>
o e P (050 10500
1

] 05 i (51@,—1' Sqa(u)s—j1(v) — 61— sk —i(v) Saa(u))a

(u—v—r)(ut+tv—~K et
and the symmetry relation

S(u) — S(k —u) n tr(G(u)) Sk —u) —tr(S(u)) - I

2u— K 2u — 2K

(3.12) St(u) = (£)S(k —u) £

)

or equivalently

sij(u) — s45(k — u) N tr(G(u)) sij(k —u) = 855 > op__, skk(u)

(3.13) Hijs,j,,i(u) = (i) Sij(/i - u) + Y % — 9%

where the lower sign in (L) distinguishes types CI and DIII from the other cases.

Introduce the formal power series w(u) = z(—u — k/2) z(u — k/2). By and we have that
(3.14) S(u)S(—u) =w(u) -1, w(u) = w(—u), Aw(u)) = w(u) @ w(u).
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Since the series z(u) are central in X (gn), the same is true for the series w(u), or in other words, the even
coefficients ws,wy, ... of w(u) are algebraically independent and central in the algebra X (gn,G)®*. The
relation S(u)S(—u) = I (equivalently, w(u) = 1) will be called the unitary relation.

Definition 3.6. The twisted Yangian Y (gn,G)™ is the quotient of X (gn,G)™ by the ideal generated by
the coefficients of the unitary relation, that is

(3.15) Y(gn,9)"™ = X(gn,6)"/(S(u) S(—u) — I).

By [GR, Thm. 3.1] the algebra Y (gn,G)"™ is isomorphic to the subalgebra of Y (gn) generated by the
coefficients crg) with 7 > 0 of the matrix entries o;;(u) of the S-matrix ¥(u) defined by

(3.16) Y(u) = T(u—r/2)Gu) T (~u+ K/2).
Define the series q(u) = y(u — k/2)y(—u + k/2). Then, by and (3.14), we have that
(3.17) S(u) = qu)X(u),  wlu) = q(u)g(—u) = q(u)g(u + k).

Given f(u) € 1 +u'C[[u1], set g(u) = f(u) f(—u) and let v, denote the restriction of the automorphism
py of X(gn) to the subalgebra X (gn,G)"™. Then, by (3.3) and (3.7),

(3.18) vy :S(u) — g(u—r/2)S(u), vyt w(u) = g(u—k/2)g(—u — k/2)w(u), Vg : S(u) — X(u).

This implies that Y (gn, G)"™, viewed as a subalgebra of X (gn), is the vy-stable subalgebra of X (gn,G)";
see |[GRI, Cor. 3.1].

Let ZX(gn,G)®™ denote the subalgebra of X(gn,G)* generated by the coefficients of w(u). Then, by
[GR], Cor. 3.5], the subalgebra ZX (gn,G)"™ is the whole centre of X (gn,G)"™ and the centre of Y (gn,G)"™
is trivial.

Corollary 3.7 (JGR] Cor. 3.6]). The algebra X (gn,G)™ is isomorphic to the tensor product of its centre
and the subalgebra Y (gn,G)M, namely

(3.19) X(gn,9)"™ =2 ZX(gn, )™ @ Y (gn,G)"™.

Remark 3.8. It was noted in [GR] Remark 3.2], that the automorphism a4 of X(gn) (see (3.3)) restricts to
an isomorphism between the algebras X (gn,G)™ and X (gn, A'GA)*™. Given a matrix G let A € GL(N)
be such that AA" = I and A'GA = G. Then a4 restricts to an automorphism of X (gy,G)". The same can
be said for Y(gn,G).

Proposition 3.9. Set F;jp =5" (FiaGaj + giaFaj) and §i; = 0 if G(u) is of the first kind and g;; =

(gij — 0i5) ¢ if G(u) is of the second kind. Then the assignment F;]p — cri(;) — Gij (resp. Fl']p — sgjl-) — Gij)

defines an embedding Ugh, — Y (gn,G)"™ (resp. Ugh, — X(gn,G)™).

Proof. The embedding gh, < Y (gn,G)"™ was obtained in Corollary 3.3 in [GR]. Since Y (gn,G)"™ can
be viewed as a subalgebra of X (gn,G)", the assignment F;jp — O'Z-(;) — gij defines an inclusion ¢ : tgh, —
X(gn,6)™. By (3.17) we have X(u) = q(u)~1S(u), where q(u) = y(u — x/2)y(—u + £/2). The coefficient

of w1 in the expansion of q(u) is zero, thus US = 58) for all —n <1i,j <n. O

We end this subsection by rephrasing Theorem 3.2 in [GR] for the choice of matrix G in Subsection
The only difference is for type BDI, in which case the matrix ¥(u) from (3.16) is related to the matrix of
generators considered in [GR] via conjugation by a suitable matrix A satisfying A=t = A%

r tw

Corollary 3.10. Given any total ordering on the set of generators 0'1(3) of Y(gn,G)
of Y(gn,G)™ is provided by ordered monomials in the following generators (r > 1):

e BDO : o7V withi+j>0.

3

a vector space basis

¢ C0 ol N withi+j>o0.
L @r=1) g s . 2r) oo ..
e CI :0; with i,j > 0; and 0,5 with 1 4 j > 0, ij < 0.

o DII : 0" withi,j > 0; and 0" with i+ j > 0, ij < 0.
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o Bl(a) : 0"V with i+ j >0 and i, |j| < 25% or |il,|j| > B
2 s . - ) . _
and al(jr) with i > P2 [5] < B5E orj > BHL | < 22
e BI(b) : the same as for Bl(a) except p should be replaced with q.

o CIL ol YV withi+j>0andlil,[j| <% oril,|j| > % +1;
anda( ") with i > I+ i <dorj>241,]i| <4
e DI(a) : the same as for CII except i+ j > 0 should be replaced with i +j > 0.

e DI(b) : gril) with i+ j >0 and 2 < |i],[5] < 2% or |il, |j| > 252, we should also include o2

15
and cr( =1 withj >2;
and oj ) with i > PES gnd 2 < |j| < BEL or j > PE2 and 2 < |i| < EEL, we should also include
U%QT) and U(ZT), Uﬁr) with 7 > 2.

Corollary 3.11 (see [GR] Cor. 3.4]). Given any total ordering on the set of generators sg) of X(gn,G)t,

a vector space basis of X (gn,G)™™ is provided by the ordered monomials in the generators wa,wy, ... and
5

Sij

with r, 1, j satisfying the same constraints as in Corollary .

3.3. Reflection algebras of types B-C-D. It was shown in [GR] Sec. 4] that certain quotients of the
extended reflection algebra XB(G) defined by the reflection equation are isomorphic to twisted Yangians
X(gn,G)"™ and Y (gn,G)™. In this subsection we summarize the results obtained in loc. cit.

Let N be as in Subsection Introduce elements 555-) with —n < 4,5 < nand r € Z>( such that §Z(-?) = gij

and combine them into an S-matrix S(u) in the same way as we did for the T-matrix T'(u).
Definition 3.12. The extended reflection algebra XB(G) is the unital associative C-algebra generated by
elements §§;) with —n < i,j <n, r € Z>o and satisfying the reflection equation
(3.20) R(u —v)S1(u) R(u +v)Sa(v) = Sa(v) R(u + v) Sy (u) R(u — v),
or equivalently with s;;(u) replaced with §;;(u).
Let h(u) € 1 + u=*C[[u"!]] and let A € GL(N) be such that AA* = [ and AGA' = G.
Proposition 3.13. The maps
(3.21) Dn: S(u) = h(u)S(u), 7 :S(u)—S(—u)"', @a:S(u) — AS(u) A
are automorphisms of XB(G).

Definition 3.14. The reflection algebra B(G) is the quotient of XB(G) by the ideal generated by the co-
efficients of the symmetry relation (3.12)) with S(u) replaced with S(u), or equivalently (3.13)) with s;;(u)
replaced with $;;(u).

By [GR) Prop. 5.1 and Cor. 5.1], there exists a unique formal power series c(u) = 1 + ET21 c,u”t with
coefficients central in XB(G) such that

(3.22) QS1(w) R(2u — 1) Sa(k —u) ™" = Sk —u) ' R(2u — #)S1(u) Q = p(u)c(u) Q
with p(u) given by (2.13). The uniqueness of c(u) is a consequence of the invertibility of p(u) - see (2.14)).

Moreover, c(u) satisfies the relation c(u)~! = c(k —u) and the odd coefficients are algebraically independent.
By [GR], Thm. 4.2 and Cor. 5.2], we have the following isomorphism of algebras:

(3.23) X(gn.G)"™ = B(G) = XB(G)/(c(u) — 1).

Combining (3.21)) with (3.22)) we have that vy, (c(u)) = h(u) h(k —u)~? ( ). Let v(u) be the unique central
invertible power series with constant term 1 such that c(u) = ( )2. Hence c(u) = v(u)v(k —u)~t. Set
sij(u) = v(u)71$;;(u) and let series h(u) be such that h(u)™' = h(x — u). Then, by [GR] Prop. 5.2 and

Thm. 5.3], the subalgebra of XB(G) generated by the coefficients s(]) with r € Z>¢ of the series s;;(u) is
the vp,-stable subalgebra of XB(G) and is isomorphic to B(G). We will denote by ZX(G) the subalgebra of
XB(G) generated by the odd coefficients of c(u).
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Let S(u) denote the S-matrix of B(G). By [GR] Prop. 4.1], the product S(u)S(—u) = w(u) - I is a scalar
matrix, where w(u) is an even formal power series in u~! with coefficients central in B(G). We will denote
by ZB(G) the subalgebra of B(G) generated by the even coefficients of w(u).

Definition 3.15. The unitary reflection algebra UB(G) is the quotient of B(G) by the ideal generated by the
coefficients of the unitary relation S(u)S(—u) = I.

By [GR], Thm. 4.1], we have the following isomorphism of algebras:
(3.24) Y(gn,9)" = UB(G) = B(G)/(w(u) - 1).
It will be convenient to denote XB(G) by X (gn,G)™ and ZX(G) by ZX (gn,G)"™.

3.4. Yangians of type A. We briefly recall the algebraic properties of the Yangian Y (N) of the Lie algebra
gly and the Yangian SY (N) of the Lie algebra sly. For more details consult [MNO] [Mo5].

Let N > 2 and let the matrix T(u) be defined in the same way as in Subsection Moreover, let R(u)
be given by a) of (2.8]). This R-matrix will also be used in Subsections and

Definition 3.16. The Yangian Y (N) is the unital associative C-algebra generated by elements tl(;) with
—n <14,5 <n andr € Z>o satisfying the relation (3.1)), or equivalently

(3.25) [tij (w), tre(v)] = ui (tkj (u)ta(v) — tkj(v)til(u))

v

The Hopf algebra structure of Y (N) is the same as in (3.2)).

All the maps listed in Proposition are also automorphisms of Y (N), and in addition so is the map
Ba:T(u)— AT(u) A=t where A € GL(N) is any invertible matrix.

Definition 3.17. The special Yangian SY (N) is the subalgebra of Y (N) given by
(3.26) SY(N) = {y € Y(N) : s (y) = y for any f = f(u) € 1 +u~ Cllu" "]}
It is also called the Yangian of sly.

There exists a distinguished central series qdetT'(u), called the quantum determinant, whose coefficients
dy,ds, ... are, by [MNOL Thm. 2.13, Cor. 2.18], algebraically independent and generate the whole centre
Z(N) of Y(N). Moreover, the quotient algebra Y (N)/(qdetT (u) — 1) is isomorphic to the Yangian SY (N)
and Y(N) 2 Z(N) ® SY(N). Furthermore, the centre of SY(N) is trivial.

Let d(u) be the unique series such that qdet T'(u) = d(u)d(u—1) - - - d(u—N+1). Then ps(d(u)) = f(u)d(u)
and hence the matrix 7 (u) = d(u)~'T(u) is stable under the action of ¢, i.e. it is the T-matrix of SY (N).

Remark 3.18. In [Mo5], the algebras Y(N) and SY (V) are denoted by Y (gly) and Y (sly), respectively.
We will use the former notation to avoid possible confusion with the Yangians X (gn) and Y (gn) of the Lie
algebra gy.

3.5. Olshanskii Twisted Yangians. In this subsection we briefly recall the presentation of the twisted

Yangians Y*(N) introduced by G. Olshanskii in [Ol] and surveyed in [MNOJ.

Definition 3.19. The twisted Yangian Y*(N) is the subalgebra of Y (N) generated by the coefficients sg)
with —n < 4,5 <n and r € Z>o of the matriz elements s;;(u) of the S-matriz

(3.27) S(u) = T(u) T (—u).
We have that s;;(u) = > 0 O4itia(u)t_; _o(—u) and
(3.28) Alsijw) = > Batia(w)t—jp(—u) @ sap(w),
—n<a,b<n

which implies that Y (N) is a left coideal subalgebra of Y (V).
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Lemma 3.20. The S-matriz S(u) defined by (3.27) satisfies the twisted reflection equation

(3.29) R(u — v) Sy (u) R (—u — v) Sa(v) = So(v) R (—u — v) S1(u) R(u — v),
where R(u) is given by a). Equivalently
1

(3.30) (60, 51, n{0) 5 5(0) = 01 -5k, —i(0) 51,5(w) )
1

[345(u), s (v)] = — (Skj(u) sa(v) — Skj(v)sil(u))
1
S +v
+ m@ﬁj (Sk:,fi(u) s_j1(v) = sg,—i(v) s,j,l(u)),

and the symmetry relation

(3.31) St(u) = S(—u) %
Proposition 3.21 ([MNO| Prop. 3.11]). The map evy : YE(N) — Ugn, sij(u) — 61 + (u + %)_1Fz~
(1)

is a homomorphism of algebras and the map v : Ugn — YF(N), Fij — s;;

Moreover, evy o1 = id.

is an embedding of algebras.

There exists a distinguished central series sdetS(u), called the Sklyanin determinant, whose even coeffi-
cients are algebraically independent and generate the whole centre Z*(N) of Y*(N). Introduce the function
v (u) by
(3.32) yv(uw) =1 for YT(N) and ~n(u)= _utl for Y™ (N).

2u—-N+1
By [MNO, Thms. 4.7, 4.11], we have that sdetS(u) = yn(u)qdet T'(u)qdet T(—u + N — 1).

Let g(u) € 1 +u2C[[u?]] and let f(u) € 1 +u~*C[[u?]] be the unique power series with constant term
1 such that g(u) = f(u)?. Then g(u) = g(—u) = f(u)? = f(-u)? = f(u) = f(—u) because both have
constant term 1. Therefore, g(u) = f(u)f(—u) and we let v, denote the restriction of uf to YE(N). If
g(u) = fi(u) fi(—u) = fo(u)fo(—u), then f1(u) and fo(u) differ by multiplication by a series h(u) such that
h(u)h(—u) = 1.

Definition 3.22. The special twisted Yangian SY*(N) is the subalgebra of Y*(N) given by
(3.3 SYH(N) = {y € YE(N) 1y (y) =y for any g = g(u) € 1+ u*Cl[u 7]}

Proposition 3.23 ([Mo5, Thm. 2.9.2, Cor. 2.9.3]). The algebra Y*(N) is isomorphic to the tensor product
of its centre Z*(N) and the subalgebra SY*(N):
(3.34) YE(N) = Z%(N) ® SY£(N).
Consequently, SY*(N) = Y*(N)/(sdet S(u) — vn(u)) and the centre of SY*(N) is trivial.

Set q(u) = d(u)d(—u) and L(u) = q(u)~1S(u). Since ps(d(u)) = f(u)d(u), we have that v,(X(u)) = Z(u)
and thus X(u) is the S-matrix of SY*(N).

Remark 3.24. There is an extended twisted Yangian Y+ (NN) which plays a role analogous to XB(G) for the
twisted Yangian Y (). For the general results concerning this algebra we refer the reader to [Mo5, §2.13].

3.6. Molev-Ragoucy reflection algebras. In this subsection we recall the structure of Molev-Ragoucy
reflection algebras B(NV, q) introduced in [MR]. We recall that, in this exceptional case, we label the rows and

columns of N x N matrices from 1 to N. In particular, the generators of Y (V) are tg;) with1 <i,7 < N,r > 0.

Definition 3.25. The reflection algebra B(N,q) is the subalgebra of Y (N) generated by the coefficients bg;)
with 1 <4,j < N and r € Zx¢ of the matriz elements b;j(u) of the matriz B(u) given by

(3.35) B(u) = T(u)GT(—u)"!,
where G is the diagonal matrizx G = diag(eq,...,en) withe; = 1 for 1 < i < N —q and g, = —1 for
N—-—g<i<N.

The algebra B(N, q) is a left coideal subalgebra of Y(N) : A(B(N,q)) C Y(N) ® B(N,q).
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Lemma 3.26. The matriz B(u) defined by (3.35) satisfies the reflection equation (3.10) with R(u) = I —
u~IP, or equivalently

15 (), bra(0)) = —— (b ()b (0) — b (0) ()
N
(3.36) + o j_ ” Z <5kj bia(w) bai(v) — 631 bra (V) baj(u)>

N
o ﬁ Z 5ij (bka(u) ba1 (V) — bra(v) bal(u)>7

and the unitary relation B(u) B(—u) = I.

There exists a distinguished central series sdet B(u), called the Sklyanin determinant, whose odd coeffi-
cients are algebraically independent and generate the whole centre Z(N, ¢) of B(N, ¢). Introduce the function
0(u) by

1
— (_—1)4 _ ; _ ) - 0
(3.37) O(u) = (—1) H (2u — 2N + 2i) H (2u — 2N + 2i) H o IN i1
1<i<N-—q 1<i<q 1<i<N
By [MR), Thm. 3.4], we have the identity
(3.38) sdet B(u) = 0(u)qdet T(u) (qdet T(—u + N — 1))~ 1.

Let g(u) € 1+u~!C[[u~!]] be such that g(u)g(—u) = 1 and let f(u) € 1+u~1C[[u"!]] be any power series
such that g(u) = f(u)f(—u)~!: the existence of f(u) can be established as before Definition Such a
power series is unique up to multiplication by an invertible even series.

Definition 3.27. The special reflection algebra SB(N, q) is the subalgebra of B(N,q) given by
(3.39) SB(N,q) = {b€ B(N,q) : vy(b) = b for any g = g(u) € 1 +u 'C[[u""]] such that g(u)g(—u) = 1}.
Proposition 3.28. The algebra B(N,q) is isomorphic to the tensor product of its centre Z(N,q) and the
subalgebra SB(N, q):
(3.40) B(N,q) 2 Z(N,q) ® SB(N,q).
Consequently, we have the isomorphism of algebras SB(N, q) = B(N, q)/(sdet B(u) — 6(u)) and the centre of
SB(N,q) is trivial.

Introduce the elements 51(;) with 1 < 4,5 < N and r € Z>¢ and the matrix B(u) given by B(u) =
Yoi<ijen Bij ® bij(u) with bij(u) = 300 I;gg)u” and l;z(-?) =g;0;.

Definition 3.29. The extended reflection algebra E(N, q) is the associative C-algebra generated by the ele-
ments BE;) for1<1i,j <N, reZsq subject to the reflection equation (3.10) with S(u) replaced by B(u).

All the maps listed in Proposition are also automorphisms of Bi (N, q), and in addition so is the map
Ba: B(u) — AB(u) A, where A is any invertible matrix.

Proposition 3.30 ([MR| Prop. 2.1]). In the algebra B(N,q) the product é(u)é(—u)~: f(u) - I where f(u)
is an even series in u~' with coefficients central in B(N,q). In particular, B(N,q) = B(N,q)/(f(u) — 1).

4. HIGHEST WEIGHT REPRESENTATIONS

In this section, we develop a highest weight theory for representations of the extended twisted Yangians
X(gn,G)™ of type B-C-D where the matrix G is assumed to be diagonal. When G is non-diagonal, the
corresponding symmetric pair (gn, ghy) is of type DI(b), and the associated twisted Yangians possess many
exceptional features which shall be addressed in future work.

Let us begin by recalling some of the analogous results developed in [AMR] for the extended Yangians
X(gn) of type B-C-D in their RT'T-presentations.



14

A representation V of X (gn) is a highest weight representation if there exists a nonzero vector £ € V such
that V = X(gn)€ and the following conditions are satisfied:

tij(u)§=0 for -n <i<j<n, and
tis(u)§ = Xi(u)§  for —n < i <n,

and, for each —n < i < n, \;(u) is a formal power series in u~! with constant term equal to 1:
o0
Ai(w) =1+ 3 Au, A e
r=1

The vector ¢ is called the highest weight vector of V', and the N-tuple A(u) = (A_n(w),..., Ay (u)) is called
the highest weight of V.

Given an N-tuple A(u), the Verma module M (A(u)) is defined as the quotient of X (gn) by the left ideal
generated by all the coefficients of the series ¢;;(u) with —n < ¢ < j <n and ¢;;(u) — A (uw) with —n < i <n.
The Verma module M (A(u)) is non-trivial if and only if the components of the highest weight satisfy

Ai(u)  ANipi(u—rK+n—i)

Aici(u)  N(u—r+n—1)

for i € {0,...,n — 1} if g is of type B and i € {1,...,n — 1} otherwise. (To obtain the exact relation in
[AMRI Prop. 5.14], replace ¢ by n — j, u by u+ k — j and then take the reciprocal on both sides.) Moreover,
if M(A(u)) is non-trivial, then it has a unique irreducible (non-zero) quotient L(A(w)), and any irreducible
highest weight X (g )-module with highest weight A(u) is isomorphic to L(A(u)). If L(A(u)) exists (i.e. if
M (A(w)) is non-trivial) then, by [AMRL Thm. 5.16], it is finite-dimensional if and only if there exist monic
polynomials P;(u),. .., P,(u) in u such that

)\ifl(’ul) PZ(’U,—F 1)

(4.1)

(4.2) S~ Pyl 2=ism
and in addition

(4.3) iZ’EZ; - Pl(g(ruy D i g = s0omsn,
“5) O R T )

Xa(u) — Pi(u)
The polynomials P (u), ..., P,(u) are called the Drinfeld polynomials corresponding to L(A(u)), and they

determine the module L(A(u)) up to twisting by an automorphism s as given in (3.2)) - see Corollary 5.19
of [AMR].

4.1. Definitions and general theory. We now turn to the representation theory of the extended twisted
Yangians X (gn,G)", where the symmetric pair (gn, gh) is not of type DI(b). In order to treat all cases
uniformly, we introduce the following notation:

e Let Zy be the indexing set {0,...,n} if gy is of type B, and {1,...,n} otherwise.

e Whenever the symbol [+] or [F] occurs, the lower sign corresponds to the case where the pair (gn, gi,)
is of type BI(b), while the upper sign corresponds to the cases where (gn, gi/) is of type BCDO, CI,
DIII, DI(a), BI(a), or CIL.

Definition 4.1. A representation V of X (gn,G)™ is called a highest weight representation if there exists a
nonzero vector n € V such that V.= X (gn,G)"n and the following conditions are met:

sij(u)n =0 for —n<i<ji<n, and
(4.6) si(w)n =p;(w)n  for i€y,

where p;(u) is a formal power series in u=! of the following form:

pi(u) = gii + ZMET)U_Ta Mz(-r) eC.
r=1
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Set p(u) = (pa(u),... pn(u) if N = 2n and p(u) = (po(u), ..., pn(u) if N = 2n +1. We call p(u)
the highest weight of V' and n the highest weight vector. (The expression “pseudo highest weight” is also
commonly used in the literature, but we will follow the terminology of [AMR] and [Mo5].)

Given a highest weight representation V' with highest weight vector 7, a natural question to ask is whether
or not 7 is a simultaneous eigenvector for the diagonal elements s_; _;(u) with 1 <¢ < mn. This is indeed the
case. By relation we have

(4,7) s,i’,l( 2u — ZS ‘ ,g ( )S”(H — u) 4 Sii(u) -5 i o Z Sgg(U)-

2u— K
(€T

Taking the sums of both sides as i goes from 1 to n we obtain:

n

(4.9) (2“;?“2‘;”)28@ e Z(pw)s“(m—u)i;f(_“L) S Y sl

{=1

Substituting this equation back into ) leads to the following result.

Proposition 4.2. Let V be a highest weight representation of X (gn,G)™ with the highest weight vector n
and the highest weight p(u). Then n is an eigenvector for the action of s_; —;(u) for all 1 < i < mn. More
explicitly, for each 1 < i < mn we have the relation:

(9 (2020 s i) = Y- Burto) (Pl =) £ 2 ) 3
=1

LeTn
where B; ¢(u) =1 if £ # i and B, ¢(u) = (2k — 2u — n + 1) otherwise.
Given a highest weight p(u), we shall frequently make use of the corresponding tuple i(u) whose compo-

nents are given by

n

(4.10) o) = 2u—n+Dp(w) + Y pelu),

(=i+1
for each i € Zy. The following proposition imposes one condition on fig(«) which will be important later.

Proposition 4.3. Suppose (gn,gh) is a symmetric pair of type BO or BI. Let V be a highest weight
representation of X (gn,G), with the highest weight vector n and the highest weight u(u). Then the series
Io(u) satisfies the relation

(4.11) io (1 — u) = - po(w)p(w) ™ fio (w),

where po(u) = 1 — (2u — k)=t + N(2u — 2x) ! is equal to the rational function p(u) (see [2.13)) with K(u) =
G(u)) corresponding to the symmetric pair (gn, 8%) = (802741, 502n11)-

Proof. By the symmetry relation (3.13) we have

K—U

n

soo(u) = p(u)soo(k — u) + ol oo > seelu),

2u— Kk  2u— 2K

which can be rearranged to

1 1 1 n
112)  (1- N,
(4.12) < u—r  ou_on ) o(w) zu_%zsee u)soo (K — ) Qu_%;s 0,—e(u)

Multiplying both sides of this relation by (2x — 2u — n) and substituting in relation (4.8)), the right hand
side becomes:

p(u) ((2/{ —2u —n)sgo(k — u) + Z see(k — u)) + <2u1— it ? 2/1) Z spe(u) — hsoo(u).
=1

=1
Therefore, on Cn, equation (4.12]) can be expressed as

n

plufe ) = (~14 EEEEIEZREN ) (C1n B ) Y )

2u— K 2u— K
=1
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By definition of fig(u), in order to obtain (4.11)), it remains to see that

(2u —k —1)(2k — 2u — n) K—u 1 K—1u

4.1 -1 = (2u — —1- = .
(1.13) + e (2= mypo() = and 1 - = )
We have

1 2 2 4u? —2 2 —2u—1
(4.14) po(u) =1 — n rt2 _ du ur+2u u(k —2u — 1) 7

2u—k  2u—2k (Qu—r)2u—2k) (2u—kr)(k—u)
and thus

()n—u_f@f2u—l_ 1 1
PV = Tou—w 2u— kK

Additionally, we have

(2u—n)p0(u)’€_u _ 2u—r—1/2)(k —2u—1) _ (2u—m—1)(/§—2u—1/2)—2u—|—n)

U 2u— K 2u— K
which is equivalent to the first equality in (4.13)). O
Remark 4.4. Let g(u) be the formal series in u~! given by
1 if (g, g’%) is of type BO,
(4.15) g(u) = d]e(t—u)  f f;v .
== if (gn, g%y) is of type BL

Here we recall that if (g, g/) is of type BI, then (gn, ghy) = (son, 50, ® s0,) with p > ¢, and the constant
c is equal to 4(p — ¢)~'. The constant £ is then defined to be p/2 if (gn, gh) is of type BI(b), and ¢/2 if
(g, g% ) is of type BI(a). We claim that po(u)p(u) ™ = g(k —u)g(u)~'. If gn is of type B and V is a highest
weight X (gn, G)"-module with the highest weight p(u), then this claim implies that the relation for
1ip(u) can be rewritten in a more symmetric way:

(4.16) u g(w) (s — w) = (5 — u) g — ) Fio(w)
Proof of the claim that po(u)p(u)~" = g(k —u)g(u)~': If (g, gi) is of type BO then we may identify p with

N and ¢ with 0. It follows that tr(G(u)) = (N — 2q) (#ﬁau). This allows us to write p(u) explicitly:

1 tr(G(u 2u — k — 1)(N — 2q — 4u)(2u — 2k) + (N — 2q)(N — 4u)(2u — &
7)) 1 Ly (O )V — 2 — 4u)(2u — 2%) + (N — 2)(N — 4u)(2u — )
2u—k  2u-—2k (N —2q — 4u)(2u — K)(2u — 2K)

We can now combine (4.14) and (4.17) to obtain, after simplifying, the following expression for po(u)p(u) = :

_ 2u—k+1)(k+1—q—2u)
4.18 - .
( ) po(u)p(u) (2,“_%_ 1)(,%— 1+q_2u)
If (g, gy) is of type BO then ¢ = 0 and the above expression is equal to 1, which agrees with g(k—u)g(u) .
Suppose instead that (gn, g%) is of type BL. Then we have

p+q—4u kK+1—2u
9(u) =1 }<p—q—4u) [ ](n+1—q—2u ’
which implies that g(k — u)g(u) ™! = po(u)p(u)~! as a consequence of (4.18). O

Recall the generators lejp of $Igf; defined in the statement of Proposition Since the matrix G is
assumed diagonal, they are related to the generators Fj; of Ugy by the expression

FZ/]p = (gii +9;5)F;; forall —n<i,j<n.

Proposition allows us to identify the elements F;jp € gfy with their image in X (gn,G)"™ under the
embedding g, — X (gn,G)"™, and consequentially we can use the explicit form of the reflection equation
(3-11) to compute the bracket relations [F;jp ,Ske(u)]. We have
(4.19) [F}7 ske(0)] = (i + 955) (Ojsie(v) = Siesn; (v) = Ok, —i0ij5—j0(v) + 8o, 05k, —i(v)) -

Observe that, by definition of g%, and of the elements Fi'f, bR = spanc{F;’|1 < i < n} is a Cartan
subalgebra of gf;, which is actually just the Cartan subalgebra hy of gy. Given 1 < i < n, let ¢; € b}
be defined by €;(Fix) = i for all 1 < k < n. In addition, define auxiliary elements ay, € by by
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aye = sign(k)e, — sign(£)e for all —n < k, £ < n, where € is the zero functional. Then from equation
- we obtain
(4.20) [F?, s10(v)] = 2g3i (6ik — Sie — Si,— + 6i,—¢) Ske(v) = ape(F)spe(v)
foralll1<i<nand —n<k/{<n.

Let AT be the standard set of positive roots of gy for our choice of hy (as in [AMR]), so

:{ak,g:—n§k<£§nandkj+fz%:I:%}.

We may define a partial order = on the set of weights of hy by pu1 = s if and only if po —puy = ZM M, 0Ok ¢
with Mie € ZZO and o7 WS AT.
tw

Theorem 4.5. Fvery finite-dimensional irreducible representation V of X(gn,G)™ is a highest weight
representation. Additionally, V contains a unique highest weight vector n up to scalar multiplication.

Proof. Define the subspace V° of V by
VO={neV:sjun=0foral —n<i<j<n}.

Step 1: VO is nonzero.

Via the embedding g, < X (gn,G)"™, we may view V as a gh-module. Since V is finite-dimensional, the
F;f have a mutual weight vector n. Let L be the set of all weights of the gi,-module V, so L is a nonempty
finite set. Therefore, there exists p € L such that p+ ay ¢ is not a weight for any —n < k < £ < n. Then the
p-weight vector n must belong to V0. Indeed, suppose there exists —n < k < £ < n such that sge(u)n # 0.

Then from (4.20) we obtain:

FyY (swe(v)n) = (e + p) (F7f )sre(v)n
for all 1 < 4 < n. This contradicts the maximality of i, and so we must have € V9. Therefore V° is
nonzero.

Step 2: the subspace VO is preserved by the operators s;;(u) for all i € In.
We will consider separately the cases when N is even and when N is odd.
Step 2.1: N = 2n.

By definition of V°, we must show that sg(u)s;;(v) = 0 for all £ < £ and 1 < i < n, where = denotes
equality of operators on V0.

Claim: It suffices to show that for all0 < k < £ and i,5 > 0, spe(u)si;(v), s_ke(u)sii(v) and s_j ;(u)s;(v)
all are equal to the zero operator on the subspace V.

This claim follows from the symmetry relation (3.13)).
Step 2.1.1: sge(u)s;(v) =0 for all 0 < k < £ and i > 0.

Assume first that & < 4. Then it is immediate from (3.11)) (using sge(u)si;(v) = [ske(uw), si:(v)]) that
sge(u)s;i(v) = 0 unless ¢ = £. If ¢ = £, we obtain

ske()see(v =0 ZSIW u)sae(v

and thus for a > ¢ > k, (3.11]) yields

ska(u)sag(v) = [s;m(u), Sag(v)] = Zskb(u)sbg(v) = Skg(u)Sgg(’U).

u—+v !
Therefore we obtain the relation (1 - ”;Tftl) ske(u)see(v) = 0 and so we must have spe(u)se(v) = 0, as
desired.
If instead k > 4, then we write [skg(u) sii(v)] = —[54:(v), sge(u)]. Relation (3.11) then gives

n

Zsm S0 (0) = 3 > (ska 0)50(0) — ka(1)302(0))

vt — U
a=/{

[Sn( ) Skf = v+u
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d;
= (v +ku v2 — ) Zska v)sae(u Zs’m )Sae(v
From the above proof that sxe(u)se(v) = 0, we see that the right-hand side of the previous line is = 0. This
completes the proof that sge(u)s;(v) =0 for all 0 < k < £ and i > 0.
Step 2.1.2: s_y o(u)si(v) =0 for all § > 0 and £ > k > 0.

This is an immediate consequence of relation (3.11]) unless ¢ = ¢ or ¢« = k. The case i = { is similar to
Step 2.1.1, so we concentrate on the case i = k. By (3.11)) we have

(4.21) s_kj(u)skk(v)E—%Zs_a,g(u)sak(v)—i— 1_ — Zs £,a(w)Sqk (),
u—v— K= (u+v)(u—v—kK) =

Since s_q,0(u)Sak (V) = [s—q,e(u), Sak(v)], for a > k, we have

Sfa,f(u)sak(’(})Eu_szs a,b(w)spr (v u_y_ﬂ(ZS b,e(w)spr (v U+UZS ¢.6(w)sor (v )

u+vzs 2,6 (w)spr (V) + s 0 (w)Sx(v).

Substituting this result back into (4.21) we obtain

5_k7g(u)8kk(l}) = 778_]@7@(11,)5]6]@(1}).

and so we must have s_j ¢(u)ski(v) = 0 whenever 0 < k < /.
Step 2.1.3: s_; j(u)s;;(v) =0 for all 4,5 > 0.

To begin, it is an immediate consequence of (3.11]) that s_; ;(u)s;;(v) = 0 unless ¢ = j, so without loss of
generality we may assume ¢ = j. We have:

n

(4.22) [s—ii(u),si(v)] = (u i Rl (ul_ — K)) > s ia()sai(v) — ﬁl_n Z 5 a,i(1)84i (V)

a=1

Let us compute s_q ;(u)sqi(v) for a > 4. From (3.11) we see that

S—a,i(u)sai(v) = —ﬁliﬂ Z S—bﬂ'(u)sbi(v) + ! Zs—l U )sz( )
b=i

(u+v)(u—v—kK) —

[s—ii(u), si(v)] —

> s ia()sai(v) by (T22).
Substituting this result back into relation (4.22)), we get
n—i+1 1 n_it1
L [ 54,0 (u)s s = a(W)5as(0),
( +uv/<;)[5 7<U)S(U)] (u+v+(uvn U+U)ZS 3

from which we obtain

(4.23) -5 = = D5 (Wsai(0)

u—+v

u—+v

By (3.11), we have that for all a > ¢

5—i7a(u)5m‘(v) = o ; S_i,b(u)sbi(v)

Substituting this into (4.23) leads to [s_; ;(u), s;;(v)] = 0. This completes the proof of Step 2 when N = 2n.
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Step 2.2: N =2n+ 1.

The argument is essentially the same in this case. By the symmetry relation (3.13)), it suffices to show that
ske(u)sii(v), $—ke(u)sii(v), s—j;(u)si(v) and so;(u)si;(v) are all equal to the zero operator on V9, where
0<k<{ j>0andi>0.

Step 2.2.1: spe(u)s;i(v), S_g,e(u)si;(v) and s_j j(u)s;;(v) all =0 when 0 < k < ¢, j > 0 and i > 0.

The same arguments as those given for the N = 2n case show that

ske(u)sii(v) = s_pe(u)si(v) = s—j(u)si(v) =0
whenever 4,7 > 0 and ¢ > k > 0. Moreover, given the same restrictions on j, ¢ and k, the reflection equation

(3-11) immediately yields
s—k,e(w)so0(v) = 8—];]( )s00(v) = 0.
Moreover if 0 < k < ¢, then spe(u)soo(v) = —[800( ), ske(w)] and (3.11) yields

[$00(v), ske(u)] = = Z $ka(V)Sar(1) — Ska(u)Sae(v)).

By the same argument as in Step 2.1.1, the rlght—hand side vanishes.
Step 2.2.2: soj(u)sii(v) =0 for allj >0and i > 0.
Assume first ¢ > 0. Then implies that sg;(u)s;;(v) = 0 unless ¢ = j. Moreover, the proof that
s0;(u)s;;(v) = 0 proceeds 1dent1cally to the proof that s_j ¢(u)se(v) =0 for all £ > k > 0.
u)So

See
To prove that so;(u)soo(v) = 0 for all j > 0, note first that so;(u)seo(v) = —[so0(v), s0;(u)], and by (3.11)
we have

(4.24) [so0(v), soj(u)] = <1— . ! + ! )B(v u)—i—LB(u v) v—u—ﬁzs a,0(V)8q;(u),

—Uu V—UuU—RK

where B(u,v) = u_lH) ZZ:j S0a(1)Sq;(v). However, since so;(u)s;;(v) = 0 by the previous step, (3.11]) yields

ZSOG w)sq;(v) = B(u,v),

0 = soj(u)s;j(v) = i

and the symmetry relation (3.13)) gives

Zs a,0(V)8qj(u) = p(v)(k —v+u)B(k —v,u) £ v

20— K

B(v,u) = 0.

Therefore, by we have sq;(u)s;;(v) =0 for all j > 0.

Step 3: Viewed as operators on V9, s;;(u) and s;;(v) commute for all i, j € Zn.
Again, we will treat the cases N = 2n and N = 2n + 1 separately.

Step 3.1: N = 2n.
Let us define the operator A;;(u,v) on VY by

(4.25) Agj(u,v) = sij(u)s;i(v) = sij(v)s5i(u).

As consequence of we have:

(4.26) Ayi(u,v) =

1 n
o Z_: Aiq(u,v).
On the other hand, for 0 < ¢ < j we have sj;(v)s;;(u) = s;;(u)s;;(v) =0, so can rewrite A;;(u,v) as

Aij(u,v) = [si5(u), 553 (0)] + [55i(u), 51 (v)].
Using to compute [s;;(u), sj;(v)] and [s;;(u), si;(v)], we get:

(4.27) Aij(u,v) = L ([si5 (), sj; (V)] + [s55 (), si(v)]) ZAW (u,v) + ZAN (u,v)

uU—"v u—|—v
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We apply (3.11) again to compute

1 n
(4.28) [sii(u),s5;(v)] = ——5—— Z Ajq(u,v),
a=j

w2 — 02

from which it follows that [s;;(u), sj;(v)] + [s;;(w), sis(v)] = 0. Combining this with (4.26]), equation (4.27)
can be rewritten as

(429) Aij (u, ’l}) = A” (u, ”U) + Ajj (u, ’l)).

Taking the sum as j goes from i + 1 to n and adding A;;(u,v) to both sides we arrive at the relation
ZAij(u,v) =n—i+1)A;u,v)+ Z Aji(u,v).
j=i j=i+1

However, by (4.26)), the left hand side is equivalent to (u + v)A;; (u,v), so we may rewrite the above as

(u+v—n+i—1)A;u,v) = Z Aji(u,v)

j=it+1
A simple downward induction on i then proves that Ay (u,v) =0 for all i € Zy.
Since A;;(u,v) = [s4(w), si(v)], this proves that s;(u) and s;(v) commute for all ¢ € Zn. Moreover,
combining equations (4.28)) and (4.26)), we have that
1O 1
(4.30) [sii(u), s, (v)] = e ZAja(u,v) = —mAjj(u, v) =0
a=j

for all j > i > 0.
Step 8.2: N =2n+ 1.

The arguments from Step 3.1 show that [s;;(u), sj;(v)] = 0 whenever 1 < 4,5 < n, so it suffices to show
that [soo(u), sj;(v)] = 0 for all j > 0. Suppose first that j > 0. Then by (3.11)) and (4.30)), we have
1 < 1
(4.31) [s00(u), s (V)] = ——5—— ZAja(u,v) =-———A4;i(u,v) =0.
a=j

u? —v? uU—v
Hence, it remains to see [sgo(u), Soo(v)] = 0. The same calculations as those done to obtain (4.27)) give

1
u+v

ZAOa(u,U) for any j > 0.
a=0

(432) A()j (’U,,’U) =

Summing this expression over 1 < j < n and adding Ago(u,v) to both sides we obtain the relation
(4.33) Ago(u,v) = (u+v —n)Ag;(u,v) for any j > 0.
It follows from ([3.11)) that

(1_u1 R S 1 ))Aoo(u,v)z(l—ul 1 ) L do(u,v)

—v utv—k (u—v)(utv—=k —v u—v—kJut+v—n
1 < 1 :
430 e Y aosan) — 500 o)~ g 3 (w0

a=0 —-n

Since [$qq(u), Soo(v)] = 0 for any a > 0, the symmetry relation implies that

(135) 5o ), 500(0)] = — 55 >l a(w), s00(0)]

b=0

n

Taking the sum of both sides as a goes from 1 to n and adding Ago(u,v) we obtain

n

) Z[s_by_b(u), S00(v)] = Ago(u,v) and (26 — 2u — n)[s_q,—a(w), Soo(v)] = Aoo(u, v)

b=0

2u — 2K

(4.36) (1 +

for any a > 0.
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On the other hand, the explicit form of the defining reflection equation (3.11]) implies that

1 1
—a,—a ’ = - A ’ A a\t,
o-a—afu) s00(®)] = = 5 3 Al ) + o A )
1
_ m(s_mo(u)sao(v) — 50a(v)S0,—q ().
Multiplying both sides by (u 4+ v —n) and appealing to (4.32)),(4.33)) and (4.36]) we obtain
ut+v—n 1 1 u+v—n
- A = (S-a a - a —a
(2/{—2u—n u—v (u—v)(u—kv—/@)) 001, V) u—i—v—/—i(s 0(W)sa0(v) = s0a(v)s0,-a(1))
for any a > 0. Taking the sum of both sides as a goes from 1 to n, adding —ZiZ:ZAoo(u,v), and then
multiplying both sides by Ziz:’; we get
n(u+v—k) n(u+v— k) n
- -1)4A
(2/{—2u—n (w—v)u+v—-—m) (u—v)(u+v—mn) ) 00(u, )

(4.37) == (5-0,0(u)3a0(v) — 50a(v)s0,—a(u)).
a=0

Substituting (4.37) and (4.36) into (4.34), we obtain a relation of the form f(u,v)Ago(u,v) = 0, where
flu,v) =1+ a(u,v) with a(u,v) € u=*C[v][[u~!]]. This implies that we must have Agg(u,v) = 0.

Step 4: V is a highest weight representation.

By Step 2, forall? > 0 and each 0 < i < n, sz(.ir) can be viewed as a linear endomorphism V° — V°. By Step
3 these linear endomorphisms of V9 all pairwise commute, and so they have a common eigenvector n € V0.

ET), where if 7 = 0 then ’ugo) = Gii-

Denote the eigenvalue of sg ) corresponding to the eigenvector 1 by u
Set pi(u) = gii + > opy 14T, Then the submodule X (gy,G)7 is a highest weight representation, with
highest weight vector n and highest weight (u;(u))iezy. Moreover, since V is irreducible, we must have
V = X(gn,G)"™n. This proves that every finite-dimensional irreducible representation of X (gn,G)™ is a

highest weight representation.

Step 5: Uniqueness of the highest weight vector.

Let u be the weight of the gh-module V' corresponding to 7, i.e. /L(Fi,f) = ugl) — g forall 1 < < n.
Since the central elements w;, i = 2,4, 6, ..., must act by scalar multiplication, Corollary implies that
V' is spanned by elements of the form:

(4.38) str) L glrm) 7

jl?il jwuiWL
with j, > 14, jo +ia > %:ﬁ: %, rq > 1forall 1 <a <m,and m > 0. It follows by (4.20) that v € V can only
belong to the u-weight space V,, if v € C -7, thus V,, is one dimensional, and moreover any other weight of
Vis < p. ]

We now determine how the coefficients of the distinguished central series w(u) (see (3.14)) act on any
highest weight representation of X (gn,G)".

Proposition 4.6. Let V be a highest weight representation of X(gn,G)"™ with the highest weight u(u).
Then the coefficients of the even series w(u) act on V' by scalar operators determined by:

w(w)lv = pn (=) pn (w)-

Proof. Letn € V be the highest weight vector. Since the coefficients of w(u) belong to the center ZX (gn, G)"
and V is spanned by elements of the form given in ([4.38)), the action of the 2i-th coefficient wq; of w(u) on V
is completely determined by its action on 1. By (3.14) we have the relation S(u)S(—u) = w(u)-I. Applying
the (n,n)*" entry of both sides to the highest weight vector n we obtain

w(u)n = Z Sne(w)Sen ()1 = Spn (W) Snn (—u)n = pin(—w)pin (W) O

l=—n
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Definition 4.7. Let u(u) = (u;(u))iczy be any tuple of formal series such that pu;(u) € gi; + u1C[lu™"]]
and Jip(u) satisfies (4.11)) if g is of type B. We define the Verma module M (u(u)) over X (gn,G)™ as the
quotient

M(p(w) = X(an, G)"™ /.
(r)

ij

r) (r)

where J is the left ideal in X (gn,G)™ generated by all elements s;; with i < j and s,(m — . where r > 1

and k € Ty.

We will soon see that, similarly to the Verma modules for X (gy), some choices of u(u) may result in
M (p1(u)) being trivial (see Proposition [4.17). If M (u(u)) is non-trivial, then it is a highest weight module
with the highest weight (u) and the highest weight vector 1,,(,) equal to the image of the identity element
1 € X(gn,G)"™ under the natural quotient map X (gn,G)"™ — M (u(u)). As consequence of the Poincaré-
Birkhoff-Witt theorem for X (gn,G)"™, M (u(u)) is spanned by elements of the form:

(r1) (rm)
Sirsin " St L)
with jo > 14, Ja + a > L4 %, re > 1 for all 1 < a < m, and m > 0. Using this fact, together with the
commutator relation (4.20]), one can prove the following standard proposition.

Proposition 4.8. Suppose p(u) = (p;(u))iezy s such that the Verma module M (p(u)) is non-trivial. Then:
(1) If K is a submodule of M (j(uw)), then K = @, Kx where

Ky={veK:Ffv=\vV1<i<n}=M(uu)nkK.

(2) If K is a proper submodule of M(u(w)), then K C @A#L M (p(w))y where p = (pgl) — Gii)icTn -
(8) M(u(u)) admits a unique irreducible quotient V (u(u)).
(4) Any irreducible highest weight X (gn,G)*-module with the highest weight pu(u) is isomorphic to

V(p(w).

Since X (gn, G)t is a subalgebra of X (gn), we may view any X (g )-module L as a X (g, G)"-module by
restricting the action of X (gy). Similarly, since X (gn,G)" is a left coideal subalgebra of X (gy), the tensor
product of an X (gy)-module L and an X (g, G)"-module V inherits the structure of an X (g, G)"-module
via the coproduct A. More explicitly, for all z € X (gn,G)™, the action on L ® V is given by

z-w®v=Ax)(weuv)forallwe LandveV.

In particular, we may take L = L(\(u)) for some N-tuple A(u) = (A_p(u), ..., A, (u)) satisfying (4.1, and
V =V (u(u)), where p(u) is such that the Verma module M (p(u)) is non-trivial. If L(A(u)) has the highest
weight vector € and V (u(u)) has the highest weight vector 7, then we may consider the X (gy, G)!-modules
X(gn,G)™€ and X(gn,G)™ (€ ® n). Our present goal is to show that both these modules are of highest
weight type, and to compute explicitly what the highest weights are. This will be achieved in Proposition
and Corollary however, first we need to prove a lemma concerning the extended Yangian X (gx).

In the extended twisted Yangian X (gy) we have the relation T'(u)T*(u + ) = z(u)I, which immediately
implies T'(u) ™" = z(u) "'T"(u + ). Let us denote the (i, )" entry of the inverse matrix T'(u) ™" by t;(u).

Lemma 4.9. We have the following relations between the elements t;j(u) andty,(v) for all —n <, j, k, £ < n:

n

1350 (0] = —— S Gstia () (0) = Binth (0)tas ()
(4.39) o (Ot k(o (0) — Ot ()05 (0).

Proof. Multiplying both sides of the relation R(u—v)T1(u)Ta(v) = To(v)Ti(u)R(u—v) by Ta(v)~! we obtain
the equivalent relation

To(v) ' R(u — v)T1(u) = Ty (u)R(u — v)Ta(v) "t
Expanding R(u —v) as R(u —v) =1 — L — leads to (4.39). O

uU—v uU—v

Recall that, given a tuple of series p(u), t(u) is the corresponding tuple whose components have been

defined in (4.10).
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Proposition 4.10. Let n denote the highest weight vector of the irreducible X (gn,G)"™ -module V (u(u)),
and & the highest weight vector of the irreducible X (gn)-module L(\(u)). Then X (gn,G)™ (€ ® 1) is a
highest weight X (gn,G)" -module with the highest weight vector € @ 1, and the highest weight v(u) whose
components are determined by the relations

(4.40) i) = Fin (Wi (u — £/2Ai(—u+ 1/2)
forallieIy.
Proof. We will use the symbol “ =" to denote equality of operators on the spaces C(£ ® i) or C€. We begin

by showing that s;;(u) - (¢ ® n) = 0 for all i < j. By the symmetry relation (3.13)), it is enough to consider
the cases where 1 <0 < j or 0 <i < j. We have

A(sij(w) = z2(—u — k/2) Z tia(u — £/2)ty;(—u — £/2) @ sqp(u).

—n<b<la<ln

Moreover, we have tgj(v)f = 0 whenever b < j, so we can assume b > j. Since i < j < b < a, we have

tio(u — K/2)¢ = 0 and also a,b > 0 since j > 0. By Lemma we have t;q(u)t};(v) = 0 unless a = b.
Therefore it suffices to show that t;,(u)t,;(v) =0 for i < j and @ > j > 0. From Lemma {4.9 we arrive at

LS )t ()
b=j

u—v

tia(u)t;j (v) =
for all @ > j. This gives

n—j+1<
(441) ﬁ Z tia(u)tfw(v),

a=j a=j

and so tiq(u)t;,;(v) = 0. This completes the proof that A(s;;(u))(§ ®n) =0 for all i < j.

S+
S]
—
<
N2
-
NS
<.
—
<
=
Il

Next, we compute A(s;;(u))(§ ® n) for all ¢+ € Zy. Using computations similar to those above, we can
show that t;,(u)t};(v)§ = 0 whenever a > b. Thus,

n

(4.42) Asia(u)(E @ 1) = 2(~u = £/2) Y tia(u = £/2)th;(~u— £/2)E ® saalw)y = (3ii(u)€) ©n,

a=1

where §;;(u) is the operator defined by the formula
Sii(u) = z2(—u — k/2) Z pa(Wtia(u — K2t (—u — K/2).

As a consequence of our work so far, it remains only to determine the eigenvalue v;(u) of the operator §;;(u)
corresponding to the vector £. Define the operator A;(u) by the formula

n

(4.43) Ai(u) = Z 2(—u — £/2)tia(u— K/2)th;,(—u — K/2).

a=1

We first show that A;(u)¢ = pf (u)€ for some scalar series p$ (u). From Lemma[d.9 we obtain for all a > i > 0:

(4.44) tio(u —K/2)t,,(—u —£K/2) = i <Z tir(u — K/2)tL(—u — K/2) — Zt;w(—u — K/2)tra(u — /{/2)> .

r=1

This implies that
n—1i 1
Ai(u) =2 (—u—k/2) tii (u — K/2) th; (—u — k/2) + WAZ-(U) - — Z Ba(u),

where
n

B, (u) = Zz (—u—k/2)th, (—u—K/2) trq (u—K/2).

r=a



24

Consequently, this proves that

(4.45) W&(u) = 2 (—u— r)2) b (= 1)) E (—u— 1)2) i S Ba(u).

Using the same method, one shows using Lemma that

(4.46) 2 B ) = = (/2 t (w5 /2) g (= /D) — 5 D Au(w)

for all i € Zy. An easy downward induction then shows B;(u) = A;(u) for all such 4. Substituting this result
back into (4.45) and using that z(v)t;(v) = t—; _;(v + &) for all 4, we obtain:

n

Ai(u) =ty (u—K/2)t_s _i(—u+ K/2) — % > Ag(u).

a=1+1

2u—n+1

(4.47) o

It follows from downward induction on i € Zy that there is a tuple p®(u) = (u?(u)) such that A;(u)é = pf (uw)
for all i € Zpr. Moreover, the components of u®(u) are determined by the relations
s (u) = 2ud;(u — k/2)A_;(—u+ k/2) for all i € Ty.
As B;(u) = A;(u) for all i € Ty, we may express as
2(—u — K/2)tio(u — k/2)t,,(—u — K/2) = i (A;(u) — Ay(w))
for all @ > ¢. This gives:

n

8ii(u) = i Zl pra(u) (Ai(u) = Aa(u) + pi(u)tis(u — £/2)t i —i(—u + £/2).
a=1+

Since A;(u)€ = u?(u) for each ¢ € Iy, applying the above expression to £ we obtain the identity

n

1 L] L]
(4.48) Yi(u) = pi(whi(u = w/2)Ai(—u+5/2) + 5= D palw) (6 (u) = ().
a=i+1
We now want to obtain the formula (4.40). Since uf(u) = _ (ﬁ'(u) -3 '(u)) equation
= : 4 2u—n+1 ? a>i+1Ha » €d
(4.48) implies that
. 2u—n+1 I 1 I
(2u —n+i)yi(u) = TN@’(U)/% (u) + 7 > p(u)is (u)
i1
1 o 2u—n+1 o
(4.49) — e > mwut(w) - = —— Y (s ().
a,j>i+1 j>i+1

A straightforward downward induction on i € Z,, then shows that

1 R 2u—n+1 o
Do) =go Do miwug(u) + == D p(w)(u).
J>it1 a,j>it1 J>it1
Combining this with (4.49)) proves that (4.40]) holds for all ¢ € Zy. O

For each matrix G, consider the corresponding finite sequence (¢ )iczy- If (9ii)iczy is the sequence
(1,...,1), set k = n. Otherwise, let k be the unique integer in Zy \{n} with the property that gxkx # gx+1,k+1-
Set £ =n — k. In particular, if gx = 02,41, this coincides with the constant £ defined in Remark [£.4]

Corollary 4.11. Assume L(\(u)) exists, with the highest weight vector &. Then X (gn,G)™¢ is a highest
weight module with the highest weight u(u) whose components are determined by the relations

fi(u) = {F]Qmi(u —£/2)A-i(—u+£/2) if >k,

(4.50) [F](2 — 2u)\i(u — 5/2As(—u+r/2) if 0<i<Kk,
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if G is of the first kind, while

(?iﬁ) 2uNi (1 — /2)A_s (—u + 5/2) if ik,
(451) i) = { e

(w) 2uNi(u — k/2)A_i(—u+r/2) if 0<i<k.

1—cu

if G is of the second kind.

Proof. By and Lemma the assignment S(u) — G(u) defines a one-dimensional representation
of X(gn,G)™, which we shall denote by V(G). As X(gn,G)"-modules, L(A(u)) and L(A(u)) ® V(G) are
isomorphic (see and ) Therefore, by Proposition it suffices to observe that for each i € Ty
the following relations hold:

) 2u if >k,
(2u—n+z)gii+j;rlgjj={E(%QU) f 0<i<k
if G is of the first kind, while
| 2 (1E2) it ik,
(2U-n+l)gii(u)+j;19jj(u) = . <%) P oocick
if G is of the second kind. O

4.2. Producing representations of lower rank twisted Yangians. Let gy_o denote the rank n — 1
subalgebra of gx which is of the same Dynkin type, that is, gny_o = §09,—1 if gy = 502,41, gN—2 = §02,_2
if g = 509, and gy_2 = §pgy,,_o if gn = 8P,,. Additionally, let G’ be the (N —2) x (N — 2) matrix obtained
from G by deleting the outermost rows and columns, i.e. G’ = EZ;_nH gijEij, and let k¥ =k — 1. We

will denote the standard generators of X (gy—_2,G")™ and X (gn—2,G’)™ by 8;;(u) and s};(u), respectively,
where —n+1<14,57<n-—1.

As a consequence of the summations which appear in the expansion of the defining reflection
equation, there is no natural way of viewing X (gy_2,G’)!" as a subalgebra of X (gn,G)*. Our present goal
is to show that, despite this fact, there is a systematic way of constructing a X (gn_2,G")*" highest weight
module from any X (gn,G)"™ highest weight module.

For the remainder of this subsection we fix an X (gn,G)"-module V. Define the subspace V of V as:
Vi={weV: sgpp(u)w=0 fork<n}.
Note that by the symmetry relation (3.13), if w € V. then we also have s_, ¢(u)w = 0 for all £ > —n. In
addition, if V' contains a highest weight vector 7, then n belows to V., so in particular if V' is a highest weight
module then V; is nonempty. Define, for all —n + 1 <4i,j <n — 1, the elements s7;(u) € X(gn, G)t by:

55500 = sy (u-+ 1/2) + P oun(u+1/2).

2u

Lemma 4.12. V. is stable under the action of all operators s7;(u) with —n +1 <i,j <n —1. Moreover,

the assignment 3;;(u) — s{;(u) defines a representation of X(gn_2,G)t

in the space V.

Proof. Step 1:
Let us begin by showing that V. is stable under the action of all operators s;;(u) with —n +1 < i,j <

n — 1. As usual, we use “ = 7 to denote equality of operators on the space V;. Let 4,5 be such that
—n+1<4,j <n—1. We must show sp,(u)s;;(v) =0 for all k < n. Since spp(u)s;;(v) = —[545(v), Skn(u)],
it is enough to show [s;;(v), skn(u)] = 0. By (3.11),
Ok 0sj
[$i5(v), Skn(u)] = ﬁsin(v)5n7b(u) ) _]ug (8kn (V) Snn (1) = Skn(u)Snn(v))
Ok, —i Ok, —i

- 791‘,7715771,]' (/U)Snn (u) +

V—U—K (v+u)(v7u7H)eivfjsfj,n(v)snn(u)'
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As a consequence of the above and the symmetry relation , it remains only to see sp, (V)Spn(u) = 0 for
any —n + 1 < ¢ <n — 1. Using the expansion , we compute:

1
v+u
Therefore, spn(v)spn(u) =0 for all —n 4+ 1 < ¢ < n — 1. This completes the proof that V. is stable under
the action of all s;;(u) with —n +1 <, j < n — 1. Moreover, it shows that V, is stable under the action of
the operator sy, (u). Thus, by definition V. is also stable under the action of all operators s¢;(u).

Step 2:

Let us now turn to proving the second statement of the lemma. As a consequence of the first part of the
proof, we may view the operators s;(u) with —n+1 < i, < n—1 as elements in End(V,)[[u~"]]. We wish to

(4.52) Sen (V) Spn(u) = Sen (V) Snn (u).

show the corresponding map X (gn—_2,G')" — End(V,) is a homomorphism of algebras. First observe that

(4.53) [S—n,—n (1), $pn (V)] =0,  [Spn(w), Spn(v)] =0 and [spn(u),s;j(v)] =0
for all —n 4+ 1 <4,5 <n — 1. To see this, note that by (3.11)) we have

oo = (524 s = s ) B0 (0]

u—v u+v u?—ov?

which implies [, (u), Spn(v)] = 0. Furthermore,

u?2 — v

[s4 (1), $nn (V)] 5 [5nn (), Snn (V)] =0

for all —=n+1 < 4,5 <n —1. The symmetry relation (3.13) together with the second and third equivalences

of (4.53)) then give
1< 1
(5 (W) 50n (V)] = 2_ lsaalw): snn ()] = —5 o

C2u— 2k
a

[$—n,—n (1), snn(v)].
Hence, [$—_n,—n(w), Snn(v)] = 0.
Now let i,j,k,¢ be such that —n + 1 < 4,j,k,/ < n — 1. As a consequence of the second and third
equivalences in (4.53]), we have
[s5j (), sge(v)] = [s4(w), spe(0)],
where & = u + 1/2 and ¥ = v 4+ 1/2. Thus, appealing to (3.11]) we have:

L (kg @se®) — sty D)+ = S (Grsia@ar®) — Drsra)ss @)
a=—n+1

[s75(u), ske(v)] =

n—1

n—1
= > (Ok-ibiaaj(@)s—a(B) = 61, 0a;sk,—a()sia (@)
a=—n+1

T i (05— k55, —1(w)s_j.0(V) — 05, g5k, —i(V)5_¢,5(w))

9‘ ) n—1

nd 57i7'a~a~_57'a~afi~
FETOG w2, O aaD5) = a0 (D)
91,_]

(u—v)(u+v—k

0, — _ N L
- @—o-rm)(@+o—n) a:;+1 (5k,7i3aa(u)sfjl(v) - 55,*]"91&*%‘(”)3%(“))
1

(4.54) + m (5k35m(a)5n€(§) - 5i€5kn(m5nj (ﬂ))

+

] (8k,—i(W)s—j0(V) — 8,—i(V)s—j,e(1))
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(4.55) afijv (8 (W) $ne (0) = Sk (V) $me (1))
(4.56) - ﬁ (5k,7i9i,7n37n,j(a)sn€( ) 5l, ]9*71 jskn( )31 7n(ﬂ))
(4.57) + (17+5)?%_j5—m) (Ok,—iS—jn (W) Sne(V) — 0p,— j Skn (V) S, —i (1))
e ey sy [T ) NFIC) B SIC) BRI C))
0”-

T TR O ()3®) = G D).

We now need to rewrite (4.54)-(4.57) in a way that will enable us to compare the right-hand side above with
the right-hand side of the reflection equation ([3.11)) for X (gy_2,G’)" with 8., (u) replaced by s2, (u).
Step 2.1: Re-expressing (4.54)).

For any —n+1 < i,¢ < n — 1, using the reflection equation (3.11)) for [s;, (%), $,¢(V)] and rearranging the
terms yields

@) sme(®) = !

(8nn (W)8i0(0) — 8pn (V) si0(w))

e CEGICEEE
1 ! - ~ Oip ~ ~
(458) + (ﬂ T 5)(,11 o 1) Z sia(u)saé(v) I ) Snn(v)snn(u)

W (u+v)(u+v-1

This computation, together with (4.53), implies that the expression (4.54)) can be rewritten as follows:

U I B P o)
= (a — 5)($+ T — 1) (6k] (Snn(ﬂ)szé(i) - Snn(ﬁ)sw(a)) —+ 0i¢ (S'rm(g)skj (ﬂ) - Snn(ﬂ)skj(a))
1 = L
(4.59) + T CE ) a:;H (OkjSia(1)5ae(V) = GirSka(V)sa; (W) -

Step 2.2: Re-expressing (4.55)).
Similarly, (4.58) and (4.53) imply that (4.55)) can be expressed as:

2 (St ()800(8) — st (7))
(460) 5 n—-1
=- (@2 —2)(u+0v—1) a:_ZnH (8ka(0)8ae(V) — Ska(V)sae(w)) -

Step 2.3: Re-expressing (4.56)).

We would like to obtain a similar expression for (4.56)). An analogous but more lengthy computation to
that used in obtaining (4.58)) gives the relation

Ms (@) $0e(7) = — # n§:1 01 0S0;(W)$_ae(® )_i_ﬁg Snn (D)8 (@)
4—1—r —n,j ne\V U_'U_/fa__n_i_l —n,a’aj a,\U 7—7—r —n,jonn —n,—n
1

— = (O —ns—n (@550 (0) = O 80 (V) 50,5 (1))

0 = .
— Z 5_j.a(W)Sqe(0)

+ (u+v)(u—v—kK) W

5 jn(W)sne(v) —

O_n,—0¢,—j
G+ (a—75—r

+ On.—j
@+0)(@—o—~)

) Snn (0) $pn (W)
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e (o @500 = 500 (7)55()

(1.61) 37 (saa@53200) ~ Byl

Similarly, since sin(3)8i—n(@) = —[81,—n (@), Sk (D)), Weaﬁalz

L (D) (@) = — _Tfﬂea,_nsk,_a@)sia(m =50 s (@ (D)

b Okt (@)50n(0) = O (@), ()
T a;ﬂ S (B)50,—i (@)
GRSy (%n 5=y @m0 =7 g)zgk_ﬂ —y frn (@nn ()
- o= (i @50n() = 510500 (®)

w62) e _Z (51500 (@50 (5) = 31,500 @)

Using the two equivalences (4.61) and (4.62)), together with (4.53)), we obtain the following for (4.56]):

e (BB (@500 D) — B0 5k (T)s5, ()
1 = ~ ~
= (ﬂ o Iﬁ)(ﬂ Tk T 1) a:;Jrl (6k,7i9ia8aj(u>87a,€< ) - 6l ]HCL]S]C 7(1( )S'La(u))
0;_; — _
B (T+v)(u—v—k)(U—vV—K+1) a__ZnH (O -850 ) 800(0) = Ot =340 (D) 50, -4(1))
0; = DS _
FET R T D) 2, et s D)
1 - - ~ -
R G - ——" Ok, (055 —n,—n (W) —j,e(0) = 0i,—g5nn (V)5 ¢ 3 (w))
1 -
+ ('u'+ D — H)(ﬁ v —k+ 1)65,—1 (917—k3i,—k(u)8nn( ) elJSk —Z( )5—71 —n(u))
0i,—g 0k, S (W)s_i¢(V) — 8pn(V)s_; (W
_(1775)(174»/177%)(17*57%4*1)(nn( ) *j,f( ) nn( ) *]aé( ))
0i 00— s Spn (V) — s Spn(T
7(%—5)(5—1—5—%)(@—5—%4—1)(k_l( )nn() k—l()nn( ))
91‘,_]‘

(4.63) (Ok,—i5—j,n(W)Sn,0(V) = 60, —jSkn (V) Sn,—i (1)) -

@+ @ —-v—rK)(T—v—k+1)

Step 2.4: Re-expressing (4.57]).
If we add the last line of the above to (4.57)), we obtain:

Oy is_in(W)s — s s u
(ﬂ—l—ﬂﬁ)(ﬂ—'ﬁ—ﬂﬁ-l) (5’6,—18—]771( ) n,@( ) 65 -J kn( ) n, 1( ))

We can also re-express this using (4.58)) and (4.53)). This yields:

(O, —i8—j,n (W)n,0(V) = 6¢,— jSkn (V) Sn,—i (1))

(u4+0)(u—v—K+1)



29

0i,— Ok, —i ~ ~ > a
:("LZ— 6)(17-’-5—]1)(6— T — K+ 1) (Snn(u)S_]’7g(U) - Snn(’l))s_j7g(u))
ei’,j(Sg’,j ~ e~ ~ ~
+(ﬂ— Nt —Da—v—r+1) ($nn(0) 81, ~i (W) = Snn (@) Sk,—~i(V))
0, _ n—1
4.64 L §—i—'a~a 5— a a1~~
1oy T T DE TR D, 2, et D2l®) — dysia Do)
Step 2.5:
Next, observe that the following identities hold:
1 n 1 1
u+v  (u+o)(u+v—-1) u+v’
1 B 1 _ 1
(—v—r)(G—0—Kk+1) TG—V—K  u—v—K
1 _ 1 L 1
(u+v)(u—v—-—k) @WH+V)(W—-1v—-kK)(u—v—-—k+1) (u+0)(u+v—-1)(u—v—k+1)

1
(u—v—r)(u+wv)
Therefore, combining the new expressions (4.59)), (4.60)), (4.63) and (4.64) and substituting them back into

[5D- (5D gives:

[s7(w), 5o (v)] = uiv (s ()1e(0) — s (0)sie (W) + = Z (01510 (W) 50t (V) — BieS1a()sa; (1))
a=—n—+1

- uzéijvg Z_: (Ska( )Saé( ) Ska( )Saé( ))

a=—n+1

n—1
- u — 37 KJ/ Z (6k,7i0ia8aj(’lj)87a,g( ) 61 7j9aj8k 7(1( )sza(a))
a=—n—+1

- ﬁ (0,—kSi,—1(U)s—j,e(V) — 0, —¢sk,—i(V)s—¢,5(u))

ei,—j n—1 N B
+ (u—l—v)(u —y— K)/) Z (6k,—i8—.j;a(u)3al( ) 6@ ]Ska( )Sa z(u))

a=—n+1
= ks @35(0) = 5 (D)5(0)

s z_: (0k,—iSaa(W)S—;j (V) — 8p,—jSk,—i (V) Saa (W) + B(u, v),

a=—n+1

S (u—v—r)(utv—r)
where B(u,v) is defined as the following operator on V,.:

B(u,v) = %_U(% ($nn(W)8ie (V) = 8nn (0)i0(0)) + it (S0 (V)51 (W) = Snn (@) 54 (0)))

1 - - - ~
Wt o) u—v—#) Ok,—i (035 —n,—n (W) s—j,e(V) = 05 —¢8nn (V) s—¢,5(1))
T lutoo n,)l(u — oy %3 OieSi b (@) 50n (@) = O 5,3 (0)3n, - (1))
0i, 0%, i S (W)S_i (V) — $pn(V)s_; p(U
o (u—v)(utv—r)(u—v—r) (8nn(w)s—j.e(0) nn(0)s—je(1))
;00—

_ 2 ’ 7 (Sk —z( )Srm(g) — Sk, —z( )S'rm(ﬂ))

(u—v)(ut+v—r)(u—v—~K)
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0i,—jOk,—i
(u—v)(u+v)(u—v—~r
9i77j64}7j
(u—v)(u+v)(u—v—*&
0i; ~ ~ -
R R,)(ju rp—— (Ok,~iS—n,—n(W)s—j,e(V) = 8¢, 8k, ~i(V)S—n,—n (1))
_ 0iy
(u—v—rK)(u+v—~K)

] (snn(w)s—j,e(0) = 8nn(0)s—j.0(u))

) (85 (V) 8k, (@) = Snn(U)sk,—i(V))

(Ok,—iSnn (W)s—j,0 (V) — S¢,— 8k, —i(V)Snn (1)) -

Adding terms together, and applying (4.53)) where necessary, we obtain the equivalence of operators:

B(u,0) = 5 (5t (5n (@)5:0(5) — 50 (D)530(0)) + 61 (500 (75 () — 5 ()33 7))
PR H,)l(u oy s Ok @ () + Ot 7))
et o (D@ + B (D50 (0)
e e (s @5-3(0) — 5 (D5.(0)
k'O, —j0;

(4.65)

_ (u2 — U2)(u I n’)(u o li’) (snn(ﬂ)sk,,i(ﬂ) — snn(ﬂ)sk,,i(f))) .

Conversely, let D(u,v) be the expression on the right-hand side of the reflection equation (3.11)) for
X(gn—2,G")" with 5, (u) replaced by s2, (u). Using the definition of the elements sf;(u) and again appealing
to (4.53]) where necessary, we obtain the following result after a lengthy computation:

D(u,v) = [s7;(u), spe(v)] — B(u, v) + A(u, v),
where A(u,v) is the operator defined by:
1

A(u,v) = W — 02 (5kj (8nn (UW)8i(V) — Spn (V)sse()) + i (Snn(a)skj (u) — Snn(a)skj(fﬁ)))
1 . - ~ ~
(u Ly — Hl)(u v — n') 5@7*j (Hj,fksiﬁk(u)snn(v) + Gijskﬁi(’l))snn(u))
1 - - - -
R T pr— L (0, —e8nn (V)5 1,5 (1) + OijSnn(W)s—;.e(V))
W0+ by S ()5 .0(F) — 60— (@) 0,
u(u+v—r)(u—0v—r) (O, —i8nn (@)= (0) = Ot s ()51, (7)
- i (sen@53(6) — 55307
(w2 —v)(u+v—r)u—v—r)" " it nniAY)E =gt
A Snn (D)5 —i (W) — Spn (W) Sk —i (D
- (u2 _UQ)(U+U — /@’)(u— v — K,) ( nn( ) k,—l( ) nn( ) k,—l(j)
QU(N — 2)

(4.66)

- 57inn~f’~_6f’ 7i~nn~~

2’(1;(’&— v — K},)(U—F’U _ KJ/) ( k,—iS (’LL)S J,Z(U) L, ]Sk, (U)S (U))
Therefore, to complete the proof of the lemma it remains only to see A(u,v) = B(u,v). Comparing (4.606)
with (4.65)), we see that it is enough to show '60;; + 0; _; — 0,;;(4§ — 1) = 0, which follows from = & F 1,
% —1=k—-1+£1=+r'+1and b, _; = £6; ;. Thus the family of operators {sfj(u)},nﬂgi,jgn,l satisfy the

defining reflection equation of the algebra )?(gN,g, gtw. a

It is natural to ask whether the action of the extended reflection algebra X (gn_2,G")'™ on the space
V, factors through the extended twisted Yangian X (gy_2,G")". We will soon see that if the symmetric
pair (gn,g7%) is of type CI or DIII, then this is indeed the case. However, if the pair (gn,g?;) is not of
type CI or DIII, then the operators sf;(u) fail to satisfy the defining symmetry relation of the algebra
X(gn_2,G")". Our goal for the remainder of this subsection is to show that, in the general situation, the
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action of X (gn_2,G")* on the space V, can be twisted by a suitable automorphism in a way which results
in the modified action of )?(gN_Q, G on V, factoring through the extended Yangian X (gn_2,G")"".

Recall the rational function p(u) in u associated to the algebra X (gn,G)™ which has been defined in
([2:13). Let p'(u) be the corresponding series for the algebra X (gn_2,G’)". That is,

1 (G o L (@)
2u—n+2u—2/1 and p(u)_(i)1$2u—ﬁ’+2u—2/ﬁ”

p(u) = (H)1F
Proposition 4.13. Let h(u) be any series in 1 +u~*C[[u!]] satisfying the relation
(4.67) h(u)h(k' —u)™t = plu+1/2) 719 (u).

Then the assignment si;(u) = h(u)s$;(u) defines a representation of X (gn-2,G")"" in the space V... More-
over, if V is a highest weight module with the highest weight p(u) and the highest weight vector &, then the
cyclic span X (gn—2,G")" € is a highest weight module with the highest weight h(u)p® (u) = (h(u)pd (w))iczy o,
where (1§ (u) = p;(u+1/2) + 50 pp (u+1/2) for all i € Iy_».

Proof. From Lemma we know that V. admits the structure of a X (gn_2,G)"™-module via the as-
signment §;;(u) — s7;(u). We may consider the X (gn—2,G")"™-module Vf" obtained by twisting V. by an
automorphism 7, of the form (B.21)). Therefore, it suffices to show that the operators h(u) s7;(u) satisty the
defining symmetry relation of X (gn_2,G")!. That is,

h(u)s;(u) — h(k" — u)s; (k" — )

Oijh(u)s; _;(u) = (£)h(x" —u)si; (k' —u) £

A 2u — K/
tr(G'(w))h(k' —u)sg. (k' —u) — d;5h(u nol 52, (u
wos) L (G A = u)sty (8 = ) = 81yh(w) STy 55u0)
2u — 2K/
for all -=n+1<4,5 <n —1, where “=" denotes equivalence of operators on the space V.

Suppose first that i # j and set © = u+1/2. Then s7;(u) = s;;(a) and s2; _;(u) = s_; —;(u), so equation
(4.68) becomes equivalent to the relation

) (05540 % 220 ) = 1 — sy - ) (217

U — K

L, u@w)
2u—~K  2u—2k )’

By the defining symmetry relation in X (gn,G)™, the left hand side is just h(u)p()s;j(k — @), whereas by
definition of p’(u) the right hand side is h(k’ — u)s;;(k — u)p’(u). Therefore, since h(u) satisfies the relation

(4.67)), both sides are equal.
Now suppose instead that ¢ = j. Then (4.68)) is equivalent to the relation

n—1 °
o 85 (w) k=—n+1Skk (u) _ r o (.1 /
Therefore, by (4.67)), it suffices to show that
n—1 o
~\ .0 _ .0 S%(U) k=—n+1 Skk(u)
(1.69) PSS — ) = 5%, () F i) 4 St
By definition of the operators s7;(u), we have
n—1 o ~ n—1 ~ ~
o 3'?1' (U) k=—n+1 Skk (u> ~ Sig (u) Zk:—n-t,-l Skk (U) Snn(u)

4.70 i =S . ’
( ) S_"_l(u) + 2u — K’ 2u — 2K/ s—i-i(U) F 2u — K 2u — 2K/ 2u o(w)
where

1 N -2 u(2u — k' £ 1)

4.71 =1 = .
(471) po(u) T ou—w + 2u—2k" (K —2u)(K' —u)

w

By the symmetry relation in X (gn,G),

- ~ ~ sii(u an_ skk (W)
p(u)sii(k —u) = s —i(u) F o E ,1, 25 — ;H/ 1
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and this formula also holds for i = n. This implies that the left hand side of (4.69) can be expressed as

— o ~ ~ p(u) N
PS5 — ) = p(@sia(n = T) + 50 (s~ T)
~ n—1 ~
e sii(u) fe— 1 Sk (W)
= s—ii(W) F 2u — K’ 2u — 2K’
n 1 n 1 n 1 @)
2u—26 —1 ' 20 —2u (26 — 2u)(2u — 2w — 1) ) ST
n 1 1 n 1 (@)
2u—2n —1 1 (2u—n)2+ —2u) | (2u—2r —1)(20 — 2a) ) T\
~ n—1 ~
—s . (T sii (1) h=—nt1 Skk (W) (2u— " £1) ~
= 5@ F 2u — K/ 2u — 2K/ 2(K" — 2u)(K — u) snn (1),
which, by (4.70)) and (4.71)), is precisely the right hand side of (4.69). The second statement of the proposition
is an immediate consequence of the definition of the action of X (gn_2,G’)™ on the space V. |

Observe that if (g, g7%) is equal to (g, gl,,) with gy = 502, or §p,,,, then tr(G(u)) = tr(G’(u)) = 0, and
so p(u + 1/2) = p/(u). An immediate corollary of Proposition is then that, if (gn, gh,) is of type CI or
DIII, the action of X (gn_2,G')™ on V. provided by Lemma factors through X (gn_2,G")™.

We conclude this subsection with a few comments regarding the existence of a series h(u) satisfying ,
as well as an equivalent interpretation of Proposition Let c(u) € 1 +u~1C[[u"1]] be the series defined
by c(u) = p(u+1/2)p’(u)~t. Since p(u) and p’(u) satisfy (2.14)), we have that c(u) = c¢(x’ —u)~1. Let h(u) €
1+ u~'C[[u~]] be such that c(u)~! = h(u)?; then c(u) = c(k’ —u)~! implies that h(u)~! = h(x’ —u), hence
c(u) = h=Y(u)h(k’ — u). In particular, this implies that there always exists a series h(u) € 1 + v~ 1C[[u™}]]
satisfying (4.67).

Recall that we have the isomorphism X (gn_2,G")™ = X (gn—_2,G')™/(c(u) — 1), where c(u) is the central
series defined in (3.22). The image of c(u) under the automorphism 7, is h(u)h(x’ — u)~'c(u). Since the
action of X (gn_2,G')™ on Vf’l factors through X (gn_2,G’)"", the central series h(u)h(x’ —u)~tc(u) must
act as 1 in V. Therefore, Proposition is equivalent to the statement that c(u) must act as the series
c(u) = p(u+ 1/2)p'(u)~! in the representation V from Lemma

4.3. Connection with representation theory of Molev-Ragoucy reflection algebras. In this sub-
section we introduce an important connection between the representation theory of the extended twisted
Yangians X (gx,G)" and that of the Molev-Ragoucy reflection algebras B(N, §) for some appropriate choice
of N and ¢. The definition of the latter algebras was recalled in Subsection they are the twisted Yangians
associated to the symmetric pairs (slg, (glﬁﬂj ® gl;) Nsly) of type AIII (if ¢ > 0) and type A0 (if ¢ = 0).

We begin by recalling the classification of finite-dimensional irreducible B(N, §)-modules obtained in [MR].

Fix0<¢< N. A representation V' of B(Kf ,G) is a highest weight representation if there exists a nonzero
vector £ € V such that V = B(N, )¢ and the following conditions are satisfied:

bij(u)§ =0 for1<i<j<N, and
bis(w)é = pi(w)¢  for 1 <i< N,

where for each 1 < i < N, wi(u) is a formal power series in u~! with constant term equal to €; (see ([3.35))):
o0
pi(u) = &; + Z wDur, D e
r=1

As usual, we call pu(u) = (p1(u), ..., pg(u)) the highest weight, and the vector £ the highest weight vector.

Given an N-tuple (p1(u), ... s 5 (u)), the Verma module M (u(u)) is defined the same way as for X (gn)
and X(gn,G)" and, by Theorem 4.2 in [MR], is non-trivial if and only if the components of the highest
weight satisfy the relations

(4.72) prwpy(—uw) =1,
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(4.73) fis ()i (—u+ N — i) = Jig 1 (w) i1 (—u+ N — ).
foralli=1,..., N — 1, where the components of ji(u) are defined in (4.10]).

For each N-tuple p(u) whose components satisfy (4.72]) and (4.73), there is a unique irreducible module
V((w)) with the highest weight u(u). Moreover, by Theorem 4.6 (i) in [MRI, if § = 0 or § = N, then
V(p(u)) is finite-dimensional if and only if there exist monic polynomials Py(u), ..., Pg(u) in u such that
P(—u+ N —i+2) = P;(u) for each i, and
i P; 1
foale) _BlutD) g o<i< A

fui(u) Pi(u)
If0<§<N,set p=N — §. By Theorem 4.6 (ii) in [MR], V (u(u)) is finite-dimensional if and only if there

exists v € C and monic polynomials P (u), ..., Pg(u) in u such that P;(—u + N —i+2) = P;(u) for each i,
Pas1(7) #0, and

(4.74)

ﬁi,l(u) Pi(u‘i‘l) . . . ~
4.75 — = for 2<i< N withi#p+1,
(*.75) W AW
while
(4.76) pp(u)  Pra(u+1l) ~v-wu

1 () Pipi(u)  v+u—q

Now let V' be a non-trivial highest weight X (gn,G)"-module, and let J be the left ideal in X (gn,G)™
generated by the non-constant coefficients of the series s_; ;(u) and so;(u) for all 1 <4, j < n. (Henceforth,
all occurrences of s;;(u) with ¢ = 0 or j = 0 should be ignored in types C and D.) We define V7 to be the
subspace of V' annihilated by J:

(4.77) V' ={neV:s_;(un=spj(u)n=0forall<ij<n}.

If £ € V is the highest weight vector, then ¢ belongs to V', so in particular V7 is nonzero. The idea of
considering the subspace V' comes from the proof of Proposition 4.2.8 in [Mo5]. Let k and £ be as defined
before Corollary The following proposition will be very important to prove our main classification
theorems in Section [6l

Proposition 4.14. V7 is stable under the action of all operators sij(uw) with 1 < 4,5 < n. Moreover, the
assignment b;j(u) — [£]s;;(u) defines a representation of the extended reflection algebra B(n,£) in V7.

Proof. We begin by showing that V7 is stable under the action of all operators s;;(u) for 1 <i,j < n. We
must show that s_; j(u)sge(v) = 0 modJ for all 1 < 4,5, k,¢ < n, or equivalently [s_; ;(u), sge(v)] = 0,
where “ =" is used to denote equality of operators on V. Let us first show [s_; j(u), sge(v)] = 0. This is
immediate if k # i, by . Consider the case where i = j = k. As a consequence of relation we
have

(479) a0 = (3 + Gy ) )~ g Dty

Computing s_, ;(u)sqe(v) for a # ¢ we obtain

n n

5 ai(W), 500 (0)] = ————— 3" s (Wsnelv) + : S s inw)se(v)

uU—v—K (uto)(u—v—kK) &

b=1
S—b Sbf
U_H,Z v

where the last equivalence is a direct consequence of equation (4 . Substituting the above result back into

(I78), we set
1
ress, ) = (s + ey ) Do el

[S—i z( ) 81[
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s sie(v)] + et Zs_“,

U—v—K (u+v)(u—v—K)

n 1 & n
()i 2 s-ha(W)sa(v) = g o—ialu), sulv)

which implies that

(4.79) [s_i,i(u), sie(v)] = u+vzs‘” Sa0(v).

By (3.11)), for all @ # ¢ and a > 1, we have the relation

ZS—’ b(u)spe(v) = [s—44(w), sie(v)].

S—i,a( )Saf U+’U

Substituting this into (4.79), we arrive at
n
[5—i.i(u), sie(V)] = - [s—ii(u), sie(v)];

which allows us to conclude that [s_; ;(u), sy(v)] =0 for all 1 <i <mn.
Now, let us consider the case i # j. As a consequence of relation (3.13), it is enough to consider the case

where j = k. By (3.11)) we have:

[S*i’]( ) S]Z = ?,L—FUZS Za Saé )

However, by , the right hand side of the above is equivalent to 0, and so we obtain [s_; j(u), sje(v)] =0
for all 1 <4, j,¢, < nsuch that ¢ # j. Thus, we have shown that [s_; j(u), sie(v)] =0 for all 1 < 4,5k, ¢ < n.
If N =2n+ 1, then we must also show [sg;(u), ske(v)] =0 for all 1 < j, k,¢ < n. This is immediate from
unless j = k, and in this case we obtain

(4.80) [s0j(u), sje(v)] =

1 n
Py ; S0a(1)Sqe(v)

However, the same computation shows that

S0 (1) uivzm w)sna(v) = [s0; (1), 530(0),

and so (4.80)) is equivalent to

(1= 12 ) st =0

Therefore, we must have sg;(u)s;e(v) = [s0;(w), sje(v)] = 0 for all 1 < j,¢ < n. This completes the proof
that V7 is stable under the action of all operators sij(u) with 1 <4,j < n.

(
Next, observe from relation (3.11) that for all 1 < 4,5, k,] < n we have the following equivalence of
operators on V7/:

565 (), 55 (0)] = —— (515 (u)ie (0) — s (v)52(w)

u—v

n

i Sia (U)Sal (U) - 5il$ka(v)3aj (u))
a=1

- ﬁ > 8ij (sha(w)sar(v) = ska(v)sa(u)) -
a=1

Comparing these relations with the defining relations of the reflection algebra B (n,€) implies the second
part of the lemma. To explain the appearance of the sign [£] in the statement of the lemma, notice that the
matrix T =", j>19ijEij coincides with the constant matrix [£]diag(e1,...,en) associated to B(n,£). O
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Remark 4.15. We may view V as a Y(gn,G)"“-module by restricting the action of X(gn,G)™ to the
subalgebra Y (gn,G)™ C X(gn,G)™. Set X (u) = 3, ;5 Eij ® 0y5(u). Since X(u)%(—u) = Iy, we also
have the equivalence of operators ¥+ (u)X+(—u) = I, on V7. As a consequence of this fact, the above

proposition, and the definition of B(n,£), the assignment b;;(u) — [£]o;;(u) defines a representation of
B(n, £) in the space V.

The following simple result will be instrumental in the proof of Proposition and also in the proofs of
the main results in Section [Gl

Lemma 4.16. Let (A(u))iezy be any tuple of formal series with X\;(u) € 1+ u™'C[[u™']], and let v(u) be
any series of the same form. Then:

(1) If N = 2n+1, then there is a unique (2n+ 1)-tuple A(u) extending (A(u))iczy with the property that
the X(gn) Verma module M (A(u)) is non-trivial.

(2) If N = 2n, then for each k € Iy there exists a unique 2n-tuple A(u) = (A_n(u), ..., Ap(u)) extending
(Muw))iezy with the property that A_i(u) = v(u) and the X(gn) Verma module M(X(u)) is non-
trivial.

Proof. Suppose first that N = 2n + 1. Recall that the Verma module M (A(u)) is non-trivial if and only

if the components of A(u) satisfy (4.1]). This forces us to define A_;(u) = %)\O(u), and recursively

Aioi(u) = %)\,Z(u) for each 1 < i < n—1. In this way we can associate a unique (2n+ 1)-tuple
A(u) to (A(u));ez, satisfying the claimed properties.

If instead N = 2n, then the condition alone no longer uniquely determines an N-tuple A(u) from
(Mu))iezy. However, fixing k € Ty and setting A_j(u) = v(u), a simple modification of the argument used
in the N = 2n + 1 case shows that the condition does produce a unique 2n-tuple with the desired

properties extending (A_g(u), A1 (), ..., An(u)). O

We are now prepared to make precise the sufficient and necessary conditions on the tuple p(u) which
results in a non-trivial X (gy,G)" Verma module M (u(u)).

Proposition 4.17. Let p(u) = (p1(u), ..., pn(w)) or p(u) = (po(u), ..., un(u)) be any tuple of formal series
such that the i-th component belongs to g;; +u~*C[[u™1]] and u - fig(k —u) = (k —u) - po(u)p(u) 1o (u) (see
[@.11)). Then the X (gn,G)'™ Verma module M (u(u)) is nontrivial if and only if

(4.81) fri(w) s (—u+n — 1) = fipr (W) ftipr (—u+n — 1)
for alli € Iy \ {n}, and where the components of the series fi;(u) have been defined in (4.10).

Proof. Set V' = M (u(u)), and denote the highest vector of V' by 1,(,). Suppose that V' is non-trivial. We
will show the components of u(u) satisfy , first restricting ourselves to the case where N = 2n. Since
V is a non-trivial highest weight module, the subspace V7 is non-zero and, by Proposition admits the
structure of a B(n,£)-module. Consider the submodule W = B(n, £)1,) C V. Recall the even central
series f(u) defined by Proposition Choose h(u) € 1+ u'C[[u™!]] such that h(u)h(—u) = f(u) as
operators on V7. Then the assignment B(u) — h~!(u)B(u) defines an automorphism ,-1 of the algebra

B(n,£). We have:
Up-1(f(w) = h™H(w) A (—u) f(u) = f(u) H(u) = 1,
where “ =" denotes equality of operators on V7. Therefore, twisting the action of g(m ¢) on V/ by U, -1, we
get a non-trivial representation W"r-1 of B(n,£) with the highest weight (h(u) ™ uy(u),. .., h(w) "t u,(uw)).
In particular, by (4.73) we have
fii(w) s (—u +n — 1) = fipr (w)ftipr (—u+n — 1)

forall 1 <i<mn-—1, as desired.
If N =2n+ 1, the above argument still shows that (4.81) holds for all 1 <i <mn — 1, but does not allow
us to conclude that

(4.82) fio(w)pio(—u +n) = f(w) i (—u +n).
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That being said, the same argument as used in [MR] to establish (4.73]) (see the proof of Theorem 4.2) can
be applied to show that (4.82) does hold. Let us recall the main steps of this argument. For each 0 <i <n
define B;(u,v) = >0, sia()sqi(v). Using “ =" to denote equality of operators on C1,(,), we have

Bi(ua U) - Bi(va U) = Z Aia(u7 ’U) = Oa
a=i
where the definition of A;;(u,v) has been given in (4.25)), and the second equivalence has been proven in

Step 3.1 of the proof of Theorem [4.5 for ¢ > 0, and in Step 3.2 of the same proof for i = 0. As a consequence,
we have 3;(u,v) = B;(v,u) for all i > 0. From (3.11) we obtain

i) = s 0)si(0) + —— 3 (s0a(W)si(0) = Saa(0)s1a(w) + —— D" (Biluyv) — Balv, ),
a=i+1 a=i+1
which is equivalent to
(4.83)
u+v—n+1 . 1 - 1 -
(u+v> Bi(u,v) = sii(uw)sii(v) + P a;rl(saa(u)sii(v) = Saa(v)sii(u)) — Py a;ﬂﬂa(vvu)-

Subtracting (4.83]) with ¢ = 1 from (4.83]) with ¢ = 0 and rearranging, we obtain

n

B o) = B (0)) = s00(u)300(0) + —— D~ (50 (0)300(0) — Saa(v)s00(1)
s () — 3 (saa)31(0) ~ saa(®)s11(w).
a=2

Substituting v — n —u, the left hand side becomes the zero operator and, after applying both sides to 1,(4),
we arrive at the relation
1 n 1 n
S taw)ofw) — pa(®)ao ) = s (0)as (0) + 5 > ()i (v) = pra (v (w).
a=1 a=2
By expanding equation (4.82]) (using the definition of fi;(u)), we see that it is equivalent to the above relation.
This completes the proof that the components of p(u) must satisfy (4.82)).

Conversely, suppose the components of p(u) satisfy condition (4.81) as well as the condition (4.11)) if
N =2n+1 . Let h(u) be the rational function in u defined by

po(wholv) + 3

£ —* if G is of the first kind,
(4.84) h(u) = B
Htlet —w) if G is of the second kind.
1[t]cu

Note that h(u) satisfies the relation h(u)h(€—u) = 1. For each i € I\ {n} define f;(u) = (h(u)) %% ﬁz(l’zi)
Then, by (4.81) and the aforementioned property of h(u), fi(u) = fi(n —u—14)~! for all i € Zy \ {n}. Thus,
for each 4, there exists g;(u) € 1 +u *C[[u?]] such that f;(u) = g;(u)g:(n —u —i)~!. We will use these
series to construct a non-trivial X (gn) Verma module M (A(u)) containing an X (gn,G)"™ highest weight
module with the highest weight u(w).

If N =2n,let \y(u), \_p(u) € 1 +u"C[[u"!]] be any two series satisfying the relation

(4.85) (u) G An(u = K/2)A-n(~u +K/2) if G is of the first kind,
: Hn (U) = "
(11[ ];) /\n(u - “/Q)A—n(—u + /f/2) if G is of the second kind.

For each 1 < i <n — 1 define \;(u) € 1+ u~'C[[u~}]] recursively in terms of \;11(u) by
Ni(u—#/2) = gi(WNip1(—u —K/2+n —i)" L

By Lemma there is a unique 2n-tuple A(u) extending (A_, (u), A1 (w), ..., Ay (u)) with the property that
the X (gn) Verma module M (A(w)) is non-trivial.
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If instead N = 2n + 1, then by assumption u - g(u)io(k — u) = (k — u) - g(k — u)p(u), where the
series g(u) has been defined in (£.I5). Therefore there exists Ag(u) € 1+ u~*C[[u~']] such that fio(u) =
2ug(u)Xo(u — K/2)Ao(—u + k/2). For each 0 < i < n — 1, define A\;11(u) € 1+ u=C[[u"!]] recursively in
terms of \;(u) by

Niv1(—u—k/2+n—14) = g;i(uW)\i(u—r/2)".
Then, by Lemma there is a unique (2n + 1)-tuple A(u) extending (A;(u))iez, so that M(A(u)) is
non-trivial.

In either case, we have produced a nontrivial X (gy) Verma module M (A(u)) with the highest weight A(u)
whose components satisfy the relations

pi(w) _ ) Ai(u — K/2)Aiy1(—u — K/2+n — 1)

N = h(u)%* Ai(u — £/2)A_i(—u+ K/2)
Hag (u) A1 (u = R/2)Xi(—u = r/24+n 1) N1 (w = R/2)A i1 (—u + £/2)

for all i € Ty \ {n}, in addition to the relation if N =2n and fig(u) = 2ug(u)Ao(u—k/2)No(—u+x/2)
if N =2n+1.

Hence, the module X (gn,G)" 1) € M(A(u)) is a non-trivial highest weight module, and the above
relations together with Corollary imply that the highest weight is equal to p(u). Therefore the X (g, G)
Verma module M (u(u)) is non-trivial. O

The following proposition is analogous to Proposition 4.2.8 in [Mo5|] and gives a necessary condition for
any irreducible highest weight X (gn,G)*-module to be finite-dimensional.

Proposition 4.18. Let the components of u(u) satisfy the conditions of Pmposition so that the irre-
ducible module V (u(u)) exists. Suppose further that V (u(u)) is finite-dimensional. Then:
(1) If (gn,9%) is of type BCDO, CI or DIII, then there exist monic polynomials Py(u), ..., P,(u) in u
such that Pi(—u+n — i+ 2) = P;(u) and
frioi(u) _ Pi(u+1)
fii(u) Pi(u)
(2) If (g, g%) is of type BDI or CII, then there exists v € C and monic polynomials Pa(u), ..., P, (u)
in u such that Pi(—u+n —i+2) = P;(u), Per1(y) #0 and

fi—1(u)  Pj(u+1)

(4.86) forall 2<i<n.

(4.87) ) =5 @ forall 2<i<n with i#k+1,
i i
while

fir1(t)  Piepa(u)  ytu—£
where k € Iy \ {n} is the unique integer such that gk # gx+1,k+1, and £ =n —k.

Proof. Denote the highest weight vector of V(u(u)) by & and let V(u(u))” be as in ([{.77). Then, by
Proposition allowing gzj(u) to operate as [+]s;;(u) for all 1 < i,j < n makes V(u(u))” into a B(n, £)-
module. Choose h(u) € 1+ u~'C[[u"?!]] such that h(u)h(—u) = f(u) as operators on V*/ (see (3.30)).
Twisting the action of g(n, £) on V'’ by the automorphism 7,1, we obtain a non-trivial representation of
B(n,£) such that the cyclic span B(n,£)¢ is a finite-dimensional highest weight module with the highest
weight [£](h(u) " tui(u), ..., h(u) "y, (u)). The proposition now follows directly from the equations
through (see also [MRl, Thm. 4.6]). O

5. TWISTED YANGIANS OF SMALL RANK AND THEIR REPRESENTATIONS

In this section, we use the classification results for finite-dimensional irreducible representations of Y *(2)
[Mo2] together with the isomorphisms from [GRW] to classify all finite-dimensional irreducible representa-
tions of low rank extended twisted Yangians of type BCDO, CI, and DIII. These low rank classification results
will play a crucial role in the proofs of the main results in Section [f] We also obtain explicit formulas for
evaluation morphisms ev : X (gn, ghy)"™ — Ugh,, where gy = sp,y, 503 or so4, and study the corresponding
evaluation modules.
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The definitions of the twisted Yangians Y*(N) were recalled in Subsection They are the twisted
Yangians associated to the symmetric pairs (gly,gn), where gy = $09, or sp,, if N = 2n, and gy =
509,41 if N = 2n + 1. In this section we will only be concerned with Yi(N) where N = 2. In order to
distinguish between the generators of X (g, ghy)™ and Y*(2), we shall follow the convention established

in [GRW] and denote the generators of Y*(2) by sfj(r), where 7,5 € {£1} and r > 0. These generators are

then arranged as the coefficients of the various series’ s7;(u), which in turn form the (i, §)t" entry of the
matrix S°(u). Similarly, the generators of the special twisted Yangian SY*(2) are denoted by ofj(T% and
the corresponding series and matrix are denoted by o7;(u) and ¥°(u), respectively. We shall also denote
the R-matrix I — u~'P € End(C? ® C?)[[u"}]] from a) of by R°(u), and the evaluation morphism
sgi(u) = 6ij + Fij (u + %)71 from Proposition by evy. We will make use of the following explicit

formulas for the Sklyanin determinant sdet.S°(u) (see [MNO] Sec. 4]):

(e} 2u + 1 o (e} o o
et §°(u) = 2oL (52 (= D)5y () F %y (u— 1)s5, ()
27.[4 + 1 (o) (o) (o) (o)
(5.1) “out1l (511(*71)511(“ -F 51,—1(*1‘)5—1,1(“ - 1)) .

We now recall the classification results for finite-dimensional irreducible representations of the twisted
Yangians Y *(2).
A representation V of Y *(2) is called a highest weight representation if there exists a nonzero vector £ € V

such that V = Y*(2)¢, s_1.1(u)¢ = 0, and 55, (u)é = p°(u)¢ for some scalar series p°(u) € 1+ u=LC[[u"1]].
As usual, we call p°(u) the highest weight of V, and the vector £ the highest weight vector.

Given p°(u) € 14+ u~1C[[u™t]], the Verma module M (u°(u)) is defined the same way as for X (gx) and
X(gn,G)", and is always non-trivial. It admits a unique irreducible quotient V(1°(u)), and any irreducible
highest weight module with the highest weight u°(u) is isomorphic to V(u°(u)). The following classification
results are restatements of Theorems 4.4 and 5.4 of [Mo2] (see also Theorems 4.3.3 and 4.4.3 of [Mo5]):

The irreducible Y~ (2)-module V' (u°(w)) is finite-dimensional if and only if there exists a monic polynomial
P(u) in u such that P(u) = P(—u+ 1) and

p(cu) Pt
pe (u) Plu)
In this case, the monic polynomial P(u) is unique.
On the other hand, the irreducible Y+ (2)-module V (1°(u)) is finite-dimensional if and only if there exists
a scalar a € C together with a monic polynomial Q(u) such that Q(u) = Q(—u + 1), Q(«) # 0, and
(1= 2w _ Qu+1) u-a
(5.3) c = . .
0T 1w  Qw u+a
In this case, the pair (Q(u),«) is unique.
Let us now briefly recall the isomorphisms from Section 4 of [GRW]| which are relevant to our present
study, beginning with those concerning the twisted Yangians associated to the pairs (sp,,sps) and (sp,, gly).
Let K = Ey; — E_; 1 € EndC?. Then the mappings

(5.4) 00+ X(sp2,5p5)"™ = Y7 (2),  S(u) = §°(u/2-1/2),
(5.5) Ot X (spy, gl)™ = YT(2),  S(u) = S°(u/2 - 1/2)K,

(5.2)

are isomorphisms of algebras. Moreover, they induce algebra isomorphisms Y (sp,y, 5py)*” = SY ~(2) and
Y (spy, gly)"™ = SY(2).

Consider now the symmetric pair (503, 503) of type B0. Let the standard basis of C? be given by the vectors
e_1 and e; and let V be the three-dimensional subspace of C2®C? spanned by the elements v_; = e_; ®e_1,
vy = %(e,l ®e+e®e_1),and v; = —e; ® e;. We may identify V with C3 by regarding {v_1,vo,v1} as
the canonical basis of C3. In this way we may consider S(u) as an element of EndV ® X (so03,503)™ [[u~!]].
Moreover, the operator 2 R°(—1) € End(C? ® C?) is a projection of C> ® C? onto the subspace V and the
mapping
(5.6) @0 : X(s03,503)" = Y7 (2), S(u)— FR°(—1)S7(2u — 1)R°(—4u + 1)"~ 55 (2u)
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is an algebra isomorphism whose restriction to the subalgebra Y (s03, 503) induces an isomorphism between
Y (s03,503)" and SY ~(2).

Lastly, we recall the isomorphisms for the twisted Yangians associated to the symmetric pairs (so04, gls)
and (504, 504). These isomorphisms involve the tensor products SY*(2) @ Y ~(2) and SY ™ (2) @ Y~ (2). We
shall denote the corresponding generating series of SY*(2) by oy;(u) and those of Y7 (2) by s§;(u), where
in both cases 4,5 € {£1}. These are then arranged into the matrices 3°(u) and S®(u), respectively. Let
V = C?2®C? with ordered basis given by v_o = e_1®e_1, v_1 = e_1®e1, 11 = e1®e_; and v = —e;Qe;q. By
identifying V with C* equipped with canonical basis {v_3,v_1,v1,v2}, we can consider S(u) as an element
of EndV ® X (s04,504)"[[u"!]], where sof is either gl, or so,. The following maps are isomorphisms of
algebras:

(5.7) P X(s04,g,)™ = SYT(2) @Y7 (2), S(u) — 2°(u — 1/2)K, 8 (u — 1/2),
(5.8) YW X (s04,504)™ = SY™(2) @Y (2), S(u) — 2°(u—1/2)S(u—1/2).
Their restrictions to the subalgebras Y (so4, gly)' and Y (s04,504)" yield isomorphisms Y (s04, gly)™ =
SYT(2)®@8Y ~(2) and Y (s04,504)™ = SY ~(2) ® SY (2), respectively. The isomorphisms Xél) and Xgl) can
be obtained from the embeddings
(5.9) T X(s04,90)™ 5 YT(2)@Y(2), S(u) — S°(u—1/2)K18*(u — 1/2),
(5.10) T X (s04,504)™ = Y™ (2) @Y (2), S(u) = S°(u—1/2)S*(u—1/2),
by composing with the epimorphisms Pry ® 1 or Pr_ ® 1, respectively, where Pry is the natural projection
Pry : Y*(2) - SY*(2).

We now turn our attention to the finite-dimensional representation theory of the low rank twisted Yangians

of type B-C-D.

5.1. Twisted Yangians for the symmetric pairs (sp,,sp5). We begin with the classification of the
finite-dimensional irreducible representations of the extended twisted Yangian X (sp,,sp5)™, where spf =

gl; or sp,.

Proposition 5.1. Let u(u) € 1+ u *C[[u"t]]. The irreducible X (spy,sps)t”-module V(u(u)) is finite-
dimensional if and only if there exists a monic polynomial P(u) in u, in addition to a scalar v € C with
P(vy) # 0 if sph = gly, such that P(u) = P(—u+4) and

w2 —u) :P(u+2).2—u

(5.11) ) Pl " if  sph = sp,
p2—u) Plu+2) ~y-—u p_
(5.12) @ - Pl tu_2 if  spy =gl

Moreover, when they exist, the polynomial P(u) and the scalar v are uniquely determined.

Proof. The proposition follows from the classification results (5.2)) and (5.3)), together with the existence of
the explicit isomorphisms ¢}, and ¢} given by (5.4) and (5.5)), respectively. Due to the similarities between
these isomorphisms, we will only include a detailed proof for the case sp5 = gl;.

The isomorphism ¢} from defines an equivalence between the highest weight representations of
X (sps, gly)"™ and those of Y+ (2). To see this, given a series u°(u) € 1 +u~'C[[u~}]], let V(1°(u)) denote
the irreducible Y*(2)-module with the highest weight p°(u). Then, viewed as a Y+ (2)-module via ¢/, the
irreducible X (sp,, gly)®-module V(u(u)) is isomorphic to V(u°(u)) with u°(u) = p(2u + 1). Indeed, if
§ € V(u(u)) is the highest weight vector, then we have s°, ;(u) - & = 90171(8071’1(11,))5 =5112u+1)=0
and

s91(u) - € = o (891 (W)€ = s11(2u + 1)€ = p(2u + 1)¢E.
The Y *(2)-module V (u°(u)) is finite-dimensional if and only there exists a (unique) pair (Q(u), o), where
Q(u) is a monic polynomial in u with Q(u) = Q(—u + 1), a € C is such that Q(a) # 0, and holds.
Rewriting using u(u) and substituting u — "%1 we obtain the expression

2-wp2-u) QM) 2a—(u-1)
up(u) Q5 (u—1)+2a

(5.13)
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Set P(u) = 24 (1) and v = 2a + 1, so that P(u) is a monic polynomial with P(u) = P(—u + 4)

(since Q(u) = Q(—u + 1)) and P(y) = 2482 (Q(a) # 0. Then by (5.13), we have shown that V (u(u)) is
finite-dimensional if and only if there exists a pair (P(u),7) as in the statement of the proposition, satisfying
w2—-u) Plu+2) ~vy—u
iw) P y+u—2
The uniqueness of the pair (P(u),~) follows immediately from the uniqueness of (Q(u), @). O

Composing the isomorphisms (5.4) and (5.5 with the evaluation morphisms evS from Proposition
we obtain evaluation morphisms for X (sp,, sp5)™.

Proposition 5.2. Let F'* =3, ;. E;; ® Fl’]p where F;jp = (gii + 955)Fyj (see (3.9)). The mappings
(5.14) evo : X (spy, 5po)™™ — Uspy,  S(u) > I+ F'P(u—2)"1,

(5.15) evy : X (spo, gly)™ — Ugly,  S(u) = G+ FPu™t,

are surjective algebra homomorphisms.

For any pu € C, let V,(u) denote the irreducible highest weight representation of sp4 with the highest
weight p. The pull-back of V(1) via evy and evy is an irreducible X (sp,, sp5)"*-module.

Corollary 5.3. Given p € C, V,(p) is isomorphic to the irreducible X (spy, sp5)™ -module V (p(w)) with
(5.16) plu) =14+ 2uu="  if sph=gly, and plu)=1+2p(u—2)"" if sph=sp,.

5.2. Twisted Yangians for the symmetric pairs (s04,50;). We aim to establish results for X (so04,50;)",
where 50/ = gl, or so4, which are analogous to those obtained in the previous subsection for X (sp,, sp5)™.

Proposition 5.4. Let the components of u(u) = (p1(u), p2(w)) satisfy the condition so that the
irreducible X (s04,504)" -module V (u(u)) exists. Then V(u(u)) is finite-dimensional if and only if there
exist monic polynomials P(u) and Q(u) in wu, in addition to a scalar v € C with Q(~y) # 0 if sofy = gly, such
that P(u) = P(—u+2), Q(u) = Q(—u + 2) and
(5.17) /Z1(u) _ Plu+ 1)’

pp(u)  P(u)

while
Bl-w _Qu+l) l-u .,

(5.18) AT I " f  sol =s04,
pil—uw)  Qu+1l) y-—u

(519 @) Q) yru-l

Moreover, when they exist, the pair (Q(u), P(u)) and the scalar v are uniquely determined.

if  sof = gl,.

Proof. The proposition follows from the existence of the explicit isomorphisms Xél) and xgl) given in ((5.7)
and (b.8)), respectively, together with the classification results (5.2) and (5.3)). We will give details of the
proof only for the case sof = gl,.

It is a general fact that any simple finite-dimensional module over a tensor product A® B of two associative
unital C-algebras A and B is of the form M4 ® Mp, where M4 (resp. Mp) is a simple, finite-dimensional
module over A (resp. over B): see Theorem 3.10.2 in [EGH+]. We show more precisely that the X (soy4, gly)"-

module V (u(u)), viewed as a SY T (2)®@Y ~(2)-module via the isomorphism X(()l), is isomorphic to V(A°(u))®
V(A*(u)), where V(A°(u)) denotes the irreducible highest weight SY *(2)-module of weight A\°(u), V (A*(u))
denotes the irreducible highest weight Y~ (2)-module of weight A\*(u), and where the series A\°(u) and A®(u)
are completely determined by the two relations

(5.20) NN — 1) — gk (X(w) — A (—w)) X — 1) = i (—u + 1/2)puau — 1/2),

(5.21) N (u) = pa(u+ 1/2)A%(u) L.

Equivalently, A°(u) and A®(u) are completely determined by the two equations

(5.22) fo(u) =2u-A°(u—1/2)A%(u—1/2) and [1(u) =2u- A°(u—1/2)A%(—u +1/2).
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We will need the following explicit formulas for the images of the generators s;;(u) under the isomorphism

X(()l) from (5.7):

5o o(u) = —02y _(u)s 1,— (@), s1-2(u) = *Ui—1(a)5.—1 _ (),

s_g1(u) = —02y 1 (u)s®y (), s1,-1(u) = —of _1(u)s® 4 (u),
s—21(u) = 02y 1(“)5. 1,-1(), s (u) = o7y (u)sty _(u),
s_22(u) = —02; 1@)3—1,1(77)’ s12(u) = —UT1@)3.—1,1(5%

:23) Saau) o> —0%y (@554 (0), 52 —a(u) o> oy (@574 (0).

s—1,-1(u) = =02y i (w)s]; (), sg,—1(u) = o7y (w)s] (),
s—1,1(u) = 02y (w)s] 4 (a), s21(u) = —o7y (w)s] (1),
s—12(u) = =02y 1 (u)st, (u), s22(u) = o7y (u)s]; (1),

where © = u — 1/2. It is explained how to obtain these formulas from the assignment (5.7) at the end of
the proof of Proposition 4.8 in [GRW]. These formulas together with the expression (5.1]) and the fact that
sdet X°(u) = 1 give
X6 (511 (=)s2() = 81,2 ()5 1,2())

= (0(1)1(_U)011(U —1) - ‘71,71(_1‘)‘771,1(“ - 1)) 5:1,71(_1‘)3;1@ —1)

= 311,—1(‘“)5;1@ -1).
Letting £ € V(u(u)) denote the highest weight vector, this gives s*; _(—u)s?;(u — 1)§ = pi(—u)p2(w)é.
Employing the defining symmetry relation of Y~ (2), we can rewrite this as

(571 (1) = 55 (31 (u) = 11 () 8%y (u — 1)§ = p (~W)p2(W)E.

By induction on the coefficients 515 ") of %1 (u), this implies that there exists A\*(u) € 1 + u~!C[[u"!]] such

that s$; (u)¢ = A*(u)¢, and A®(u) is determined by (5.20). Again appealing to the formulas (5.23)), we have
Xgl) (s22(u)) = oy (W)sy; (u), Wthh implies that £ is an eigenvector for the action of of; (u) with weight A°(u)
determined by the relation . Notice that it now follows immediately from the explicit formulas
that 0% ;(u) = s 1 (u)§ = 0. Conversely, any vector 7 with the property that 0, ;(u)n = 5%, ;(u)n =0
and which is a weight vector for s$;(u) must be a highest weight vector of the X (so04, gly)*-module V (u(u))
by 7 hence a scalar multiple of £. Thus, by the irreducibility of V (u(u)) we can conclude that

Vip(w) = V(A" (w) @ V(A (u)).
To see that (5.20) and (5.21) are equivalent to the relations given in equation (5.22), we observe first that
p-21]

relation (5.21) is clearly equivalent to fia(u) = 2u - A°(u — 1/2)A*(u — 1/2). Notice also that we may rewrite

as
(5.24) A (W)X (uw—1) = 2= (A*(u) = A*(—u) A®(u — 1) = pr(—u+ 1/2)A°(u — 1)A®(u — 1).
Since sdetX°(u) = 1, by formula (5.1]), we also have
L& = (o1 (-u)oiy(u—1) — o] 4 (-u)o?y, 1( ))§ A% (—u)A°(u — 1)¢,
and thus A\°(—u)~! = A°(u — 1). Using this, we may rewrite ( as
A (—u+1/2)A°(u—1/2) — 2= (A (—u+1/2)A°(u — 1/2) =A% (u—1/2)A°(u—1/2)) = p1(u),
which is equivalent to
2u - A (—u+ 1/2)A°(u — 1/2) = 2u — Dy (u) + po(u) = f1(u).

As a consequence of the isomorphism of SY *(2)®Y ~(2)-modules V (u(u)) = V(A°(u ))®V()\'( )), we can
deduce exactly when V(u(u)) is finite-dimensional. Indeed, due to the classification results and (5.3),
V(A°(u)) ® V(A®(u)) is finite-dimensional if and only if there exists a € C together with monic polynomlals

P'(u), Q'(u) such that P'(u) = P'(—u+1), Q' (u) = Q' (—u+ 1), Q' («) # 0 and the following equations
hold:

(I—5) A (—u)  Qu+1) u—a M(-u) Plut 1).

(5.25) (14 2£) Ao (u) T Qw)  u+a A(w)  P(uw)
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In this case the triple (Q’(u), P'(u),) is unique. Since

fr(uw)  2u-A°(u—1/2)A(-u+1/2)  A(-u+1/2)
Ho(w)  2u-X(u—1/2)A(u—1/2)  X(u—1/2) "

the second equation in ([5.25) is equivalent to

W) _ Pu+1/2)

Folw) ~ Pllu—1/2)
Setting P(u) = P'(u—1/2), we have P(u) = P(—u+2) and the above equality becomes that given in (5.17).
Similarly, since

pa(l—u) 21 —u)A°(—u+1/2)A*(u —1/2) _1-u A (—u+1/2)

fa(u)  2uXe(u— 1/2)A*(u — 1/2) u Xo(u—1/2) "
we may rewrite the first equation in (5.25) as

(l—w) 1-u Qu-1/2+41) u-3-a u

fiz(u) w Qu—-1/2) u—1ta u-1
Q/(U—1/2+1).O¢+%—u

Qu-1/2) u-i+a
Setting v = a + 1/2 and Q(u) = Q'(u — 1/2), we have Q(vy) # 0, Q(u) = Q(—u + 2), and the above

equality becomes equivalent to (5.19)). Finally, we note that the uniqueness of the triple (Q(u), P(u),) is
immediate from the uniqueness of (Q’(u), P’ (u), cx). O

We now turn to the construction of evaluation morphisms X (so4,50%)" — Usof. The enveloping algebra
so) is generated by the elements Fl’]p = (gii + g;;)Fij for =2 < 4,5 <2 (see Proposition. Let Q, be the
Casimir element of Hsoy if s0f) = so04, or of Usly if s0f = gl,, defined by

QO — F121+F222 72F22+2F21F12+2F2,_1F_172 ifﬁOZ = 5§04,
g %(F22 — F11)? + FioFo1 + Fo1 Fig if soff = gl,.

If s0ff = gl,, define the auxiliary central element z € $lgl, by

z = F121 + F222 —+ F12F21 + F21F12 = Qp + %(Fll —+ F22)2.
In the following proposition it will be convenient to denote the Casimir element 2, corresponding to the
case $0) = so4 simply by .

2

Proposition 5.5. Let I'? =377, , E;; ® Fl/]p € EndC* ® Yso). The mappings

F'p (F'P)2 —2F'P —2Q . T
(5.26) evo : X(s04,504)" — Usoy, S(u) = T+ w1’ = 2(u—1)2 ’

. F'r (F'P)? 2.1
(527) evy X(504,g[2)t — L[g[Q, S(u) — g + 7 + g(QU)(u—l)’

are surjective algebra homomorphisms.

Proof. Suppose first that so] = gl,. Consider the Lie algebra so0s @ sp,. Denote the generators of so5 in
this direct sum by £, and those of sp, by F}, where 7, j € {+1}. The Lie algebra soz is one-dimensional
with basis FY}, while sp, is three-dimensional with basis {F},F®;,, FT _;}. Let ® be the isomorphism

509 @ spy — gl given by

Flol — F11 —|—F22, Fl.l — F22 — Fll; F:l,l — —2F12, Fl.,—l — —2F21.

@ induces an isomorphism @ : {{s0y ® LUsp, — LUgl,. Therefore, the composition ® o (evS. ® ev®) yields a
surjective homomorphism Y *(2) ® Y~ (2) — Ugl,. Writing this map explicitly and using Proposition
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we have s7;(u) — 0 for i # j, and

o Fi1 + Fyo . Fi1 — Fy . 2F1,
-1 = — 1 — —
571,71(11) ut1/2 ) 371,71(10) + u_1/2 ) 54,1(“) w— 1/2»
o Fii1+ Fyp R Fyy — Iy . 2Fy;

—-14 — = —-14 == — — )
st1(u) T T12 st1(u) T = 172 s, -1(u) w_1/2

The proof is now completed as follows: Composing do (ev ®ev? ) with the embedding 5{81) from ‘ gives
a homomorphism evy : X (so04, gly)™ — Ugly. It remains to see that it is given by the assignment ‘5.22) and
that it is surjective. However, if it is indeed given by (5.27)) then it must be surjective, so it remains only to
check the former claim. This can be shown by a direct calculation using the formulas (5.23]). For instance,
since

R0 (5-2,-2(u) = =52, 3 (u—1/2)s%, _y(u—1/2),

we have
F11+F22) ( F11—F22) 2Fy +F121—F222—F11+F22
u

5.28 o =—(1- =-1

(5.28)  evi(s—2,-2(u)) ( T u(u—1)
On the other hand, since F;]p = (gis + g9j;)Fij and F;; = —F_,; _; in so04, the (—2, —2)-th entry of the right
hand side of (5.27) is given by

n 2F5 n —2F3 — 2Fy9Fs + F} + Fiy + FiaFay + Fo1 Fio 2Fy n F} — F3 + Fog — F1q

u u(u —1) =+ u u(u—1)

-1

)

which coincides with (5.28). The images of the remaining generators can be verified similarly.

If instead so/ = so4, the argument is similar. Denote the generators corresponding to the first copy of
§py in the direct sum sp, @ sp, by Fj;, and those corresponding to the second copy of sp, by FF;, where
in both cases i,j € {£1}. A basis for spy © spy is then given by the union of {F7,, F°, ;, FY_} and

{F? ., F* 1, F?_|}. Let ® be the isomorphism sp, & sp, — s04 given by
Flol g F11 + FQQ, Fgl,l — 2F_271, Ff7_1 —> QFL_Q
Fl.l — F22 — Flla F:Ll — —2F12, F1.7_1 — —2F21.

® induces an isomorphism 3 Usp, ® Usp, — sy, and so the composition do (ev® ®ev?) is a surjective

homomorphism Y~ (2) ® Y~ (2) — Usoy. The composition of this map with the embedding X(ll) from
gives a homomorphism evg : X (s04,504)" — Usoy. If it is indeed given by the assignment then it is
surjective, so we need only verify that this is the case. This can be shown directly by first computing the
explicit images Xgl)(sij (u)) (as in (5.23)), and then performing computations similar to those carried out in
the soff = gl, case. O

Given fpiq,p0 € C, let V,(u1,p2) denote the irreducible sof-module with the highest weight (1, p12)
(so, in particular, Fj;¢§ = p;& for i = 1,2). The pull-back of V, (1, p12) via evg and evy is an irreducible
X (s04,504)"-module which we call an evaluation module.

Corollary 5.6. Given p1,p2 € C, the evaluation module V,(u1, p2) is isomorphic to the X (so4,s0%)"-

module V (1 (u), po(u)) where

1= 13+ — o
u(u — 1) ’

2 mi -

u—1 (u—1)%’

5—pi+pe—

u(u —1)
2p0 15—t if
u—1" (u_1)2

2 2 .
() =1+ L+ B po(u) =1+ 2+ B if s =gy,

pr(u) =1+

po(u) =1+ 50 = 504.

Proof. Consider first the case where sof = gl,. We first show that z acts on V,(u1,p2) as the scalar
U3 + p3 + p1 — pe. Since z belongs to the center of tgl, and Vo (@1, 12) is a highest weight module, z acts
by scalar multiplication. Therefore, it suffices to determine how z operates on the highest weight vector €.
We have

(FP + Foy + FroFor + For Fi2)€ = (Ffy + F + Fii — Fag)é = (i + i3 + pn — p2)€.
Hence, z acts on V,(p1, p2) as the scalar p3+ 3+ p1 — p2. Finally, applying (5.27) yields the desired formula.
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If instead so0/ = s04, observe that the Casimir element 2 operates on V, (1, u2) as multiplication by the
scalar p? + 3 — 2ua. The corollary now follows from the formula (5.26]). O

5.3. Twisted Yangians for the symmetric pair (sos,s03). The isomorphism ¢( given in allows
us to use the representation theory of the twisted Yangian Y ~(2) to study the representation theory of
X (s03,503)tv.
We will use below the following observation, which can be seen by expanding in powers of u=!: if h(u) € 1+
u~1C[[u"1]] and a € C, then there exists a unique series k(u) € 1+u~*C[[u~?]] such that h(u) = k(u)k(u+a).
Let p(u) = (uo(u), p1(u)) with p;(u) € 1 +u *C[[u"?]]. The next lemma will be used in the proof of
Proposition

Lemma 5.7. Suppose the components of p(u) satisfy the relations u - jip(1/2 —u) = (1/2 — u) - ip(u) and
fo(w)io(—u + 1) = fiy (u)fin (—u + 1). Then there exists p°(u) € 1+ u=LC[[u™?]] such that
(5.29) pr(u) =2up’(Qu)p’(2u—1)  and  fio(u) = 2up®(2u) p°(1 — 2u).
Proof. Set f(u) = jip(w)/m1(u). By the observation at the beginning of this subsection, we can find a unique
series A(u) € 14+ u~'C[[u~1]] such that pq(u) = A(uw) AM(u —1/2). Set p°(u) = A(u/2). Then
fir(u) = 2up®(2u) p°(2u — 1).
Since f(u) = f(—u+1)"!, there exists a series a(u) € 14+u~1C[[u™1]] such that f(u) = a(1—2u)a(2u—1)"1
Set g(u) = a(2u — 1) u°(2u — 1)~1. Then:
_ (1= 2u)g(l —u)  2up®(2u)p°(1 - 2u)g(l — u)g(u) !
f(u) - o - ~ ’
pe(2u = 1)g(u) i (w)

which implies that fig(u) = 2up®(2u) u°(1 —2u) g(1 —u) g(u)~t. Since u - fig(1/2 —u) = (1/2 —u) - fip(u), we
obtain

91— g(w)™ = glu+1/2)g(1/2 —u)™" = k(u+1/2)b(u) = glu+1/2)g(u) where (u) = g(1 - u).

Setting h(u) = g(u+1/2)g(u) and applying the uniqueness of the decomposition in the observation preceding
this lemma, we obtain that g(u) = k(u) = g(1 — u). Hence

Fio () = 2upi®(2u) (1 — 2u) g(1 — w) g(w) ™" = 2up° (2u) °(1 — 2u). O

Proposition 5.8. Let pu(u) = (po(u), p1(w)) satisfy the conditions of Proposition[{.17 so that the irreducible
X (s03,503)" module V (uo(u), u1(u)) exists. Then V (u(u)) is finite-dimensional if and only if there exists
a monic polynomial P(u) in u with P(u) = P(—u + 3/2), and

fio(u) — Plu+1/2)
(5.30) )~ Pla)

In this case the polynomial P(u) is unique.

Proof. Let us begin by listing the explicit images of the generating series s;;(u) of X (s03,503)" under .
Setting u = u — 1/2, we have

S 71( ) sy 1 (2u)s%y 1 (2u) — 1 15 11(2u)sy 1 (2u),

1,1( u) + \f(4 (4“3—1,1(26)321,—1(21‘) - 331,1(2@5(1)1(2“)) )
= 4u Tue15011(2u)s 1 (2u),
= 251 _1(2u)s2 1,— 1(2u) + m (4“531,—1(25)51—1(2“) - 5?1(25)51),—1(2'“)) )
(5.31) Soo\U '—>8u1 ((4us_1,_1(2u) — 571(2u))s7; (2u) + (dusyy (2u) — 531,—1(2@)531,—1(2“))
+ % (51 _1(2u)s? 1 1(2u) + 524 1 (2u)s] 71(2u)) ;
(u) = — 1 1(2u)s7 (2u) — \f(4 0 (4“311(25)331,1(2@ - 531,71(25)531,1(2@4)) )
(u) = — 4“ 4187, _1(2u)s7 1 (2u),
si0(u) — — 511(2U)51 ~1(2u) - m (4UST,—1(26)3(1)1(2“) - 5(1),—1(217)5(1)1(2@) )
(u) =571 (2u)s7; (2u) — msi_l(Zﬂ)sil,l(Qu).

u) == 5° 1,-1(2u)s2

V2

1o(u)
s—1,1(w)
S0,—1(u)

(u)
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A brief explanation for how to obtain these formulas was given in Subsection 4.4 of [GRW], see in particular
the proof of Proposition 4.7 therein. For the sake of the reader, we recall this process and provide a detailed
proof for a few of the above relations.

Recall the vector space V =2 C? and its basis {v_1,v9,v1} defined in the paragraph immediately pre-
ceding (5.6). The matrix S(u) is an element of EndV ® X (s03,503)"[[u~"]], while the image ¢o(S(u)) =
1R°(—1)S (2u—1)R°(—4u+1)*- S3(2u) belongs to EndV ® Y~ (2)[[u~!]]. Therefore, to obtain the image of
each generating series s;;(u) under ¢ from the assignment given in (5.6), we expand S(u)vy and @o(S(u))vs,
for each —1 < k < 1, as linear combinations of v_1, vy and v; and then compare coefficients.

As an example, we consider the case where k = 1. Since S(u)v; = 23:_1 v; @ si1(u), this computation

will allow us to compute the images of s_1 1(u), so1(¢) and s11(u). Since v1 = —e; ® ey, a straightforward
computation shows that

po(S(u))vr = — 3R°(=1)S7(2u — 1)R°(—4u + 1)"~ 55 (2u)(e1 @ e1)

= 8u72 Z (er ®e1+e1 ®ex) ® sp,;(2u — 1) (2u)
ik=+1
(5.32) — (e ®e; +e; ®er) ® spq(2u — 1)s7; (2u).
ik=+1

From this expression we can easily compute the Y~ (2)-coefficients of v_; = e_; ® e_; and v; = —e; ® ey,

which must coincide with the images of s_; 1(u) and s11(u), respectively. We obtain

‘PO(Sfl,l(U» = _4331 si1’1(2u—1)s‘11’1(2u), L»‘70(511(U)) = 571 (2u—1)s7; (2u) - 4u 131 1 (2u—1)s2 1, 1(2u).
Similarly, the coefficients of e_1 ® e; and e; ® e_1 in are both equal to

g (s° 2 1(Qu—1)s2 1 (2u) + 524 1 (2u — 1)3T1(2U)) s (s 11(2u — 1)s7, (2u) + 577 (2u — 1)s2 1 1 (2u)).

Since vg = ﬁ(e_l ®e1 +e1 ®e_1), the image of sg1(u) must coincide with the above expression multiplied

by V2. After rearranging, this gives
po(so1(u)) = _%531,1(21& —1)s7,(2u) — m(élusi’l@u —1)s211(2u) = 5%, 1 (2u—1)s%, 1 (2u)).
The remaining images can all be computed by repeating this procedure with k =0 and k£ = 1.

Let us now return to the core of the proof of Proposition Since the components of u(u) satisfy the
conditions of Lemma (by Proposition , we may choose p°(u) € 1+ u~1C[[u"1]] such that

(5.33) 1 (u) = 2up® 2u)p®(2u —1)  and  fip(u) = 2up®(2u)u® (1 — 2u).

Let V(u°(u)) denote the irreducible highest weight Y~ (2)-module with the highest weight u°(u), and let &
denote its highest weight vector. V(u°(u)) may be viewed as a X (so03,503)"-module via the isomorphism
@o. It is immediate from the explicit formulas (5.31]) that we must have s;;(u)€ = 0 for all ¢ < j. Moreover,
we have

s11(u)§ = wo(s11(w))§ = p°(2u)p®(2u — 1)§ = pn (u)é.
Computing sgo(u)§ requires substantially more effort. First note that we have s°; ;(2u — 1)s7 _;(2u) =
[s°11(2u —1),57 _;1(2u)] on C¢, and by the explicit form of the defining reflection equation (3.30) we have

[s°11(2u—1),57 1 (2u)] = 2% (5, (2u)s® ;1 (2u—1) — 57, (2u — 1)s°; _;(2u))
+ 4u1 1 (8—17—1(21‘ - 1)5_17_1(2U) — Sil(Qu)sil(Zu — 1)) .

Substituting this into the formula for ¢g(sgo(w)) (obtained from ([5.31))) and using that [s$;(u),s%;(v)] = 0
for all 4,5 € {£1}, we obtain

(5.34) pols00(u) = i (dusy (2u)s%,_y (2u— 1) — 5%, (2u)s8, (2u — 1))
By the symmetry relation (3.31)), s°; _;(2u—1) = 55, (1—2u) — 5= (s, (1 —2u) — 57, (2u—1)). Substituting
this into and appealing to we obtain
So0(1)€ = 5o (2u) (2upe® (1 — 2u) — (20 — 1) € = pro(w)E.
In particular, this shows that, as an X (s03, s03)"-module, V (u°(u)) is isomorphic to V (u(u)).
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We may now employ the classification results for finite-dimensional irreducible Y ~(2)-modules to de-
termine precisely when V' (u(u)) is finite-dimensional. As recalled in (5.2)), the Y~ (2)-module V(p°(u)) is
finite-dimensional if and only if there exists a monic polynomial Q(u) in u with Q(u) = Q(—u + 1) and

po(—u) _ Qut1)
pe (u) Q(u)
Moreover, if it exists (in other words, if V' (u°(u)) is indeed finite-dimensional), the monic polynomial Q(u)
is unique.
By (5.33)), the condition (5.35]) is equivalent to
ol w(1-2w)  QRuw)  Plu+1/2)

(5.35)

ai(w)  peu—1) QRu-—1)  Pu)
where P(u) = 2798 QW Q(2y — 1). With this definition of P(u) we have P(u) = P(—u + 3/2), and the
uniqueness of P(u) is guaranteed by the uniqueness of Q(u). Therefore, we have shown that V(u(u)) is
finite-dimensional if and only if there exists a (uniquely determined) monic polynomial P(u) such that

P(u) = P(—u+3/2) and ([5.30) holds. O

Let Q denote the Casimir element = F2 — 11 +2F0Fp; of the Lie algebra so3, and set Q(u) = % -Q.
We have the following analogue of Propositions [5.2] and

1

Proposition 5.9. Let F'P = Zi,j:—l E;; ® Fl/]p € EndC? ® Usos. Then the assignment

u F'r (F'P)2 —2F"" —2Q(u) - I
u—3/4 (u—1/4+ 2(u —1/4)? )

(5.36) S(u) > I +

defines a surjective algebra homomorphism ev : X (so03,503)" — Usos.
Proof. Let ® : sp, — s03 be the isomorphism of Lie algebras given by the assignment
FP = 2F;, F°i = 2V2F 1o, Fy_y—2V2E .

Let ® denote the corresponding isomorphism of enveloping algebras {sp, — s03. Then the composition
® o ev® o is a surjective homomorphism ev : X(s03,503)* — Usoz. To complete the proof of the first
statement of the proposition, it remains only to see that this map agrees with that given in (5.36]). This

can be checked directly using the explicit images (5.31)) and the formula s;(u) — d;; + F;; (u— %) for the
map ev®. For example, from these formulas we obtain

F11 Iy 1 Fo 1 F iy
— (1 1 — : :
su(u) ( +u—3/4> ( +u—1/4) 2u—1/2 <u—3/4) <u—1/4>
U 2F1 F — Fiy— 2 (F4 — Fui +2Fy 1 F_1)
u—3/4 \u—1/4 (u—1/4)? '
Conversely, since Fipj = 2F;; for all —1 <14,j <1, the (1,1)-th entry of the matrix on the right hand side of

E30) i

1+ u 2F11 n 2F10F01 + 2F121 — 2F11 — 4121_1 (F121 - Fll + 2F10F01)
u—3/4 \u—1/4 (u—1/4)2
. 2Fy | FP — Fu— 4 (F4 — i+ 2F0Fo)
o u—3/4\u—-1/4 (u—1/4)2 '

As FioFo1 = Fy,—1F_10, this shows that ev(s11(u)) is indeed given as claimed in (5.36)). The images of the
other generators can be checked similarly, or one can use (4.19)) and the fact that X (so3,s03)" is generated
by the coefficients of s11(u) and the elements F;; € so3. O

The morphism ev allows us to extend soz-modules to X (503, 503)"-modules. As usual, modules obtained
this way are called evaluation modules. Let V(u) denote the irreducible sos-module with the highest weight
ueC.
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Corollary 5.10. Let pn € C. Then as an X (s03,503)-module V(i) is isomorphic to V (uo(u), p1(w)) where

2 (—u—1/4) — p(u—1/4) 1+ (2u—1p
(u=3/9)(u—-1/4> (u—=3/4)(u—1/4)
Proof. Observe that the Casimir element 2 operates on V(i) as scalar multiplication by u? — g. One then

obtains the formulas for pg(u) and pq(u) given in (5.37) directly from the formula (5.36)), as in the proof of
Corollary [5.6] O

(5.37) po(u) =1+ pa(u) =1+

6. CLASSIFICATION OF FINITE DIMENSIONAL IRREDUCIBLE REPRESENTATIONS

With the classification results for low rank twisted Yangians obtained in Section [p| and the machinery of
Section [ at our disposal, we are now in a position to obtain the main results of this paper: classifications of
finite-dimensional irreducible modules for twisted Yangians of types CI, DIII and BCDO. It will be convenient
to adapt the convention used in Section 5| and employ the notation X (g, gh)"™ and Y (g, gh)™ for the
twisted Yangians X (gn,G)™ and Y (gn,G)"™, respectively.

6.1. Twisted Yangians for symmetric pairs of type CI and DIII. We begin by focusing on the
extended twisted Yangians of types CI and DIII. That is, we have gy = 8§02, or gy = §p,,,, and ghy = g,
in both cases, with G = Y"1 | (Ey; — E_; ;). The following lemma produces a family of one-dimensional
representations of X (gy, gl,,)"":

Lemma 6.1. Let a € C. Then the assignment
(6.1) S(u) = G +au"'I
yields a one-dimensional representation V (a) of X (g, ol,,)" with the highest weight (1+-au™!,... 14+au™?!).

Proof. This follows from Lemma where it was shown that the matrix G + au~'I satisfies the defining
reflection equation (3.10) and symmetry relation (3.12)) of the extended twisted Yangian X (gx, gl,)®*. O

We are now prepared to prove our main results concerning the twisted Yangians of types CI and DIIL.

Theorem 6.2. Let pu(u) = (pui(u),...,un(w)) satisfy (4.81) so that the irreducible X (gn,gl,,)""-module
V(u(u)) exists. Then V(u(u)) is finite-dimensional if and only if there exists a scalar v € C together with
monic polynomials Py(u),. .., Py(u) in u with P;(u) = Pi(—u+n— i+ 2) for each i > 1, Pi(y) #0, and

fii-1(u) _ Pi(u+1)

(6.2) W P for i=2,...,n,

while

(6.3) Mléf;(;)u) _ P1](37;L(1-)1) . yl;ﬁ - and Pi(u) = Pi(—u+n) if gy = s09,,
(6.4) m;(:(;)u) _ Pll(;;(:f) e 1 ;ﬁ — and Pi(u) = Pi(—u+n+3) if gy = sp,.

Moreover, when V(u(u)) is finite-dimensional, the associated tuple (Py(u),. .., Pp(u),y) is unique.

Proof. (=) We begin by showing that if the X(gn,gl,,)"-module V = V(u1(u),...,un(u)) is finite-
dimensional, then there exists v € C and monic polynomials P;(u),..., P,(u) satisfying the conditions
in the statement of the theorem. We obtain immediately from Proposition that there exists monic
polynomials Py(u),...,P,(u) in w such that P;(u) = Py(—u+n — 14+ 2) and holds for each i > 2.
Therefore, to complete this direction of the proof it remains to see that there is also a scalar v € C and a
monic polynomial P;(u) with Py(vy) # 0, such that and hold. We will prove this by induction on
the rank n, taking Propositions and as the base for the induction. Suppose that the statement holds
whenever the rank n of gy satisfies n < m, where m € N is some fixed integer with m > 2 if go,,, = $09.,,
and m > 1 if goy = 8pg,,. Let V= V(ui(u),...,um(u)) be a nontrivial finite-dimensional irreducible
X (g2m, gl,,,)*-module, and denote its highest weight vector by £. Recall the subspace V. of V containing
¢ defined by
Vi={weV:sp(uww=0for k <n}.
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By Proposition u V+ inherits the structure of an X (gam—2, gl,,—1)"’ module by letting s;(u) operate as
sgj(u) = sij(u+1/2)+ (u+1/2) for all =m+1 <i,7 < m—1. In particular, the highest weight module
V(p°(u)) (see Proposmon [4.13] for p°(u)) must also be finite-dimensional, so by the induction hypothesis
there is @ € C and a monic polynomial Q(u) in u such that Q(«) # 0, Q(u) =Q(—u+m+1/2F3/2), and
5 (k' — 271/2 -
(6.5) iil(li u) :Q(u+3/ F1/2) _a-u - where £’ =k — 1.
Mg/gjﬂ/g(u) Q(u) a+u—K
Next observe that for any 1 < i < m we have i (u) = ;(u + 1/2). Using this, making the substitution
uru—1/2, setting vy = o+ 1/2 and P;(u) = Q(u — 1/2), we obtain:
pir(k—u) _ Qu+1F1/2) a+1/2—u  P(u+3/2F1/2) v-u
fi3/241/2(w) Qu—1/2) a+u—rk+1/2 Py (u) yAdu—kK
Moreover, the relation Q(u) = Q(—u+m+ 1/2 F 3/2) implies that P, (u) = Pi(—u+ m) if gom = 502, and
Py(u) = Pi(—u+ m+ 3) if gop = 8Py, and since Q(a) # 0, Pi(7) = Q(y —1/2) = Q(a) # 0. Thus, by
induction we have established that if V' = V(u(u)) is a finite-dimensional irreducible X (g, gl,,)"-module,
then there exists a scalar v € C and monic polynomials P;(u),..., P,(u) satisfying the conditions in the
statement of the theorem.

(6.6)

(<) Conversely, suppose p(u) = (u1(u), ..., u,(u)) is such that the irreducible X (gy, gl,,)*-module
V(u(u)) exists, and in addition there exists v € C and monic polynomials Py (u), ..., P,(u) satisfying all the
conditions outlined in the statement of the theorem. We wish to show that V(u(u)) is finite-dimensional.
Suppose first that gy = s02,. Then, since for each ¢ € Zn we have P;(u) = Pi(—u+mn — i+ 2 — §;1), there
exists monic polynomials Q1 (u),...,Q,(u) such that

B(u) = (_1)deg Ql(“)Qz(u)Qz(—u +n—1+2— 5“)
for each i € Zy. Now, for each i € Iy, define Q;(u) = Q;(u + 1/2) and A\;(u) € 1+ v C[[u~!]] by
Ai(u) = " Qa(u) -+ Qi(w) Qi (u+ 1) -+~ Quu + 1),
where a = 7, deg Q;, and let A_; (u) € 1+ u~'C[[u~1]] be given by the formula
1 ~ ~ ~ ~
Aoq(u) = =——uQ1(u+1)Q2(u)Qs(u+1) - Qn(u+1).
Q1(u)
Then the A;(u) satisfy the relations
Aa(w) _ Qulutl) o Aia(u) _ Qiut 1)
Aa(u) Q1 (w) Ai(u) Qi(u)
for all ¢ > 2. Next, by Lemma [1.16] there exists a unique 2n-tuple A(u) extending (A_1(u), A (u) )\n(u))
with the property that the irreducible X (sos,)-module L(A(u)) exists. By (£.2) and ([@&3) L(X is also
finite-dimensional. Now consider the X (s02,,gl,)"-module L(A(u)) @ V(y — k). Let £ € L( ( )) be
the highest weight vector, and let n be any nonzero vector in V(y — k). Then by Proposition the
module X (502, gl,,)" - (£®n) is a finite-dimensional highest weight X (s02,,, gl,,)®”-module of weight u*(u) =
(,ufi(u), ..., pi# (u)) whose components are given by
(6.8) it (u) = 2u(1 + (v = &)u" )i (u — K/2)A_i(—u + K/2).
By the relations (6.7)), (4.1) and , for all ¢ > 2 we have:
BE_y(u)  Aoa(u—k/2Ni(—u—k/24+ 1 —i+1)
1 (u) Xi(w—w/2DN1(—u—r/2+n—i+1)
CQilu—k/2+1)Qi(~u—r/2+n—i+1)  Plu+1)
Qilu—r/2) Qi(—u—r/2+n—i+2) Pi(u) -
Similarly, relations (6.7)), (4.1) and imply that
Bl —w) _ Aa(u— 5/2Dha(k/2— ) (k= u)(1+ (3~ £)(x — )
114 (u) Ao(u = K/2)A1(—u+ K/2) w(l+ (y—w)(w)~")

(6.7)
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Or(u—r/2)01(—ut+r/2+1) Y+tu—k  Pi(u) yt+u—r

By assumption, the components of the n-tuple p(u) also satisfy the relations (6.2]) and (6.3]) for the same
scalar v and monic polynomials P; (u), ..., P,(u). This yields that

7@1(“*“/2+1)@1(*U+”/2). Y—u _Put+l) y-u

fa(s—w) _@—w) i) B ()
o) () palw) ()

%

(6.9)
for all i > 2. From the second set of equalities above, we deduce that, setting g(u) = i, (u)uf, (u) ™!, we have
wi(u) = g(u)ug (u) for all i € Zy. From this and the first equality in (6.9), we deduce that g(u) = g(k — u).

Set h(u) = g(u+r/2). Using g(u) = g(k—u) we deduce that h(—u) = g(k/2—u) = g(u+r/2) = h(u), and
so h(u) € 1+ u~2C[[u~?]]. Let V(1*(u))"* denote the (irreducible) module obtained by twisting V (uf(u))
by the automorphism v, (see (3.18))). Since V(u(u)) and V(uf(u))”» are both irreducible and share the
same highest weight, they are isomorphic. Moreover, since the module V (uf(u)) is an irreducible quotient
of the finite-dimensional module X (s02y,, gl,,)" (£ ® 1), it is itself finite-dimensional. Therefore the module
V(p¥(u))?r, and thus V(u(u)), is also finite-dimensional.

If instead gy = sp,,,, then we need only make minor adjustments in the above proof to account for the
subtle differences between (6.3 and (6.4) and the symmetry P;(u) = Py(—u+n+3) of Py(u). Since for each
1 € Iy we have P;(u) = Pj(—u+n —1i+ 2+ 20;1), there exists monic polynomials Q1 (u), ..., Qn(u) with

Pl(u) = (—l)degQiQi(u)Qi(—u +n — 7 + 2 + 257,1)

for all © € Zyy. As before, we define the shifted polynomials @1 (u),.. ,@n(u) by the formula @Au) =
Qi(u+ k/2). We then define A_1(u), A\ (u), ..., A\p(u) € 1 +u=*C[[u"1]] by the formulas

Aa () = = Guu+ D@l + s+ 1)+ Gl +1),
Q1(u)
and R R R R
Ai(u) = u™Q2(u) -+ Qi(u)Qiyr(u+ 1) Qu(u+1)

for all ¢ € Ty, where a = 2?22 deg @l As in the proof for gy = s0s,, Lemma implies that there is
a unique 2n-tuple A(u) extending (A_1(u),..., Ap(u)) in such a way that the irreducible X (sp,,,)-module
L(A(u)) exists. By construction L(A(u)) is also finite dimensional. Let £ € L(A(u)) be the highest weight
vector, and let 1 be any nonzero vector in the one dimensional X (sp,,,,gl,)"-module V(v — x). The
X (spg,,, gl,,)*¥-module X (spy,,, gl,,) (€ ®n) C L(A(u)) ® V(v — k) is then a highest weight module with the
highest weight x*(u) whose components are determined by (6.8). The irreducible module V (1*(u)) is then
isomorphic to a quotient of the cyclic span X (spsy,,, gl,,)"” (£ ® 1), and so in particular is finite-dimensional.
Similar computations to those carried out for the case gy = s02,, then show that the components of uf(u)
satisfy the relations and (6.4). It follows that there exists an even series h(u) € 1 + u~2C[[u"?]] such
that V(u(u)) is isomorphic to the module V(u*(u))*» obtained by twisting the module V(uf(u)) by the
automorphism v,. Therefore, since V(u*(u)) is finite-dimensional, so is V (uf(u))”», and thus V(u(u)) is
finite-dimensional.

It remains to show the uniqueness of the tuple (Pi(u),..., P,(u),v). Suppose that (Q1(u),...,Qn(u), a)
and (Py(u),..., P,(u),7) are two tuples as in the statement of the theorem, both associated to the same
finite-dimensional module V(u(u)). Define rational functions fo(u),..., fn(u) in u by fi(u) = %((Z)) for
each i > 2. Then, by (6.2), each f;(u) satisfies f;(u) = fi(u + 1) and so is periodic with period 1, which
is impossible unless f;(u) € C. Since P;(u) and Q;(u) are assumed to be monic, this forces f;(u) = 1
giving (Q2(u),...,Qn(u)) = (Pa(u),. .., Py(u)). The equality (Q1(u), ) = (P1(u),~y) can now be proven by
induction on the rank n of gy taking the uniqueness statements of Propositions and for X (sp,, gl;)™
and X (s04, gly)t, respectively, as the base for induction. Indeed, by the arguments given at the beginning
of the proof (see and (6.6)), if (P(u),7) and (Q(u), ) are both associated to the X (gay, gl,,)" module
V(u(u)), then (Py(u+1/2),7—1/2) and (Q1(u+1/2),a—1/2) are both associated to the X (gon_2, gl,,_1)™
module V (u°(w)). Therefore, by induction (Py(u),v) = (Q1(u), «). O

The decomposition X (gn, gl,,)"™ = ZX(gn, gl,,)"™ ® Y (g, gl,)"™ recalled in (3.19) allows us to deduce
the following corollary of Theorem
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Corollary 6.3. The isomorphism classes of finite-dimensional irreducible representations of the twisted
Yangians Y (gn, gl,,)™" are parametrized by families (Py(u),. .., P,(u),7y) where v € C and the P;(u) are
monic polynomials in u such that P;(u) = Py(—u+n —1i+2) for all i > 1, while

Pi(—u+n) if  gN = S09p,

(6.10) P #0  and = Plu) = {P1(—u +n+3) if 8N = 5Py,

Proof. The proof is similar to that of Corollary 5.19 in [AMR]. Let P(gy,gl,,) be the subset of Clu]™ x C
consisting of all tuples (P;(u),...,P,(u),v) satisfying the conditions of the corollary. Suppose first that
V is a finite-dimensional irreducible Y (gn, gl,,)"”-module. Recall that the center ZX (gn,gl,)" is gen-
erated by the coefficients of the even series w(u) (see (3.14)). By we have the decomposition
X(gn,00,)"™ =2 ZX(gn, 9l,)"™ @ Y(gn,gl,,)"™ and therefore V can be extended to an irreducible repre-
sentation of X (gy, gl,,)" where the central elements act as scalars. In particular, we may let w(u) operate
as 1. By Theorem and Proposition V = V(u(u)) for some highest weight p(u). Since V(u(u)) is
finite-dimensional, Theorem allows us to associate an element of P(gy, gl,,) to V(u(u)), and thus to V.
The uniqueness statement of Theorem ensures that this gives a well-defined function F° from the space
of isomorphism classes of finite-dimensional irreducible Y (g, gl,,)t-modules to P(gn, gl,,)-

Conversely, if (Py(u),...,Py(u),y) € P(gn,9l,), then we can find u(u) = (u1(u),. .., pu,(uw)) such that
the conditions of Theorem are satisfied. The proof of the theorem shows that the corresponding module
V(u(u)) is determined uniquely up to twisting by an automorphism vy: see and the lines below
it. However, the elements of the subalgebra Y (gn, gl,,)*“ are all stable under automorphisms of the form
vp, so the Y(gn, gl,,)®“-module V obtained by restriction is uniquely (up to isomorphism) determined by
the n + 1 tuple (P (u),..., P,(u),7v). Since the elements of the center ZX (gly,gl,)" must operate by
scalar multiplication, the decomposition implies that V is irreducible. Hence, we obtain a well-
defined function F'* from P(gn,gl,,) to the space of isomorphism classes of finite-dimensional irreducible
Y (gn, gl,,)"-modules, and moreover F'* and F° are mutual inverses. O

Let o € C, and let L(i : ) denote the irreducible highest weight representation of Y (gy) with Drinfeld
polynomials (Pi(u),...,P,(u)) determined by Pj(u) = 1 if j # ¢, and P;(u) = u — «. These are the
so-called fundamental representations of Y (gn). The module L(i : a) can be obtained from any X (gy)
module L(A(u)) with the Drinfeld polynomials Pj(u),..., P,(u) by restricting to the subalgebra Y (gn)
(see Definition . For an explanation of why this procedure is well-defined, see the proof of Corollary
5.19 in [AMR]. The problem of explicitly constructing fundamental representations for ¥ (gn) in the RTT-
presentation was treated in Subsection 5.4 of [AMR] (see also Subsection 12.1.D in [CP]). The significance of
the fundamental representations can be summarized by the following fact which is a restatement of Lemma
5.17 in [AMR]: If L and L° are two finite-dimensional highest weight X (gn)-modules with the highest
weight vectors £ and £°, respectively, then the cyclic span of £ ®£° in L ® L° is a highest weight module with
the Drinfeld polynomials (Q1(v)Q5(u),...,Qn(u)Q5 (u)), where (Q1(u),...,Qn(u)) is the Drinfeld tuple
associated to L and (Qf(uw),...,Q%(u)) is the Drinfeld tuple associated to L°. In particular, this implies
that any finite-dimensional irreducible representation of Y (gy) is isomorphic to a subquotient of a tensor
product of fundamental representations (this is formulated precisely in Corollary 12.1.13 of [CP]).

Corollary 6.4. Let V be a finite-dimensional irreducible representation of Y (gn, gl,,)™. Then there exists
meN, i1,...,im € {1,...,n} and a,;,,...,q;, € C, such that V is isomorphic to a subquotient of the
Y (gn, gl,,) % -module

L(il : Ozil) ®-- & L(Zm : aim) ® V(CL)

Proof. By Corollary we may associate a tuple (P;(u),..., P,(u),7v) to V satisfying certain conditions.
These conditions imply that there exists monic polynomials Q1 (u),...,Q,(u) satisfying the relations

Pi(u) = (1) %M Q,(u — £/2)Qi(—u+mn — i+ 2+ 6;(1E2) — k/2) forall 1<i<n.
Let L(Q(u)) denote the finite-dimensional irreducible Y (gy) module associated to the Drinfeld polynomials
Q1(u),...,Qn(u). By the facts just recalled before the statement of the Corollary, there exists m € N,
iy eyim € {1,...,n} and «;,,...,q;, € C, such that L(Q(u)) is isomorphic to a subquotient of the
Y (gn)-module L = L(iy : 05,) ® -+ ® L(im : ¢,,). For each 1 < j < m let §; denote the highest weight
vector of L(ij,a;;) and set £ = §;1®...®&y,. Then the cyclic span of £ in L is a highest weight Y (g )-module
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with Drinfeld Polynomials Q1 (u),...,Qn(u) and its unique irreducible quotient is isomorphic to L(Q(u)).
Set a = v — k and let n € V(a) be any nonzero vector. We may view V(a) as a Y (gn, gl,,)"”-module by
restriction. Then, by the same argument as used in the proof of Theorem we see that the Y (gy, gl,,)"-
module Y (gn, gl,,)" (£ ®n) C L&V (a) is a finite-dimensional highest weight module associated to the tuple
(Pi(u),. .., Py(u),c). Since V is the unique (up to isomorphism) finite-dimensional irreducible Y (g, gl,, )"~
module corresponding to this tuple, it is isomorphic to the irreducible quotient of Y (g, gl,,)* (£ ®n). Hence,
we have shown that V' is isomorphic to a subquotient of the Y (gy, gl,,)*-module

L(Zl a11)®®L(zmazm)®V(a) O

6.2. Twisted Yangians for symmetric pairs of type BCDO. Now let (g, gh;) be a symmetric pair of
type B0, CO, or DO.

Let V be a X(gn,gn)"-module, and recall the subspace Vy = {w € V : spp(u)w = 0 for k < n}. By
-1 __

Proposition if h(u) € 14+ u=*C[[u~?]] satisfies the relation h(u)h(k’ — u)~ = p(u + 1/2)71p'(u), then
the assignment s;;(u) — h(u)sf;(u), where s7;(u) = s;;(u+1/2) + %snn(u + 1/2), defines a representation
of X(gn_2,8n_2)" in the space V. Let us begin by finding an explicit series h(u) satisfying (4.67)). Setting

k' =Kk — 1, since N = 2k &+ 2, we have
1 N uRu-rk=+1) 1 N—-2  uRu—-~r"+1)

p(u) Tou_ n+ 2u—2k  (k—2u)(k—u) and  p/(u) Tou—r " 2u— 2w (k' —2u) (K — u)
Thus,

2k’ — 2 1 2
(6.11) plut1/2) /() = T 2

26 —2u  2u+1
Consider the series h(u) defined by

2u—2k" —1
12 h =
(6.12) (u) S0 — O

We may view h(u) as an element of C[[u~!]]. Then h(u) has constant term 1 and, as a consequence of
relation (6.11), h(u)h(k" —u)~" = p(u+1/2)"'p'(u). Therefore the assignment s;(u) — h(u)sg;(u) defines
a representation of X (gy_2, gn—_2)™ in the space V.

We are now prepared to prove classification theorems for finite-dimensional irreducible modules of extended
twisted Yangians of the type X (gn, gn ). Suppose first that N = 2n.

Theorem 6.5. Let pu(u) = (u1(u), ..., pun(u)) satisfy ([A.81) so that the irreducible X (gn,gn )™ -module
V(u(u)) exists. Then V(u(u)) is finite-dimensional if and only if there exist monic polynomials P;(u) in u
for 1 <i<mn with P;(u) = P,(—u+n—1i+2) for each i > 1, and
)

fi—1(u Pi(u+1) )
(6.13) — = for i=2,...,n,
i (u) Pi(u)
while
mk—u) k—u P(u+1) ,
6.14 — = - and Py(u) =P (—u+mn) i = 509y,
( ) ,LLQ(’LL) o Pl(’l.t) 1( ) 1( ) f gN 2
mk—u) k—u P(u+2) .
6.15 — = . d P = P (— 3 — .
( ) ,U/l(u) w P, (u) an 1(u) 1( u+n+ ) Zf gN = 5Pay,
Moreover, when V(u(u)) is finite-dimensional, the associated tuple (Py(u),..., Py(u)) is unique.

Proof. (=) Suppose first that the X (gn, gn)"-module V =V (u1(u),. .., pn(u)) is finite-dimensional. By
Proposition [4.1§| there exists monic polynomials Py(u), ..., P,(u) in u such that P;(u) = P;(—u+n—i+2) and
holds. Thus it suffices to prove the statement that there there exists a monic polynomial P; (u) in u such
that holds if g = soy and holds if gy = spy. We do this by induction on n, taking Propositions
6.1 and [5.4] as the induction base. Suppose inductively that the statement holds for n < m, where m € N is
fixed (with m > 2 if gay, = §02m, m > 1if goy, = 8psy,,). Let (u1(u), ..., im(u)) be such that the irreducible
X (g2m, g2m) ™ -module V' =V (u1(u),. .., pum(u)) exists and is finite-dimensional. Denote its highest weight
vector by . Let h(u) be the series defined in , corresponding to N = 2m. By Proposition the
space Vy is an X (gom—2, gam—2)"“-module and the cyclic span X (gom—2, g2m—2)¢ has the structure of a
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highest weight module with the highest weight h(u)u®(u) = (h(uw)pg(w), ..., h(u)us,_1(v)). Moreover, Vy is
finite-dimensional and also non-trivial as £ € V.. It follows that the irreducible X (gamm—2, ggm,g)t“’—module
V (h(u)p®(u)) exists and is finite-dimensional. Thus, by induction there is a monic polynomial Q(u) with

h(/ﬁ;’_u)ﬁi’(n/_u)7,‘<.;/—u.Q(U+3/2:Fl/2) and Q(u) = Q(—u+m+1/2F 3/2).

RIS 3 o) u Q)
By definition of the series h(u) (see ), the first equality on the previous line is equivalent to:
py(s" —u)  h(u) K —u Qu+3/2F1/2) rk—-—u—-1/2 Qu+3/2F1/2)
5 j0i o) B —uw) uw Qu) T w12 Q(u) '

As in the proof of Theorem we can observe that pf(u) = p;(u + 1/2) for any ¢ < m. Therefore,
substituting u — u — 1/2 and setting P;(u) = Q(u — 1/2) we obtain
fir(k—u)  k—u P(u+3/2F1/2)

.“3/2i1/2(u) w Pr(u)
Moreover, since Q(u) = Q(—u +m + 1/2 F 3/2), we have P;(u) = P(—u+ m + 3/2 F 3/2). Therefore by
induction we have shown that there exists P;(u) satisfying (6.14) in the orthogonal case and (6.15]) in the
symplectic case.

(<) Now suppose that (u1(u),...,un(u)) satisfies (4.81)) and that there exists Pj(u),...,P,(u) as in
the statement of the theorem. We wish to show that V' = V(1 (u), ..., pn(u)) is finite-dimensional. This
portion of the proof will be proven analogously to the corresponding direction in the proof of Theorem [6.2}

Suppose first that gy = s09,. Since P;j(u) = Pi(—u+n—i+2—§;) for all 1 < i < n, we can find monic
polynomials @;(u) such that

Pi(u) = (‘Udeg Qi(u)Qi(u)Qi(_u +n—i+2—0;)

for each i. Set Q;(u) = Q;(u + #/2) for all i, and choose A_1(u), A\1(u),..., Ay (u) € 1+ u~tC[[u"!]] such
that

~

Ai1(u) = Qi/(\u +1) forall i > 2 and A_j(u) = Qulutl)

Ai(u) Qi(u) Q1 (u)
By Lemma there is a unique way of extending (A_1(u),...,\,(u)) to a 2n-tuple A\(u) such that the
X (s02p,)-module L(A(u)) exists. Moreover, by ([£.2)) and ( P A(w)) must be finite-dimensional. Let
4.11 and (4.1), X
W

)\2 (u)

Ay

& € L(A\(u)) be the highest weight vector. By Corollary ), X (5025, 502,)t¢ is a highest weight
X (5025, 502, ) “-module with highest weight u(u) = (i (u), ..., uf (u)) whose components satisfy

i P 1
i (u) = (vt 1) for i=1,...,n—1, while

K
i) Pea(w) i (w) uo o Piu)
(See the proof of Theorem for more details.) Since u(u) and p?(u) both satisfy conditions and
(6.14), it follows that there exists an even series h(u) € 1+ u~2C[[u?]] with the property that V (u(u)) is
isomorphic to the module obtained by twisting V (uf(u)) by the automorphism v}, (cf. proof of Theorem
As V(u¥(u)) is isomorphic to the irreducible quotient of X (502,502, )&, it is finite dimensional, and therefore
so is V(u(u)).

If instead gy = sp,,,, we need only make some minor adjustments. Since for each 1 < i < n we have
Pi(u) = P(—u+n —i+ 2+ 26;1), there exists monic polynomials Q1 (u),...,Q,(u) with

Pi(u) = (=1)%8QQ;(w)Qi(—u+n — i + 2 + 26;1)

for all 1 <i < n. As before we define the polynomials Q; (u), ..., Qn(u) by the formulas Q;(u) = Q;(u-+r/2).
Choose A_1(u), A1 (u), ..., An(u) € 1 +u~1C[[u"1]] satisfying

—u) f{—u.Pl(u—i—l).

Ai— (U) . @,(u—i—l) ) B @ (u+2)
Al(lu) = @Z(u) forall 2 <i<nand A\_q(u) = 1@17)\1(@'

Extend (A_1(u),...,An(u)) to the unique 2n-tuple A(u) so that the X(sp,, )-module L(A(u)) exists. The
proof that V(u(u)) is finite dimensional in the sp,,,-case can be completed as in the sos,-case above.
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To complete the proof of the Theorem, note that the uniqueness of (P (u), ..., P,(u)) can be proven the
exact same way as the uniqueness of (P (u),..., P,(u),v) in Theorem [6.2 O

We now consider the case when N = 2n + 1, that is when gy = 502,,+1.

Theorem 6.6. Let u(u) = (uo(u),. .., un(u)) satisfy and u - pio(k —u) = (k — u) - fig(u) so that
the irreducible X (gn, gn )™ module V(u(u)) exists. Then V(u(u)) is finite-dimensional if and only if there
exists monic polynomials Py(u), ..., Py(u) in u with P;(u) = Pi(—u+mn —1i+2) for each i > 1, Pi(u) =
Pi(—u+n+1/2) and

fii(u)  Pilu+1-2) -
(6.16) ) Pi(w) 2 for i=1,...,n.

Moreover, when V (u(w)) is finite-dimensional, the associated tuple (Py(u), ..., Py(w)) is unique.

Proof. (=) Suppose first that the X (g, gn)t-module V = V (ug(u), . . ., ptn (1)) is finite-dimensional. By
Proposition there exists monic polynomials Ps(u), ..., P,(u) in u such that P;(u) = Pi(—u+n—1i+2)
and holds for 2 < i < n. As in the proof of Theorem it suffices to prove that there exists a monic
polynomial P;(u) with Py(u) = Py(—u +n+ 1/2) and holds for « = 1. We do this by induction on
n, taking Proposition [5.8| as the induction base. Suppose inductively that the statement holds for n < m
for some fixed m > 2. Let V = V (ug(u),. .., um(u)) be a nontrivial finite-dimensional X (g2m 11, g2mi1)?"
module, and denote its highest weight vector by €. The same argument as in the proof of Theorem [6.5 shows
that the irreducible module V (h(u)u®(u)) is finite-dimensional. Therefore, by induction there exists a monic
polynomial Q(u) such that Q(u) = Q(—u+ m — 1/2) and
M) _ figu) _ Qu+1/2)
h(w)ps (u) g (u) Q(u)
Since ff(u) = (v + 1/2), substituting v — v — 1/2 and setting P; (u) = Q(u — 1/2) we obtain
ﬁo(u) . Pl(u =+ 1/2)
fir (u) Py(u)

which is exactly with ¢ = 1. Moreover, since Q(u) = Q(—u+m — 1/2), Py(u) = Pi(—u+m +1/2).
Therefore by induction we have shown that there exists P;(u) satisfying the conditions of the theorem.

(«<=) Now suppose that (po(u),...,un(u)) satisfies u - fig(k — u) = (K — u) - fio(u), condition (48],
and that there exists Pi(u),...,P,(u) as in the statement of the theorem. We wish to show that V =
V(po(u), ..., pn(u)) is finite-dimensional. This portion of the proof will be proven analogously to the cor-
responding direction in the proofs of Theorems and Since P;(u) = Pj(—u+n—i+2— %) for all
1 <i < n, we can find monic polynomials @;(u) such that

Pi(u) = (-1)2%MQ,(u)Q;(—u+n — i +2 — %)
for each i. Set Q;(u) = Q;(u+ /2) for all i, and choose Ag(w), A1 (), ..., An(u) € 1+ u~'C[[u"1]] such that

Aica(w) _ Qi(u+1) o a i <n an u :@1(U+1/2) u
N B N B N

By Lemma there is a unique N-tuple A(u) extending (Ag(u),...,An(u)) with the property that the
X (8095,41)-module L(A(u)) exists. Moreover, by (4.2) and (4.3), L(A(u)) must be finite-dimensional. Let
¢ € L(A(u)) be the highest weight vector. By Corollary and (4.1), X (gn,gn)"™€ is a highest weight
X (gn,gn)t-module with highest weight uf(u) = (,ug(u), ..., pi# (u)) whose components satisfy
it P, 1 it Py(u+1/2

J;Z(u) = (et 1) for i=1,...,n—1, while /ig(u) = 1(u+1/2)

Mi+1(u) Fit1(u) 17 (u) Pr(u)
Since p(u) and pf(u) both satisfy conditions (6.16)), it follows that there exists an even series h(u) € 1 +
u~2C[[u~?]] with the property that V (u(u)) is isomorphic to the module obtained by twisting V (1 (u)) by
the automorphism v,,. To see this, note first that since u - fig(k — u) = (k — u) - po(u), the i = 1 statement

of (6.16]) is equivalent to

fo(k — u) _K-u Py(u+1/2)
i (u) u Py (u)
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One then repeats the same argument as given in detail in Theorem As V(pf(u)) is isomorphic to the
irreducible quotient of X (gn, gn )¢, it is finite dimensional, and therefore so is V (u(u)).
For a proof of the uniqueness of the tuple (P;(u), ..., P,(u)), see the proof of Theorem [6.2 O

The decomposition X (gn, gn)™ = ZX(gn,gn)"™ @ Y(gn, gn )™ recalled in (3.19) allows us to deduce
the following corollary of Theorems [6.5] and [6.6}

Corollary 6.7. The isomorphism classes of finite-dimensional irreducible representations of the twisted
Yangians Y (gn, gn)™™ are parametrized by families (Py(u), . . ., P, (u)) where the P;(u) are monic polynomials
in u such that Pi(u) = Pi(—u+mn —1i+2) for all i > 1, while

Pl(—u—|—n—|—1/2) Zf gN = §02,41,

(6.17) Pi(u) =< Pi(—u+n) if  gn = s02p,
Pi(—u+n+3) if 9N = 8Pay,.
Proof. This is proved identically to Corollary O

Given 1 < i <nand a € C, let L(i : @) be the fundamental representation of the Yangian Y (gn) as
defined above Corollary Our last corollary can be proved in the same way as Corollary

Corollary 6.8. Let V be a finite-dimensional irreducible representation of Y (gn,gn)™. Then there exists
meN, iy, ..., im € {1,...,n} and a;,,...,a;, € C, such that V is isomorphic to a subquotient of the
Y (gn, on)" -module

L(Zl : Oél'l) X R L(Zm : O[Zm)
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