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INDUCED REPRESENTATIONS AND HYPERCOMPLEX NUMBERS

VLADIMIR V. KISIL

ABSTRACT. In the search for hypercomplex analytic functions on the half-plane,
we review the construction of induced representations of the group G = SL,(R).
Firstly we note that G-action on the homogeneous space G/H, where H is any
one-dimensional subgroup of SL, (R ), is a linear-fractional transformation on hy-
percomplex numbers. Thus, we investigate various hypercomplex characters of
subgroups H. The correspondence between the structure of the group SL,(R)
and hypercomplex numbers can be illustrated in many other situations as well. We
give examples of induced representations of SL,(R) on spaces of hypercomplex
valued functions, which are unitary in some sense. Raising/lowering operators
for various subgroup prompt hypercomplex coefficients as well.
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1. INTRODUCTION

Analytic functions of a complex variable form a beautiful theory with rich appli-
cations in many fields ranging from number theory to electrical engineering. Thus,
it is natural to look for its analogs and generalisations in different directions. The
most basic (or fundamental?) situation appears if we replace the complex imagi-
nary unit i* = —1 with either the hyperbolic one e? = +1 or the nilpotent ¢* = 0.

Two-dimensional commutative associative algebra over reals generated by 1
and e consists of numbers x + ey, where x, y € R. They are known as split-
complex, duplex, hyperbolic or double numbers [4,17,48,55]. The algebra has zero
divisors €4 = %(1 + €) with the properties €2 = e and e e_ = 0. Thus, double
numbers are isomorphic to R @ R—the direct sum of two copies of the real line
spanned by €, and e_. This explains the names “split-complex” and “double”.

The analogous algebra associated to the nilpotent unit e consists of elements
x + ey, which are called dual numbers [6,15,59]. All zero divisors in the algebra are
ey, y € R. Physical applications of hypercomplex numbers are scattered through
classical mechanics [38, 59], non-linear dynamics [48,49], relativity [4,9, 55], cos-
mology [12,15] and quantum mechanics [17,37,56].

Remark 1.1. Unfortunately, there are no common notations for hypercomplex units.
Moreover, it would be difficult simply to list the whole variety of symbols em-
ployed for this. Even the complex imaginary unit i is oftenly written as j in engi-
neering. The hyperbolic unit is denoted by e in many papers starting at least from
the foundational article [58]; although a different letter e is used in the remark-
able book [59]. The symbol t is used for the nilpotent unit in [13,50], however we
chose ¢ following Yaglom [59]. The later notation is also suggestive in light of the
following remark.

Remark 1.2. The parabolic unit ¢ is a close relative to the infinitesimal number ¢
from non-standard analysis [8,57]. The former has the property that its square
is exactly zero, meanwhile the square of the latter is almost zero at its own scale.
In fact, there is a version of non-standard analysis [3] employing the nilpotent
unit ¢ as an infinitesimal'. Also, some non-standard proofs of the main calculus
theorems are given in [6]. A similar property allows to obtain classical mechanics
from the representations of the Heisenberg group [37,38].

Tam grateful to the anonymous referee for pointing my attention to the book [3] by J.L. Bell.
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What kind of “analytic” functions can be associated with dual and double numbers?
Since this question is very natural it was addressed over a prolonged period of
time by various researchers. Many of them were unaware of works of their pre-
decessors, neither I can claim to possess the complete knowledge. Below is a brief
summary of several works known to me.

For double numbers, a systematic study was already accomplished in [55], there
are also numerous later investigations and surveys, see [4; 17; 22; 41, Part IV; 43;
44, 47, 48; 53] and further references therein. The existing consensus is based on
the factorisation of the wave equation 92 — 63 = (0x — €0y)(0x + €0y) into a
product of two linear differential operators. This is an analog of the factorisation
of the Laplacian 93 + 97 = (95 —10y)(dy + 1dy) into the product of the Cauchy-
Riemann operator and its adjoint. Thus, hyperbolic analytic functions are defined
to be null solutions of the operator 0, + €d,. However, the split of dual number
in the basis €4 reduces an “analytic” function f(x,y) = e, f1 (x+y) —e_f_(x —y)
to the sum, where f,. are two generic differentiable real-valued functions of a real
variable. This is related to the representation of the generic solution of the wave
equation on the infinite string as a sum of a wave travelling to the left and another
travelling to the right.

For the nilpotent unit ¢ the situation is even more trivial. The above factorisa-
tion approach does not lead anywhere useful’, since (35 — €dy)(dx + €dy) = 2.
An attempt to define analytic functions in terms of power series of x + &y produces
only functions of the form f(x) + eyf’(x) for a real-analytic function f(x) of a single
variable [6].

In the series of previous works [21-24] we proposed to develop an analytic func-
tion theory in the spirit of the Erlangen Programme of F. Klein: from an appropri-
ate group action. The present paper is a further step towards that goal. We observe
that classical spaces of complex analytical functions—the Hardy and Bergman
spaces—are irreducible moduli under certain representations of the group SL,(R).
Moreover, those representations are induced by complex-valued characters of the
compact subgroup K C SL,(R). Thus, we hope to find other types of analytic function
spaces among all irreducible (or primary) SL,(R)-moduli under induced representations.

The paper outline is as follows. We recall the structure of SL,(R) and list its
tree non-isomorphic one-dimensional continuous subgroups in Section 2. This in-
formation is employed to classify tree non-isomorphic two-dimensional SL, (R )-
homogeneous spaces in Section 3. We discover that three kinds of hypercomplex
numbers are perfectly suited to describe SL,(R)-action on those homogeneous
spaces. To induce representations from one-dimensional subgroups we describe
their characters (from the algebraic point of view) in Section 4. The next Section 5
provides an additional objects, which can be also viewed as characters with geo-
metrical spirit. An induced representation can be linear if the inducing characters
is also linear. For geometric characters this is not straightforward and we discuss
various possibilities in Sections 6 and 7. Finally, we are able to write down various
induced representations in Section 8. A convenient description of an irreducible
SL,(R)-module can be produced in terms of a linear basis, consisting of eigen-
vectors of the subgroup inducing the representation. The Lie algebra s, of SL,(R)
acts transitively on this basis by means of ladder operators, which are important in
quantum mechanics. We describe the respective structures in Section 9. The paper
is concluded by an (incomplete) list of interesting directions for further research.

Acknowledgement: I am grateful to the anonymous referee who made many
useful suggestions and comments, which helped to improve this paper.

2However, there is an interesting factorisation of a parabolic operator 32 + 9y which requires
Clifford algebras of higher dimensions [7].
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2. THE GROUP SL,(R) AND ITS SUBGROUPS

Let SL,(R) be the group of 2 x 2 matrices with real entries and of determinant
one [42]. This is the smallest semisimple Lie group. Any matrix in SL,(R) admits
a (unique) decomposition of the form [16, Exer. 1.14]:

(1) a by [(a 0 1 v\ /cosp —sind
c d/ \0 oat/\O 1)\sing cosd )’
for the following real values of the parameters:
a=1+c?2+d? € (0,0), v=ac+bde (—0,x), d):—arctange(—n,n].

The formula (1) rewritten in a way SL,(R) = ANK is known as Iwasawa decom-
position [42, § IIL.1] and can be generalised to any semisimple Lie group.

Each out of the three types of matrices in the right-hand side of (1) forms a one-
parameter subgroup A, N and K. They are obtained by the exponentiation of the
respective zero-trace matrices:

(3 &)=y ) er)
to )= (a 5) e,
< 0
o k= (R ) mee (G o) retmn)

The following simple result have an instructive proof.

@) A

3) N

Proposition 2.1. Any continuous one-parameter subgroup of SL,(R) is conjugate to one
of subgroups A, N or K.

Proof. Any one-parameter subgroup is obtained through the exponentiation

oo

tX t
— n
(5) eX =3 X
n=0
of an element X of the Lie algebra sy of SL,(R). Such X is a 2 x 2 matrix with the
zero trace. The behaviour of the Taylor expansion (5) depends from properties of

powers X™. This can be classified by a straightforward calculation:

Lemma 2.2. The square X? of a traceless matrix X = <g _ba) is the identity matrix

times a? + bc = — det X. The factor can be negative, zero or positive, which corresponds
to the three different types of the Taylor expansion (5) of e**.

It is a simple exercise on characteristic polynomials to see that through the ma-

trix similarity we can obtain from X a generator
e of the subgroup K if (—det X) < 0;
e of the subgroup N if (—det X) = 0;
e of the subgroup A if (—det X) > 0.
The determinant is invariant under the similarity, thus these cases are distinct. [

Example 2.3. The following two subgroups are conjugated to A and N respec-
tively:

;o cosht sinht) 0 t
©) A= {(sinht cosht>_eXp<t 0)’teR}’

(7) N = {(1 ?):exp((t) 8),t€R}.


http://en.wikipedia.org/wiki/SL%282%2CR%29
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3. ACTION OF SL,(R) AS A SOURCE OF HYPERCOMPLEX NUMBERS

Let H be a subgroup of a group G. Let QO = G/H be the corresponding homoge-
neous space and s : O — G be a smooth section [18, § 13.2], which is a left inverse
to the natural projection p : G — Q. The choice of s is inessential in the sense that
by a smooth map () — Q) we can always reduce one to another.

Any g € G has a unique decomposition of the form g = s(w)h, where w =
p(g) € O and h € H. Note that Q is a left homogeneous space with the G-action
defined in terms of p and s as follows:

®) grw e g-w=plg=*s(w)),
where * is the multiplication on G. This is also illustrated by the following com-

mutative diagram:

G—2X-G

iRtk
a—2-0
For G = SL,(R), as well as for other semisimple groups, it is common to con-
sider only the case of H being the maximal compact subgroup K. However in
this paper we admit H to be any one-dimensional subgroup. Due to the previous

Proposition it is sufficient to take H = K, N’ or A’. Then Q is a two-dimensional
manifold and for any choice of H we define [22, Ex. 3.7(a)]:

Lvu
Vv \0 1

A direct (or computer algebra [30]) calculation show that:

) s:(u,v) — ), (u,v) e R%, v > 0.

Proposition 3.1. The SL,(R) action (8) associated to the map s (9) is:
a b (au+b)(cu+ d) — ocav? v
10 :
(10) <c d> (wv) = ( (cu+d)2—o(ev)? " (cu+d)2—o(cv)2 )’
where 0 = —1, 0 and 1 for the subgroups K, N" and A’ respectively.

The expression in (10) does not look very appealing, however an introduction
of hypercomplex numbers makes it more attractive:

Proposition 3.2. Let a hypercomplex unit  be such that \* = o, then the SL,(R) ac-
tion (10) becomes:

b
(11) (Ccl g) TW Srvvid’ where w = u + w,

for all three cases parametrised by o as in Prop. 3.1.

Remark 3.3. We wish to stress that the hypercomplex numbers were not introduced
here by our intention, arbitrariness or “generalising attitude” [51, p. 4]. They were
naturally created by the SL,(RR) action.

Notably the action (11) is a group homomorphism of the group SL,(R) into
transformations of the “upper half-plane” on hypercomplex numbers. Although
dual and double numbers are algebraically trivial, the respective geometries in the
spirit of Erlangen programme are refreshingly inspiring [19,31, 36] and provide
useful insights even in the elliptic case [27]. In order to treat divisors of zero, we
need to consider Mobius transformations (11) of conformally completed plane [15,
29].


http://en.wikipedia.org/wiki/Erlangen_program
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Now we wish to linearise the action (8) through the induced representations [18,
§ 13.2; 22, § 3.1]. We define a map v : G — H associated to p and s from the
identities:

(12) r(g) = (s(w))'g,  where w =p(g) € Q.

Let x be an irreducible representation of H in a vector space V, then it induces a
representation of G in the sense of Mackey [18, § 13.2]. This representation has the
realisation p, in the space of V-valued functions by the formula [18,§13.2.(7)-(9)]:

(13) [Py (g)fl(w) =x(r(g™" *s(w)))f(g™" - w),.
wherege G, we Q, heHandr: G — H,s: Q — G are maps defined above;
* denotes multiplication on G and - denotes the action (8) of G on Q.

In our consideration H is always one-dimensional. Traditionally, an irreducible
representation of such a subgroup is supposed to be a complex valued character.
However, hypercomplex numbers naturally appeared in the SL,(R) action (11),
why shall we admit only i? = —1 to deliver a character then?

4. HYPERCOMPLEX CHARACTERS—AN ALGEBRAIC APPROACH

As we already mentioned the typical discussion of induced representations of
SL,(R) is centred around the case H = K and a complex valued character of K. A
linear transformation defined by a matrix (4) in K is a rotation of R? by the angle
t. After identification R? = C this action is given by the multiplication e'*, with

i? = —1. The rotation preserve the (elliptic) metric given by:

(14) x* +y? = (x +iy)(x —iy).
Therefore the orbits of rotations are circles, any line passing the origin (a “spoke”)
is rotated by the angle t, see Fig. 1(E).

Introduction of hypercomplex numbers produces the most straightforward adap-
tation of this result.

FIGURE 1. Rotations of algebraic wheels, i.e. the multiplication
by e'!: elliptic (E), trivial parabolic (Py) and hyperbolic (H). All
blue orbits are defined by the identity x? — *y*> = r?. Green
“spokes” (straight lines from the origin to a point on the orbit)
are “rotated” from the real axis.

Proposition 4.1. The following table show correspondences between three types of alge-
braic characters:


http://en.wikipedia.org/wiki/Induced_representations
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[ Elliptic | Parabolic | Hyperbolic |
i?=-1 e2=0 e2=1
W =x+1iy w=x+¢€y w=x+ €y
w=x-—1iy w=x-—¢€y wW=Xx—¢€y
et =cost+isint et =1+¢t et = cosht + esinht
W2 =ww =x2 4 y? \W|123 —ww=x> | Wi =ww=x>—y?
argw = tan~ ! 4 argw = 2 argw = tanh™ " ¥
unit circle |w|> =1 | “unit” strip x = +1 | unit hyperbola |wl}, =1

Geometrical action of multiplication by e'* is drawn on Fig. 1 for all three cases.

Explicitly parabolic rotations associated with et acts on dual numbers as fol-
lows:

(15) e :a+¢eb— a+elax+Db).

This links the parabolic case with the Galilean group [59] of symmetries of the
classic mechanics, with the absolute time disconnected from space.

The obvious algebraic similarity and the connection to classical kinematic is a
wide spread justification for the following viewpoint on the parabolic case, cf. [14,
59]:

e the parabolic trigonometric functions are trivial:

(16) cospt = =+1, sinpt = t;
e the parabolic distance is independent from y if x # 0:
17) x* = (x +ey)(x — ey);

e the polar decomposition of a dual number is defined by [59, App. C(30")]:
(18) u+ sv:u(1+£E), thus |u+evl=u, arg(u+ sv):E;

e the parabolic wheel looks rectangular, see Fig. 1(Py).

Those algebraic analogies are quite explicit and widely accepted as an ultimate
source for parabolic trigonometry [14,43,59]. Moreover, those three rotations are
all non-isomorphic symplectic linear transformations of the phase space, which
makes them useful in the context of classical and quantum mechanics [34,37].

However we will see shortly that there exists an alternative with geometric mo-
tivation and connection to equations of mathematical physics.

5. A PARABOLIC WHEEL—A GEOMETRICAL VIEWPOINT

We make another attempt to describe parabolic rotations. If multiplication (a
linear transformation) is not sophisticated enough for this we can advance to the
next level of complexity: linear-fractional.

Hypercomplex units do not need to be seen as abstract quantities. As follows
from Lem. 2.2 the generators of subgroup K, N and A represent units of complex,
dual and double numbers respectively. Their exponentiation to one-parameter
subgroups K, N’ and A’ of SL,(R) produce matrix forms of the Euler identities
from the fifth row of the table in Prop. 4.1.

Thus we attempt to define characters of subgroups K, N’ and A’ in term of
geometric action of SL,(IR) by Mobius transformations. The action (11) is defined
on the upper half-plane and to relate it to unitary characters we wish to transfer it
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to the unit disk. In the elliptic case this is done by the Cayley transform, its action
on the subgroup K is:

1 /1 —i\ [cost —sint) (1 i eit 0
(19) 5(—1 1><sint cost)(i 1)_<0 e_it>'

The diagonal matrix in the right hand side define the Moebius transformation
which reduces to multiplication by e, i.e. the elliptic rotation.
A hyperbolic cousin of the Cayley transform is:

(20) 1 /1 €\ [cosht sinht) (1 —e) _ (et 0

2\—€ 1) \sinht cosht/\e 1) \ 0 e €t)’
similarly produces a Moebius transformation which is the multiplication by e*<*,
which a unitary (Lorentz) transformation of two-dimensional Minkowski space-

time.
In the parabolic case we use the similar pattern and define the Cayley transform

from the matrix:
1 —¢
c=(% )

The Cayley transform of matrices (3) from the subgroup N is:

en (L )0 )E D00 ta)=(0 o)

This is not far from the previous identities (19) and (20), however, the off-diagonal
(1, 2)-term destroys harmony. Nevertheless we will continue a unitary parabolic
rotation to be the Mobius transformation with the matrix (21), which will not be a
multiplication by a scalar anymore.

A

[
1\

FIGURE 2. Rotation of geometric wheels: elliptic (E), two para-
bolic (P and P’) and hyperbolic (H). Blue orbits are level lines for
the respective moduli. Green straight lines join points with the
same value of argument and are drawn with the constant “angu-
lar step” in each case.

Example 5.1. The parabolic rotations with the upper-triangular matrices from the
subgroup N becomes:

ettt
(22) ( 5t> c—et4e(t?—1).
0 e
This coincides with the cyclic rotations defined in [59, § 8]. A comparison with the
Euler formula seemingly confirms that sinpt = t, but suggests a new expression
for cosp t:
cospt =1—t2, sinpt =t.
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Therefore the parabolic Pythagoras” identity would be:

(23) sinp?t + cospt = 1,

which nicely fits in between the elliptic and hyperbolic versions:
sin®t + cos?t = 1, sinh? t — cosh® t = —1.

The identity (23) is also less trivial than the version cosp®t = 1 from [14] (see
also (16), (17)).

Example 5.2. There is the second option to define parabolic rotations for the lower-
triangular matrices from the subgroup N’. The important difference now is: the
reference point cannot be —e since it is a fixed point (as well as any point on the
vertical axis). Instead we take ¢!, which is an ideal element (a point at infin-
ity [59, App. C]) since ¢ is a divisor of zero. The proper compactifications by ideal
elements for all three cases were discussed in [29].

We get for the subgroup N”:

e ¢t 0 1 1 1
” (08t b (i),

A comparison with (22) shows that this form is obtained by the change t — t~!.
The same transformation gives new expressions for parabolic trigonometric func-
tions. The parabolic “unit circle” (or cycle [31,36,59]) is defined by the equation
x? —y = 1 in both cases, see Fig. 2(P) and (P’). However other orbits are different
and we will give their description in the next Section.

Fig. 2 illustrates Mobius actions of matrices (19), (20) and (21) on the respective
“unit disk”, which are images of the upper half-planes under respective Cayley
transforms [31, § ??; 36, Ch. 10].

6. REBUILDING ALGEBRAIC STRUCTURES FROM GEOMETRY

We want induced representations to be linear, to this end the inducing character
shall be linear as well. Rotations in elliptic and hyperbolic cases are given by
products of complex or double numbers respectively and thus are linear. However
non-trivial parabolic rotations (22) and (24) (Fig. 2(P) and (P’)) are not linear. Can
we find algebraic operations for dual numbers, which will linearise those Mobius
transformations?

It is common in mathematics to “revert a theorem into a definition” and we will
use this systematically to recover a compatible algebraic structure.

6.1. Modulus and Argument. In the elliptic and hyperbolic cases orbits of rota-
tions are points with the constant norm (modulus): either x? +y? or x* —y?. In the
parabolic case we employ this point of view as well:

Definition 6.1. Orbits of actions (22) and (24) are contour lines for the following
functions which we call respective moduli (norms):
2

(25) for N: [u+ev| =u? —v, for N': Ju+ev| = )
v+1
Remark 6.2. (1) The expression |(u, v)| = u?—v represents a parabolic distance
from (0, %) to (u,v), see [31, Lem. ?2; 36, Ex. 10.6], which is in line with the
“parabolic Pythagoras’ identity” (23).
(2) Modulus for N’ expresses the parabolic focal length from (0, —1) to (u,v)
as described in [31, Lem. ??; 36, Ex. 10.7].
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The only straight lines preserved by both the parabolic rotations N and N’ are
vertical lines, thus we will treat them as “spokes” for parabolic “wheels”. Elliptic
spokes in mathematical terms are “points on the complex plane with the same
argument”, thus we again use this for the parabolic definition:

Definition 6.3. Parabolic arguments are defined as follows:
1
(26) for N: arg(u+ ev) =u, for N’ : arg’(u+ ev) = o

Both Definitions 6.1 and 6.3 possess natural properties with respect to parabolic
rotations:

Proposition 6.4. Let wy be a parabolic rotation of w by an angle t in (22) or in (24).
Then:
|Wt|(/) = \W|(/) , arg”) we = arg”) w + t,
where primed versions are used for subgroup N'.
All proofs in this and the following Sections were performed through symbolic

calculations on a computer. Details can be found in the earlier (more heuristic)
paper on this topic [30].

Remark 6.5. Note that in the commonly accepted approach [59, App. C(30")] para-
bolic modulus and argument are given by expressions (18), which are, in a sense,
opposite to our agreements.

6.2. Rotation as Multiplication. We revert again theorems into definitions to as-
sign multiplication. In fact, we consider parabolic rotations as multiplications by
unimodular numbers thus we define multiplication through an extension of prop-
erties from Proposition 6.4:

Definition 6.6. The product of vectors w; and wy is defined by the following two
conditions:

(1) arg!) (wiws) = arg!) wy + arg!”) wy;
@) wiwal”) = Jwy |V - |V,

We also need a special form of parabolic conjugation, which coincides with sign
reversion of the argument.

Definition 6.7. Parabolic conjugation is given by
(27) U+ ev=—u-+ev.
Obviously we have the properties: Wl = w|"” and arg”w = —arg) w.

A combination of Definitions 6.1, 6.3 and 6.6 uniquely determine expressions for
products.

Proposition 6.8. The parabolic product of vectors is defined by formulae:
(28)  forN: (u,v) * (W, V) = (u+u/, (u+u)? — (w2 —v)(u? —v));

w’ v+ 1)V +1)
u+u’ (utu)? _)'

(29)  forN': (u,v) * (u',v') = (

Although both expressions look unusual they have many familiar properties:

Proposition 6.9. Both products (28) and (29) satisfy the following conditions:

(1) They are commutative and associative;

(2) The respective rotations (22) and (24) are given by multiplications with a dual
number with the unit norm.

(3) The product wiws is invariant under respective rotations (22) and (24).
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(4) For any dual number w the following identity holds:
pww| = wf?.

In particular, the property (3) will be crucial below for an inner product (38),
which makes induced representations unitary.

7. INVARIANT LINEAR ALGEBRA

Now we wish to define a linear structure on R? which would be invariant under
point multiplication from the previous Subsection (and thus under the parabolic
rotations, cf. Prop.6.9(2)). Multiplication by a real scalar is straightforward (at least
for a positive scalar): it should preserve the argument and scale the norm of a
vector. Thus we have formulae for a > 0:

(30) a-(w,v) = (w,av+u?(l—a)) forN,
(31) a-(u,v) = (u,v+1

On the other hand, the addition of vectors can be done in several different ways.
One of them, related to tropical mathematics [5,45], is outlined in Example 10.1.
Here, we present another alternative with all due details.

Addition of vectors for both subgroups N and N’ can be defined by the common
rules, where subtle differences are hidden within corresponding Definitions 6.1
(norms) and 6.3 (arguments).

—1) for N'.

Definition 7.1. Parabolic addition of vectors is defined by the following formulae:

arg!) wy - lel(/) + arg!) wy - \WQ\(')

(32) arg(') (w1 +ws)

)

lwy + W2|m
i | w7

where primed versions are used for the subgroup N’.

(33) w1 +wol"”)

The rule for the norm of sum (33) may look too trivial at the first glance. We
should say in its defence that it nicely sits in between the elliptic [w +w’| < [w| +
lw’| and hyperbolic lw +w’| > |w| 4+ [w’| triangle inequalities for norms.

The rule (32) for argument of the sum is not arbitrary as well. From the Sine
Theorem in the Euclidean geometry we can deduce that:

gy < LS =) sinG =)

w +w/| lw+w’|

where ") = argw(") and ¢ = arg(w + w")). Using parabolic expression (16) for
the sine sinp 6 = 0 we obtain the arguments addition formula (32).

A proper treatment of zeros in denominator of (32) can be achieved through a
representation of a dual number w = u + ¢v as a pair of homogeneous polar coor-
dinates [a, 1] = [Iw\(') carg w, \WI(/)] (dashed version for the subgroup N’). Then
the above addition is defined component-wise in the homogeneous coordinates:

w1 +wa = [a; + ag, 11 + T2, where wi = [ai, 1]
The multiplication from Defn. 6.6 is given in the homogeneous polar coordinates
by:

Wi - Wo = [a1T2 + agry, T1Tal, where w; = [ai, Til.
Thus homogeneous coordinates linearise the addition (32)—(33) and multiplication

by a scalar (30). A transition to other more transparent coordinates shall be treated
withing birational geometry framework [39].
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Both formulae (32)-(33) together uniquely define explicit expressions for addi-
tion of vectors. However those expressions are rather cumbersome and not really
much needed. Instead we list properties of these operations:

Proposition 7.2. Vector additions for subgroups N and N’ defined by (32)—(33) satisfy
the following conditions:
(1) They are commutative and associative.
(2) They are distributive for multiplications (28) and (29); consequently:
(3) They are parabolic rotationally invariant;
(4) They are distributive in both ways for the scalar multiplications (30) and (31)
respectively:

a-(wy+ws)=a-wy+a-ws, (a+b)-w=a-w+b-w.

To complete the construction we need to define the zero vector and the inverse.
The inverse of w has the same argument as w and the opposite norm.

Proposition 7.3. (N) The zero vector is (0, 0) and consequently the inverse of (u,v)
is (u, 2u® —v).
(N') The zero vector is (0o, —1) and consequently the inverse of (u,v) is (u, —v — 2).

Thereafter we can check that scalar multiplications by negative reals are given
by the same identities (30) and (31) as for positive ones.

Remark 7.4. The irrelevance of the standard linear structure for parabolic rotations
manifests itself in many different ways, e.g. in an apparent “non-conformality”
of lengths from parabolic foci, that is with the parameter 0 = 0 in [31, Prop. ??;
36, Ex. 7.14.ii]. An adjustment of notions to the proper framework restores the
clear picture.

The initial definition of conformality [31, Defn. ??; 36, Defn. 7.13] considered
the usual limit y’ — y along a straight line, i.e. “spoke” in terms of Fig. 1. This
is justified in the elliptic and hyperbolic cases. However in the parabolic setting
the proper “spokes” are vertical lines, see Fig. 2(P) and (P’), so the limit should be
taken along them [31, Prop. ??; 36, § 11.6.1].

8. INDUCED REPRESENTATIONS

We discussed above various implementations of hypercomplex unitary char-
acters. Now we can return to consideration of induced representations. We can
notice that only the subgroup K requires a complex valued character due to the
fact of its compactness. For subgroups N’ and A’ we can consider characters of
all three types—elliptic, parabolic and hyperbolic. Moreover a parabolic character
can be taken either as algebraic (15) or any of two geometric (22) and (24). There-
fore we have seven essentially different induced representations, which multiply
types to eleven (counting flavours of parabolic characters).

Example 8.1. Consider the subgroup H = K, then we are limited to complex val-
ued characters of K only. All of them are of the form x;:

(34) Xk (_czlsntt 22;1) = e Ikt where k € Z.

Using the explicit form (9) of the map s we find the map r given in (12) as follows:
(@ b\ 1 d —c cK
c d) J2xaz\c d ’
Therefore:

(g % s(,v)) = 1 cu+d —cv where g — (@ b
g xS 7\/(cu+d)2+(cv)2 cv cut+d)’ 9 =\c a)-
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Substituting this into (34) and combining with the Mobius transformation of the
domain (11) we get the explicit realisation p, of the induced representation (13):

B lcw + d|* aw+b 1 _(a b _ .
(35) pk(g)f(w)_(cw+d)kf owid) where g~ = c d , W=u+iv.

This representation acts on complex valued functions in the upper half-plane R? =
SL,(R)/K and belongs to the discrete series [42, § IX.2].

Proposition 8.2. Let fy(w) = w—il* fork=2,3,..., then

T (w=i)k
(1) fx is an eigenvector for any operator p, (h), where h € K, with the eigenvalue
xk(h) [42, §IX.2].
(2) The function K(z,w) = p,(s(z))fx(w), where s(z) is defined in (9), is the
Bergman reproducing kernel up to the factor | 2= |k in the upper half-plane [22,
§3.2].

Similarly we can get the Cauchy kernel for the limiting case k = 1 of the mock
discrete series [42, Ch. IX]. There are many other important connections of repre-
sentation (35) with complex analysis and operator theory. For example, Mobius
transformations of operators lead to Riesz-Dunford functional calculus and asso-
ciated spectrum [25].

Example 8.3. In the case of the subgroup N there is a wider choice of possible
characters.

(1) Traditionally only complex valued characters of the subgroup N are con-
sidered, they are:

(36) X (1 (1)) =Tt where T € R.

A direct calculation shows that:

a by (1 0 ,
(¢ a)=(5 Ve
Thus:

(37) (g7 s(u,v)) = ( Clv (1)) ,  whereg™! = (a g) .

c
d+cu

A substitution of this value into the character (36) together with the Mobius

transformation (11) we obtain the next realisation of (13):

b
pg(g)f(w) = exp <ici(i)d) f <:\\:id> , wherew=u+ev, g ' = <2 2) .

The representation acts on the space of complex valued functions on the
upper half-plane R%, which is subset of dual numbers as a homogeneous
space SL,(R)/N. The mixture of complex and dual numbers in the same
expression is confusing.

(2) The parabolic character x. with the algebraic flavour is provided by mul-
tiplication (15) with the dual number:

As before substitute the value (37) into this character we receive the repre-

sentation:
TCV aw+b
f =(1 f
p<(g)f(w) ( +£cu+d> (cw+d)’
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where w, T and g are as above. The representation is defined on the space
of dual numbers valued functions on the upper half-plane of dual num-
bers. Thus expression contains only dual numbers with their usual alge-
braic operations. Thus it is linear with respect to them.

(3) The geometric character x? is given by the action (22). Then the corre-
sponding representation acts again on the space of dual numbers valued
functions on the upper half-plane of dual numbers as follows:

27y aw +b TCcv (Tev)?
9(a)f =(1 f
pF(g)f(w) ( +£cu+d> (cw+d) cu+d+£(cu+d)2’

where w, T and g are as above. This representation is linear with respect
to operations (30), (32) and (33).

All characters in the previous Example are unitary, the first two in a conven-
tional sense and the last one in the sense of Prop. 6.9. Then the general scheme of
induced representations [18, § 13.2] implies their unitarity in proper senses.

Theorem 8.4. All three representations of SL,(R) from Example 8.3 are unitary on the
space of function on the upper half-plane R% of dual numbers with the inner product:

— dudv

38) (112 = | | falwifaw) 5

, where w = U + ¢v,

and we use
(1) the conjugation and multiplication of functions’ values in algebras of complex and
dual numbers for representations 0% and p. respectively;
(2) conjugation (27) and multiplication (28) of functions” values for the representa-
tion p3.

The inner product (38) is positive defined for the representation 0% but is not
for two others. The respective spaces are parabolic cousins of the Krein spaces [1],
which are hyperbolic in our sense.

9. SIMILARITY AND CORRESPONDENCE: LADDER OPERATORS

From the above observation we can deduce the following empirical principle,
which has a heuristic value.

Principle 9.1 (Similarity and correspondence). (1) Subgroups K, N and A play
the similar role in a structure of the group SL,(R) and its representations.
(2) The subgroups shall be swapped simultaneously with the respective replacement
of hypercomplex unit 1.

The first part of the Principle (similarity) does not look sound alone. It is enough
to mention that the subgroup K is compact (and thus its spectrum is discrete) while
two other subgroups are not. However in a conjunction with the second part (cor-
respondence) the Principle have received the following confirmations so far:

o The action of SL,(R) on the homogeneous space SL,(R)/H for H = K,
N’ or A’ is given by linear-fractional transformations of complex, dual or
double numbers respectively (Prop. 3.2).

e Subgroups K, N’ or A’ are isomorphic to the groups of unitary rotations of
respective unit cycles in complex, dual or double numbers (Prop. 4.1).

e Representations induced from subgroups K, N’ or A’ are unitary if the
inner product spaces of functions with values in complex, dual or double
numbers (Thm. 8.4).
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Remark 9.2. The principle of similarity and correspondence resembles supersym-
metry between bosons and fermions in particle physics, but we have similarity
between three different types of entities in our case.

Let us give another illustration to the Principle. Consider the Lie algebra sl, of the
group SL,(R). Pick up the following basis in sl [54, § 8.1]:

1 /-1 0 1 /0 1 0 1
A—§(0 1)’ B_E(l 0)’ Z—(—1 0)'
The commutation relation between those elements are:

(39) [Z,A]=2B, [Z,Bl=—2A, [A,B]= _% z

Let p be a representation of the group SL,(R) in a space V. Consider the derived
representation dp of the Lie algebra sly [42, § VI.1] and denote X = dp(X) for
X € sly. To see the structure of the representation p we can decompose the space
V into eigenspaces of the operator X for some X € sly, cf. Prop. 8.2 or the Taylor
series in complex analysis.

Example 9.3. It would not be surprising that we are going to consider three cases:
(1) Let X = Z be a generator of the subgroup K (4). Since this is a compact
subgroup the corresponding eigenspaces Zv, = ikvy are parametrised by
an integer k € Z. The raising/lowering (ladder) operators [ [42, § VL.2;

54, § 8.2] are defined by the following commutation relations:

(40) (Z,1F] = AL LF.
In other words L* are eigenvectors for operators ad Z of adjoint represen-

tation of sly [42, § VL.2]. From the commutators (40) we deduce that L
are eigenvectors of Z as well:

Z(L'vy) = (L"Z4 A L) vk = LT (Zvi) 4+ A4 Lo = ikL v 4+ A4 Loy
= (lk+ )\+)L+Vk.
Thus action of ladder operators on respective eigenspaces can be visu-
alised by the diagram:
L+ L+ L+ L+
oo == Viker=—=Vik —= S ——

<—7Vik+)\<L7—---

Assuming L = aA + bB + cZ from the relations (39) and defining condi-
tion (40) we obtain linear equations with unknown a, b and c:

c =0, 2a = A4b, —2b=A.aqa.
The equations have a solution if and only if A2 + 4 = 0, and the rais-
ing/lowering operators are [* = 4iA + B.

(2) Consider the case X = 2B of a generator of the subgroup A’ (6). The
subgroup is not compact and eigenvalues of the operator B can be arbi-
trary, however raising/lowering operators are still important [16, § I.1;
46,8 1.1]. We again seek a solution in the form L}, = aA + bB + cZ for the
commutator [2B, L} ] = AL}.. We will get the system:

4c = Aaq, b =0, a=Ac.

A solution exists if and only if A = 4. There are obvious values A =
+2 with the ladder operators Ljﬁ = 4+2A + Z, see [16, § II.1; 46, § 1.1].
Each indecomposable sl;-module is formed by a one-dimensional chain
of eigenvalues with a transitive action of ladder operators.



16 VLADIMIR V. KISIL

Admitting double numbers we have an extra possibility to satisfy A? =
4 with values A = 2¢. Then there is an additional pair of hyperbolic lad-
der operators Lt = +2eA+Z, which shift eigenvectors in the “orthogonal”
direction to the standard operators ;.. Therefore an indecomposable sl,-
module can be parametrised by a two-dimensional lattice of eigenvalues
on the double number plane:

Lo || L Lo || Lt Lo || Lt
Ly Ly Ly L
-~ n—2)+e(k—2) =<— n+e(k—2) <=— n+2)+e(k—2) <=—
= Vin-2)+e(k-2) Vite(k-2) Vint2)te(k-2) ==
Lh h h h
Lo || L Lo || Lt Lo || Lt
Li Li Ly L,
-~ (n—2)+ek =— Vn+ek -~ V(n+2)+ek -~
Ly h Ly h
Lo || L Lo || L Lo || Ld
L Ly L Ly
= Vin-2)tek+2) == Vniekt+2) == Vini2)+e(kt2) ==
L; h h h
Lo || LE Lo || LE Lo || LE

(3) Finally consider the case of a generator X = —B + Z/2 of the subgroup
N’ (7). According to the above procedure we get the equations:

b+2 =Aa, —a=Ab, %:Ag

which can be resolved if and only if A = 0. If we restrict ourselves with
the only real (complex) root A = 0, then the corresponding operators L% =
—B + Z/2 will not affect eigenvalues and thus are useless in the above
context. However the dual number roots A = +e lead to the operators
[f = +¢A — B + Z/2. These operators are suitable to build an sly-modules
with a one-dimensional chain of eigenvalues.

Remark 9.4. It is noteworthy that:

e the introduction of complex numbers is a necessity for the existence of lad-
der operators in the elliptic case;

e in the parabolic case we need dual numbers to make ladder operators use-
ful;

e in the hyperbolic case double numbers are required for neither existence
nor usability of ladder operators, but do provide an enhancement.

We summarise the above consideration with a focus on the Principle of similar-
ity and correspondence:

Proposition 9.5. Let a vector X € sly generates the subgroup X, N’ or A/, that is X = Z,
B — Z/2, or B respectively. Let 1 be the respective hypercomplex unit.
Then raising/lowering operators I satisfying to the commutation relation:
X, ] =+l F, L, L] = 2uX.

are: o

L =+A+Y.
HereY € sly is a linear combination of B and Z with the properties:

o Y=[A X
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e X=1[A,Y].
o Killings form K(X,Y) [18, § 6.2] vanishes.
Any of the above properties defines the vector Y € span{B, Z} up to a real constant factor.

It is natural to expect that the usability of the Principle of similarity and cor-
respondence will not be limited to the considered examples only. For example,
similar types of ladder operators appeared in relation to the Heisenberg group as
well [34].

10. OPEN PROBLEMS

We start from an illustration, that the invariant linear algebra presented in Sec-
tion 7 is not unique.

Example 10.1 (Tropical form). Let us introduce the lexicographic order on R?:

either uw<u/;

/ / 3 1
(u,v) < (u',v") if and only if {or w=u,v<v

One can define functions min and max of a pair of points on R? respectively. Then
an addition of two vectors can be defined either as their minimum or maximum.
A similar definition is used in tropical mathematics, also known as Maslov dequan-
tisation or R_;, and R, .. algebras, see [45] for an energetic survey and [5] for a
comprehensive coverage. It is easy to check that such an addition is distributive
with respect to scalar multiplications (30)—(31) and consequently is invariant un-
der parabolic rotations. This approach looks promising and definitely deserves a
further careful investigation.

There are many other interesting questions to be investigated for the induced
representations built in this paper. Here is a sketchy list of some of them:

o All complex-valued irreducible unitary representations of SL, (R) split into
the three series: discrete, principal and complementary [16,42]. It is useful
to find relations of new hypercomplex representations to these series.

e A generic irreducible sl;-module [16,46] may not be unitarisable for any
complex-valued inner product. How many of those non-unitarisable mod-
uli become unitary for some hypercomplex-valued product?

e Most of the above irreducible hypercomplex-unitary SL,(R)-moduli can
be realised as spaces of functions either on the real line or the upper half-
plane [22; 35, § 5]. The concept of covariant transform [32; 35, § 4] provides
the universal tool for a construction of associated integral formulae and
reproducing kernels.

e The described spaces of functions are null-solutions to certain differential
operators, which possess SL,(R)-symmetry. In particular, the covariant
transform with a mother wavelet, which is annihilated by a ladder opera-
tor (or any its power), creates the space of null-solutions to an associated
differential equation, see [35, § 5.3]. This shall be useful in analysis of so-
lutions of partial differential equations [40, 48].

o Analytical spaces of complex-valued functions work as models for func-
tional calculus of normal operators, e.g Dunford—Riesz calculus. The newly
build SL,(R)-moduli support covariant functional calculi and associated
spectra [20; 25; 35, § 6] for non-selfadjoint operators.

These directions can be viewed as parts of the Erlangen programme at large [27,
35]. The Principle of similarity and correspondence may help to find most harmo-
nious constructions.
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UnnynupoBanubix npejcrasienuii rpymmst SL,(R)
U TUIEPKOMILIEKCHBIE YHCTIa

B. B. Knucnis

AHHOTALIMA. B pabore paccMaTpuBaeTcss KOHCTPYKIUS WHLY IIMPOBAHHBIX IIPEJI-
craBiaenuit 1yst rpymnsl G = SL, (R). OkasbiBaercst, 4ro neiicTBue 9ToM IpyI-
bl Ha OJIHOpOHOM mpocrpancrBe G/H, rme H sBasiercss mpousBosibHOR 01~
HolapaMeTpudeckoil moarpymnmnoit SL,(R), sBisercs gpo6HO-THMHEHAHBIM IIpe-
obpazoBaHUEM JIBYMEPHOHN ajrebpbl I'MIEPKOMILIEKCHBIX YHCEI. JTO HAOJIIO-
JICHUE MOKET OBbITh PACIPOCTPAHEHO HA JAJBLHEHIINE COOTBETCTBHUA MEXKILY
CTpyKTypHbIME KoMmoHeHTaMu SL,(R) U rumepKOMIUIEKCHBIME CHCTEMaMH.
CoOTBETCTBEHHO MBI PACCMATPUBAEM BOIPOC O TUIEPKOMILIEKCHBIX XapaKTe-
pax moarpynmnel H. B wacTHOCTH MBI MpUBOAMM TPUMEPBI WH/LyTUPOBAHHBIX
upeacrassennit rpymmst SL, (R) B mpocrpancrBax ¢yHKIMIA ¢ TUIEPKOMIIIEKC-
HBIMU 3HAYEHUSIMU, KOTOPbIE SIBJISIIOTCS] YHUTAPHBIMU B OIIPEIEJIEHHOM CMbICJIE.

Karouesvie caosa: MHIAYIMPOBAHHBIE IIPEJICTABIIEHNSI, YHUTAPHBIE IIPEJICTABIIE-
HUSsL, [IOJIyIIPOCThIe rpyIbl JIu, KOMIIEKCHBIE YUCTIa, JdyajbHble YUCTIa, JBO-
Hble 4Hcia, npeobpasoBannst Mébuyca, ApobHO-MHENHbIE IPEOOpa30BaHUS,
OIIEPATOPBI CO3/AHNS /Y HUITOKEHHS.

1. BBEJIEHUE

Teopust anamuTuaeckux (GYyHKINH KOMILIEKCHOTO TEPEMEHHOTO—KPACUBas TEO-
pUsi ¢ MHOTOYHC/IEHHBIMU IIPUMEHEHUSIME B PA3JINIHBIX 00JIACTSAX OT TEOPUU THCE/T
JI0 9JIEKTPOINHAMUKHI. ECTeCTBEHHO, MPOUCXOIUT MOUCK PA3IUMIHBIX 000OIEHMH 1
aHAJIoroB Takol ycuemnoil reopuu. Haubosiee mpocrasi (nim oCHOBHAs?) IIONBIT-
Ka 3aK/IIOYAeTCA B 3aMeHe MHUMOII eIUHUIE! i = —1 HIH Ha THIepOOIHTIecKyTo
€2 = +1 wm mmmbnoTenTHyO £2 = 0.

JIByxmepHast KOMMYTaTUBHAS aCCOIMATUBHAS aJredpa MopoxkaeHnas 1 m € co-
CTOUT U3 BBIPaXKEHUIT BUJA X + €Y C JIeHCTBUTEJbHBIME ITapaMerpamu X u Y. Kax
IPABUJIO B PYCCKOA3BIYHOMN JIMTEPATYPE, OHU HA3BIBAIOTCA ABOHHbIMU qucaamu |59,
Ipwi. B, xora u3-3a BiausgHUs AHIIOA3BIYHON JIUTEPATYPBI BCTPEYAIOTCSA U HA3BA~
HUS BPOJIE MAPAKOMILICKCHBIC HHCJIa, PACHICILIIeMbIe KOMILJIEKCHBIE THC/Ia, KOM-
IJIEKCHBIE YuCsIa Turepbomdeckoro tuma |4, 17,48,55]. Dra anrebpa coepxkur e-
JINTEJTN HYyJIsl €4 = %(1 + €) u BBINOJHSAETCA TOKECTBA €5 = €+ U €,€_ = 0.
TTosromy, anredbpantecku mapoitabre unciaa n3oMopdHbl R @ R—mnpsamoit cymme nByx
HabOPOB JAEMCTBUTEIHLHBIX YNCEJI HATAHYTHIX HAa €4 U €_. OTCIo/1a U IPOUCXOIUT
Ha3BaHWE «IBOMHBIE» WU «PACIIEILIEHHBIE.

CxojiHast ajgrebpa MOPOXK/JIEHHAS 1 U € COCTOUT U3 JIEMEHTOB X + €Y, KOTOPhIE
HA3BIBAIOTCsL JiyaJbHbMN aucaamu [0, 15,59]. Cpeau HUX Tak Ke ecThb JIeJUTen
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oy Buja €y, Yy € R. Ousudeckue NPUIOXKEHHUs JTYAJbHBIX UHCE] 00OHADYKIBa-
IOTCSI B KJIACCHYECKON MexaHUKe [38, 59|, HenmmHeitHol munamwuke [48,49], Teopun
oTHOcuTesbHOCTH [4, 9, 55], Kocmosoruu [12, 15] n kBaHTOBOI Mexanuke [17,37,50].

Bamevwanue 1.1. K coxajennro, He CyIEeCTBYET yCTOSIBIINXCsI 0003HAYEHUIT /71t 00-
pa3yomux IUIePKOMILIECHBIX ajredp. Bosiee Toro, 66110 OB 3aTPYIHUTEIBHO TIPO-
CTO MEPEIUCTUTHh BCE MHOI00OpAa3ue MCIOJb30BAHHBIX CHUMBOJIOB U MbI YIIOMSHEM
JIMIIL HEKOTOpble n3 HuX. CTOUT OTMETUTDH, UTO Jlayke HamOoJIee TPaINITHOHHAS
MHUMAasl €JIMHATIA 1 0003HAYAETCS KaK j BO MHOTUX WHYKUHEPHBIX TeKcTax. | nmepbo-
JIvIecKast eJIMHIIA 0003HAYAETC S KaK € BO MHOTOUHCJIEHHBIX paboTax HAYMHA, 110
KpaiiHeil Mepe, ¢ OCHOBOIIOJIArAIONIEro Tekcra [58]; omnako, gapyroe obo3HaueHue e
yuorpebssiercsa B 3amMedaresbuoit kuure [59]. g HUILIOTEHTHON €IUHUIBI 9aCTO
ucnosb3yercst cuMpout L [13,50], Ho Ham BRIGOP € mo3anMmcTBOBaH y Armoma [59] n
ero nocsenoBatesieit. Ham 310 o6o3naveHne KaykeTcs YAATHBIM B CHILY CJIE/LyTOIIEro
SaMeuaHusI.

Bamevarue 1.2. HuapmorenTtHas eanania € 6JU3KO CBA3aHa ¢ MHOUHATEIUMATb-
HBIM YHCJIOM € HUCHOJIb3yeMOM B HeCTaHJapTHOM aHajusze [3,57]. Ksagpar mmi-
[IOTEHTHO €JIMHUIIBI B TOYHOCTH PaBEH HYJII0 B TO BpeMsl, KaK KBaJpaT UH(PUHU-
TE3UMAaJIbHOIO YUC/IA €CTh <«IIPAKTUYEeCKU» HOJIb. JTO CXOJCTBO HCIIOJIb30BajIOCh
B pabote [6] /st BBIBOZA OCHOBHBIX TeopeM jndbepeHInalbHOT0 NCIUCTeHNsT Ha
OCHOBE HUJIBIIOTEHTHON eMHUTIBL. BoJstee TOro, CyImecTByeT n3/102KeHne HeCTaHIaPT-
HOTO aHAJIA3a OCHOBAHHOE Ha HUJIbTIOTeHTHOM eumme [3]°. To e camoe cBOHCTBO
HIIBIIOTEHTHOCTH CTOUT 38 IMOCTPOCHUEM KJIACCHIECKON MEXAHUKU U3 MPEICTABIIC-
Huit rpymmbt LefizenGepra [37, 38].

Brosine ecrecTBenen Bonpoc: Kakne «aHaJauTHIECKUe» (DYHKIMU CBA3aHbI C JBOM-
HBIMA U JIyaabHBIMA "ncaamu?! He ymBATEIHHO, 9TO PA3IUIHbIE OTBETHI HA 3TOT
BOTIPOC Y2K€ JITTATETHLHOE BPEMS TIPEIATAIOTCA PA3IMIHBIMI UCCIIEIOBATEISIME. Tak
CJI0XKUJIOCH: 9TO MHOTHME U3 HUX He OBbLIM OCBeJOMJICHBI 0 paboTaX IpeIecTBeH-
nukoB. He mpeTen iys Ha HOJHOTY, Mbl yKayKeM H3BECTHbIE aBTOPY PaboThl, 4TO Obl
MOBBICUTH CBSI3aHHOCTL B TO 00JIaCTH.

JIist MBOMHBIX YHCENT CHCTEMATHIECKOE UCCIEI0BAHNE OBILIO TIPEITPUHATO B pa-
6ore [58], cpeu mociemyOmuUX UCcae0BaHuil 1 0630poB yKaxem [4; 17; 22; 41,
Part IV; 43; 44; 47; 48; 53], a Tak ke majbHeiilme cChUIKU B 3TUX paborax. Jlo-
MUHUDYIOTH{T TTO/IX0/T OCHOBAH Ha (haKTOPU3AIME BOJTHOBOTO OlepaTopa 02 — a; =
(0x—€0y)(0x+€0y) B IpOU3BeE/IEHNE J[BYX JIMHEIHBIX OIIEPATOPOB. DTO AHATIOTHTHO
pas/IoxKenuio oneparopa Jlamaca 02 + a% = (0x —i0y)(0x +10y) B mpousseeHne
oneparopa Komu-Pumana u ero conpszxénnoro. CooTBeTCTBEHHO, ruUiepOoImde-
CKM€e aHaJUTHYIECKne (DYHKIMN ONPEIESTIOTCS KAK HyJIEBbIE PEIeHns ONepaTopa
0x +€0y. Oanako, pa3mozKenne JBOHHBIX IHCceT B Oasuce €4 IPEACTaBIILACT JTI00YIO
«aHaauTHIecKyto»> gyuxmmo f(x,y) = e;fi(x +y) — e_f_(x —y) B Buge cymMMmbI
JIByX IIPOU3BOJIBHBIX (DYHKIWI fi J1elicTBUTE/IBHOI TIepeMeHHOl. 9TO, ecTecTBEH-
HO, COOTBETCTBYET IPEJICTABICHUIO OOIIEro pelieHus BOJIHOBOTO ypaBHEHUsI B BUJIE
CYMMBI JIByX BOJTH TPHAOJIMKAIONIAXCS CIIPABa U CJIEeBA.

JI1s1 HUJIBTIIOTEHTHOM €IMHUIBI € CUTyaIus emmé 6osiee TpuBnaabaa. Paxropusa-
IUs1, CXO/THAST C IIPEIBIIYIAMI . BBIPOZKIaeTCsT (Oy —€0y)(0x+edy) = 02. TonbiTKa
OIpeJIe/INThL aHAJIUTHUIeCKHe (DYHKIMU Yepe3 pas3/iorKeHHsl B CTeIleHHOI psif, mepe-
MEHHOI1 X+ €Y IIpOBOUT K BhIpazkeHuto T(x)+ eyf’ (x) HopokI¢HHOl MPON3BOJILHOI
nuddepennupyemoii dbyuximeii f(x) meiicrBuresbHoit nepemennoii [6].

34 OJrarojlapeH aHOHUMHOMY DEIEH3EHTY 3a YKa3aHUe 3TOi paboThI.
4Crout, osmaxo, orMeTHTH HeTPUBHATLHYIO (DAKTOPH3AIMIO BOJHOBOTO oreparopa 02 -+ Oy
HCIIOJIBb3YIOILY IO BBICOKO-pasMepHbie anre6pul Kiuddopaa [7].
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B mamux upeapiaynmx paborax [21-24] Mbl IpeIJIOKUIN CTPOUTH TEOPUIO aHA~
JINTUYECKUX (DYHKIUA B Jlyxe DpiaHreHcKoil nporpammbl Pesmmkca Koeitna, To
€CTh MCXOJs U3 HEKOTOPOI'o JeficTBUs I'PYIIbl. B maHHON# paboTe Mbl IIPOJIBUTaEM-
CsI B 9TOM HAIIPABJICHNU. 3aMETUM, UTO KJIACCHIECKHE TTPOCTPAHCTBA KOMILJIEKCHO-
AHAJIUTUIECKUX (DYHKIMA—IIPOCTPAHCTBA Xap/u U BeprMaHa—sBJIsIIOTCA HElpHU-
BOJIMMBIMI MOJYJISIME HEKOTOPBIX YHUTAPHBIX TpecTaBaenuit rpynmst SLy(R). da-
Jlee, 9THU IIPeJICTaBJIEHUs] WHJIYIIUPOBAHBI KOMILJIEKCHO3HAYHBIM XapPaKTEPOM KOM-
nakTHOi noarpymisl K € SLy(R). ITosromy, Mbl Hajeemcs HafTH Jpyrue THIIBI
[POCTPAHCTB AHAIUTUIECKUX (DYHKIMH Cpe BCeX HeNPUBOJUMBIX (MM IIpUMAap-
ubix) SL,(R)-Momyseit st HHIY IUPOBAHHBIX PEICTABJICHUIA.

Komnosurus paborsl TakoBa. Mbl nanomunaem crpykTypy rpynubl SLy (R) u me-
pedncsieM Bce €€ Hen30MOP(HBIE OIHOMAPAMETPHIECKIE HEIPEPBIBHBIE MOIIPYII-
bl B pazjesie 2. DTOT Pe3yJbTaT IIO3BOJISIET OMUCATH TPH HEM30MOP(MHBIX THIIA
SL,(R)-omropoaubix nmpocrpancTB B padzeie 3. Kak okazanoch, Tpu Tulia TUIEP-
KOMILJIEKCHBIX YUCesI HAMIydImuM o6pa3oM ommcbiBaior geiicrsue SL,(R) ma srux
OJTHOPOJTHBIX TTOCPEICTBOM JIPOOHO-TUHEHHBIX Mpeobpa3oBanmit. UTo ObI WHITYIIH-
poBaTh mpescraBiaennsa SL,(R) ¢ ogHOMEPHBIX MOATPYNIT MBI OMUCHIBAEM HMX Xa-
paKTepbl B TepMHUHAX aJreOp THIIEPKOMILIEKCHBIX [nces B pasjerne 4. B ciemyio-
eM pasjiesie 5 Mbl OIUCHIBAEM OOBEKTHI, KOTOPbIE MOI'YT TPaKTOBAThCS KaK Ieo-
MeTPUYECKHe XapaKTephbl OJHOIaAPAMETPUIECKUX TOArPYII. IT0 Obl MHIYIUPOBAH-
HOE TpeJiCTaBIeHre ObLIO JTMHEHHBIM, WHIYIMPOBAHHBI XapakTep TOXKE JIOJIKEH
ObITh JimHeHHbIM. OHAKO, JTUHEHHOCTh T€OMETPUIECKIX XapaKTepoB TpedbyeT 1o-
MIOJIHUTEILHBIX OTIPEJIeIeHUi, KOTOphle 00CyKmatoTcs B pasienax 6 u 7. dasnee,
MbI BBINKACHIBAEM HEKOTOPbIE IIPUMEPHI MHJIYIUPOBAHHBIX IIPEICTABJIEHNI B pa3Jie-
ae 8. Ymobuoe onmcanne HenpusoguMoro SLy (R)-momyss gocruraercs B inHeiiHOM
6azmce COCTOSIIEM U3 COOCTBEHHBIX BEKTOPOB TIOJTPYIIIBI WHJLY TUPOBABIIEi TIpe/I-
crapierne. Anrebpa Jlu sly rpymmer SL,(R) meficrByer TpaHsuTHBHO Ha 9TOM Oa-
3HCE € [OMOIIBIO OIEPATOPOB HOBLIIICHNsI /TIOHUKEHUs (CO3aHUsT/ yHUYTOKEHHUS ),
KOTOPBIE IMUPOKO M3BECTHBI B KBAHTOBOI MexaHuke. MbI olucbiBaeM COOTBETCTBY-
IOIYI0 CTPYKTYPY B pasjesne 9. B 3akiiodeHnn Mbl 1aeM HEKOTOPBIE BO3MOYKHBIE
HalpaBJIeHNUs JAJIbHEHIINX UCCIeIOBAHMIA.

2. I'pyniinia SLy(R) 1 EE TTOATPYIIIBL

I'pymna SL,(R) cocront n3 kBajparHbix 2 X 2 MaTpHll ¢ JAeHCTBHTEIBHBIMI
3JIEMEHTAMU U eJIMHUIHBIM OIIpejesinTesieM. [ pyloBasi onepaius 3aaéTcsi MaT-
pudHbIM yMHOXKeHHeM. SL,(R) siBisiercst mpocreiimieit mostynpocroit rpymmoit JIn.
Ipoussosbubiit ssement SL,(R) momyckaer epuncTBeHHOE pasioxkenue Buia |10,
Exer. 1.14]:

1 a by f(fa 0 1 v\[ cosdp sing
(1) c d) \0 «!'J\0o 1)\—sind cosd)’

¢ HekoTOpbIMH TapaMerpamu & € (0,00), v € (—oo,00) m ¢ € (—m, 7). Dra dop-
myna (1) zamucannas B Buge SLy(R) = ANK wussecrna kak passoxkenue Vpaca-
Bol [42, § III.1] u ponyckaer o6obIeHne HA TPOU3BOJIBHYIO HOJIYLIPOCTYIO IPYIILY
JIn.

CemelicTBa MATPUI KAXKJI0T0 U3 TPEX BUJIOB B IpaBoit uactu (1) o6pasyoT ojHo-
rapamMerpudecKre moArpymmbsl 06eraao obosnadaembie A, N and K. Onu nosrydaror
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9KCIIOHECHIIMUPOBAHUEM COOTBETCTBYIOIMIUX MAaTPHUIL C HYJIEBBIM CJICIOM:

(2) A = {(%t eot)—exp(g _Ot),teR},
3) N — {(é Dexp<8 8>,t€R},

cost sint 0 t
(4) K= {(—sint cost>_eXp<—t O>’t€(_7t’7t]}'

CﬂeﬂyIOLU,I/Iﬁ HpOCTOﬁ pe3ybTaT UMeeT IMOyIUTeJIbHOE JJ0Ka3aTeJIbCTBO!

IIpennoxkenne 2.1. Jlobas nenpepuishas odnonapamempuseckas nodepynna SLy(R)
Mampuuro conpastcena x 00not us nodzpynn A, N uasu K.

Loxazameavcmeo. Jlrobast HempepbIBHAS OIHOTIAPAMETPUYIECKAS TOTPYIIIA TOJIY-
JaeTcs KCIIOHEHIIMIPOBaAHUEM

o0 tn
(5) etX _ § X"

n!
n=0

snemerTa X ajrebpsr Jlu sly rpynmer SLy(R). Taxoii smement npepcraBum 2 X 2
Marpureii ¢ myiaesbiM ciaenom. losenenue psiga Toiinopa (5) 3aBucur or cBOCTB
creneneit X™. Ilocsremnne jrlerko KiraccuuupyOTcs HEIIOCPEICTBEHHBIM BBITHCIe-
HUEM:

JIemma 2.2. Keadpam X2 mampuuyp X = (a > € HYNEBBIM CAEIOM eCNb €0U-

c —a
HUNHAA MATMPUYa ymroxcernan na a’+bc = —det X. Omom mmosrcumens mosicem
OBIMb OMPUYAMENDHBIM, HYAEEDIM UAU NOAOIHCUTNEALHBIM, YIMO COOMBEMCMEYEM

mpém pasaursrolm munam pada Tatinopa (5) das etX.

Hecoxkuo BumeTh, 910 MATPUIHOE TOI00ME TPUBOAUT IeMEHT X K T€HEPATOPY

e noarpymmnsl K ecim (—det X) < 0;

e moarpymmsl N ecim (— det X) = 0;

e moarpymmsl A ecim (—det X) > 0.
Tak Kax MATPpUYIHOE [TOI00ME He MEHSIET OIIPEICTUTEIS MATPUIILI, TO 9TU TPH CJIy9ae
HE CBOJATCS JPYT K JAPYTY. O

ITpumep 2.3. Cnenyrorue 1Be MOATPYIIBI COUPsizKeHbI K A 1 N COOTBETCTBEHHO

[OCPEJICTBOM MATPUYHOTO COIPSAKEHU: ¢ (DIKCHPOBAHHON MaTPHILOI ((1) 0) :
. cosht sinht) 0 t
(6) A= { (sinht cosht) =P ¢ o) '€ Rp

(7) N = {G ?)exp(? 8),t€R}.

B manpreitmem mbr 6ys1eM, Kak MpaBmiio, paccMarpubaTh noarpynnsl N/ mw A’ Bme-
cro N u A, Tak KakK 9TO IPUBEIET K 00JIee eCTECTBEHHON reOMeTPUIECKO KapTHUHE.

3. JENCTBUE SL,(R) NIPUBOANUT K I'MIIEPKOMILIEKCHBIM YMCJIAM

IIycres H siBistercst moarpymmoii rpymmbsl G. st COOTBETCTBYIOIIETO OHOPO/IHO-
ro upocrpancra Q = G/H oupenenum ruaakoe ceuenne s : Q — G [18, § 13.2],
KOTOPOE SIBJISIETCS JIEBBIM OOPATHBIM [IJIsI €CTeCTBEHHOH npoekiuu p : G — Q.
Bri6op Takoro cedeHusi HEIPUHIMIIMAIEH B TOM CMBIC/IE, YTO HAINU JAJbHEIme
TOCTPOEHUST OTPEJIEIAIOTCS ¢ TOTHOCTHIO JI0 TJIaIKOro orobpakenns (O — Q.



I/III,E[yL[I/IpOBaIIIILIe npeacTraBjJIeHUd U 'MIIEPKOMIIJIEKCHBIC YHCJIa 5

Kaxkprit anement g € G MoKeT OBITH IIPEJICTABJIEH €IMHCTBEHHBIM 00pa3oM B
Bujie g = s(w)h, rme w =p(g) € Q u h € H. CoorBercrBento, Ha () onpeessieTcst
JeiicrBue rpymibl G ceayrommuM 00pasoM:

(8) g:wrg-w=p(g=*s(w)),

r7e * 0003HAYAET IPYIIIOBOE IIPOU3BEIEHNE. JTO AEHCTBIE MOXKET OBITH TAKKE IIPO-
MLTIOCTPUPOBAHO KOMMYTATUBHON IHATDAMMOI:

g*
G——G
S P s P
g-
Q——Q
st rpymmer G = SL,(R), Kak u Jijist OCTATBHBIX TOJIYIPOCTHIX TPYIII, TPHHSITO
paccMarpuBaTh Caydail, korga H gBisgercs MakCHMAJIbHOW KOMITAKTHON TOAIPYII-
moit K. Ogaako B JanHOi paboTe MBI PACCMOTPUM BCE TPU BO3MOXKHOCTH JIJIS OJTHO-
mapamMerpudeckoit moarpynnsl H onucannbix B [Ipegioxennn 2.1 u [Ipumepe 2.3, a

umenro H = K, N’ wm A’. B sTom ciryuae muoroo6pasue QQ sBIgeTCs JIBYMEPHBIM
U JUIsT BCEX TPEX BO3MOXKHBIX moarpynn H el onpegennm [22, Ex. 3.7(a)l:

1 /v u
Vv \0 1
Hermocpe icTBeHHOE BBIUUCIEHNE W UCTIOJIb30BAHNE KOMITBIOTEPHOI mporpaMMbl [30)]
IIPUBOJIUT K CJICAYIONIEMY Pe3yJabTaTy:

(9) s:(u,v) — ), (u,v) e R%, v > 0.

IIpennoxenue 3.1. Jeticmeue (8) epynnot SLy(R) onpedeaérnoe cenernuem s (9)
ecmn:

(10) a b\ (W) s (au+b)(cu+ d) — ocav? v
c d) 7 (cu+d)2—o(ev)?2 " (cu+d)2—o(cv)2 )’
2de 0 = —1, 0 uau 1 dan nodepynn K, N’ uau A’ coomeemcmeeniio.

Bripaxkernne (10) He BBINVISIUT NPHUBJIEKATEIHHO, OJHAKO, BBEJEHHE TUIEPKO-
MJIEKCHBIX 9HUCeNI CYMIECTBEHHO €ro yIydlIaeT:

IIpennoxkenue 3.2. ITycmo edunuya U makosa, wmo \> = o, moezda deticmeue
epynno, SLy(R) (10) wmootcem 6oims 3anucano kax 0pobro-aunetinoe (MEGUYCco60)
npeobpasosarue:

b
(11) ((Cl 2) :w»—)%, 2de W =u+ v,

0AA BCET MPET BO3ZMOHCHHIT 3HAMEHUT napamempa o u3 Ilpedaroorcernus 3.1.

Bameuanue 3.3. OTMETUM YTO THIIEPKOMILIEKCHBIE €IUHUIBI HE BBOJNINCH HAMU
YMBIIJIEHHO, T10 TIPOU3BOJTY WJIH U3 «UUCTO 0606IIATEIHCKOT monbITKu» |51, cp. 4].
Onu ecTecTBEHHO BO3HMKJIN u3 jeiicrust rpynusl SLy (R).

MunmMag eauanma i2 = —1 HOPOXKIAET XOPOIIO 3HAKOMBIE KOMILTCKCHEIE TIHIC-
na. JIBymepHast anrebpa BbIpaskenmit x + €y c¢ obpasyiomeit €2 = 1 umeeT MHOTO
uMéH: ruepbosmaeckue, nBoiinbie duciaa [4, 17,55 u ap., 970 0uH U3 HpOCTERIuX
[IPUMEPOB M'UIIEPKOMILIEKCHBIX unce. [Tlapabosimueckue TuepKOMILIIEKCHbIE JHCIa,
YaCTO TaK YK€ HA3bIBAeMbIe JIBOMHBIMI UMEIOT BUJT X + €Y ¢ HUIBIIOTEHTHON e IMHNU-
1eif Taxoit, uro €2 = 0 [6,11,15,59]. MBI uCIIOJIB3yeM CUMBOJ L sl 0GO3HAUEHUST
JII0001 M3 TPEX eIWHMUI 1, € U €.

Heiicrsue (11) aBagercs rpyumnosbiM romoMopdusmom u3 SLy (R) B npeobpaszo-
BaHUE «BEPXHENl IOJIyIJIOCKOCTHY THIIEPKOMILIEKCHOM asirebpbl. HecmoTpst Ha TO,


r-http://en.wikipedia.org/wiki/Split-complex_number
r-http://en.wikipedia.org/wiki/Hypernumber
http://en.wikipedia.org/wiki/Dual_number
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9T0 ajaredpamdeckast CTPYKTYpa JBOWHBIX U JAYAJBHBIX YHUCENT JOCTATOYHO BBIPOXK-
JIeHa, OHM WHTEPECHBI KaK OJIHOPOIHBIE TPOCTPAHCTBA JIJIsT MEOUYCOBBIX TPEO6pa30-
Banuii. [TocTpoenne cCOOTBETCTBYIOMMX T€OMETPHH B JyXe DPJIAHIeHCKOMN IIporpaM-
mbl @. Kiteitna oGompsirorie HeoObIIHO [31] 1 IPUBOJAT K HOBBIM PE3yJIbTaTAM JIAXKe
B XOPOIIIO U3yYEeHHOM Cjiydae reomerpuu Jlobauesceoro [27].

U3-3a mesuresteii Hysisi KOpPEKTHOE U3y UeHne MEOUYCOBBIX npeobpazosanuii (11)
JIOJZKHO PACCMATPUBATHCST Ha KOH(MDOPMHO MONOJIHEHHOH mockocern |15, 29]. Du-
3UYECKUe TPUJIOKEHU TUIEPKOMILIEKCHBIX YUCET IIPOCTUPAIOTCSA OT KJIACCHIECKOT
Mexanuky [59] u crermanabHOi Teopun oTHOCHTEIbHOCTH |4, 55] 10 KOCMosornm [12,
15] u xBanrosoit mexanuku |13, 17,37].

Crangaprablii crocod juHeapusaiyu JeiicrBus (8) 3aK/I0OUaeTCd B IIEPEXOie K
PEJCTABJICHUIO MHYIIMPOBAHHOMY ¢ noarpymst H [18, § 13.2; 22, § 3.1]. s sToro
MBI OTIpejiesinM oTobpakenne T : G — H mopoxkieHHOe 0TOOPasKEHUSIMU P U $ Yepe3
COOTHOIICHHUS:

(12) r(g) = (s(w))'g, e w=plg) €Q.

IlycTh X ABIgETCA HEIPUBOIUMBIM IIpPEACTABICHHEM HOATPYHIEI H B BEeKTOpHOM
npocTpaHcTse V, Torjga OHO MHAyIMpyeT npejcraBierne G B cmbiciae Makku [18,
§ 13.2]. CymecTByer HECKOJIBKO Peau3aIiii HH/ LY IUPOBAHHOTO TIPE/ICTABIIEHNUST, MBI
Oy/1eM paccMaTPHBATh IPEJICTAB/ICHIE Py B MPOCTPaHCTBE V-3HAUHBIX (DYHKITHIL 110
dopmyze [18, § 13.2.(7)—(9)]:

(13) [ (9)fl(w) = x(r(g™" *s(w)))f(g™" - w),.

megeG weQ, heHur:G— H,s:Q — G ecrb orobpakeHns OIPe/IeIEH-
HBIE BBIIIE; * 0003HAUAET TPYIIOBYIO ollepanuio Ha G u - siBasiercs neiicreueM (8)
rpynnsl G mHa Q.

Tak Kak B HaIleM PacCMOTpPEHHMH IOArpyIma H Bcerma ommoMepHa, TO €€ Hellpu-
BOIMMBIE IIPEICTABICHUS OOBIYHO IIPEIIOJIATAIOTCA KOMIUICKCHBIMI XapaKTepaMu.
O1HAKO, €CJIM TUIIEPKOMILIIEKCHBIE YUC/Ia €CTECTBEHHO MOABJIIOTCS B JIeHCTBUN IPYII-
bt SL,(R) Ha ofHOpOMHBIX HpocTpaHcTBax (11), moueMy MbI HE JIOJIPKHBI TaKiKe
PACCMOTPETh MMIEPKOMILIEKCHBIE XapPAKTEPBI!

4. TUNEPKOMILJIEKCHBIE XAPAKTEPBI—AJI'EBPAUYECKUI TTOJIXO/T

Kax yx)e oTmedasioch, TpaJIMITIOHHO OCHOBHOE BHUMAHUE IIPU U3YUCHUU IIPE]I-
craBienuit rpynnst SLy(R) yaenserca caygaro H = K u, coorBercrBeHHO, KOM-
IIeKCHO3HaYHbIM XapakrepaMm K. JInneitHoe mpeobpas3oBaHue ompesesIéHHOe MaT-
punavu (4) u3 K npencrapasior coboit Bpamenust R? na yron t. Unenrndukarmms

R? = C mepeBomuT 3TO BpallleHHe B yMHOXKeHHe Ha elt, rie i2 = —1. Bpamenne
SIBJISIETCS] YHUTAPHBIM JIJIsT SJUIUIITUIECKON METPUKMU:

2 2 . .
(14) X +y° = (x +1iy)(x —iy).

Kazxknag opbura BpaleHus gBJIsIIOTCA OKPYKHOCTBIO («060I0M KoJiecay ), u Jiobast
upsiMas IPOXOJdIag Yepe3 Hadaa0 KOODAUHAT («CIHUIa») HepexXOJuT B APYTYIO
IpAMYIO HOBEPHYTYIO Ha yrou t, em. Puc. 3(E).

JLJ1s THIIEpKOMILJIEKCHBIX Jrcel HanboJiee MpsIMOJIMHEIHOe IIPUMEHEeHHe 3TOH MO-
JIeJIN JIJIsl XapaKTePOB BBITJISIIUT TaK.

Ilpennoxxkenue 4.1. Huotcecaedyrousas mabauya noka3viaem ai2ebpauieckoe co-
OMBEMCMBUE MENCIY 2UNEPKOMNACKCHHMU TAPAKMEPAMU:


http://en.wikipedia.org/wiki/Erlangen_program
http://en.wikipedia.org/wiki/Induced_representations
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Puc. 3. VYuurapHble BpAIlEHUs, MOJIyYEHHBIE aIre0pandecKum
crocoboMm, T.e. yMHOXkeHHeM Ha e'': sjymnrudeckue (E), mapa6o-
mmaeckne (Pg) u runepGosmaeckne (H). Bee dmonerossie opou-
TBI OIIpejieIAoTca ypasHenueM x? — 12y? = 12, 3eséHple «CIHUIbI»
(UpsiMBble JIMHUM W3 Havasa KOODJMHAT K TOUKe Ha OpOUTe) MOJIy-
YAIOTCA BPAIEHUEM TOPU30HTAJILHON OCH.

|| Aarunmuuecrull | Iapaboruvecku | Tunepboruneckuti ||
Subgroup K Subgroup N’ Subgroup A’
i?=-1 e2 =0 e2=1
w =X+ 1y w=x+¢ey W =X+ €y
w=x—1iy w=x—¢€y W =X—¢€y
el =cost+isint et =14 ¢t et = cosht + esinht
w2 =ww =x2 4 y? lei =ww=x2 | Wi =ww=x2-y2
argw = arctan ¥ argw = 2 argw = tanh™ " ¥
OKPYIAHCHOCTND |w|i =1 | dee npamvie x = x1 | 2unepbora |W|$1 =1

Teomempuneckoe deticmeue ymmosicenus na et noxazano Puc. 3 dra ecex mpéx
CAYHAES.

ABHBIM 00pa3oM mapabOIMIECKOe «BpAIIEHNEe» MOPOXKIEHHOE yMHOXKEHUEM Ha
eft jeffcTByer Ha JlyaJbHBIC YHCIIA TAK:

(15) e :a+eb— a+elax+b).

DTO0 CBA3BIBAET MAPAOOJIMIECKUIl CIIyUail ¢ TaJIMIEeBBIMI CHMMETPUAME KJIACCAIE-
ckoit Mexanuku [59], B KOTOPOii BpeMst aGCOMIOTHO U HE3ABUCUMO OT IPOCTPAHCTBA.
Takoe kuHeMaTHYecKoe 0DOCHOBaHNE IIPejjaraeT CJIeyIOIIe COOTBETCTBUS JIJIs
napabosmaeckoro ciay4ast [14,59]:

o [lapabosmdeckas TpUrOHOMETpUs TPUBUAJIbHA!
(16) cospt = +1, sinpt = t;

e 1apabonaecKoe paccTosiHue (P HEHYJIEBOM X) He 3aBHCHUT OT Y:
(17) x2 = (x + ey) (x — ey);

e TI0JISIPHOE pasiIoxKeHne jyanbHoro uncia [59, App. C(307)]:
(18) u+ev=u(l+ s%), modtoMy  |[u+4evl=1u, arg(u+ev)= E;

e 1apaboIMIEcKOe «KOJIECO» BBIMVISIAUT NPAMOYIoabHbIM, cM. Puc. 3(Pp).
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Asrebpanmyeckast aHAJIOTHST U KHHEMATHIECKOE 0OOCHOBAHNE KAXKYTCsl JOCTATOY-
HO yOeIUTETbHBIMU JIJIsS €IMHCTBEHHO MPABUILHON MapabondecKoil TPUTOHOMET-
pun [14,43,59]. Bosee Toro, JaHHBIE TPHU THIIA BPAIIEHUI IIPEJCTABISIIOT COOOM
BCe BO3MOKHBIE JIMHEHHbIE CHMIIJIEKTUYECKHE IIPpeobpa30BaHus, 4TO JIeJaeT UX U
COOTBETCTBYIOINIE MHUMBIE €JIMHUIILI TTOJIE3HBIMU B KJIACCUIECKONW 1 KBAHTOBOM Me-
xanuke [34,37].

O/1HaKO reOMeTPUIEeCKU 1TO/IX0/I U CUMMETPUH TapaboIMIeCKuX ypaBHeHNIT Ma-
TeMaTHYeCKOH (DU3MKHY IIPEe IIaraloT MeHee BBIPOXK/IEHHYIO aJIbTEPHATNUBY U3JI0KEH-
HYIO HUXKe.

5. ITAPABOJIMYECKOE KOJIECO U3 TEOMETPUYECKOI'O JAENCTBUS

ITorpobyem BBecTHn HETPUBHUAJBHBIE TAPAOOINIECKIE BPAIEHUSA JIPYTUM CIIOCO-
6om. Eciin yMHOXKeHUe B JIyabHBIX YUCIax (JMHERHbIE TIPeoOpa30BaHNUs) CIUIIKOM
TPUBUAJIBHBI, MBI TIEPENJIEM K CJIEYIOIIEMY YPOBHIO CJIOXKHOCTHU: JIPOOHO-THHEHBIM.
linear-fractional.

JeficTBUTEIbHO, HET HEOOXOIMMOCTH PACCMATPUBATH THIEPKOMILIEKCHBIX €7[H-
HUTIBI KaK abcTpakTbe cymuocTu. Mer Bumenn B Jlemme 2.2, 970 TeHEpATOPHI IO~
rpynn K, N u A 110 cyTH IpeJICTaBIsAI0T €UHUIBI JIJI KOMILJIEKCHBIX, JIyaJIbHbIX U
JIBOMHBIX YUCEJI COOTBETCTBEHHO. MBI Tak »Ke MOXKEM PacCMaTPUBATH BbIPAYKEHUSI
st ogHonapamerpudeckux noarpymni K, N/ n A’ kak MaTpudHble BEPCUU TOXK,Ie-
crBa Ditnepa u3 naToil crpokn Tadsuisl B [Ipenioxkennn 4.1.

TTosTomy MBI MOKeM omnpenennTh xapakTepbl oarpynm K, N’ mw A’ uepes reo-
Mmerpudeckoe Jieiicteue SL,(R) mocpencrsom npeobpazosanmii Méduyca. Orako
neiicreue (11) omnpe/eneHo B BepxXHeil TOIYIIOCKOCTH, & GBIJIO Obl JKeJTaTeIbHO M0~
JIVIUTH €r0 YHUTAPHYI0 (POPMY, UTO BO3MOXKHO IIPH KOH(MOPMHOM OTOOparKeHHH
Ha eIUHUIHBIN KPYT. B a/unTuaeckoM cirydae 3TO TOCTUTAETCS ITPEOOPA30BAHIEM
Kemmu, koropoe nepeBonut moarpymmy K B:

(19) 1 /1 —i) [cost —sint) (1 i\ _ (&' 0
2\—i 1) \sint cost i 1)\ 0 e’it)”

JuaronasbHast MAaTpHIa cipasa 33/JaéT npeobpaszoBanmne Mébuyca, KOTOpoe CBO-
JIATCH K yMHOMKeHHIo Hae?l!, To ecTh YHHTADHOMY BDAINEHHUIO KOMIIJIEKCHOMN IITIOC-
KOCTH.

Tunepbosnueckas Bepcus npeobpazosanus Kesum Boirsgaur Tax [31, § 77]:

(20) 1 /1 €\ (cosht sinht) (1 —e) _ (et 0
2\—e 1) \sinht cosht/\e 1)\ 0 e ¢t)"

IIpeobpazoBanne Mébuyca ¢ mOIy9IeHHON MATPUIEH TaK YKe CBOAUTCH K yMHOXKe-
Hmio Ha e2€', uTo ABjIdeTcd yHETapHBIM IpeobpasoBanmeM JIOpeHIa IByMepHOTO
IpocTpaHcTBa-BpeMern MUHKOBCKOTO.

B napabosmdeckoMm cirytdae Mbl UCHOJIB3YeM st IpeobpaszoBanus Kesmn cxo/-

Hyto Marpumy [31, § 77?]:
1 —e
e (% )

Torma obpasom marpurpl (3) u3 moarpynust N Gyer:

e (56O )= (0 )

XoTg 9TOT pe3ysibrar He CHUJIbHO OTJAMYAETCS OT JBYX HPEAbLAyIIuX ciaydaes (19)
u (20), HO pHUCyTCTBUE HEeHyJIeBOro uieHa B nosurmu (1, 2) Hapymaer Gananc. Tem
HEe MeHee, MBI 110 TIPEKHEMY OIPEeJIeJINM TapaboImdaecKoe Bpallenne, Kak mpeodpa-
zoBanune Mébuyca ¢ marpureit (21), koropoe yxke He GyJer IPOCTHIM yMHOKEHUEM
Ha CKaJIsP.
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Puc. 4. Teomerpudaeckast Bepcnst yHUTAPHBIX BPAIEHUI: 3JLTHAII-
tuueckue (E), nBa Bapuanra napabomuaeckux (P u P’), u runep6o-
smaeckne (H). @uosieroBble OPOUTHI SIBJISIFOTCS JIMHASIME Y POBHST
JUIST COOTBETCTBYIOMMX (PYHKIUI MO/, 3eJIéHble MpsMbIe JIi-
HUM COEJIMHAIOT TOYKH C OJMHAKOBBIM 3HAUCHHEM apryMeHTa, OHU
HAPUCOBAHBI ¢ TIOCTOSTHHBIM IMArOM MPUPAINEHAsST APTyMEHTa JIJIsT
KazKJI0TO CJTydast.

ITpumep 5.1. IlapabGonamdeckoe BpalieHHEe C BEpXHE-TPEYTOJIbHON MATPHUIEH U3
noarpymibl N ecTb:

et
(22) (eo etgt> c—ert+e(t?—1).

DT0 COBIAIAET C UUKAUECKUM BpaseHuem OTIpeaeéHHbIM B [59, § 8|. CpasHenue ¢
TOXKJIECTBOM Diijiepa 10 MPeyKHEMY ITOITBEPKIAET OIIPeJIe/IEHIE 1apadOIMIeCcKOro
cuHyca Kak JuHeiHoil ¢yHkiun sinpt = t, Ho mpemaraeT HOBOe 3HAYECHUE JJIst
napaboIMIecKoro KOcuuyca (KBaIpaTuiaHoe BMECTO HOCTOAHHOLO):

cospt =1 —t2, sinpt =t.
CooTBercTBeHHO apabonaeckas reopema [ludaropa BeITIsSIAT Tak:
(23) sinp?t 4 cospt = 1,

YTO HEIJIOXO COCEJICTBYET C JUIMIITUYECKON C OJTHON CTOPOHBI U I'MIIEPOOTIMIECKO—
C APYroil BepCUAMU:

sin®t + cos’t =1, sinh?t — cosh? t = —1.

OTmernm TakzKe, 9TO TOXIECTBO (23) MeHee BBLIPOZKJICHO, YeM BBIPasKeHue BOOOIIe
6Ge3 cunyca cosp® t = 1 u3 [14] (em. rax xe (16), (17)).

IIpumep 5.2. CymecTByeT BTOpas BO3MOXKHOCTH ONIPEIEJUTDH MapaboIuIecKue
BpaIlleHusI UCIOJIb3Ysl HUZKHe-TpeyrobHble MaTpunbl u3 noarpynnsl N’. Cymre-
CTBEHHOE OTJIMYUE B TOM, YTO TOYKA —E Telepb HEeloJBUzKHA (KaK U BCE TOYKU
BEPTUKAJIBHOM OCH) W It TMOJIydeHust OpOUTHI MBI OyJIeM HCIOJIb30BaTh € &, KO-
TOPBIii ABJAETCA UICAJBLHBIM dj1eMeHTOM (To4Koil B Geckoneunoctu) [59, App. C])
[IOTOMY, UTO €—JIeJIUTe/b HyJis. BOIpochl 3aMbIKAHUSA THIEPKOMILICKCHBIX THCET
UJIeAJIbHBIME 3JIEMEHTaMU B (DU3UIECKOM KOHTEKCTe PACCMATPUBAJNCH B [29].

Jrs moarpymmst N/ MBI TIOTy 9aem:

et 1 1 1
a1 (L) Lt (1-0)
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Cpasrenne ¢ (22) TTOKa3bIBaeT, 9TO 06€ BEPCUN CBA3AHBI OToOpazkerneM t — 1.
Takoe ke COOTHOIIIEHUE CBA3BIBAECT U MapaboIMIecKie TPUTOHOMEeTpUIecKne (OyHK-
yn. [TapaGonndeckast «eMHNIHAS OKPYZKHOCThy (mim yuka [31,59]) onpenensier-
cs ypastenuem x°—y = 1 B oboux cirydasx, cm Puc. 4(P) u (P’). Omnaxo ocranbhbie
OPOUTHI PA3JIMIAIOTCS U MBI OIUINEM UX B CJIEIYIONEH CEeKITIH.

Puc. 4 nokaspiBaer npeobpasosanus Mébuyca oupenenéuupix marpuiamu (19),
(20) m (21) ¢ COOTBETCTBYIONUMH «EIUHUIHBIMUA KPYTaMU», KOTOPbBIE SIBJISIOTCS
obpaszaMu BepXHEil MOJIYIJIOCKOCTH TOJT JIEHCTBUEM COOTBETCTBYIONIUX TPE0bpa3o-
panuit Kesum [31, § 77].

6. BOCCTAHOBJIEHUE AJITEBPANYECKOW CTPYKTYPbI U3 TEOMETPUU

Mpb1 xoTuM, 9TO OBl UHJYIUPOBAHHBIE IIPEJICTABICHNsT OBLIN JIMHEHHBIMHU, st
9TOTO TIOPOXKIAMOIIIN WX XapaKTep JOJI’KeH TakKe ObITh JUHeHHbIH. Bparenns B
SIUIIIITUIECKOM U HapabOoIMIecKOM CIIydae 3a/1al0TCsl IPOU3BEICHUSIMU C KOMILIEKC-
HBIMH ¥ JIBOWHBIMHI YHCIAMI COOTBETCTBEHHO U ITOTOMY—JiHeHHbI. OHAKO, HETPH-
BuasbHble Tapabonandeckue Bparenus (22) u (24) (Puc. 4(P) n (P’))—nenuneitnbt
U MBI BBEJIEM HOBBIE ajreOpamvecKue OIEPAIMN Ha JyaJbHBIX YACIAX, KOTOPbIE
JIMHEApU3yIoT TpeobpazoBanns Médbuyca. [Ias 3Toro Ml OyaeM cuCTeMaTHIECKU
UCIOJIB30BATH XOPOIIO M3BECTHBIN TIPHEM «OOPAIEHHUs] TEOPEM B OIIPE/IeJIeHHs».

6.1. Mogysab u aprymeHT. B sjumnrudeckom n runepOomaeckoM cirydae opou-
TBI BpAIeHNil ABJIAIOTCA TOYKAMHI C TIOCTOSHHON HOpMOit (Momystem): x2 + y? wm
x2 —y? coorsercTBenno. B mapabomuecKoM CIIydae MbI HCHOIb3YeM 3TOT Ke TIPH-
3HAK:

Onpepenenne 6.1. Opbursl npeobpaszoBanuii (22) n (24) ABIAOTCA JIHHASIME
YPOBHS JUIst CJIEIyIOMuX (DYHKIWMIT, KOTOPbIe MBI Oy/IeM Ha3bIBATH COOTBETCTBYIO-
muMu Modyaem (Hopmoti):

2

(25) st Nt ju+ ev| =u? —v, s N ju+ ev]’ = )
v+1
3amenanue 6.2. (1) Boipaskenue |(u,v)| = u?—v paBHo napabomaeckoMy pac-
crosianio u3 (0, %) to (u,v) x Touke (u,v), em. [31, Lem. ??], u Tak xe
COOTBETCTBYeT «Iapabosnyieckoit Teopeme [udaropas (23).
(2) Momyab ayist noarpytisl N/ Beipazkaer napabosmdeckoe (POKaJIbHOE Pac-

crogiaue u3 Touku (0,—1) k (u,v), em. [31, Lem. ?7].

EILI/IHCTBGHHBIG IpgAMbI€, KOTOPBIE IIEPEXO/AT B IIPAMBIEC I10/] ,ILGI7ICTBI/I61VI Hapa6o—
JIMYECKUX BpaH_[eHI/Iﬁ C IOJATPYIIIIaMU NuN /, 9TO BE€PTUKaAJIbHbIC IIDAMbBIE. HOSTOI\ly
MBbI UX 6yj:[‘eM HCIIOJIb30BaTh KaK MHOXKeCTBa TOYEK C IIOCTOAHHBIM 3HaYCHUEM ap-
TYMEHTa 1 JaJuM CJIeayIoIee:

Onpenenenune 6.3. [lapaboamdeckunit ap2ymenm ONPEIETATC KaK:
1
(26) ansg N @ arg(u + ev) = u, ama N @ arg’(w+ev) = o

O6a omnpegesnenust 6.1 u 6.3 37a0T CBORCTBA XOPOIIO COIVIACYIOIIUECS C ITapabo-
JIMTIECKUMU BPAIEHUSIMA:

Ilpennoxkenue 6.4. Ilycmsb mouka Wy NOAYHAEMCA U3 W NAPAOOAUMECKUM BPA~
wernuem na yeoa t 6 (22) uau 6 (24). Toeda:

el = jw| ", arg”) we = arg”) w + t,

20e 6uPAdCEHUA CO WIMPUTOM UCTLOABIYIOMCA 0aa nodepynnv, N,
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Bcee mokazarenbcrBa B 9TO# U CIIeAyIONIEN CEKITUAX MPON3BOIATCS BBIUUCICHAEM
60 HETIOCPEICTBEHHO, JIN0O0 ¢ TOMOIIBIO TTAKETa CUMBOJINIECKUX pacuéros [30,33].

3ameuanue 6.5. Ormernm, uro B TpagunuorHoM u3stoxkenun [59, App. C(30%)] na-
paboJmueckuii MOJLYJIb U apryMeHT BbIpaxKaioTcd Kak B (18), 4To B HEKOTOPOM
CMBICIe 0OPATHO K HAIUM COTJIAIICHISM.

6.2. ITapabosmnyeckuii MOBOPOT KakK yMHOXKeHmue. /s ornpeenenue mapabo-
JITIECKOTO TIPOU3BEJICHUS MBI CHOBa, Oy/IeM UCII0/Ib30BaTh U3BECTHDBIE CBOMCTBA KOM-
IJIEKCHOT'O TIPOU3BEJIEHNsT B KavdecTBe omnpejesnenus. JleficrBurenbHo, mapabosnte-
CKO€ BpaIlleHre MOYKHO pacCMaTPUBaTh KaK YMHOYKEHNE HA YHUMOYJISIPHOE CKAJIAD,
TaKuM 00PA30M MBI IIPUXOINM K CJIELYIONEMY

Ol'[peJleJ'IeHI/Ie 6.6. [Ipouspeierune JIBYX BEKTOPOB W1 U Wo OIIpeIeJIdeTC sl TAaKUMI
):LByMH yCJIOBI/ISIMI/I:

(1) arg(’)(w1w2) = argm w1 + arg(’) Wo;

(2) Iwiwa|" = |- |,

Hapa60ﬂI/I‘IeCKOG COITpsZzKeHne TakK 2Ke Tpe6yeT CITeIIAJIBHOT'O OIIpeJIeJICHU A, KO-
TOPOE€ OCHOBAHO Ha U3MEHEHHNE 3HaKa apryMeHnTa.

Onpenenenune 6.7. ConpszKEHHBII BEKTOD 3a/1a6TCA PABEHCTBOM:
(27) U+ ev=—u+ev.
. — (7 li J—
OueBnIHO, MBI IMEEM CJISIYIOIIIE CBONCTBA COTPSIZKEHNUST: W) = jw|" arg!)w =

—arg) w. Onpenernenns 6.1, 6.3 u 6.6 COBMECTHO 33J1aI0T 3HAUECHNE JIJIsI TIPOH3BE-
JICHUS JIBYX BEKTOPOB €IMHCTBEHHBIM 00PA30M.

Ilpennoxxkenue 6.8. [lapabosureckoe npoussederue 08YT GEKMOPOE UMEEM, CAE-
Ayrousue AGHHLE GOIPANCENUA:

(28)  daa N: (u,v) * (W, v) = (u+u', (u+u)? — (u? —v)(u? —v");
;- o [ w v+ +1)
(29) oasa N’ (u,v)*(u,v)-(u_'_u/, ) —1).

He cmorpst Ha HeOOBIYHBIN By 00a IMPOU3BEIEHUST UMEIOT XOPOIIO 3HAKOMBIE
cBoOiicTBa:

IIpennoxkenue 6.9. Oba npoussedenus (28) u (29) ydosaemeopsrom makum ycao-
BUAM:
(1) Onu xKommymamusrs: U aCCOUUAMUBHDL;
(2) Coomsememeyrowsue napabosuseckue nosopomui (22) u (24) cosnadarom c
YMHONCEHUEM HA YHUMOOYAAPHBIT BEKMOP.
(3) Brnauerue npouseederus WiWsy He USMEHUMNCA €CAU 006 BEKMOPA W1 U Wa
6YOym NOBEPHYMbL HA MO, HCE Y204 COOMBEMCMEYOULUM 8paseruem (22)
uau (24).
(4) s m06020 6eKMOPA W BLINOAHAECMCA TMOAHCOECTNEO:
| = [w?.
B uacrrocru, cBoiictso (3) u3 sroro [pemioxkenus Gyner BazKHO JJIs CKAJISIPHOIO

npoussesieHns (38), O OTHONIEHNIO K KOTOPOMY HAIIH MH/Ly IAPOBAHHBIE [IPEJICTAB-
JleHnsi Oy/IyT YHUTAPHBI.
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7. IHBAPUAHTHAS JIMHENHAS AJITEBPA

Terepsb MBI XOTHM OIPEEINTH JHHEHHYIO CTPYKTYPY Ha R2, KoTOpast 6y1er cos-
MecTuMa ¢ HapaboMYecKUM YMHOYXKEHUEM U3 IIPeJIbIIYINeil CeKIUu U, MOTOMY, C
napabomaeckuMu Bparieausyu, cM. [pengoxkenne 6.9(2)). YMHOXKeHHE HA [0JI0-
JKUTEJTHHBIN JIEHCTBUTETbHBIN CKAJISIP 331aETCA TPIMOINHENHO: OHO HE JIOJIZKHO Me-
HATH APTyMEHT M COOTBETCTBEHHO MAIITAaOMPOBATH HOPMY BeKTopa. llostomy mis
a > (0 MbI nMeeM:

(30) a-(u,v)

1
(31) a-(u,v) = <u,v_(|l— —1> o N,

(u,av+u?(1—a)) mma N,

C apyroif CTOPOHBI, CJIOKEHUE BEKTOPOB MOXKET OBITH 3a/aHO HECKOJBKIMU CY-
MMECTBEHHO OTJIUYHBIMU CBOWCTBaMu. MblI IpUBEJEM JIB€ BO3MOXKHOCTHU: TPOIIUIE-
CKYIO U 9K30THYECKYIO.

7.1. Tponudeckas dpopma. Breném sexcurpadudeckuil mopsiox Ha R2:

Korga u < u';

’o
uw,v) < (u,v TOI'/ZIa 1 TOJIBKO TOI'/Ia
(u,v) (u',v") pit J1a, {I/I.HI/I u:u’,v<v’.

COOTBETCTBEHHO MBI MOXKEM 3aJ1aTh (DYHKIMM Min U max st OO0 mapbl BeK-
Topos m3 R? coorsercrsenno. Torma cyMMa IBYX BEKTOPOB OIpeedeTcs KaK IX
MuHUMYM (mau MakcumyM). Takoe ke OlpejiesieHne UCHOJIb3YeTCs B TPOIYeCKOil
MaTeMaTHKe, Tak YKe U3BECTHON KaK «JIekBaHTH3aImsi» Macsosa nim anrebpot R .
u R, .., CM. IpeBOCXOHBIN 0030p [15]. JIerko mpoBEpHUTH, UTO TAKOE CJIOKEHUEe
coBMecTHO ¢ ymuoxkenueM (30)—(31) yaosierBopsier JucTpuOyTUBHOMY 3aKOHY U
noromy OyleT MHBAPUMAHTHO OTHOCHTETHHO MapabOMIecKuX BpamieHuii. JTo Ha-
IIPABJIEHNE BBITJISJAT WHTEPECHBIM U ODEMIAIONINM, OJHAKO MBI OOJIbIIEe He OymeM
€ro paccMaTpuBaTh B JaHHOI pabore.

7.2. Dk3o0Tyeckasa dpopma. CloxkKeHHne JIBYX BEKTOPOB MOYXKET OBITH 3aJIaHO O/l
noit hopmymoii s o6onx noarpynm N u N/ takum 06pazom, 9To nx oTamane 6y1eT
cupgarano B coorsercrBytomux Onpeenennsx 6.1 (mopma) u 6.3 (aprymenr).

Onpepnesienue 7.1. Tlapabonmueckoe ciioxKeHNe BEKTOPOB 331a8TCsl B (9K30THYe-
ckoit) dbopme:
(1) () (r) (1)
ar VYR LY + ar Wy - [W
(32) arg(I] (Wl +W2) — g 1 | 1| %I) 2 ‘ 2‘ 7
w1 + wal

(33) w4+ wal" = ] gl

r/ie IMTPpUuXoBaHHbIEe BEPpCUU (I)OpMyJ'I COOTBETCTBYIOT IO/ I'DYIIIIE N/.

Ha niepsbiit B35 hopMysia Jyist HOpMbI CyMMBI (33) BBITVISAAT CIUNTKOM TPUBH-
aJIbHO. B eé 3ammuTy MBI MOXKEM OTMETHTD, 9TO OHA, PACIOJIATACTCI KAK Pa3 MEXKILY
simanTraeckuM (w + w'| < [w| + W/| u rumep6ommaeckum [w + w’| > [w| + w/|
HEpPaBEHCTBAMH TPEYTOIbHUKA IJI HOPM.

TIpaBuio Jyist CJI0OXKEHUsT apryMeHTOB (32) TOXKe He ABJISeTCA IPOU3BOJIbLHBIM. 113
TeOpeMbl CUHYCOB €BKJIMIOBOII T€OMETPUH Mbl MOYKEM IIOJIYYUTh

. wl - sin(p —’) . w’| - sin(p — )
sin(¢p —¢') = ——————, sin(p' — ) = ; ;
w+w/| w +w/|
rae P = argw!) u ¢ = arg(w+w!")). Ucnomns3ys 3nauenne (16) mapabormaeckoro

cuHyca sinp 0 = 0 MbI mosyaaem (32).
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AKKypaTHOCTD B OOpAIlEeHUN ¢ HyJISIMU B 3HAMEHATeJe Bbipazkenus (32) gocrura-
€TCsl TIPY TIEPEXOIE OT BEKTOPA W = 1+ £V K Iape OJHOPOIHBIX MOJISIPHBIX KOOP/IU-
mat [a, 1] = [hw| ") arg) w, hw] "] (mTpuxoBaHHAS BEPCUS COOTBETCTBYET IIOIPYIIIE
N). Torza coxkeHue 3a1aETCs TOKOMIIOHEHTHO B OJTHOPOJIHBIX KOOD/IMHATAX:

W1 +W2:[(11+(12,T1 -I—T‘Q], Tae wi:[ai,ri].
Yuuoxkenne n3 Onpenesenns 6.6 B 0THOPOIHBIX KOOPINHATAX €CTh:
Wi - Wa = [a1T2 + aaTy, T1T2), e wi = [ay, Til.

Taxum 06pa3oM, OJTHOPOJIHBIE KOODJMHATHI JMHEApu3yloT cioxenune (32)—(33) u
ymHOXkeHne Ha ckasap (30). Ilepexom k 6osiee IpoO3padHbIM KOODIUHATAM MOXKET
OBbITH PACCMOTPEH B KOHTEKCTE GUPAIMOHAJBbHOM reomerpun [39].

ITapabosmaeckoe CI0KeHue onpe/ieseTcs yeaoBusamu (32)—(33) o/jHO3HAYHO, HO
sABHBIE (POPMYJIBI JOCTATOYHO CJIOXKHBI. BO MHOTHX ciIydasix 6e3 HUX MOYKHO 000fi-
THUCH UCIIOJIb3Ys CJIeIYIONNe CBONCTBA:

Ipennoxkenne 7.2. Bexmopnoe caoscernue oas nodepynn N u N’ zadanmnoe 6vi-
pasicernuem (32)—(33) obradaem caedyrowumu ceoticmsamu:

(1) Onu Kommymamuerv, U aCCOUUATNUGHDL.

(2) Bunoanames ducmpubymushull 3akon oas ymmoscenutd (28) u (29); co-
0mEeMemeenno:

(3) Caoorcenusn nepecmanosowiv, ¢ NOGOPOMAMU;

(4) Buinoanaemea ducmpubymusrvle 3aK0HbL OAA YMHodicerus na crarap (30)
u (31) coomsememeenrio:

a-(wi+ws)=a-wy;+a-ws, (a+b)-w=a-w+b-w.

Yto OBI 3aBEPIIUTH MOCTPOEHUE HEHCTBATEIHHOIO BEKTOPHOTO IIPOCTPAHCTBA
HaM HaJI0 ONKCATh HYJIEBOW W OOPATHBIN BeKTOpa. B wacTHOCTH, MBI OIPEIE/TIM
0OPATHBIN 3/IEMEHT KaK UMEIOITUil TOT »Ke apryMeHT U ITPOTUBOIIOJJIOKHYIO HOPMY.

ITpeagioxkenune 7.3. (N) Hyaesoti sexmop ecmw (0,0) u coomsememeerno npo-
mueonoaosicrult saemenm das (W,v) ecmo (1, 2u? —v).
(N’) Hyaesoti sexmop ecmb (00, —1) u coomeememeenno npomueonosoicbil
anemenm oas (u,v) ecmu (U, —v — 2).

Tenepb UCTIOIB3YsT PABEHCTBO —W = (—1) - W MOXKHO yGemuTcst, 910 Ta xKe Gop-
Mmysa (30) m (31) MOKeT OBITH MCIIOIB30BAHA /IS YMHOXKEHHS Ha OTPHIATE/IbHBIE
JICHCTBUTEIIBHBIE CKAJIAPDI.

Samevarue 7.4. OObIYHAS JTUHEHAS] CTPYKTYPa SIBJISIETCSI HETIOAXOJIAIIEN U B JIPY-
IUX BOIIPOCAX, HAIPUMED, B KAyKyIIEHcsa «HeKOH(MOPMHOCTH» JJINH U3 TapadoImde-
ckoro dokyca, To ectsb ¢ mapamerpom o = 0 B [31, Prop. ??]|. Onnako noxxopsimast
BBIOOD OTIpEJIeJIEHUI BOCCTAHABINBACT UCKOMBIE CBOMCTBA.

IepBonavasnbuoe onpemesnenne Koudopmuocru [31, Defn. ??] paccmarpusasio
TPAJMTIMOHHBIH TIpesies Y’ — Y BIOJD MPSAMBIX JIMHWH, T.e. «CIHIy H300parKEHHBIX
Ha Puc. 3. XopoIo u3BecTHO, 9TO ITOT [TOJIX0/I [TOJTHOCTHIO paboTaeT B JLINIITIHIe-
CKOM 1 TurepbosmaeckoM ciaydae. OJHaKO, B TApADOJNIECKOM CIIydae BEPTUKAIIb-
Hble JIMHUE GOJIbIIIE HOAXOIAT Ha POJIb «ciuily, cM. Puc. 4(P) u (P'), rakum ob6paszom
060CHOBAHHO paccMaTrpuBaTh KOH(MOPMHBLI 1pejies Baoib aux |31, Prop. 77].

8. MHOIVINPOBAHHBIE TPEJICTABIEHUS

Tertepb MBI MOXKEM TPUMEHUTH THIIEPKOMILIEKCHBIE XaPAKTEPbI IIOCTPOCHHBIE BbI-
11e K WHJYUPOBAHHBIM [IPEICTABICHUAM 3a0aHHbIM (hopmydioit (13). Samerum, aro
TOJIBKO KOMIaKkTHas moarpymnna K Tpedyer KOMILIEKCHO-3HAYHBIX XapaKTePOB, TaK
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KaK JIJIs OJJHO3HAYHOCTH NpEJICTaBIeHnst 06pa3 Marpuisl u3 (4) mpu t = 27 jo71-
KeH ObiTh equauneil. s moarpynn N/ u A’ Takoro orpaHuveHusi HET U Mbl MO-
JKEM PaCCMOTPETh XapaKTephl BCEX TPEX THUIIOB: JUIMIITHYECKUE. TapaboaniecKue
u runepbosimdeckue. bosee Toro, mapadomIecKue XapakKTepbl MOT'YT OBITH JII0OOOTO
Tunos: anrebpanmdeckue (15) mmm oxHOTO M3 reomerpudeckux (22) u (24). Takum
06pa30M MbI IMEEM CEMb CYIIECTBEHHO PA3HBIX THIIOB WHJLYI[HPOBAHHBIX [IPECTAB-
JIEHWH, MM JIa’Ke OJIMHHAIATH (eCJau OTINYATh PA3HOBHUIHOCTH TAPabOIMIeCKIX
XapaKTepoB).

IIpumep 8.1. Paccmorpum moarpynmny H = K, Kak oTmeveHO BBIIIE, B CHUIY €€
KOMIIAKTHOCTH XapaKTep MOYKET OBITh TOJBKO KOMILIEKCHO-3HAYHBIM. Torma yHm-
TapHBII XapakTep Xk UMEET BUI:

cost sint s
(34) Xk (_ sint cost) =e 'k, rae k € Z.

Ucnonbays siublit Buz (9) orobpazkenus s BblaucsgeM MyHKIMO T 3aganuyio B (12):

r(1b_ 1 d—ceK
c d)  J2xag\c d ’

r(g~1 # s v)) = 1 cu+d —cv e a-l— (@ b
9 ’ _\/(cu+d)2+(cv)2 cv cu+d) 9 Tle a)

Tozcrapisis 910 BeIpazkeHne B (34) 1 KOMOMHUPYsT ¢ MEGUYCOBBIM IPEOOPa30BAHIEM

aprymenTa (11) mosy<aeMm sIBHYIO PEAIH3AIMMIO Py UHIYIHPOBAHHOIO HPECTABIIC-
Hust (13):

B lew + d|* aw+b 1 _f(a b _ .
(35) pk(g)f(w)_(cw+d)kf ovrd) 9 =l¢ g . W =1u+iv.

D10 TpeIcTaBIeHne JefCTBYeT Ha KOMILIEKCHO-3HAYHBIX (DYHKIUAX B BEPXHEN 10~
aymnockoern R% = SL,(R)/K u siBsieTcsi yHUTAPHBIM U3 JIACKPETHO! cepmu |12,

§ IX.2].

1k
IIpennoxenne 8.2. Ilycmob fi(w) = ‘W:;gk fork=2,3, ..., moeda

(w
(1) fx asasemcs cobemsennvim sexmopom onepamopos Py (h), das arwobozo h €
K, ¢ cobemsennvm snavernuem Xy (h) [12, § IX.2].
(2) Dynryusa K(z,w) = py(s(z))fk(w), ede s(z) onpedeasemes e (9), ecmo
socnpoussodawee adpo Bepemana 6 eepruels noaynaockocmu (22, § 3.2]
=1

YMHOHCEHHOE HA }

CxotHBIM 00pa3oM MBI mojiydaeM siyipo Kol ecim paccMOTpuM pejieIbHbII
ciryuaii k = 1 joxkuoii quckpernoii cepun [42, Ch. IX]. CymecrByer MHOrO ApyTrux
cBsizeil npejicTaBienns (35) ¢ KOMILUIEKCHBIM aHAIM30M [22] n Teopueii onepaTopos.
K npumepy, npeobpazoBannst Mébuyca onepaTopoB onpeessior GyHKIMOHATILHOE
ucaucyenne Maundopma—Pucca u coorsercrByonmit cnekrp [25].

Ipumep 8.3. g noarpynmsr N/ Bozmorken 6o/iee MUPOKUiT BHIOOP XapaKTEPOB.

(1) TpasumoHHO paccMaTPUBAETCsT KOMILIECHO3HAHBIE XapAKTePhl MOArPYIT-
mel N/, Tee.:

(36) X< (1 (1)) =Tt rie T € R.

Hel’IOCpe‘ZLCTBeHHLIe BBITUCJ/IEHUA B 9TOM CJIydae IIOKa3bIBalOT, IYTO:

a by (1 0 ,
(E -G D)=
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ITosTomy:

(37 g testun) = (4 V). megt= (2 5)

d+cu ¢

ITopcrasiss sro 3HadeHue B xapakrep (36) u coejuHsss ¢ MEOGUYCOBBIM
upeobpazoBanneM (11) mosydaeM COOTBETCTBYIONIYIO pean3anuio hbopmy-
aer (13):

. TCv aw+b B a b
oot = exp (122 ) 1 (2E2) e —uren g = (4))

CooTBeTCTBYyOIIEE HHIYIUPOBAHHOE IIPE/ICTABJIEHUE JEHCTBYET B IIPOCTPAH-

CTBe KOMILIEKCHO3HAUHBIX (byHKIHil B BepxHeil nosymiockoctn R? | koto-
pasi sIBJISIeTCSI IOJMHOXKECTBOM O/tHOpotHOTo pocTpancTBa SLy(R)/N co-
CTOSIIErO U3 yaJbHBIX drcesl. COcecTBO KOMIIIEKCHBIX U yaJbHBIX THCET
B OJHOM BBIPAYKEHUU SBJISETCA HEITPUBBITHBIM.

(2) Bosbmém napabosmyeckuil xapakrep Xr aarebpandeckoro THIA 3aJaHHbIH

YMHOXKEHHEeM JIyasbHbIX ances (15):

Xt <Jl£ (1)> =e™ =1+ ett, rae T € R.

ITo upexxueMy mojicrapisgeM B Hero 3uadenue (37) U moJydaeM TAKoe Bbl-

paKeHue:
TV aw-+b
f =(1 f
p<(g)f(w) ( +£cu—l—d) (cw+d)’

rje w, T g Te 2Ke 4TO U paHbIIIe.

1o UHAYIUPOBaHHOE IIpEJ/ICTaB/JIEHUE ILefICTByeT B IIPOCTPAaHCTBE d)yHK—
I_H/IIU/I Ol'Ipe)J,eJ'[éHHBIX Ha BerHefI TTOJIYIIJIOCKOCTH, KaK IIOJIMHO2KECTBE JIyaJlb-
HbBIX YHCEJI, 1 CO SHAYCHUAMN B AYyaJIbHBIX IYUCIaX. To €CThb, OHO UCIIOJIB3YyeT

TOJILKO JyaJIbHbBIE UUCJIA U OOBITHBIE aaredpaniecKue Omeparuu HaJl HIMA.
EcrecrBennbiM 06pa30oM 9TO MpeCTABICHIE SBIISIETCS JINHEHHBIM.

(3) Paccmorpum napabosmyeckuii XapakTep X7 3a1aHHbIi TeOMeTPHYECKUM Jefi-
creueM (22). Torpa npejicrasienne neficTByeT B TOM Ke IIPOCTPAHCTBE, UTO
U B MOCJIEJTHEM CIydae, HO popMyJia OyIaeT Apyroit:

27y aw +b TV (tev)?
9(ag)f =1 f
Prlg)fw) ( +£cu+d) (Cw+d)+cu+d+£(cu+d)2’

rae w, T 1 g OIIUCAHDLI BBIIIIE. 1o opeacTaBIeHUue JIMHENHO 110 OTHOIIEHUIO

K oneparuam (30), (32) u (33).

Bcee xapakTepbl ncnob30BaHEbIE B IPEIBIIYIINX IPUMEPAX SIBJIAIOTCA YHUTAD-
HBIMU: J[Ba MEPBBIX B TPAIUIIMOHHOM CMBICJIE, [TOC/IeIHNN—KaK 00bsicueHo B [Ipesn-
sioxkennu 6.9. CooTBeTCTBEHHO 00INAsi KOHCTPYKIIUST MHIYIIUPOBAHHBIX IIPEICTAB-
nenuit [18, § 13.2] rapaHTHpPYeT YHUTAPHOCTD MOJIYI€HHBIX TIPE/ICTABIEHN B COOT-
BETCTBYIOIIUX CMBbICJIaX.

Teopema 8.1. Bce mpu undyuupo8annovir npedcmasienua pg, Pr u P2 epynnw
SL,(R) w3 Ilpumepa 8.3 ABAAIOMCA YHUMAPHLLMU 68 NPOCTPAHCMEE PYHKUUT 36~
damnuir na eeprreti noaynaockocmu R2 kax nodmmnoosicecmee dyasvnolx wucen ¢
BHYMPEHHUM NPOU3BEIECHUECM:

- dudv

(38) (f1,f2) = J fi(w)f2(w) ——, ede w =u+ ev,
R2 v
U ML UCTIONDIYEM
(1) conpasicenue u ymmooscenue snauenuti Pyrkuul 6 anzebpe KOMNAEKCHDLT U

. C
YaNoHOIT wuces Oas Npedcmasienuti P U Py COOMBEMCIMEEHHO;
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(2) conpasicenue (27) u ymmoorcernue (28) snavwenutd Gynkyud das npedcmas-
senus pd
2.

BHuyTpeHnHee npoussejieHre (38) MOIOKUTEIHHO ONPEJIENEHO ISl IIPEeJICTaBIIe-
HUSI pg, HO He Jiist JByX Jpyrux. CooTBETCTBYOIINE IIPOCTPAHCTBA C BBIPOXKIEH-
HBIM BHYTPEHHUM ITPOU3BEICHUEM SBJISIIOTCA TAapabOJITIECKIMI aHAJIOTAMU IIPO-
crpancts Kpeitna [1]. Camu upocrpancrsa Kpeiina B Haimeii kiaccudukaiyum ss-
JIIOTCS TUIIEPOOIMIECKUMU.

9. IIPUHIIUIT CXOACTBA M COOTBETCTBUSA: OIIEPATOPHI ITOBHIIIEHN A

IIpuBenéunbie BhINIe HAOTIOACHUS TO3BOJISIIOT CHOPMYTUPOBATH CJIC/TY IO M-
NUPUYECKUN IIPUHITUI, KOTOPBIi JTOJZKEH NPEJICTABIATh 9BPUCTUYECKHUIT HHTEPeC:

IMpunanun 9.1 (CxoacTBoO U COOTBETCTBUE). (1) Hodepynnw K, N u A’ uepa-
1om cxodnyro poav 6 cmpykmype epynno, SLy(R) u eé npedemasaenut;
(2) Iepemena nodzpynnv, doadxrcha npoudeodumcs ¢ 00HOBPEMEHHOT COOmeem-
cmeyroweti 3amenoti 2unePKOMNACKCHYLT eOunUY, 1, € UAU €.

Besyciosno, nepsas yacrb [Ipunnuma (cxocTBo) clI0COOHA BBI3BATH YIUBJICHIE
y mo6oro, kto 3HakoM ¢ rpymmoit SL,(R). Oxrako, K HACTOAIIEMY MOMEHTY MBI BH-
JIEJIA, 9TO COBMECTHO CO BTOPOH IaCThIO (COOTBETCTBHE), IPUHIAII y7Ke [IPOSIBUIICST
CJIEJTYTIOTIIIM 00PAa30M:

e [leiicreue SL,(R) ma omnopoauom npocrpauncrse SL,(R)/H mua H =K, N’
i A’ zajaérces ApOOHO-JIMHEHHBIMU IIPeOOpPa30OBAHUSIME KOMILICKCHBIX,
JlyaJbHBIX WK JBOHHBIX unces coorsercrsenHo (IIper. 3.2).

e IToarpynmusr A/, N/ umn K msomopdHbl rpyliaM yHUTApHBIX BpalleHMit
COOTBETCTBYIONIUX EJIMHUIHBIX «OKPYXKHOCTE» Ha IJIOCKOCTAX JIBONHBIX,
JyaJibHBIX 1 KoMiutekcabix duces (IIpear. 4.1).

e Ilpencrapienna unaynuposannbie ¢ moarpynnsl K, N/ mmm A gBisior-
Csl VHUTAPHBIMHU €CJIN CKaJIsiDHOE IPOM3BejeHre (DYHKIIUNA OIPeJIeIAI0TCs
[IOCPE/ICTBOM IIPOU3BBEJIEHUs] U COIPSI?KEHUsI 3HAUYEHUN (DYHKIMIT KaK KOM-
IUJIEKCHBIX, JIyaJbHBIX nin JBoiiabrx unces (Teop. 8.1).

Samevarnue 9.2. IlpuHnun cxomcrBa U COOTBETCTBUS OJM30K K CyHEPCHUMMETPUN
MeK 1y 6030HaAMU U (hepMUOHAME B (DU3UKE, HO B HAIIEM CJIyIae CXOJCTBO yCTAHAB-
JINBAETCSI MEXKJIy TPeMsl Pa3JIUIHBIMU TUIAME OO0BEKTOB.

ITIpuseném emé ony ummocrparuio [Ipunnuna. Pacemorpum anredpy Jlu sly rpyt-
bl SLy(R). OuH 13 BO3MOXKHBIX 6a3ucoB B sl Takos [54, § 8.1]:

1/-1 0 1 /0 1 0 1
A‘E(o 1)’ 8_5(1 o)’ Z—(—1 0)'
Torma KOMMYTAIMOHHBIC COOTHOINEHUS OYIYT CJICTy FOIIAMHE:

(39) (Z,A]=2B,  [Z,B]=—2A, [A,B]= _%z.

IIycrs y Hac ectb npejcrasienne p rpymmst SL, (R) B mpocrpancrse V. Pacemorpum
npousBojiHOe npejcrasierne dp anre6psr sly [12, § VL.1| u Gynem mucnonb3osath
obo3HaueHne X = dp(X) masa X € sly. g anaansa IpeiCcTaB/ICHAd P OKa3bIBACTCS
[IOJIE3HBIM Pa3/IoKUTH V 110 COBCTBEHHBIM BEKTOPAM ollepaTopa X Jylsl HEKOTOPOTo
X € sly, em. Ipenm. 8.2 u psag Taitmopa B KOMIIEKCHOM aHAJIU3E.

ITpumep 9.3. Yike He HOIKHO OBITH YAUBUTEIbHBIM, UTO MBI COOMpAEMCs pac-
CMOTPETH TPHU CJIyUasd:



(40)

(1)
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ITycrs X = Z 6yaer reneparopom noarpynmst K (4). Tak kax ara noarpyi-
I1a KOMITAKTHA, TO COOCTBEHHBIE BEKTODA Zvi = ikvy mapaMeTpu30BaHbI
JMCKpeTHBIM TapamMerpoM k € Z. Ocobyio pojb HrpaioT omepaTops LT
noBbIIenys /Tonmkerns [42, § VI.2; 54, § 8.2], onpeeséHable KOMMYyTAIIN-
OHHBIMUA COOTHOTIICHUSIMU:

(Z,1F] = ALL*.
Taxum o6pazom L sBistroTest cobeTBennbIME 11st orepaTopos adZ mpuco-

euHEHHOTO npejicTasyenus sly (12, § VI.2]. Baxno, uro Bextop LTvy Tax
2Ke SIBJISIeTCsI COOCTBEHHBIM st Z:

Z(I_+Vk) = (I_+Z + 7\+I_+ )Vk =L" (Z\)k) + )\+L+\)k = ikI_+Vk + )\+L+\)k

= (ik+ A )L vy
onarast [t = aA + bB + c¢Z 13 KoMMyTAIIOHHOrO cooTHOmenHiT (39)
onpeesistrorero papeHcTsa (40) nosmyuaeM cucTeMy ypaBHEHMUIA:
c =0, 2a =A.b, —2b=Aia.
DTa cucTemMa COBMECTHMAa TOTIa W TOJBKO TOT/Ia, KOTIa 7\2+ +4 =0. B arom

CJlydae OlepaTopbl MOBbIIIEHMU / nommxenusl* = +iA + B geiicrByior Ha
OJTHOMEPHOI TETI0YKe COOCTBEHHBIX MOIIIPOCTPAHCTB:

Lt L+ L+ L+
.. ? Vk_2 = Vk = Vk+2

Pacemorpum ciyuait X = B reneparopa noarpymmner A’ (6). 9ra noarpynna
HEKOMITAKTHA 1 COOCTBEHHbIE 3HAMCHHS /ISl B MOIYT GBITH IPOU3BOJIBHBIM
YHCJIOM, OJIHAKO OIIEPATOPBI OBLINICHNs / TIOHUZKEHUS 110 TIPEXKHEMY MOTYT
urparb Baxnyio poJb |16, § I1.1; 46, § 1.1]. Byuem onars uckars perienue
B bopme Lf, = aA + bB + cZ s xommyraropa [B, L] = AL*. Hosyuaem
cucTeMy:

2c = Aa, b =0, 327\0.

Omna coBMecTuMa TosbKO ecn A2 = 1. OueBnjmble 3HaUeHns A = +1 npu-
BOJAT K orepaTopad L = +A+Z7/2, KoTopbie i ucnonb3ytores B [16, § I11.1;
46, § 1.1]. B srom ciaydae HenpuBOIUMbBILii $lo-MOZYIIb TIPEICTABIACTCS OFl-
HOMEPHOM TEMOYKOH COOCTBEHHBIX 3HATEHMIA.

Jotyckasi 1BOWHBIE YHCJIa MBI MOYXKEM Y/IOBJIETBOPDHUTH YCJIOBUE COBME-
crumoctu A2 = 1 jonosnHuTenbHEIME 3HadeHmsMu A = +e. Torma Bos-
HUKAeT JIOTOHATE/IbHAS [Tapa OTepaTOPOB TOBBITIEHN /TOHIKeRus L =
+eA + Z/2, KOTOpast CBATAET COOCTBEHHbIE 3HAUCHUS B «OPTOrOHAIBLHOM»
HaIPaBJICHUHN K JIEHCTBUIO TPATUINOHHBIX OIEPATOPOB Ljfl. CresroBareiib-
HO HENIPUBOTUMBIi §lo-MOJTYJIb MOXKET IMapaMeTPU30BATLCS YKe JIBY MEPHOIT
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PEIéTKON COOCTBEHHBIX 3HAYCHUI HA IIOCKOCTHU IBOWHBIX UHCEJI:

Lo || Lt Lo || LE L. || L
Ly Ly Ly L
== Vin2)rek—2) == Vnrek—2) = Viniojrek—2) ==
Ly Ly h Ly
Lo || LE Lo || Le Lo || Le
L " Ly Ly
-~ V(n—2)+ek <~ vn+ek -— v(n+2)+ek <~
Ly n N N
Lo || LE Lo || Le Lo || Le
L Li Ly Li
== Vin-2)rek+2) = Vnrek+2) == Vinio)re(kr2) =
Ly h h h
Lo || LE Lo || Le Lo || Le
(3) Paccmorpum, nakomern, ciaydait X = —B + Z/2 remeparopa IOAIpyIIIbI

N’ (7). Ilo onmcannoit panee IPOIEILype HOLYyIaEM CUCTEMY:
a
b+ 2c = Aq, —a = Ab, EZAC

¢ yeaosueM copMecTuMOCTH A2 = 0. Ecim MBI orpanmmMes AefiCTBATeb-
HBIM (KOMILIEKCHBIM) KOpHEM A = 0, TO COOTBETCTBYIOIIUE OIIEPATOPDI L% =
—B 4 Z/2 ne GyayT MeHATH COGCTBEHHOE 3HAYEHMUS 1 OY/IyT OECIOJIE3HBI B
TakoM KoHTekcTe. OHAKO yasjbHbIE 3HAYEHUS A = +¢€ MO3BOJIAIOT HUC-
TIOJIb30BaTh OIIEPATOPHI L{ —+eA—B+7Z /2 nng noctpoenust slo-Moyeit
C OJTHOMEPHOI1 IEMOYKO#l COOCTBEHHBIX 3HAYEHUN B JIyaJIbHBIX YNUCIIAX.

Sameuarue 9.4. CTouT OTMETUTH, YTO
e BBeJeHNE KOMILIEKCHBIX YHCeJI HEOOXOAUMO ISt CYULECTNBOGUHUA OIIEPATO-
POB IOBBIIIEHN / TOHUYKEHHSI B SJUINITHICCKOM CJIydae;
e B IapabOJMIECKOM CJIydae BBEJACHUE JYAJIBHBIX IMCET HEOOXOAUMO I No-
AE3HOCTNU STUX OLIEPATOPOB;
e B runepOOIMIECKOM CJIyYae JBORCTBEHHBIE YUC/IA BBINISIIT HEOOSI3aTe b
HBIMH.

HOJ:LBITO}KI/IM paCCMOTpeHHbeI npuMep IIOJYEPKHYB B HEM POJIb IMIPpUHIUIIA CXOJI-
CTBa U COOTBETCTBUA:

IIpennoxkenue 9.5. ITycmov sexmop X € sla nopoorcdaem nodepynny K, N’ uau
A’, mo ecmv eexmopamu X = Z, B—Z7Z/2, uau B coomsemcmesenno. ITycmo L ecmo
COOMBEMCMBYIOULAA 2UNEPKOMNAECKCHAA COUHUUG.

Tozda onepamopv, nosvauerua,/ nowuscenus I ydosaemeoparowue xommyma-
YUOHHDBLM COOMHOULEHUAM:

X, ] =+t L, L") = 2uX.
umerom euo:
[F = +A+Y.

3decv Y € sly asasemea aunetinots kombunayuet B u Z a max owce ydosaemeopaem
CACQYIOULUM YCAOBUAM:

e Y=I[AX].

e X=[A,Y].

o dopma Kunaunza K(X,Y) [18, § 6.2] pasna nyao.
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Jhoboe uz npusedénnur eviue ycaosuti coemecmmo ¢ Y € span{B, Z} onpedeasem Y
¢ MOYHOCMBI0 00 JETUCTMBUMEALHO20 MHONCUMEN.

Kaxkercs npasonoobusiM, 9To mpuMenenue [Ipunimma cXogacTBa U COOTBET-
CTBUsI HE OIPAHUYUBAETCS MPUBEACHHBIMU 3/I€Ch CaydasMu. Hampumep, CXOmIHBIM
06pa3oM MOTYT OBbITH PACCMOTPEHBI OIIEPATOPBI POXKICHMs /YHUUTOKEHUS JIJIS Tap-
MOHHMYECKOT0 OCIMJLIATOPA U Hpecrasienuii rpymmbl Leitzenbepra [34].

10. 3BAKJIIOYEHUE: OTKPBITBHIE BOIIPOCHI

BBG,ILGHHI)IG‘ NHAYOUPOBAHHDLIC IIPEACTABJICHUA 3aCHAYy2KUBaIOT IIPUCTAJIBHOTO HC-
CJIe10BaHUA. Cpe;m BazKHBIX BOIIPOCOB MOZKHO OTMETUTDH CJICAYIOIINE:

e YHuTapHbIe KOMILUIEKCHO-3HaUHbIe IpejcTasienus SL,(R) mexsres na tpn
CepUH: IMCKPETHYIO, HEIPEPBIBHY 10, JONOJIHATEIbHYO [ 16,42]. Kak sra Kitac-
cudUKAIIS COOTHOCUTCS C BBEICHHBIMU TMITEPKOMILIEKCHBIME TIPEJICTABIIE-
nugmu rpynnsl SLy (R).

e He raxaprit HempusoauMbtit SL, (R )-Momyss momyckaer BBeIeHIE KOMIITIEKC-
HOTO CKAJIIPHOT'O IPOU3BEJIEHNS, B KOTOPOM IIPEJICTABJIEHUE CTAHOBUTCSI
yHUTApHBIM |16, 46]. BO3MOXKHO, HEKOTOPbIE U3 TAKUX MOJyJell yHUTapH-
3YIOTCsl B TUITEPKOMILIEKCHBIX YUCTIAX.

e Muorue SL, (R )-Momysu, 1omycKaionye ruepKOMILIEKCHY 0 YHUTAPU3AIINIO,
MOTYT OBITH PeaM30BaHbI KAK MPOCTPAHCTBA (DYHKINIT HA AeHCTBUTEIHHOM
npsiMOit WM BepxHelt mosryrutockoetn [22; 35, § 5. Konnennus koapraHT-
HOTO TpeobpasoBanus [32; 35, § 4] M03BOJAET CTPOUTH B TUX MPOCTPAH-
CTBaxX MHTErpajibHble (DOPMYJIbI U HAXOIUTH BOCIPOU3BO/ISIIIE SIPA.

o YIOMSHYTBIE IPOCTPAHCTBA (DYHKITHI COCTOAT U3 HYJIEBBIX BEKTOPOB HEKO-
ropbix SL,(R)-unBapuanTabix auddepeHimaibHbIX 0IepaTopoB, KOTOPbIE
ABJAIOTCH aHajoramu orneparopos Jlamnaca n Komu—Pumana. B gacrao-
CTH, KOBapUAHTHOE Ipeobpa30BaHue ¢ MATEPUHCKUM BCILIECKOM, KOTOPOE
ucYesaeT Mo JeficTBUeM OllepaTopa yHUUTOXKeHus! (1 J1ro6oii ero crere-
HU), 9BJISIETCA PEIHIeHHeM COOTBETCTBYIONMEro AuddepeHnnaabHoro ypas-
nenns [35, § 5.3]. D10 MOKeT ObITH MCIIOJIB30BAHO JIJIS AHAJIU3A PElIeHUi
yPaBHEHUI B 4aCTHBIX MPOU3BOAHBIX [40, 48].

o Anajmruyeckre (pYHKIUU HUCIOJb3YIOTC B KadecTBe MOJEIU (DyHKIINO-
HaJILHOT'O UCYHUCJIEHHSI OIIePaTOpPOB, B ncuucjernn [enbdanaga—/landopaa—
Puca. Hosbie nHenpusoumvbie SL, (R )-Mo/Tymm siBJISTFOTCST TTOIXO/ISITIIAME MO-
JIeJISIMA  JIJIsi MCYUCJIEHUs] W CIIEKTPAJbHON TeOpUU HEecaMOCOIPAZKEHHBIX
omnieparopos [20; 25; 35, § 6].

DTu HAIIPABJIEHUSI SIBJISIOTCS 9aCTIMU DPJIAHT€HCKOI ITPOIPAMMBI B IITHPOKOM CMBbIC-
qe [27,35] u O/KHBL GBITH HPOJIOJIKEHBI B HOCeyomux padorax. Oxumaercs,
aro [IpuHIII CXOACTBA U COOTBETCTBUS OKAaYKeT HAIIPABJISIIONLYIO POJIb B ITOMCKAX
HanboJjiee TAPMOHUIHBIX KOHCTPYKITHIA.
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Aprop 6starogapen npod. H.A. I'pomMoBy 3a moJie3HOe 00CYZKJjieHrEe JAHHON pa-
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APPENDIX A. OUTPUT OF SYMBOLIC CALCULATIONS

Here are the results of our symbolic calculations. The source code can be ob-
tained from this paper [33] source at http://arXiv.org. It uses Clifford algebra
facilities [28] of the GiNaC library [2]. The source code is written in noweb [52]
literature programming environment.

Calculations for subgroup N and straight spokes
Reference point: ( 0 —1 )

Reference point arg: 0

Reference point norm: 1

0 1—e%

Rotationby x: ( u+x 2ux+v+x? )

Rotation of (ug,vo) by x: ( x —1+4+x*)

Parabolic norm: u? — v

Parabolic argument: u

Real number t; as a dual number: ( 0 —t; )

Product: ( u/+u u?+2u'utu? +vu? —uu? —v'v+u?v )
Product by a scalar: (u u?+av—au? )

Realpart: ( 0 —uv—u?+ud+v )

Imagpart: (1 1+uv—u’)

Zerovector: (0 0 )

Negative vector: ( u 2u®—v )

Dual number from argument 0 and normn: ( 0 —n )

Dual number from argument a; andnormn: ( a; af—n )
Dual number from argument a; and norm n—norm: n

Dual number from argument a; and norm n—arg: a;

Lin comb of two vectors ax(1,0)+bx(—1,0): ( —2e b27b37a373(bb2f:)%272ba73ba2 )

P is the sum R(P) and J(P): true

The real part of a real dual number is itself: true
norm is invariant under rotations: true
Product is invariant under rotations: true
Product ww is norm squared: true
Product (u,v) * (ug, vo) is (u,v): true
Add is commutative: true

Add is associative: true

S-mult is commutative: true

S-mult is associative: true

S-mult is distributive 1: true

S-mult is distributive 2: true

Product is symmetric (commutative): true
Prod is associative: true

Product is distributive: true

0
Cayley of the matrix X: ( 1 ex Ix )

Calculations for subgroup N’ and straight spokes
Reference point: ( oo —1 + 00?
Reference point arg: 0
Reference point norm: 1

. 1—e% 0
Cayley of the matrix X: ( Ix 1+ e )

Rotation by x: ( u _ 2ux4u?x2—vy )

1+ux 1+2ux+u2x?
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Rotation of (ug,vo) by x: ( 1 —%Jg"z )
Parabolic norm: ﬁ—i}

Parabolic argument: <

2_
Real number t; as a dual number: ( 00 °°t—1t1 )
u’u 1+v/—u2—2u’'u—u?+v’'viv
u’/+u (w/+u)?

Product by a scalar: ( u —=1ta= )

0?—u?+oo?vtu )

Product: (

(—14+u)u
_ —l+u—v )
uw

Real part: ( 00
Imag part: ( 1
Zero vector: ( oo —1)

Negative vector: (u —2—v )

Dual number from argument 0 and norm n: ( oo S )

n
—1 2
Dual number from argument a; and norm n: ( = T )
1

Dual number from argument a; and norm n—norm: n
Dual number from argument a; and norm n—arg: a;

__b+a b-b%2-a’t2bata
(b—a)?

Lin comb of two vectors a * (1,0) + b * (—1,0): ( -

P is the sum R(P) and J(P): true

The real part of a real dual number is itself: true
norm is invariant under rotations: true
Product is invariant under rotations: true
Product ww is norm squared: true
Product (u,v) * (ug, vo) is (u,v): true
Add is commutative: true

Add is associative: true

S-mult is commutative: true

S-mult is associative: true

S-mult is distributive 1: true

S-mult is distributive 2: true

Product is symmetric (commutative): true
Prod is associative: true

Product is distributive: true

)

Elliptic case of induced representations

_d> _ _cd
2 2 2 2
map T(M): | e die
d2+c? d2+c?
1  bc2?+c+bd? )

map s~} (M): ( 8 a2

c(cut+d)v (cu+d)?
2cdu+d?+c?2u?+c?v? 2cdu+d2+c?u?+c?v?
; . cav®+cau’?+bcut+bdtdaun bev—dav
Moebius map: 2cdu+d?+c2u?+c?v? 2cdu+d?+c?u+c?v?
Moebius map is given by the imaginary unit: true

d
2cdutd?+c?u? o clcut+d)v
character: 2cdu+d?+c2u+c?v? 2cdu+d2+c2u2+c2v?

Parabolic (N’) case of induced representations
0

map r(M): 1

map s~ (M):

N
T N\alo =
[eYN
o o ~——



25a

2

I/III,E[yL[I/IpOBaIIIILIe npeacTraBjJIeHUd U 'MIIEPKOMIIJIEKCHBIC YHCJIa 25

character: ( Clv (1) )

cu+d

. . b+tau _ bev—dav
Moebius map.( cutd (cu+d)? )

Moebius map is given by the imaginary unit: true

Hyperbolic case of induced representations

d? cd

2__ 2 2__ 2
map r(M): | 42 ¢F  &ie

d2—C2 d‘2_c2

1 _ bc?+c—bd?
1 . 2
map s~ (M): 8 2%
d
2cdu+d?+c?u? c(cutd)v
. 2cdu+d2+c2u2—c2v2  2cdu+d2+c2u2—c2v2
character: (et d)v (curd)?
2cdu+d2+c2u2—c2v2  2cdu+d2+c2uz—c2v2
; . _cav?-cau?—bcu—bd—dau __ bev—dav
Moebius map: ( 2cdu+d2+c2u2—c?v? 2cdu+d2+c2u?—c?v?

Moebius map is given by the imaginary unit: true

APPENDIX B. LIBRARY FOR DUAL NUMBER ALGEBRA

This is the second version of the library which perform non-standard computa-
tions with dual number described in this paper. The first version was published in
arXiv.org with the earlier more heuristic paper on this subject [30]. ETEX compi-
lation of the file of this paper [33] will produces the file dualnum.nw in the current
directory. This is a noweb [52] code of the program. It uses Clifford algebra facili-
ties [28] of the GiNaC library [2].

This piece of software is licensed under GNU General Public License (Version
3,29 June 2007) [10].

The part related to geodesic spokes is still unfinished.

B.1. Class dual number.

B.1.1. Public Methods.
A dual number can be created simply by listing its two components.

(Public methods 25a)= (35d) 25bp
dual number(const ex & a, const ex & b);

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38¢ 39b 39d 40a 40b 40b 40c 40c 40c 41a
4la 4la.

Alternatively you can provide a 1 x 2 or 2 x 1 matrix, a list, another dual number P
or a complex expression with a non-zero imaginary part to give two components.
If P does not have two components and is a real-valued expression, it will be
embedded into dual numbers with zero argument and norm equal to P.

(Public methods 25a)+= (35d) <25a 25c>

dual number(const ex & P);

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.
We can also obtain the module and argument of a dual number.
(Public methods 25a)+= (35d) <125b 26ab
ex arg() const;
ex norm() const;


arXiv.org
http://www.gnu.org/licenses/gpl.html

26a

26b

26¢

26d

26e

26f

26g

26h
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We define the conjugate of a dual number as number with the same modulus
but negative value of the argument.

(Public methods 25a)+= (35d) <25¢ 26bb>
ex conjugate() const;

Real part may be defined out of the formula %(u,v) = %((u, v) + (u,v)), but it
simply reduces to the value of norm for the dual number.

(Public methods 25a)+= (35d) <26a 26c>
ex real_part() const;
ex imag_part() const;

Negative of a dual number and its power.

(Public methods 25a)+= (35d) «126b 26d>
dual _number neg() const;
dual number power(const ex & e) const;

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.

We can also convert a dual number to a matrix.

(Public methods 25a)+= (35d) <126c 26er>
matrix to_matriz() const { return matrix (1, 2, Ist(u_ comp, v_comp)); >

We define the rule for parabolic norm of a sum, see (33).

(Public methods 25a)+= (35d) «26d 26f>
ex add_norms(const dual number & P) const;

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
4la 41a.
Upper half-plane action of the group SL,(R) on the dual numbers.
(Public methods 25a)+= (35d) <26e 26g>
dual number sl2_moebius(const ex & a, const ex & b, const ex & ¢, const ex & d) const;
dual number sl2_moebius(const ex & M) const;

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.
Similar action in the form of the group SU on the unit disk.

(Public methods 25a)+= (35d) «126f 26h>
dual number su_ moebius(const ex & a, const ex & b, const ex & c, const ex & d) const;
dual number su_moebius(const ex & M) const;

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
4la 4la.

A particular, but important case of the above SU-action: unitary rotation by x for

subgroups N and N’.

(Public methods 25a)+= (35d) <26g 27ab>
dual number rot(const ex & z) const;

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41la.
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Algebraic operations are defined for dual numbers in a way described in § 7.

The standard C++ operators -+, -, *, + will be overloaded later in order to permit

natural expressions with dual_numbers.

27a (Public methods 25a)+= (35d) <126h

dual number add(const dual number & P) const;
dual number sub(const dual number & P) const { return add(P.neg());
dual _number mul(const dual _number & P) const;
dual number mul(const ex & a) const { return mul(dual number(a)); }
dual number div(const dual number & P) const {return mul( P.power(-1)); }
dual_number div(const ex & a) const { return div(dual _number(a)); }

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41la.

We also define zero dual number.

27b (Additional routines declarations 27b)= (33c) 34dp
dual number zero_ dual_ number();
dual number dn_ from_ arg_mod(const ex & a, const ex & n);

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41la.

B.2. Algebraic Subroutines. We need a couple of global variables which help
to write uniformly algebraic rules for both cases of subgroups N and N'.
Firstly, we need to consider separately cases of subgroup N and N’, the following
global variable keeps track on it.
27c (N-Nprime separation 27c)= (33c) 27dp
bool subgroup N=true;
bool straight_ spoke=true;

In the case of the subgroup N’ the reference point lies at infinity, the following
realsymbol variable represents it in the symbolic calculations.

27d (N-Nprime separation 27c)+= (33c) <«27c 27ep>
realsymbol Inf("Inf", "\\infty");

We define the “zero angle”, it is always zero.

27e (N-Nprime separation 27c)+= (33c) <27d
#define Arg0 0

Defines:
Arg0, used in chunks 30a, 34e, and 38b.

Here is the set of algebraic procedures representing definitions made in this paper.
B.2.1. Argument and u. We define the conjugate of a dual number as number
with the same modulus but negative value of the argument.

27f (Algebraic procedures 27f)= (34a) 29bp
ex dual _number::conjugate() const { return dn_ from_ arg_mod(-arg(), norm()); }

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41la.
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B.2.2. Argument of a point. The opposite task (finding argument of a point) is
solved similarly (a direct formula).

28a (Dual number class further implementation 28a)= (34a) 28b>
ex dual number::arg() const {
if (subgroup N)
return u_ comp;

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
4la 41a.

Again in the case of N’ we need to consider cases of 0...

28b (Dual number class further implementation 28a)+= (34a) <28a 28cp>
else {
if (straight_ spoke) {
if (u_ comp.normal().is_ zero())
return Inf;

...and co. We try to replace L by 0.

28¢ (Dual number class further implementation 28a)+= (34a) <28b 28dp>
else
try {
realsymbol #("t");
return pow(u_ comp.subs(Inf = pow(t, -1)), -1).normal().subs(t = 0).normal();
} catch (std::exception &p) {
return pow(u_ comp, -1);

We now calculate argument for the case geodesic spokes (a direct formula).

28d (Dual number class further implementation 28a)+= (34a) <28c 28e>
} else
return (1-pow(2xv_comp+1, half))+u_ comp;

B.2.3. Norm. The corresponding value of the parabolic norm is calculated by the
formulae (25) (a direct formula).

28e (Dual number class further implementation 28a)+= (34a) <28d 28fp
ex dual _number::norm() const {

if (subgroup N)
return pow(u_ comp, 2)-v_ comp;

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.

The case of subgroup N’ require treatment of infinity. If the denominator is zero
than the treatment is the same for straight and geodesic spokes.

28f (Dual number class further implementation 28a)+= (34a) <28 29a1>
else {
ex denom=((straight_spoke?1:2)xv_ comp+1).normal();
if (denom.is_zero()) {
if (u_ comp.is_ zero())
return 1;
else
return Inf;
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For a non-zero denominator we return the plain values.

29a (Dual number class further implementation 28a)+= (34a) <28f 29en>
} else {
if (straight_ spoke)
return (pow(u_ comp,2)+denom).normal();
else
return (u_ comp-pow(denom,half)).normal();

B.2.4. The value of v from the argument and norm. Often We need to find values
of v such that for a given value of the first component u point (u,v) will have a
given norm.

29b (Algebraic procedures 27f)4+= (34a) <127f 29cp>
ex v_from_u_and_norm(const ex & u, const ex & n) {
realsymbol [("1");
if (subgroup N)
return Ilsolve(dual _number(u, l).norm() = n, l).normal();

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41la.

For subgroup N’ we use powers to make equations linear.
29¢ (Algebraic procedures 27f)+= (34a) <29b 29d>
else {
if (straight_ spoke)
return Isolve(pow(dual _number(u, [).norm(), -1) = pow(n, -1), l).normal();
else
return Isolve(pow(dual number(u, 1).norm(), -2).normal() = pow(n, -2), I).normal();

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.

29d (Algebraic procedures 27f)+= (34a) <29c 30ap
dual number zero_ dual_ number() {
return (subgroup_ N ? dual number(0, 0) : dual number(Inf, -1));

}
Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
4la 41a.
29e (Dual number class further implementation 28a)+= (34a) <129a 30bp>

bool dual number::is_ zero() const {
return is_equal(zero_ dual_number());

}

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.
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B.2.5. Real and Imaginary Parts. See [30] for a discussion of the real and imagi-
nary parts of dual numbers.
30a (Algebraic procedures 27f)4+= (34a) <29d 3lap
ex dual _number::real_part() const {

return dn_ from_arg mod(Arg0, (1-arg())xnorm());
}

ex dual number::imag_part() const {
return dn_ from_arg _mod(1, arg()xnorm());

}

Uses Arg0 27e and dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c
40c 40c 41a 41a 41la.

B.2.6. Product of Two Points. We define now the product of two points according
to the Definition 6.6. We also include a multiplication by a scalar: if a factor is a
scalar it is replaced by a vector with the zero argument and norm equal to the
scalar.
30b (Dual number class further implementation 28a)+= (34a) <29e 30c>
dual number dual number::mul(const dual number & P) const {
return dn_ from_arg_mod(arg()+P.arg(), norm()xP.norm());

}

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.

B.2.7. Vector Addition of Two Points. The rule for norm of a sum of two vectors

30c (Dual number class further implementation 28a)+= (34a) <30b 30d>
ex dual number::add_norms(const dual number & P) const {
return (norm()+P.norm()).normal();

}

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41la.

The sum is calculated from the expression (32).

30d (Dual number class further implementation 28a)+= (34a) <30c 31lbp>
dual number dual number::add(const dual number & P) const {
ex norms = add_ norms(P);
if (norms.normal().is_ zero())
return zero_ dual_number();
else
return dn_ from_arg _mod((arg()xnorm()+ P.arg()xP.norm())--norms, norms);

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.
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To construct a dual number from its argument and norm, we first build a number
with the given norm and then rotate it to obtain the desired argument.

3la (Algebraic procedures 27f)4+= (34a) <130a
dual number dn_ from_ arg_mod(const ex & a, const ex & n) {
dual number P=dual number(1, v_from_u_and_norm(1, n));
ex angle=(a-P.arg()).normal();
if (angle.is_zero())

return P;
else
return P.rot(angle);
}
Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.
De Moivres Identity:
31b (Dual number class further implementation 28a)+= (34a) <30d 3lcp

dual number dual number::power(const ex & e) const {
return dn_ from_arg_mod(arg()xe, pow(norm(), €));

}

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
4la 41a.
Negative dual number for (u, v) has the same argument and the negative modulus.

3lc (Dual number class further implementation 28a)+= (34a) <31b 31dp>
dual number dual number:neg() const {
return dn_ from_arg_mod(arg(), -norm());

b
Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.
Action of the group SL,(R) on the upper halfplane of dual numbers (a direct for-
mula).
31d (Dual number class further implementation 28a)+= (34a) <3lc 3le>

dual number dual number::si2 moebius(const ex & a, const ex & b, const ex & ¢, const ex & d) const {
return dual number(((axu_ comp+b)=+(cxu_ comp-+d)).normal(),
(v_ compx(axd-bxc)xpow(cxu_ comp+d, -2)).normal());

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.

The same transform, but given by a matrix

3le (Dual number class further implementation 28a)+= (34a) <31d 32ap
dual number dual number::si2_moebius(const ex & M) const {
if (is_a<matrix>(M) N ez to<matrix>(M).rows()=2 /\ ez to<matrix>(M).cols()=2)
return sl2 moebius(ex to<matrix>(M)(0,0), ez to<matrix>(M)(0,1),
er to<matrix>(M)(1,0), ez to<matrix>(M)(1,1));
else
throw (std::invalid_ argument("dual _number .moebius() : parameter M"
"should be a 2x2 matrix"));

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.
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Action of the group SL,(R) conjugated with the Cayley transform on the unit disk
of dual numbers (a direct formula).

32a (Dual number class further implementation 28a)+= (34a) <3le 32bp>
dual number dual number::su_moebius(const ex & a, const ex & b, const ex & c, const ex & d) const {
ex denom=(cxu_ comp+d).normal(), numer, summand=straight_spoke? ex(1) : half);

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41la.

We now define two different expressions for numerator depending from the type
of spokes we are using

32b (Dual number class further implementation 28a)+= (34a) <32a 32cp>
if (straight_ spoke)
numer = (v_ comp-pow(u_ comp, 2)+1)*(axd-bxc)+pow(axu_ comp+b, 2);
else
numer = halfx((2xv_ comp-pow(u_ comp,2)+1)*(axd-bxc)+pow(axu_ comp+b, 2));

For zero denominator we replace it by Inf.

32c (Dual number class further implementation 28a)+= (34a) <32b 32dp>
if (denom.is_ zero())
return dual number((axu_ comp+b)*Inf, (numerspow(Inf,2)-summand).normal());
else

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41la.

A non-zero denominator may include infinity, which we treat separately.

32d (Dual number class further implementation 28a)+= (34a) <32¢ 32e>
if (u_ comp.has(Inf)) {
realsymbol #("t");
return dual number(((axu_ comp+b)-+denom).subs(Inf = pow(t, -1))
.normal().subs(t = 0).normal(),
(numerspow(denom, -2)-summand)
.subs(Inf = pow(t, -1)).normal().subs(t = 0).normal());
} else

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41la.

For non-zero determinant we return the plain value.

32e (Dual number class further implementation 28a)+= (34a) <32d 33ap>
return dual number(((axu_ comp+b)-+denom).normal(),
(numerspow(denom, -2)-summand).normal());

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.
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A variant of the function if the matrix is given as a whole.

33a (Dual number class further implementation 28a)+= (34a) <32e 33bp>
dual number dual number::su_moebius(const ex & M) const {
if (is_a<matrix>(M) N\ ezx_to<matrix>(M).rows()=2 A ex_to<matrix>(M).cols()=2)
return su_ moebius(exr to<matrix>(M)(0,0), ez to<matrix>(M)(0,1),
ex_to<matrix>(M)(1,0), ex_to<matrix>(M)(1,1));
else
throw(std::invalid_ argument("dual_number .moebius(): parameter M should "
"be a 2x2 matrix"));

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.

Parabolic rotations

33b (Dual number class further implementation 28a)+= (34a) <33a
dual number dual number::rot(const ex & 1) const {
if (subgroup N)
return su_ moebius(1, z, 0, 1);
else
return su_ moebius(1, 0, z, 1);

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.

All algebraic routines are defined now.

B.3. Library Outline. Here is the outline how we use the above parts.
Routines for dual number are collected in a separate library. We start from the
definition dual _number class in the header file.

33c (dualnum.h 33c)=
(Header initialisation 33d)
(N-Nprime separation 27c)
(Dual number class declaration 35c¢)
(Additional routines declarations 27b)

This is the initialisation part of the header file
33d (Header initialisation 33d)= (33¢)
#include <fstream>
using namespace std,;

#include <ginac/ginac.h>
using namespace GiNaC;
#define GINAC_VERSION_ATLEAST( major, minor) \
(GINACLIB_MAJOR_ VERSION > major \
V (GINACLIB_ MAJOR_ VERSION = major \ GINACLIB_MINOR_ VERSION > minor))

Defines:
GINAC_VERSION_ATLEAST, used in chunks 35-38.
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Here is the file with the implementation.

(dualnum.cpp 34a)=
#include <dualnum.h>
const numeric half=numeric(1,2);
(Algebraic procedures 27f)
(Dual number class implementation 37b)
(Dual number class further implementation 28a)
(Output routines 34b)

Defines:
numeric, used in chunks 52 and 53.

B.3.1. Output routines. We use standardised routines to output results of calcula-
tions.

(Output routines 34b)= (34a) 3dcp>
void formula_ oul(string S, const ex & F, bool lineend) {
cout < S < (latexout ? "\\ (" : "" ) < F < (latexout 7 "\\)" : "" );
if (lineend)
cout < (latexout 7 "\\\\" : "" ) < endl;
else
cout K< "5 "
}
Defines:

formula_out, used in chunks 35b, 43, 44, and 48.
This routine is used to check identities.
(Output routines 34b)+= (34a) <34b
void test_ out(string S, const ex & T) {
cout < S < (latezout 7 "\\textbf{" : "x" )
< (is_a<dual number>(T) ? ex_to<dual number>(T).normal().is_ zero() :
T.evalm().normal().is_ zero_matriz()) < (latezout 7 "IN\\\" : "x" )
< endl;

Defines:
test_out, used in chunks 35b, 45, 46, and 48e.

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.

Here is declarations of additional routines for the header file.

(Additional routines declarations 27b)+= (33c) «127b 3dep
bool latexout;

Function interface to global variables. Two work properly the library shall fix
which kind rotations, either N or N’, is used.
(Additional routines declarations 27b)+= (33c) <134d 35ap>
ex arg0() { return Arg0; }
bool is_subgroup N() { return subgroup_N; }
void set_ subgroup(bool N);

Uses Arg0 27e and set_subgroup 42c.
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We also define procedures to setup which spoke are used with the subgroup N’,
either vertical lines or geodesics. This does not affect calculations with the sub-
group N.
(Additional routines declarations 27b)+= (33c) <34e 35bp>
bool is_spoke_ straight() { return straight spoke; }
void set_ straight spoke(bool S);

Uses set_straight_spoke 42c.
Nicer output for testing routines.
(Additional routines declarations 27b)+= (33¢) <135a

void test_out(string S, const ex & T);
void formula_oul(string S, const ex & F, bool lineend=true);

Uses formula_out 34b 43c 44g 44g 44g 44g 44h 54a and test_out 34c 45a 45b 45e 54b.

B.4. Header and Implementation of the dual number Class.

B.4.1. Header File for dual number. We use the standard GiNaC machinery do
define dual numbers as derived of the class basic.

(Dual number class declaration 35¢)= (33c) 35dp>
class dual number : public basic
{
GINAC_DECLARE_REGISTERED_CLASS(dual number, basic)
#if GINAC_VERSION_ATLEAST(1,5)
#else
static const tinfo_static_t return_ type_tinfo_ static|256];
#endif

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41la 41a, GINAC_VERSION_ATLEAST 33d, and tinfo_static_t 37b.

Public methods (constructors, algebraic, etc.)

(Dual number class declaration 35c¢)+= (33c) <35c 35en
public:
(Public methods 25a)
(Technical methods 36d)
(Dual number operators 36a)

We redefine protected methods for printing only.

(Dual number class declaration 35¢)+= (33c) «35d 35f>
protected:
void do_ prinit(const print_context & ¢, unsigned level) const;
void do_print_latex(const print latex & c, unsigned level) const;

Private members: two components of a dual number.

(Dual number class declaration 35¢)+= (33c) <35e 36cr>
protected:
ex u_ comp;
ex v_comp;

Y
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We overload standard algebraic operations for dual number.

36a (Dual number operators 36a)= (35d)
//const dual number operator+(const dual number & rh);
//const dual _number operator-(const dual number & rh);
//const dual number operator*(const dual_number & rh);
//const dual number operator*(const ex & rh),
//const dual number operator/(const ex & rh);
//const dual number operator/(const dual number & rh);

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
4la 41a.

We overload standard algebraic operations for dual number.

36b (Dual number spare operators 36b)=
const dual number operator+(const dual number & i, const dual number & 7h);
const dual number operator- (const dual ‘number & Ih, const dual number & rh);
const dual number operatorsx(const dual number & lh, const dual number & rh);
const dual number operatorx(const dual number & lh, const ex & rh)
const dual number operatorx(const ex & “Ih, const dual number & rh);
const dual_number operator-(const dual number & Ih, const ex & rh);
const dual number operator--(const ex & lh, const dual number & 7h);
const dual number operator--(const dual number & [h, const ex & rh);

Defines:
dual_number, used in chunks 25-39, 41, and 42.

We overload standard algebraic operations for dual number.

36¢c (Dual number class declaration 35¢)+= (33c) «35f 37an
//const dual number operator*(const ex & lh, const dual number & rh);
//const dual _number operator/(const ex & lh, const dual number & rh);

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41la.

The following methods are needed for GiNaC to work properly.

36d (Technical methods 36d)= (35d)
dual number normal() const { return dual number(u_ comp.normal(), v_ comp.normal());
dual number subs(const ex & e, unsigned options = 0) const;
bool is_zero() const;
bool is_equal(const ex & other) const;
size_t nops() const { return 2; }
ex op(size_t i) const;
ex & let op(size_t1i);
#if GINAC_VERSION_ATLEAST(1,5)
dual number(const archive_node &n, Ist &sym_ Ist);
void archive(archive_node &n) const;
ex unarchive(const archive_node &n, 1st &sym_Ist);
return_ type_t return_ type_ tinfo() const {return make_return_type_t<dual number>();}
#endif

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a and GINAC_VERSION_ATLEAST 33d.
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Additional routines.

37a (Dual number class declaration 35¢)4+= (33c) <36c
//dual _number dn_from arg mod(const ex & a, const ex & n);
ex v_from u_and_ norm(const ex & u, const ex & n);

// End of "header"

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.

B.4.2. Standard Implementation Part. The implementation uses standard GiNaC
technique.
37b (Dual number class implementation 37b)= (34a) 37cp>

GINAC IMPLEMENT REGISTERED CLASS OPT(dual number, basic,
print_ func<print_ context>(&dual _number::do_ print).
print_ func<print_later>(&dual _number::do_ print_ latex))

#if GINAC_VERSION_ATLEAST(1,5)

#else

const tinfo_ static_t dual number::return_ type_ tinfo_ static[256] = {{}};
#endif

Defines:
tinfo_static_t, used in chunk 35c.

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a and GINAC_VERSION_ATLEAST 33d.

B.4.3. Implementation of Constructors. Default constructor.
37c (Dual number class implementation 37b)+= (34a) <37b 37d>
#if GINAC_VERSION_ATLEAST(1,5)
dual number::dual number() : inherited(), u_ comp(0), v_ comp(0)
#else
dual number::dual number() : inherited(&dual _number::tinfo_ static), u_ comp(0), v_ comp(0)
#endif
{
setflag(status_ flags::not_ shareable);

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
4la 41a and GINAC_VERSION_ATLEAST 33d.

Constructor from two components.
37d (Dual number class implementation 37b)+= (34a) <37c 38ab
#if GINAC_VERSION_ATLEAST(1,5)
dual number::dual number(const ex & a, const ex & b) : inherited(),
u_ comp(a), v_comp(b)
#else
dual number::dual number(const ex & a, const ex & b) : inherited(&dual _number::tinfo_ static),
u_comp(a), v_comp(b)
#endif
{
}

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
4la 41a and GINAC_VERSION_ATLEAST 33d.
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Constructor from a single expression. It may contain two components. ..

38a (Dual number class implementation 37b)+= (34a) «37d 38bp
#if GINAC_VERSION_ATLEAST(1,5)
dual number::dual number(const ex & P) : inherited()
#else
dual number::dual number(const ex & P) : inherited(&dual number::tinfo_ static)
#endif
{
if (is_a<lst>(P) V is_a<matrix>(P) V is_a<dual number>(P)) {
u_comp = P.op(0);
v_comp = P.op(1);

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
4la 41a and GINAC_VERSION_ATLEAST 33d.

...if it is a real expression we embed it into dual number...
38b (Dual number class implementation 37b)+= (34a) <38a 38cp>
} else if (P.imag_part().normal().is_ zero()) {
dual number t=dn_ from_ arg_mod(Arg0, P);
u_comp = t.op(0);
v_comp = t.op(l);

Uses Arg0 27e and dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c
40c 40c 41a 41a 4la.

...or if its a complex expression we decompose it into the real and imaginary parts.
38¢c (Dual number class implementation 37b)+= (34a) <38b 38dp>
} else {
u_comp = P.real_part();
v_comp = P.imag_part();

B.4.4. Service methods for the GiNaC infrastructure. Standard partsinvolving archiv-
ing, comparison and printing of the dual number class

38d (Dual number class implementation 37b)+= (34a) <38c 38ep

dual number::dual number(const archive_node &n, Ist &sym_Ist) : inherited()
{

n.find_ ex("u_comp", u_ comp, sym_ lst);

n.find_ex("v_comp", v_comp, sym_ lst);

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.

Archiving routine.

38e (Dual number class implementation 37b)+= (34a) <38d 39ap
void dual number::archive( archive_node &n) const
{
inherited:: archive(n);
n.add_ex("u_comp", u_ comp);
n.add_ ex("v_comp", v_ comp);

Defines:
dual_number, used in chunks 25-39, 41, and 42.
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Archiving routine.

(Dual number class implementation 37b)4= (34a) <138e 39b>
ex dual _number::unarchive(const archive_node &n, Ist &sym_ Ist)

{

return (new dual number(n, sym_ Ist))—setflag(status_ flags::dynallocated);

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.

Comparison routine.

(Dual number class implementation 37b)4= (34a) <39a 39cp
int dual number::compare_ same_ type(const basic & other) const

{
GINAC_ASSERT(is_a<dual number>(other));
const dual number &o = static _cast<const dual number &>(other);

int empual = u_ comp.compare(o.0p(0));
if (empval£0) return cmpual,

return v_ comp.compare(o.op(1));

Defines:
dual_number, used in chunks 25-39, 41, and 42.

Equality of two dual numbers.

(Dual number class implementation 37b)+= (34a) <39b 39d>
bool dual number::is_equal(const ex & other) const

{
GINAC_ASSERT(is_a<dual number>(other));
const dual number &o = static _cast<const dual number &>(other);

return (u_ comp-0.0p(0)).normal().is_ zero() N\ (v_ comp-o0.0op(1)).normal().is_ zero();

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.

B.4.5. Printing. Default printing.

(Dual number class implementation 37b)+= (34a) <139c 40ap>
void dual number::do_ print(const print_contest & c, unsigned level) const

{

cs << "[";
u_ comp.print(c);
cs<K","
v_comp.print(c);
cs <"l
}
Defines:

dual_number, used in chunks 25-39, 41, and 42.
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ETEX printing.
40a (Dual number class implementation 37b)+= (34a) <39d 40bp
void dual number::do_print_ latex(const print_latex & c, unsigned level) const
{

c.s < "\\left (\\begin{array}{cc}";
u_ comp.print(c);

c.s LK "&";

v_comp.print(c);

c.s < "\\end{array}\\right)";

Defines:
dual_number, used in chunks 25-39, 41, and 42.

B.4.6. Overloading algebraic operations. Addition.

40b (Dual number class implementation 37b)+= (34a) <40a 40c>
const dual number operator+(const dual number & [h, const dual number & rh)
{
return lh.add(rh);
}
const dual number operator-(const dual number & Ih, const dual number & 7h)
{
return lh.sub(rh);
}
Defines:
dual_number, used in chunks 25-39, 41, and 42.
Multiplication.
40c (Dual number class implementation 37b)+= (34a) <40b 4lap
const dual number operatorx(const dual number & Ih, const ex & rh)
{
return lh.mul(rh);
}
const dual number operatorx(const ex & lh, const dual number & rh)
{
return rh.mul(lh);
}
const dual number operatorx(const dual number & lh, const dual number & 7h)
{
return lh.mul(rh);
}
Defines:

dual_number, used in chunks 25-39, 41, and 42.
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Division.
4la (Dual number class implementation 37b)4= (34a) <40c 41b>
const dual number operator--(const dual number & Ih, const dual number & %)
{
return lh.mul(rh.power(-1));
}
const dual number operator--(const ex & [h, const dual number & 7h)
{
return rh.power(-1)xlh;
}
const dual number operator--(const dual number & Ih, const ex & rh)
{
return lh.mul(pow(rh, -1));
}
Defines:

dual_number, used in chunks 25-39, 41, and 42.

B.4.7. Component-related functions.

41b (Dual number class implementation 37b)+= (34a) <4la 42ap
ex dual _number::op(size_t i) const
{
GINAC ASSERT(i<nops());

switch (7) {
case 0:

return u_ comp;
case 1:

return v_comp;
default:

throw(std::invalid_ argument("dual_number: :op(): requested"

" operand out of the range (2)"));

Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.
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42a (Dual number class implementation 37b)4= (34a) <41b 42bp>
dual number dual number::subs(const ex & e, unsigned options) const
{
exmap m;

if (e.info(info_ flags::list)) {
Ist [ = ex to<lst>(e);
for (Ist::const_iterator i = l.begin(); i # Lend(); ++1i)
m.insert(std::make_ pair(i—op(0), i—op(1)));
} else if (is_a<relational>(e)) {
m.insert(std::make_ pair(e.op(0), e.op(1)));
} else
throw(std::invalid_ argument("dual_number: :subs() : the parameter"
" should be a relational or a lst"));

return ez_to<dual number>(inherited::subs(m, options));

}
Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
41a 41a.
42b (Dual number class implementation 37b)+= (34a) <42a 42cp>
ex & dual _number::let_op(size_t 1)
{

GINAC ASSERT(i<nops());

ensure_if modifiable();
switch (7) {
case 0:
return u_ comp;
case 1:
return v_comp;
default:
throw (std::invalid_ argument("dual_number: :let_op(): requested operand"
" out of the range (2)"));

}
X
Uses dual_number 36b 36b 36b 36b 36b 36b 36b 36b 38e 39b 39d 40a 40b 40b 40c 40c 40c 41a
4la 41a.
42¢ (Dual number class implementation 37b)4= (34a) <142b

void set_ subgroup(bool N) {
subgroup N = N;
}

void set_ straight _spoke(bool S) {
straight _spoke = S;
if (not S)
subgroup N—=false;

Defines:
set_straight_spoke, used in chunk 35a.

set_subgroup, used in chunk 34e.
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This is the end of dual number implementation.

APPENDIX C. PROGRAM FOR SYMBOLIC CALCULATIONS

This is a documentation for our symbolic calculations supporting this paper.
You can obtain the program itself from the source files of this paper [33] atarXiv.org;
IATEX compilation of it will produces the file parab-rotation.nw in the current
directory. This is a noweb [52] code of the program. It uses Clifford algebra facili-
ties [28] of the GiNaC library [2].

This piece of software is licensed under GNU General Public License (Version
3,29 June 2007) [10].

C.1. Calculation and Tests. This Subsection contains code for calculation of
various expression. See [26] or GiNaCinfo for usage of Clifford algebra functions.

C.1.1. Calculation of Expressions. Firstly, we output the expression of the Cayley
transform for a generic element from subgroups N and N'.
(Show expressions 43a)= (50d) 43br>
ex XC=-canonicalize_ clifford(( TCxXxTCI).evalm());
formula_ out("Cayley of the matrix X: ", XC.subs(sign=0).normal());

Uses formula_out 34b 43c 44g 44g 44g 44g 44h 54a.
Then we calculate Mobius action of those matrix on a point.

(Show expressions 43a)+= (50d) <43a 43c>
dual number W(clifford_moebius_map(XC, P.to_matriz(), e).subs(sign=0).normal()),
W1 = W.subs(Ist(u=ul, v=0v1));
formula_ out("Rotation by x: ", W);
if (not W.is_ equal(P.rot(x)))
cout < "***% dualnumber::rot() gives wrong answer **x* \\(" <
P.rot(z) < "\\)" < endl < endl;

Uses formula_out 34b 43c 44g 44g 44g 44g 44h 54a.
Next we specialise the above result to the reference point.
(Show expressions 43a)+= (50d) <43b 43d>

formula_ out("Rotation of \\((u_0, v_0)\\) by \\(x\\): ",
W.subs(Ist(u = w0, v = v0)).subs(Inf = pow(y, -1)).normal().subs(y = 0).normal());

Defines:
formula_out, used in chunks 35b, 43, 44, and 48.

The expression for the parabolic norm.

(Show expressions 43a)+= (50d) <43c 43e>
formula_ out("Parabolic norm: ", P.norm());
formula_ out("Parabolic argument: ", P.arg());

Uses formula_out 34b 43c 44g 44g 44g 44g 44h 54a.

Embedding of reals into dual numbers.

(Show expressions 43a)+= (50d) «<43d 44ap>
possymbol t1("t1","t_1"), al("al", "a_1"), n("n");
formula_ out("Real number \\(t_1\\) as a dual number: ", dual number(t1));

Uses formula_out 34b 43c 44g 44g 44g 44g 44h 54a.


http://arXiv.org/abs/math/yymmnnn
arXiv.org
http://www.gnu.org/licenses/gpl.html

44a

44b

44c

44d

44e

44f

44g

44h

44 B. B. Kucunb

The expression for the product of two points.

(Show expressions 43a)+= (50d) <43e
formula_ out("Product: ", PxPI);

Uses formula_out 34b 43c 44g 44g 44g 44g 44h 54a.

The expression of the product of a point and a scalar.

(Show expressions 43a)+= (50d) <44a
formula_ out("Product by a scalar: ", axP);

Uses formula_out 34b 43c 44g 44g 44g 44g 44h 54a.

Expressions for the real and imaginary parts.

(Show expressions 43a)+= (50d) <44b
formula_ out("Real part: ", P.real part());
formula_ out("Imag part: ", P.imag part());

Uses formula_out 34b 43c 44g 44g 44g 44g 44h 54a.

The expression for a sum of two points is too cumbersome to be printed.

(Show expressions 43a)+= (50d) <44c
//formula_out("Add is: ", (P+P1).normal());

Uses formula_out 34b 43c 44g 44g 44g 44g 44h 54a.

Expression for zero is

(Show expressions 43a)+= (50d) <44d
formula_ out("Zero vector: ", zero dual_number());

Uses formula_out 34b 43c 44g 44g 44g 44g 44h 54a.

Expression for zero is

(Show expressions 43a)+= (50d) <44e
formula_ out("Negative vector: ", P.neg());

Uses formula_out 34b 43c 44g 44g 44g 44g 44h 54a.

Expression for zero is

(Show expressions 43a)+= (50d) <t44f

formula_ out("Dual number from argument \\(O\\) and norm \\(n\\): ",
dn_ from_arg_mod(0, n));

dual number PP=dn_ from_ arg_mod(al, n);

formula_ out("Dual number from argument \\(a_1\\) and norm \\(n\\): ",
PP.normal());

44b >

44c>

44d >

44e>

44f >

44g >

44h >

formula_out("Dual number from argument \\(a_1\\) and norm \\(n\\)--norm: ",

PP.norm().normal());

formula_out("Dual number from argument \\(a_1\\) and norm \\(n\\)--arg: ",

PP.arg().normal().normal());

Defines:
formula_out, used in chunks 35b, 43, 44, and 48.

Linear combination of points (1,0) and (—1,0) with coefficients a and b, for the

linearisation presented in [30].
(Show expressions 43a)+= (50d)
formula_ out("Lin comb of two vectors \\(ax(1, 0)+bx(-1, 0)\\): ",
(axdual _number(1,0)+bxdual _number(-1,0)).normal());

Defines:
formula_out, used in chunks 35b, 43, 44, and 48.

<44g
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C.1.2. Checking Algebraic Identities. In this Subsection we verify basic algebraic
properties of the defined operations.
A dual number is the sum of its real and imaginary parts.
45a (Check identities 45a)= (50d) 45b >
test_out("\\(P\\) is the sum \\(\\Re(P)\\) and \\(\\Im(P)\\): ",
P-(ez_to<dual number>(P.real_part())+ex_to<dual number>(P.imag_part())));

Defines:
test_out, used in chunks 35b, 45, 46, and 48e.

A dual number maid out of a real a has the norm of real part equal to a.

45b (Check identities 45a)+= (50d) <45a 45c>
test_out("The real part of a real dual number is itself: ",
er_to<dual number>(dual number(a).real_part()).norm()-a);

Defines:
test_out, used in chunks 35b, 45, 46, and 48e.

The norm is invariant under parabolic rotations, i.e. they are in agreement with

Defn. 6.1.
45¢ (Check identities 45a)+= (50d) «145b 45d >
test out("norm is invariant under rotations: ", P.norm()- W.norm());

Uses test_out 34c 45a 45b 45e 54b.
The product wiws is invariant under rotations, Prop. 3.

45d (Check identities 45a)+= (50d) <45¢c 45en>
test _out("Product is invariant under rotatioms: ", PxP1.conjugate()- Wx W1.conjugate());

Uses test_out 34c 45a 45b 45e 54b.
Product ww is (0, w|?), Prop. 4.
45e (Check identities 45a)+= (50d) <45d 45f>
test_out("Product \\(w\\bar{w}\\) is norm squared: ",
(P« P.conjugate()-dn_ from_arg mod(Arg0, pow(P.norm(), 2))));

Defines:
test_out, used in chunks 35b, 45, 46, and 48e.

The reference point is unit under multiplication.

45f (Check identities 45a)+= (50d) <4b5e 45g>
test_out("Product \\((u, v)*(u_0, v_0)\\) is \\((u, W\\): ", PxP0-P);

Uses test_out 34c 45a 45b 45e 54b.
Addition is commutative, Prop. 1.

45g (Check identities 45a)+= (50d) <45f 45hp
test out("Add is commutative: ", (P+PI)-(PI1+P));

Uses test_out 34c 45a 45b 45e 54b.

Addition is associative, Prop. 1.
45h (Check identities 45a)+= (50d) <145g 46a1>
test _out("Add is associative: ", ((P+PI)+ P2)-(P+(P1+P2)));

Uses test_out 34c 45a 45b 45e 54b.
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Multiplication by a scalar is commutative.

(Check identities 45a)+=
test _out("S-mult is commutative: ", Pxa-axP);

Uses test_out 34c 45a 45b 45e 54b.
Multiplication by a scalar is associative.

(Check identities 45a)+=
test _out("S-mult is associative: ", bxPxa-axPxb);

Uses test_out 34c 45a 45b 45e 54b.
Distributive law a(w; +wsz) = aw; + aws, Prop. 4.

(Check identities 45a)+=
test_out("S-mult is distributive 1: ", ax(P+PI)-(axP +axP1));

Uses test_out 34c 45a 45b 45e 54b.
Distributive law (a + b)w = aw + bw, Prop. 4.

(Check identities 45a)+=
test _out("S-mult is distributive 2: ", Px(a+b)-(Pxa + Pxb));

Uses test_out 34c 45a 45b 45e 54b.
Product is commutative, Prop. 1.

(Check identities 45a)+=
test out("Product is symmetric (commutative): ", PxPI-PIxP);

Uses test_out 34c 45a 45b 45e 54b.
Product is associative, Prop. 1.

(Check identities 45a)+=
test _out("Prod is associative: ", (PxPI)xP2-Px(P1xP2));

Uses test_out 34c 45a 45b 45e 54b.
Product and addition are distributive, Prop. 2.
(Check identities 45a)+=

(50d) <45h

(50d) <46a

(50d) <46b

(50d) <46¢

(50d) <46d

(50d) <46e

(50d)

test _out("Product is distributive: ", (P+PI1)xP2-(PxP2+P1xP2));

Uses test_out 34c 45a 45b 45e 54b.

46b >

46¢>

46d >

46e >

461>

46g >

46f

C.2. Induced Representations. Here we calculate the basic formulae for Sec-

tion 3.

C.2.1. Encoded formulae. This routine encodes the map s : R? — SL,(R) (9).

(Induced representations routines 46h)=
ex s_map(const ex & u, const ex & v) {
return matrix(2, 2, 1st(v,u,0,1));

}

ex s_map(const ex & P) {
if (P.nops() = 2)
return s_map(P.op(0), P.op(1));

cerr < "s_map() error: parameter should have two operands" < endl,

return s_map(P,1);

(48g)

47a>
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This routine encodes the map r : SL,(R) — H (12). The first parameter is an
element of SL,(R), the second—is a generic element of subgroup H. We look spe-
cific matrix of the form K which makes the product MK belonging to the image of
s_map(), i.e. its (2, 1) element should be zero.

(Induced representations routines 46h)+= (48g) <46h 47b>
ex r_map(const ex & M, const ex & K) {
ex K1=K.evalm(), K2,
Ist vars = (is_a<symbol>(K1.0p(2)) ? Ist(K1.0p(2)) : Ist(K1.0p(1)));
if (is_a<symbol>(K1.0p(3))) {
vars = vars.append(K1.0p(3));
K2 = K1.subs(lsolve(l1st((MxK1).evalm().op(2)=0), vars)).subs(K1.0p(3)=1);
} else
K2 = K1.subs(lsolve(lst((MxK1).evalm().op(2)=0), vars));
return pow(K2, -1).evalm();

This is the inverse s ! of the above map s.

(Induced representations routines 46h)+= (48g) <47a 4Tcp
ex p_map(const ex & M, const ex & K) {
ex ¢ = K.evalm().op(3);
ex MK=(Mspow(r_map(M,K),-1)).evalm();
ex D=MK.op(3).subs(z=1).normal();
return matrix(1, 2, Ist((MK.op(1).subs(z=1).normal()+D).normal(),
(MK.op(0).subs(z=1).normal()+D).normal()));

This is a matrix form of the above inverse map p_ map().

(Induced representations routines 46h)+= (48g) <147b
ex p_map_m(const ex & M, const ex & K) {
return (Mspow(r_map(M,K),-1)).evalm();
}

C.2.2. Caculation of induced representation formulae. Firstly we define a generic
element M of SL,(R).

(Induced representations 47d)= (51b) 47er
ex M=matrix (2,2, Ist(a,b,c,d)), H;

We consider the three cases.

(Induced representations 47d)+= (51b) <47d 47f>
string cases[]|={"Elliptic", "Parabolic (\\(N~\\prime\\))", "Hyperbolic"};

In the those cases subgroups holds a generic element of a subgroup H, see (4), (6)
and (7).
(Induced representations 47d)4= (51b) <47e 48ap>
ex subgroups=lst(matrix (2, 2, Ist(z,-y,y,2)),
matrix(2, 2, 1st(1,0,y,1)),
matrix (2, 2, Ist(z,y,y,7)));
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Now we run a cycle over the three cases. ..

(Induced representations 47d)+= (51b) <47f 48bp>
for(int i=0; i<3; i++) {
H=subgroups|i;
cout < cases|i] < " case of induced representations\\\\" < endl
//formula__out("M*H: ", (M*H).evalm());

Uses formula_out 34b 43c 44g 44g 44g 44g 44h 54a.
...and output expression of r (12),...

(Induced representations 47d)+= (51b) <48a 48c>
formula_ out("map \\(x(M\\): ", r_map(M,H));

Uses formula_out 34b 43c 44g 44g 44g 44g 44h 54a.
... matrix form of the inverse s—* (12),...

(Induced representations 47d)+= (51b) <148b 48dp
formula_ out("map \\(s~{-1XMD\\): ", p_map_m(M,H).subs(a=(1+bxc)+d).normal());

Uses formula_out 34b 43c 44g 44g 44g 44g 44h 54a.
...expression for the argument of the character in (13),...

(Induced representations 47d)4= (51b) <48c 48er>
formula_ out("character: ", r_map(Mxs_map(P),H));

Uses formula_out 34b 43c 44g 44g 44g 44g 44h 54a.
...and finally the action (8) of SL,(R) on the homogeneous space.
(Induced representations 47d)4= (51b) <148d
formula_ out("Moebius map: ", p_map(Mxs_map(P.to_matrix()),H));
test_out("Moebius map is given by the imaginary unit: ", p_map(Mxs_map(P),H) -
clifford_moebius_map(axone, bxone, cxone, dxone,P.to_matriz(),e).subs(sign=i-1));
cout < (latexout ? "\\vspace{2mm}\\hrule" :
T T TP ") K endl
}

Uses formula_out 34b 43c 44g 44g 44g 44g 44h 54a and test_out 34c 45a 45b 45e 54b.

C.3. Program Outline. Here is the outline how we use the above parts.

C.3.1. Test program outline. Firstly we load dual number support.

(* 48f)= 48g 1>
#include <cycle.h>
#include <dualnum.h>

The rest of the program makes all checks.
(* 48f)+= Q48f
(Definition of variables 48h)
(Test routine 49g)
(Induced representations routines 46h)
(Main procedure 50e)

C.3.2. Variables. These realsymbols are used in our calculations.

(Definition of variables 48h)= (48g) 49ap
const numeric half(1,2);

Defines:
numeric, used in chunks 52 and 53.
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Variables vs oftenly appear under square roots of the form /1 + 2v. To facilitate
the simplifications of the type (v/1+ 2v)? = 1 + 2v we (falsely) define them to be
positive symbols.

(Definition of variables 48h)+= (48g) <148h 49bp
possymbol v("v"), vi("v’"), v2("v");

Other real variables.

(Definition of variables 48h)+4= (48g) <49a 49c>>
realsymbol u("u"), uI("uw’"), u2("w’"),
a(nan)7 b(nbu)7 c(ncu)7 d("d"), l’("X"), y(uyn)7

Finally this variable keeps the signature of the metric space.

(Definition of variables 48h)+= (48g) <149b 49d >
sign("s", "\\sigma");

This an index used for the definition of Clifford units.

(Definition of variables 48h)+= (48g) <49c 49er
varidx mu(symbol("mu", "\\mu"), 1), nu(symbol("nu", "\\nu"), 2);

Three generic points which are used in calculations.

(Definition of variables 48h)+4= (48g) <49d 49f>
dual number P(u, v), P1(ul, v1), P2(u2, v2);

Here we define a parabolic Clifford units one, e0.

(Definition of variables 48h)+= (48g) <149e
ex e = clifford _unit(mu, diag_matriz(lst(sign))),
el = e.subs(mu=0),
one = dirac_ ONE(),
e2 = clifford_ unit(nu, diag_matriz(lst(-1,sign)));

C.3.3. Test routine. This routine make the same sequence of checks for both cases
of subgroups N and N’.
First we define the reference point (u0,v0).

(Test routine 49g)= (48g) 50ap
void parab_rot_sub(bool N, bool S) {
cout < "Calculations for subgroup \\(N"
L (N7 o)y <« ™\\) and "
< (S7? "straight" : "geodesics") < " spokes\\\\"<endl;
set_ subgroup(N);
set_ straight spoke(S);
ex X,
Wo0=dn_ from_arg mod(Arg0, 1),
u0=W0.0p(0),
v0=W0.0p(1),
PO=matrix(1, 2, Ist(u0, v0));

Defines:
parab_rot_sub, used in chunk 51a.
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These two matrices define the Cayley transform and its inverse.

(Test routine 49g)+= (48¢g) <49g 50bp
cout < "Reference point: \\(" < PO < "\\D\\\\" < endl,
cout < "Reference point arg: \\(" < ez_to<dual number>(W0).arg() < "\\)\\\\" < endl;
cout < "Reference point norm: \\(" < ez_to<dual number>(W0).norm() < "\\)\\\\" < endl;

For the subgroup N we consider upper-triangular matrices, for N'—lower-triangular.

(Test routine 49g)+= (48g) <150a 50c>
if (subgroup N)
X=matrix(2, 2, Ist(one, onexz, 0, one));
else
X=matrix(2, 2, Ist(one, 0, onexz, one));

Two different types of Cayley transforms.
(Test routine 49g)+= (48g) <50b 50d >
ex TC, TCIL
if () {
TC=matrix(2, 2, Ist(one, -€0, -0, one));
TCI=matrix(2, 2, Ist(one, €0, e0, one));
} else{
TC=matrix(2, 2, Ist(one, -eO«half, -eO«half, one));
TCl=matrix(2, 2, Ist(one, eOxhalf, eOxhalf, one));

Common part of test routine.
(Test routine 49g)+= (48g) <50c
(Show expressions 43a)
(Check identities 45a)
cout < (latexout ? "\\vspace{2mm}\\hrule" :
e ") < endl
}

C.3.4. Main procedure. It just calls the test routine, calculates the induced repre-
sentation and draws a few pictures.
We output formulae in EIEX mode.
(Main procedure 50e)= (48g) 50f>
int main(){
latexout=true;

Defines:
main, never used.

Preparation of output stream.

(Main procedure 50e)+= (48g) <50e 5la
cout < boolalpha
if (latezout)

cout < late;
(Drawing pictures 51d)
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Now we call the test routine for both N and N’ subgroups.

(Main procedure 50e)+= (48¢g) <50f 51bp>
parab_rot_sub(true, true);
parab_rot_sub(false, true);
// parab_rot_sub(false, false); To work with geodesic spokes

Uses parab_rot_sub 49g.
Calculation of induced representations formulae.

(Main procedure 50e)+= (48¢) <b5la 5lcp
(Induced representations 47d)

And we finishing by drawing several pictures for Figs. 1 and 2.
(Main procedure 50e)+= (48¢g) <51b
by

C.4. Drawing Orbits. To draw cycles we use cycle library [28].
Elliptic orbits (circles).
(Drawing pictures 51d)= (50f) 5ler
ofstream asymptote("parab-rot-data.asy");
asymptote < "//This file is automatically created from the code in parab-rotation.nw"
< endl < endl
< "path[] K=";
for(int =0; i<6; i++)
cycle2D(1st(0,0),e2.subs(sign=-1),ixi*x.04)
.asy_ path(asymptote, -1.5, 1.5, -2, 2, 0, (>0));
asymptote < ";" <K endl;
asymptote < "path[] Kb=";
cycle2D(Ist(0,0),e2. subs(sign=-1),1)
.asy_path(asymptote, -1.5, 1.5, -2, 2, 0, false);
asymptote < ";" <K endl;

Hyperbolic orbits.
(Drawing pictures 51d)+= (50f) <151d 52ab
asymptote < "path[] A=";
for(int i=0; i<6; i++) {
cycle2D(1st(0,0),e2. subs(sign=1) -ixx.04)
.asy_ path(asymptote, -1.75, 1.75, -1.5, 2, 0, (:>0));
cycle2D(1st(0,0),e2.subs(sign=1),ixix.12)
.asy_ path(asymptote, -1.75, 1.75, -1.5, 2, 0, true);
}
asymptote < ";" <K endl;
asymptote < "path[] Ab=";
cycle2D(Ist(0,0),e2. subs(sign=1),-1)
.asy_path(asymptote, -1.75, 1.75, -1.5, 2, 0, false);
asymptote < ";" <K endl;
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Hyperbolic orbits for reflected orbits.

(Drawing pictures 51d)+= (50f) <5le 52b>
asymptote < "path[] At=";
for(int i=0; i<6; i++) {
cycle2D(1st(0,0),e2. subs(sign=1),1xix.04)
.asy_ path(asymptote, -1.75, 1.75, -1.5, 2, 0, (i>0));
cycle2D(1st(0,0),e2.subs(sign=1),-ixi*.12)
.asy_ path(asymptote, -1.75, 1.75, -1.5, 2, 0, true);
}
asymptote < ";" <K endl;
asymptote < "path[] Abt=";
cycle2D(1st(0,0),e2.subs(sign=1),1)
.asy_path(asymptote, -1.75, 1.75, -1.5, 2, 0, false);
asymptote < ";" K endl;

Parabolic orbits, subgroup N.

(Drawing pictures 51d)+= (50f) <152a 52cp>
asymptote < "path[] N=";
for(int i=0; i<6; i++)
cycle2D(1,1st(0,numeric(1,2)),numeric(4,2)-1,e2.subs(sign=0))
.asy_ path(asymptote, -1.5, 1.5, -2, 2, 0, (>0));
asymptote < ";" K endl;
asymptote < "path[] Nb=";
cycle2D(1,Ist(0,numeric(1,2)),-1,e2.subs(sign=0))
.asy_path(asymptote, -1.5, 1.5, -2, 2, 0, false);
asymptote < ";" < endl;

Uses numeric 34a 48h.
Parabolic orbits, subgroup N'.

(Drawing pictures 51d)+= (50f) <152b 52dp>

asymptote < "path[] Ni=";
for(int i=0; i<5; i++)

cycle2D (.5xixixi+1,1st (0,numeric(1,2)),-1,e2.subs(sign=0))

.asy_ path(asymptote, -1.5, 1.5, -1.5, 2, 0, (i>0));

asymptote < ";" K endl;
asymptote < "path[] Nib=";
cycle2D(1,Ist(0,numeric(1,2)),-1,e2.subs(sign=0))

.asy_ path(asymptote, -1.5, 1.5, -1.5, 2, 0, false);
asymptote < ";" < endl;

Uses numeric 34a 48h.
Parabolic orbits, subgroup N (geodesic version?).

(Drawing pictures 51d)+= (50f) <152¢ 53ap

asymptote < "path[] Ng=";

for(int =0; i<6; i++)
cycle2D(0.5,Ist(0,numeric(1,2)),numeric(,2)-.5,e2.subs(sign=0))

.asy_path(asymptote, -1.5, 1.5, -2, 2, 0, (>0));

asymptote < ";" K endl;

asymptote < "path[] Ngb="|;

cycle2D(0.5,1st(0,numeric(1,2)),-.5,e2.subs(sign=0))
.asy_ path(asymptote, -1.5, 1.5, -2, 2, 0, false);

asymptote < ";" < endl;

Uses numeric 34a 48h.
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Parabolic orbits, subgroup N’ (geodesic version?).

(Drawing pictures 51d)+= (50f) <52d 53bp
asymptote < "path[] Nig=";
for(int i=0; i<5; i++)
cycle2D (.25x%4x3%i4.5,1st(0,numeric(1,2)),-.5,e2.subs( sign=0))
.asy_path(asymptote, -1.5, 1.5, -1.5, 2, 0, (i>0));
asymptote < ";" <K endl;
asymptote < "path[] Nigb=";
cycle2D(.5,Ist(0,numeric(1,2)),-.5,e2.subs(sign=0))
.asy_path(asymptote, -1.5, 1.5, -1.5, 2, 0, false);
asymptote < ";" < endl;

Uses numeric 34a 48h.

Parabolic orbits, subgroup N’ elliptic geodesics.

(Drawing pictures 51d)+= (50f) <53a
numeric L[9]=1{-2,-1.4,-.8,-.4,0,.4,.8,1.2,2}, low, high;

asymptote < "path[] NigeoE=";
for(int =0; i<9; i++){
if (abs(L]i])<.5) {

low=min((4*L[i]-2)+ (4« L|i]* L]i]-1), (4% L[1]+2) (4« L[3] = L|i]-1));

high=max((4xL|i]-2) = (4% L[a]* L[3]-1),(4* L[2] +2)+ (4« L] i« L[7]-1) );

} else if (L[{]>.5) {
low=numeric(-3,2);

o h{ighzmin((ﬁl*L[i]-2)+(4*L[i]*L[i]-1),(4*L[i]+2)+(4*L[i]*L[i]-l));
low=max((4*L[q]-2) = (4 L|i|* L[q]-1),(4x L[] +2) <+ (4« L|i]* L[i]-1));
high=numeric(3,2);

}

cycle2D (-1+4-+4x L[]+ L[1] 1st (4 L[],2),0,e2.subs(sign=0))
.asy_ path(asymptote, maz(numeric(-3,2),low), min(numeric(3,2),high), -1.5, 2, 0,(i>0));
}
asymptote < ";" < endl;

asymptote < "path[] NigeoEf=";
for(int i=0; i<9; i++){
cycle2D(-1+4+4x L[|« L[i|,1st (4« L[4],2),0,e2.subs( sign=0))
.asy_ path(asymptote, -1.5, 1.5, -1.5, 2, 0,(i>0));
}
asymptote < ";" <K endl;

asymptote.close();

Uses numeric 34a 48h.
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54 B. B. Kucunb

C.4.1. Output routines. We use standardised routines to output results of calcula-
tions.

(Output routines 54a)= 54b >
void formula_ oul(string S, const ex & F, bool lineend) {
cout < S < (latezout ? "\\ (" : "" ) < F < (latezout 7 "\\)" : "" );
if (lineend)
cout < (latexout 7 "\\\\" : "" ) < endl;
else
cout K< "5 "
}
Defines:

formula_out, used in chunks 35b, 43, 44, and 48.
This routine is used to check identities.

(Output routines 54a)+= 454a
void test_out(string S, const ex & T) {
cout < S < (latexout ? "\\textbf{" : "x" )
< (is_a<dual number>(T) ? ez_to<dual number>(T).normal().is_ zero() :
T.evalm().normal().is_ zeromatriz()) < (latezout 7 "FN\\\" : "x" )
< endl;

Defines:
test_out, used in chunks 35b, 45, 46, and 48e.
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