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In a previous paper we introduced and developed a recursive construction of joint eigenfunctions Jy(a+,a—,b;x,y) for
the Hamiltonians of the hyperbolic relativistic Calogero-Moser system with arbitrary particle number N. In this paper
we focus on the cases N = 2 and N = 3, and establish a number of conjectured features of the corresponding joint
eigenfunctions. More specifically, choosing a4, a— positive, we prove that J2(b;x,y) and J3(b; x,y) extend to globally
meromorphic functions that satisfy various invariance properties as well as a duality relation. We also obtain detailed
information on the asymptotic behavior of similarity transformed functions Ez(b; x,y) and E3(b; z,y). In particular, we
determine the dominant asymptotics for y1 — y2 — o0 and y1 — y2,y2 — y3 — 00, resp., from which the conjectured
factorized scattering can be read off.

1 Introduction

In a previous paper [6], we initiated a recursive scheme for constructing joint eigenfunctions Jy (a4, a—,b;x,y)
of the commuting analytic difference operators (henceforth AAQOs) associated with the integrable N-particle
quantum systems of hyperbolic relativistic Calogero-Moser type. As mentioned in the introduction of that paper,
the possible existence of such a recursive scheme was suggested by earlier work on related integrable quantum
systems, including the non-relativistic Calogero-Moser systems and the Toda systems of non-relativistic and
relativistic type. (In [3] we detailed the connections between these systems and their associated kernel functions.)
Accordingly, our starting point owes much to this pioneering work. It includes various papers by Gerasimov,
Kharchev, Lebedev, Oblezin and Semenov-Tian-Shansky; the work of this group of authors can be traced back
from what appears to be the most recent paper [4]. (The first recursive construction for the Jack polynomials
seems to occur in Section 5 of [12]; the author informed us that it dates back to his 1989 PhD thesis. Recently,
we also learned about a recursive construction of eigenfunctions for the rational Calogero-Moser system due to
Guhr and Kohler [5].)

In our previous paper we established holomorphy domains and uniform decay bounds that were sufficient for
proving that the scheme provides well-defined functions Jy that satisfy the expected joint eigenvalue equations.
We also presented an introduction to the general setting at issue, and information on the hyperbolic gamma
function and related functions that enter in the recursive scheme. We shall make use of this information without
further ado, referring back to sections and equations in [6] by using a prefix I.

As outlined in I Section 7, numerous aspects of the recursive scheme, associated with conjectured features of
the joint eigenfunctions Jy, remain to be investigated. In the present paper, we deduce a rather comprehensive
picture of the joint eigenfunctions in the N =2 and N = 3 cases. Indeed, we establish global meromorphy,
a number of invariance properties and a duality relation, and undertake a detailed study of their asymptotic
behavior. For the N = 2 case, nearly all of the results were already obtained in [11]. The point of rederiving
them here is not only to render them more accessible in the present context, but also to switch from the flow
chart of [11] to methods and arguments that allow a generalization to N > 2.

We proceed to sketch the main results and organization of this paper in more detail. With a view towards
making it more self-contained, we briefly recall some key constructions and results from I as we go along.
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2 M. Hallnas and S. Ruijsenaars

Throughout the paper we take ai,a_ € (0,00), use further parameters

a=2r/ara_, a=(ay+a_)/2, (1.1)
as = min(ay,a_), a =max(as,a_), (1.2)

and work with b-values in the strip
Se={beC|Rebe (0,2a)}. (1.3)

Section 2 is devoted to the step from N =1 to N = 2. From I Section 4, we recall that the first step J; — Js
of the recursive scheme yields the representation

Ja(b;z,y) = exp(iaye(x1 + xg))/ dzIy(b;x,y,2), b€ Sa, z,y€R? (1.4)
R
with integrand

xj —z—1ib/2)
Z; —Z—|—Z.b/2)7

2
Iy(byz,y,2) = Ji(z, 91 — yg)Sg(b;x, z) = exp(iaz(yr — y2)) H gg (1.5)

where G(z) = G(a4+,a—; z) denotes the hyperbolic gamma function, reviewed in I Appendix A. (Here and below,
we suppress the dependence on the parameters a4, a_, whenever this is not likely to cause ambiguities; the
dependence on b is often omitted as well.)

Taking z — z + (1 + x2)/2 in the integral on the right-hand side of (1.4) and using the reflection equation
I (A.6) (viz., G(—=z) = 1/G(z)), we obtain another revealing representation, namely,

Ja(bsz,y) = explic(z1 + x2)(y1 + y2)/2)

x / dzexplioz(ys —y2) || Glo12+ dalwy — 22)/2 — ib/2). (1.6)
R 01,02=—+,—

Next, we note that the integrand I5 (1.5) can be written as a product of two factors, each of which involves
only two hyperbolic gamma functions. Using the Plancherel relation and an explicit Fourier transform formula
for factors of this type from [11], we deduce a further representation for Jy in Subsection 2.1, which is related
to the defining representation (1.4) by the involution (b, z,y) — (2a — b,y,x). As a consequence, we obtain a
corresponding duality relation for Jo(b; x,y), namely,

Jo(b;x,y) = G(ia — ib)* Jo(2a — by y, x). (1.7)

Since Jo has Ss-invariance in the variable x (as is clear from (1.4) and (1.5)), this duality relation entails that
Ja is also Sa-symmetric in the variable y (which is at face value not clear from (1.4) and(1.5)):

Jo(b;x,y) = Jo(byox, Ty), (0,7) € So X So. (1.8)

(Alternatively, the y-symmetry can be seen from (1.6).)
Subsection 2.2 is devoted to global holomorphy and meromorphy features. We recall that a simple contour
shift procedure reveals that for y € R? the function J5(b;x,y) is holomorphic in (b, z) on the domain

Dy = {(b,z) € Sy x C? | [Im (x; — x3)| < 2a — Reb}, (1.9)

cf. T Proposition 4.1. Moreover, starting from the representation (1.6), we concluded that Jo has an analytic
continuation to all y € C? satisfying [Im (y; — %2)| < Reb, thus arriving at the holomorphy domain

Dy = {(b,x,y) € S, x C* x C*| (b,x) € Do, |Im (y1 — y2)| < Reb}. (1.10)

In Subsection 2.2 we improve these results by showing that the function J(b;z,y) has a meromorphic
extension to S, x C2 x C2, and we also determine the locations of its poles and bounds on their orders. To this
end, we make use of the entire function E(z) = E(a4,a_; z), reviewed in Appendix A. Specifically, introducing

Pa(b;x,y) = Ja(b;x,y) H E(§(x1 — x2) +ib—ia) E(6(y1 — y2) + ia — ib), (1.11)
§=+,—



Joint eigenfunctions for the hyperbolic relativistic Calogero-Moser Hamiltonians 3

we show that the product function Ps(b;x,y) has a holomorphic continuation to all (b,z,y) € S, x C% x C2.
Since the zero locations and orders of F(z) are explicitly known, this yields the information on the polar divisor
of Js just mentioned.

Now in Appendix B of [9] a quite general result was obtained, from which these holomorphy results can
also be derived. In fact, it has the stronger consequence that Pa(b; x,y) is entire in b as well, and holomorphic
for a4 and a_ varying over the (open) right half plane. (The link to [9] can be gleaned from Section 3 in [11].)
However, the methods used in [9] give rise to insurmountable difficulties for the multi-variable case.

By contrast, our present method of proof does extend to N > 2. It involves some simple key ideas that are
at risk of getting obscured by the inevitable technicalities required for their implementation. At this point it is
therefore expedient to digress and isolate these ideas. (The reader may wish to skip to (1.20) at first reading
and refer back to the following when the need arises.)

A key ingredient is Bochner’s theorem on analytic completion of tube domains. (See Chapter 5 of the
monograph [2] for a detailed account of Bochner’s original proof in [1].) For convenience we use the definition
that a tube 7 C CM, M > 1, is any set of points z = (21, ..., zar), that can be represented in the form

(Imz,...,Imzy) € B, Rez;€R, j=1,...,M, (1.12)

for some subset B C RM, called the base of 7. In the mathematical literature it is customary to have the
imaginary rather than the real parts of the complex variables vary over all of R, but this is clearly just a matter
of convention; we actually need the latter convention for the dependence on the coupling parameter b. We shall
make use of Bochner’s theorem in the following form.

Theorem 1.1 (Bochner [1]). Every function that is holomorphic in a tube 7 with an open, connected base B
has a holomorphic continuation to the tube 7. whose base B, is the convex hull of 5. O

We proceed to sketch how we use this theorem to deduce holomorphy of Po(b;z,y) in S, x C2 x C?,
restricting attention to those steps in the reasoning that have counterparts for N > 2. This will enable us to
shorten our account for the case NV = 3 in Subsection 3.2, and show what needs to be supplied for N > 3.

First, we point out that the domain Dy (1.10) is a tube with respect to the variables (ib, 2, y), with an open,
connected base

By = {(Reb,Imz,Imy) € (0,2a) x R? x R? | |Im (z1; — 22)| < 2a — Reb, [Im (y1 — y2)| < Reb}. (1.13)
Let us now assume that P (b; x,y) has a holomorphic continuation to the tube with base
Bsy(e2) = {(Reb,Imz,Imy) € (0,e2) x R? x R? | |Im (y1 — 92)| < Reb}, e € (0,a). (1.14)

Then it follows from the definition (1.11) of Pa(b; z,y) and the duality relation (1.7) that Pa2(b;z,y) also has a
holomorphic continuation to the tube with base

By(ez) = {(Reb,Imz, Imy) € (2a — €3,2a) x R? x R? | [Im (z1 — 22)| < 2a — Reb}. (1.15)
Indeed, the map (b, z,y) — (2a — b,y,x) yields a bijection between Ba(ez) and BQ(EQ), and both sets have a
non-empty intersection with Bs.

We can now invoke Bochner’s theorem applied to the tube with open, connected base

BS EBQUBQ(€2)UBQ(€2). (1.16)

This yields holomorphy of P2(b; z,y) in the tube whose base is the convex hull of the union BY. It is not hard
to see that the latter base is given by

B = {(Reb,Imz,Imy) € (0,2a) x R?* x R?}, (1.17)

so that this tube is the holomorphy domain S, x C? x C? announced above. Specifically, for each b € S,, there
clearly exist A € (0,1), b_ with Reb_ € (0,€2), and by with Reb; € (2a — €2,2a) such that

b=Xb_+ (1 —A)bs. (1.18)
As required, we can therefore write any (b, z,y) € S, x C? x C? as a convex combination

(b2, y) = Ab—, A7 '2,0) + (1= A)(b+,0, (1= N)"'y). (1.19)
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It remains to prove our assumption (above (1.14)) that Py (b; z,y) is entire in  for Reb sufficiently small
and [Im (y1 — y2)| < Reb. We do so by exploiting one of the AAEs satisfied by Ja(b; ,y), cf. I Proposition 4.2.
This involves a similarity transformation to the corresponding AAE for Py (b; z,y), which leads to coefficients
involving the (rational) gamma function, cf. Lemma 2.3.

In Subsection 2.3 we collect results concerning the asymptotic behavior of a function Eq(b;x,y) that is
another similarity transform of Ja(b; z,y). To sketch these results, we first recall the generalized Harish-Chandra
c-function

G(z +ia — ib)
b;z) = ———F 1.20
b2 = =Gt (1.20)
and its multivariate version
Cn(b;zx) = clbyz; —xp), N >2. (1.21)
1<j<k<N
Introducing the phase function
@(b) = exp(iab(b — 2a)/4), (1.22)
the pertinent Js-cousin is given by
b)G(ib — i b;
Eg(b, z, y) = ¢( )G(Z Za‘) J2( 3 Ly y) (123)

Vara—  Cy(b;2)Co(2a — byy)

This function is particularly suitable for Hilbert space purposes. We deduce its dominant asymptotics for
Y1 — Y2 — 00, namely,

Ea(b;z,y) ~ ES*(b;z,y) = exp(ia(z1y1 + w2y2)) — u(b; x2 — 1) exp(ia(zays + 21y2)), (1.24)

where u is the scattering function,

=Bz G(z +di(a — b))
ulbiz) ==y = EI_ G(z + dia) (1.25)

and we obtain a bound on the remainder, cf. Proposition 2.7. In Proposition 2.8 we also establish a uniform
bound on Es(b; z,y) for (z,y) € C? x R? satisfying Im (7 — 22) € (—as,0] and y; — yo > 0, which is needed to
handle the N = 3 case.

Section 3 is concerned with the step from N = 2 to N = 3. It is structured in parallel with Section 2, but
several new ingredients and technical difficulties arise. To begin with, we recall that to construct Js from J; in
I Section 5, we started from the integrand

I3(b;2,y, 2) = Sy(by 2, 2) Wa(b; 2) Ja(b; 2, (y1 — Y3, y2 — U3)), (1.26)
with weight function
Wa(b; z) = 1/Ca(b; 2)Ca(b; —2), (1.27)
and kernel function s s
G(zj — z, — ib/2)
i, = J <k 1.2
S(bsw,2) = H kl;[l G(z; — 2z +ib)2) (1.28)

More precisely, from I (5.6) we have the representation

Ja(b;2,) = expliays(zy + v + 3)) / dz Iy(bi,y,2), b€ Sy 2,y € RY, (1.29)
Go

where we have introduced the “‘Weyl chamber’,
Go={2€R?| 25 < 1 }. (1.30)

To derive the counterpart of (1.6) (and for later purposes), we define

Zx]a Y3 = Zyja x] =5 — X3a yJ =Yj — Y37 j =1,2,3. (131)
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Taking z — z + X3 in the integral on the right-hand side of (1.29), and then using (1.6), we obtain

J3(bsz,y) = exp(SianYs)/ dz S§(b; &, 2)Wa (b 2) Ja(b; 2, (y1 — Y3, Y2 — ¥3))- (1.32)
Ga

Note that the integral yields a function that depends only on the differences x; — x5 and y; — y, j, k =1,2,3.

As a principal result of Subsection 3.1, we deduce a novel representation for Js, related to (1.29) by taking
(b,z,y) — (2a — b,y,x). To generalize our approach in the N = 2 case, we rely on results from our recent joint
paper [7] on product formulas for conical functions. Specifically, starting from the Plancherel relation for a
generalized Fourier transform, we make use of the remarkable fact that Jo(b; z,y) is an eigenfunction of the
integral operator whose kernel is the product of the function

2
G 7Zk7ib/2)
= 1.
2(b2,2) 31111 G(xj; — 21, +1ib/2)’ (1.33)

and the weight function Wa(b; ), with the eigenvalue given explicitly by a product of y-dependent G-functions.
(This can be viewed as the N = 2 counterpart of the Fourier transform formula used for N = 1.) We also need
to invoke the closely related explicit generalized eigenfunction expansion for the integral operator on L?(Gs, dx)
with kernel Wy (b; 2)Y/28s(b; 2, ) Wa(b; y) /2 from [7].
Once the new representation for Js has been established, the N = 3 counterparts of (1.7) and (1.8) readily
follow. Specifically, they read
J3(b;x,y) = Gia — ib)°J3(2a — by, x), (1.34)

and
J3(b;x,y) = J3(b;0z,7y), (0,7) € S3 % S3. (1.35)

(Note that in this case the y-symmetry is not at all clear from the ‘center-of-mass’ representation (1.32).)
Turning to Subsection 3.2, we recall that in I Proposition 5.1 we proved, by shifting the two contours in
(1.29) simultaneously, that J3(b;z,y) (with y € R? fixed) is holomorphic in

— 3 p— p—
D; = {(b,x) €S, xC?| 1§r];1<&1;<S3|Im (xj —z1)| < 2a Reb}. (1.36)

To conclude analytic continuation to y € C* such that [Im (y; — yx)| < Reb, 1 < j < k <3, we arrived at a
subdomain of Ds for the dependence on (b, z). Specifically, using the notation (1.31), we needed the restricted
domain

D% = {(b,z) € Sy x C* | |ImZ;| < a—Reb/2, j=1,2,3} C Dj. (1.37)

In I Proposition 5.4 we then showed that J3(b; x,y) is holomorphic in the domain

— r 3
Dy = {(b,x,y) €D x €| max_[lm(y; ~w)| < Re b} (1.38)

With these preliminaries in place, we can follow the N = 2 flow chart. Defining the counterpart

Ps(b;x,y) = J3(b;x,y) H H E(6(xj — zx) +ib — ia) E(0(y; — yx) + ia — ib), (1.39)
1<j<k<3 d=+,—

of (1.11), this leads to the conclusion that the functions Ps(b;x,y)/J3(b;z,y) extend from Ds to holomor-
phic/meromorphic functions on all of S, x C3 x C3, yielding as a corollary the locations of the J3-poles and
bounds on their orders. More specifically, there are natural N = 3 analogs of the bases (1.13)—(1.17), and the
role of the Jo-duality relation (1.7) in the N = 2 reasoning is played by (1.34).

In order to prove the critical assumption that Ps(b; x, y) is entire in « for Re b sufficiently small, however, it is
necessary to supplement the consideration of the pertinent P3-AAE by a further inductive reasoning, exploiting
once more Bochner’s Theorem 1.1. (We intend to generalize this part of the argument to arbitrary N in the
next paper of this series.)

In Subsection 3.3 we consider the asymptotic behavior of the function

¢(b)G(zb—w)> » J3(bs 2, y) (1.40)

Eg(b;xyy)5< Vara- 3(b;2)C5(2a — biy)’
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This involves considerable technicalities, with an important auxiliary result relegated to Lemma 3.6. A highlight
is that Theorem 3.7 implies an explicit formula for the dominant asymptotics as y; — y2, y2 — ys — 00, viz.,

3
Es(b;z,y) ~ B (b;x,y) = Z H (—u(b;xp — xj)) - exp <io¢2xg(j)yj). (1.41)
oESs j<k j=1
o G)>o T (k)

Indeed, this formula amounts to the factorized scattering conjectured in I (7.6). With a view towards generalizing
our results concerning asymptotics to N > 3, we also derive a uniform bound on E3(b; z, y) for suitably restricted
(x,y) € C? x R3, cf. Theorem 3.8.

2 The step from N =1to N =2

2.1 Invariance properties and a duality relation

We begin this subsection by collecting some invariance properties for Jy, which we have occasion to invoke
below.

Proposition 2.1. For all (b,z,y) € Dy (1.10) and n € C, we have

Ja(b; x,y) = exp(—ian(y1 + y2))J2(b; (x1 + 1,22 +1),y) (2.2)
= exp(—ian(z1 + x2))Jo(byz, (y1 + 1,92 + 1)) '
O

Proof. To begin with, we assume x,y € R2. It is clear from the reflection equation I (A.6) for G(z) (namely,
G(—z) = 1/G(z)) that the integrand I (1.5) satisfies

I(—z,—y,—2) = Ir(z,y, 2). (2.3)

Taking z — —z in the defining representation (1.4), the invariance property (2.1) is immediate from (2.3).
Assuming also n € R, we obtain (2.2) from the alternative representation (1.6). Clearly, (2.1)—(2.2) are preserved
under analytic continuation, and so the proposition follows. n

We proceed to deduce a new representation for Jo, which is related to (1.4) by the involution (b, z,y) —
(2a — b,y,x). We start from the Plancherel relation

[ a:1G106) = [ dofwiat-n, foe P®NLI®). (2.4
R R
with the Fourier transform defined by

R /

h(p) = (%)1 Q/Rdzexp(iapz)h(z)7 h=fg. (2.5)

Choosing

1) = G =2 () = oxp (ia(unten + ) + (0~ )

G(zo — 2 —ib/2)

G(xg — 2+ 1b/2)’ (2:6)

the left-hand side of (2.4) coincides with the Ja-representation (1.4). We can calculate the Fourier transforms
of these two functions by using the Fourier transform formula (A.11). Indeed, setting p = z; —ib/2 and
v = x1 + ib/2, and invoking the reflection equation I (A.6), we obtain

f(p) = G(ia — ib) exp(icz1p) H G(dp —ia +ib/2). (2.7)
5=+~

Swapping ;1 and z3, and taking p — p 4+ y1 — yo2, we deduce

G(=p) = G(ia — ib) exp(ic(w2y1 — T1Y2 — T2p)) H G(0(y1 —y2 — p) —ia+1ib/2). (2.8)
§=+,—
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Substituting these expressions in the right-hand side of (2.4) and taking p — p —ys, we get the new
representation

Jo(b;2,y) = G(ia — ib)? exp(iaza(yy + y2)) / dply(2a — byy, x,p). (2.9)
R
We are now prepared for the following result.
Proposition 2.2. Letting b € S, and z,y € R?, the duality relation (1.7) and symmetry relation (1.8) hold
true. 0

Proof. Comparing (2.9) to the defining representation (1.4), we obtain (1.7). Now Sp-symmetry in z is
immediate from (1.4), so Sy-symmetry in y then follows from the dual representation (2.9) or directly
from (1.6). [ |

For completeness, we add that J, has a further duality property, namely,
Ja(byy, x) = J2(b;z,y) H G(6(x1 — z2) —ia +ib)G(d(y1 — y2) + ia — ib). (2.10)
S=+,—

It can be derived from (A.11) in the same way as before, by starting from (2.6) with the denominators swapped.
Indeed, this yields yet another Js-representation. Taking p — p + (y1 — y=2)/2 in the latter, it becomes

Jo(b; 2, y) =explia(ry +22) (1 +12)/2) [[ G(0(ws — w2) +ia — ib)
§=+,—

G(p +0(za — ya) /2 — ia + ib/2)
" /de 51:[, G(p+6(xg +ya)/2 +ia —ib/2)’

(2.11)

with xqg =21 — 22 and yg =y1 — y2. (The function defined by the integral is manifestly invariant under
swapping x4 and yg; it is a multiple of the relativistic conical function R(2a — b; 24, ya), cf. Eq. (1.3) in [11].)
Formula (2.10) easily follows from this representation.

The additional duality feature (2.10) entails that the function Es(b;x,y) given by (1.23) is invariant under
x < y. We believe that this self-duality feature also holds for the N = 3 counterpart E3(b;x,y) (1.40), but so
far a proof of this conjecture has not materialized.

2.2  Global meromorphy

In this subsection we show that the product function Ps(b; x,y) (1.11) has a holomorphic continuation from the
domain Dy (1.10) to S, x C? x C2. To do so, we follow the flow chart outlined below (1.11).
We begin by noting that as a corollary of Propositions 2.1 and 2.2 we obtain

Pa(b;x,y) = Pa(b; —x, —y), (reflection invariance), (2.12)
Po(b;x,y) = G(ia — ib)*Pa(2a — byy, ), (duality), (2.13)
Pa(b;x,y) = Po(bjox,Ty), (0,7) € S2 xS, (permutation invariance). (2.14)

Indeed, the E-function product in (1.11) is invariant under the reflections z — —z, z = z,y, the map (b, z,y) —
(2a — b,y,x), as well as each of the four permutations (z,y) — (ox,Ty), (0,7) € Sa X Ss.
From the second Jo-duality feature (2.10) it also follows that we have

Pa(b;x,y) = Pa(b;y,x), (self — duality). (2.15)

However, we shall avoid the use of this property, since we are so far unable to prove the expected self-duality
for Ps(b; x, y).

Next, as announced below (1.19), we are going to replace one of the eigenvalue equations for J in
I Proposition 4.2 by the corresponding eigenvalue equation for Ps. Specifically, we focus on the AAE obtained
by setting k = 1 and choosing § € {4, —} such that a_s = a, (recall (1.2)). Using henceforth the notation

el(z) = exp(nz/a;), si1(z) =sinh(nz/a;), (2.16)
this equation reads

Va(b; @) Jo(b; @ + iaser, y) + Va(b; 012@) J2(b; @ + iases, y) = (er(—2y1) + el(—2y2)) J2(b; 3, y). (2.17)
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Here, we have e; = (1,0),e5 = (0, 1), the map 015 swaps 1 and x2, and the coefficient function is given by

si(xe — x1 — 1b)

31(372 —$1)

Va(b; x)

(2.18)

(To be quite precise, we have taken (x,y) — (—z,—y) in I (4.10) with k=1 and used the reflection
invariance (2.1); cf. also I (1.21) and I (1.9).)

We need to ensure that the x;-shifts do not move the Jy-argument out of Dy (1.10). To this end and also
for later purposes (in particular, to complete the definition of the base Bz (e2) (1.14)), we introduce the number

€ =ay/2, (2.19)
the strip S(ez), where
S(e)={be S, |Reb< e}, €€ (0,a), (2.20)
and the domains
Ay ={x € C? | vy — vy > —Reb}, (2.21)
) _ [ {z€C?||vy —va| <as+Reb}, n=1,
Ay = { {r € Ay | v1 —vs <nas +Reb}, n=0,2,3,.... (2.22)
Here and from now on, we use the notation
v=Imz, zecCM, (2.23)
Next, we introduce
(+) — 2
D37 ={(b,z) € S(e2) x C* | z € A5}, (2.24)
DSV = {(b,z) € S(ea) x C? | w € ATV}, (2.25)
Dgﬂ = {(b,x,y) € Déﬂ x C% | [Im (y1 — y2)| < Re b}, (2.26)
DY = {(b,2,y) € DS x C? | [Im (y1 — y2)| < Reb}, (2.27)
and note that we have inclusions
DY c Dy, DY ¢ D,. (2.28)
(Indeed, since b belongs to S(ez), we have as + Reb < as + a; — Reb.)
We are now prepared for the following lemma.
Lemma 2.3. Letting (b,z,y) € Déo), we have the eigenvalue equation
Va(b; 2)Pa(b; x + iaser, y) + Va(b; 0122) Po(b; 2 + iases, y) = (e(—2y1) + er(—2y2)) P2 (b; x,y), (2.29)
where the coefficient function is given by
(20 — 211 — i) K.
Vo(bs ) = _mexp(z( T — 221 — ias) K))
si(w2 — 1)
(2.30)

[ (L) (;‘l(mmb%a)ﬂ”,

Ki=—m (a) . (2.31)
O

with

Proof. Note first that for (b,z,y) € Déo) the three arguments of Jy occurring in (2.17) belong to Dél), and
thus to the holomorphy domain Dy, cf. (2.28). Next, using the pertinent AAE (A.7) satisfied by E(z) and the
reflection equation for I'(z), we compute

5t +ib—iatoias) | si(t+ib)

Jr(Eer-m)r (o))

Using this, the AAE (2.29) readily follows from (2.17). u

E(6t + b —ia Cexp(i(—=2t — tas) K
HiE( ( ) p(i( K1)

o=t (2.32)
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Now we are ready for the proof of the main result of this subsection.

Proposition 2.4. The product function Py(b; x,y) (1.11) admits a holomorphic continuation from Dy (1.10)
to S, x C? x C2. O

Proof. We begin by proving holomorphic continuation to Déﬂ (2.26). To this end, we assume inductively

that Pa(b; 2, y) is holomorphic in Dén) with n > 1. (For n = 1 the validity of the assumption follows from the

DénJrl)

inclusion (2.28).) To establish holomorphic continuation to , we rewrite the eigenvalue equation (2.29) in

a more convenient form. Letting

1}2(17; x) = si(x2 — x1)Va(b; 2), (2.33)

multiplying (2.29) by s;(z2 — x1), and rearranging, we obtain

]>2(b; ) Pa(b; z + iaser, y) :f/g(b; 0122)Pa(b; x + iagsea, y)

(2.34)
+ s1(x2 — 1) (el(—2y1) + el(—2y2))732(b; x,y).
Now 1/I'(z) is an entire function with zeros at z = —k, k € N, so the function fig(b;:z:) is entire as well, with
zeros located at
x1 — Ty = —ib — ika;, ®1 —x2 = —2ia + b —ika;, keN. (2.35)

This implies, in particular, that Vy(b; ) is nonzero on D§+) (2.24).
We now assert that it is enough to prove that the function Ry (b; z,y) given by the right-hand side of (2.34)
is holomorphic for all points (b, z,y) € Dgl) satisfying

vy —v2 € ((n — 1)as — Reb, nas + Reb). (2.36)

Indeed, this restriction yields a subdomain
i) c Dy, (2.37)

(n+1)
2,r

whose z-translation over iagse; equals D 7 , and Dé?:l) meets Dén) for all points with v1 —ve € (nas —

DénJrl)

Reb,nas + Reb). Thus we obtain a holomorphic continuation to all of , as announced.

To verify that Ra(b;z,y) is indeed holomorphic in Déflr), we need only note that for n =1 both terms
Pa(b; z,y) and Pa(b; x + iasea, y) in Ro(b; x,y) are holomorphic in Délr) by virtue of (2.28), while for n > 1 they
(n)
2,7

are holomorphic in D, thanks to the induction assumption. This completes the induction argument, so it

follows that Pa(b; x,y) has a holomorphic continuation to Dé‘”.
Finally, we invoke the reflection invariance (2.12) to deduce holomorphic continuation to the tube with base
Ba(€2) (1.14). We can then follow the reasoning detailed below (1.14) to complete the proof of the proposition. M

2.3 Asymptotics

In this subsection we undertake a detailed study of the asymptotic behavior of the function Es(b; x,y) (1.23).
To begin with, we note that the phase function (1.22) and scattering function (1.25) satisfy

#(2a —b) = ¢(b), u(2a —b;z) = u(b; 2), (2.38)

whereas the c-function (1.20) and its multivariate version Cy (1.21) are not invariant under this b-involution.
Next, we invoke the G-function asymptotics I (A.14)—(A.16) to deduce the asymptotics of the ¢-function, namely,

|p(b) T exp(Fabz/2)c(b; z) — 1| < C1(p, b, Im 2) exp(—ap|Re z|), Rez — Foo. (2.39)

Here the decay rate p can be chosen in [as/2,as), and Cy is continuous on [as/2, as) x S, x R. It follows that
the u-function satisfies

lu(b; 2)p(b) T2 + 1| < Co(p, b, Im 2) exp(—ap|Rez|), Rez — +oo, (2.40)
with Cy continuous on [as/2, as) X S, x R. Moreover, from (1.25) it is clear that

u(b; 2)u(b; —z) =1, (2.41)
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and, by the reflection equation I (A.6) and the conjugation relation I (A.9), we have
lu(b;2)| =1, bzeR. (2.42)

From (1.20)—(1.21), Proposition 2.4, and (A.1)-(A.3), we deduce that Eq(b; z,y) is meromorphic in z and
y, with b-independent pole locations

21 — 20 = —2ia —ipy;, z=2x,y, k,1lEN, (2.43)
and b-dependent poles located at
21 — 29 = ib+ipy, 21 — 22 = 2ia —ib+ipy, z=2x,y, k,leN. (2.44)
We collect further useful properties of Es in the following lemma.

Lemma 2.5. For all (b,z,y) € S, x C? x C? and 5 € C, the function Ey(b; x,y) (1.23) satisfies

Eo(b; —z, —y) = u(b; x1 — x2)u(b; y1 — y2)Ea(b; x, y), (2.45)
Ea(b;2,y) = exp(—ian(y1 + y2))E2(b; (x1 + 0,22 + 1), ) (2.46)
= exp(—tan(z1 + z2))Ea(b; 2, (y1 + 1, y2 + 1)), '
Eq(b;z,y) = E2(2a — by y, x), (2.47)
Ey(b; oz, 7y) = (—u(byz1 — 22))17N(—u(biy1 — 32)) 1 Ea(by2,y), (0,7) € Sa x S, (2.48)
where |o| =0 for 0 = id and |o| = 1 for o = 712. O

Proof. By global meromorphy, we need only check these features for (b, z,y) € (0,2a) x R? x R2. The first two
then readily follow from Proposition 2.1, using also (1.20), (1.21), (1.25) and (2.38). Likewise, the last two follow
from Proposition 2.2. [ |

In fact, as mentioned at the end of Subsection 2.1, we also have
Es(b;z,y) = Ea(byy, ), (2.49)

but we shall not invoke this self-duality feature.

Thanks to these symmetry properties, we need only establish the y; — yo — 0o asymptotics of E5 to obtain a
detailed picture of its asymptotic behavior. Indeed, from (2.48) and the u-asymptotics (2.40) the y; — y2 — —0c0
asymptotics easily follows, and the x7 — zo — +00 asymptotics can then be found via (2.47).

Recalling from I (2.11) the kernel function

ng(b;ac,z) = Cy(b; x)_ng(b;x,z), (2.50)

it is readily seen that (1.4)—(1.5) and (1.23) yield the representation

b)G(ib — i :
Baltiayy) = LD SOOI [ daty(i0pi), bESw my R (251)
Vaya— C2(2a — by y) R
with integrand
Lo(b; ,y, 2) = exp(ioz(ys — y2))Kh(b; z, 2). (2.52)

Assuming 7 # o until further notice, we now shift the contour R up by a — Reb/2 +r, r € (0,as), so that
we only meet the simple poles at
z2=1oy,+ia—1ib/2, m=12. (2.53)

(The bound I (4.5) ensures that the shift causes no problems at the contour tails.) Introducing the multiplier

M(bsy) = (a _ifl;)l m— p2(b;y), (2.54)
with
p2(b;y) = exp(—a(a —b/2)(y1 — y2)), (2.55)
and the contour
C, =R+ i(a — Reb/2), (2.56)

we are prepared for the following lemma.
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Lemma 2.6. Letting (r,b) € (0,as) x S, and x,y € R? with z; # xo, we have

Eq(b;z,y) . 1 G(ibia)/
P20 D) o (—iaya(ar +2)) = o dzTa(bir,y,
Mg(b;y) exp(—iayz(z, + x2)) pg(b;y) aras Cotir zla(b;2,y, 2)
+ exp(iazy (y1 — y2)) — w(b;xo — 1) exp(iaza(y1 — y2)). (2.57)

O

Proof. As just detailed, we shift contours in (2.51). Using the formula I (A.13) for the residue of G(z) at its
simple pole z = —ia, we obtain

\/a4+a_—
2miRes Io(@, ¥, 2)| 2=, +ia—ib/2 = p2(b; y)m [ (—u(@m = 2))) - expiawm(y1 = v2)). (2.58)
j<m

From this we easily get (2.57). [ |

Even though we derived the representation (2.57) for a1 # x4, it is clearly valid for 1 = x5, too. In point
of fact, both Eq(b; z,y) and E3*(b; x,y) (given by (1.24)) vanish for x; = z5. Indeed, recalling (1.20) and (1.25),
together with the simple zero/pole of G(z) for z = ia/z = —ia, we obtain

1/¢(b;0) =0, wu(b;0)=1, beS,, (2.59)

from which this zero feature is plain.
For z on the contour Cj + ir, the integrand Is (2.52) decays exponentially with rate a(a — Reb/2 + r) as
Y1 — Y2 — 00. Moreover, from (2.38) and (2.39) we get

Ma(b;y) =1+ O(exp(—ap(yr — y2))), p € las/2,as), ya—ya — o0 (2.60)

Combining these two observations with the representation (2.57), we are led to expect that the dominant
asymptotics of Es for y; — y2 — 00 is given by the function E&® defined in (1.24). This expectation is borne out
and improved by the following proposition.

Proposition 2.7. Letting (r,b) € [as/2,as) X Sy, we have
|(Bx — E5°) (biz,)| < C(r, ) (1 + |21 — a2]) exp(—ar(yr —42)), 2,y €R?, y1 —y2 >0, (2.61)

where C' is continuous on [as/2,as) X S,. O

Proof. In view of Lemma 2.6 and (2.60), it suffices to show

/ dng(b;x,y,Z)
Cp+ir

for all z,y € R? and y; — y2 > 0, where C” is continuous on [as/2,as) X S,. (Indeed, combining (1.24), (1.25)
and (2.40), it is clear that |E3°(b; z, y)| is majorized by a continuous function ¢(b) for all (b, z,y) € S, x R? x R2.)
Changing variables z — z +i(a — b/2 + 1), we rewrite the integral as

< C'(r,b)|p2(b; y)l|w1 — w2| exp(—ar(yr — y2)), (2.62)

(z+ir —x; +ia — ib)
G(z+ir—xj +ia)

pa(bsy) exp(—ar(ys — ya))Ca (b )" / (2.63)

G
dzexp(iaz(yr —y2)) H
R j=1

Note that we do not encounter the poles of the G-ratios so long as r € (0, as). Furthermore, from (1.20) and
(2.39) we obtain the estimate

G(p+ir+ia —ib)
G(p +ir +ia)

‘ < ¢(r,b)/ cosh(yp), (p,7,b) € R x (0,a5) x S, (2.64)

where Reb
v=aReb/2 = e , (2.65)
aya_
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and where ¢(r, b) is continuous on (0, as) x S,. It follows that we have

/ d=To(b; 2,9, 2)| < e, )2 |2 (b; )| exp(—ar(y — 2))
Cp+ir

2.66)
dz (
<leatti) ! [ .
R [T, cosh(v(z — z;))
By a standard residue calculation, we find that the latter integral equals
i (2.67)

sinh(y(z1 — z2))’

(Alternatively, this evaluation can be deduced from I Lemma C.1 with N = 1.) Combining the simple zero of
Co(z)~! along 71 = 29 with the c-function asymptotics (2.39), this yields a bound |Co(z) ™1/ sinh(y (21 — x2))| <
¢1(b), with ¢; continuous on S,. Hence the desired majorization (2.62) results. [ ]

In order to generalize the above line of reasoning to the N = 3 case, we need to obtain a uniform bound on
Es(z,y) for (z,y) € C? x R? such that

v] —v9 € (—as,0], y1—y2>0, v=Imuz. (2.68)

From the pole locations (2.43)—(2.44), it is clear that such a bound is compatible with the poles of Es(x,y).
In fact, since Eq(z,y) has no pole for v; — va € (—2a, 0], one might expect as — 2a in (2.68). However, we are
unable to obtain a bound for this larger interval.

The most obvious starting point would seem to be the representation (2.51). Now (1.21) and (2.39) entail
that the factor Ca(2a — b;y) =t is O(exp(a(a — Reb/2)(y1 — y2)) as y1 — y2 — oo. In order to retain boundedness,
we need a corresponding damping factor coming from the integral in (2.51). This can be obtained by shifting
the contour R up to C,. However, such a shift is only allowed as long as no poles are met. We have already
observed that the nearest poles of Iy are located at (2.53), so this is never the case. As a consequence, we cannot
obtain the desired decay factor in any ‘simple’ way.

As it turns out, the representation (2.57) yields a much better starting point, even though we then have
one more term to bound. It is clear from (1.25) and the locations of the G-poles I (A.11) that u(b;ze — x1) is
holomorphic for —as < v1 — vy < m(Rebd), where

m(d) = min(2a — d,d), d € (0,2a). (2.69)
Using also (2.40) and (2.60), we deduce that for all (x,y) € C? x R? satisfying (2.68) we have
| M2 (b; y)E5® (b, y)| < c(v1 — v2,b) exp(—a(yrv1 + y2v2)), (2.70)
where ¢ is continuous on (—ag, 0] X S,.
Note that ¢(vy — vg,b) — 00 as v1 — vy | —as, since we then approach the pole of u(b; xo — x1) at 1 — x9 =

—ias. Because we prove the bound (2.71) in the following proposition by using the representation (2.57), we
cannot handle the interval v; — vy € (—2a, —ag].

Proposition 2.8. Letting (d,b) € (0,as] x S,, we have
|E2(b; 2, y)| < C(8,0)(1 + |Re (21 — x2)|) exp(—a(y101 + yav2)) (2.71)
for all (z,y) € C? x R? such that
v — Vg € [—as+6,0], y1—y2>0, v=Imuz, (2.72)
where C is continuous on (0, as] X S,. Furthermore, for all (b, z,y) € S, x R? x R? we have
[Ea(b; 2, y)| < c(b)]z1 — 2[(1+ |y1 — y2l), (2.73)

where ¢ is continuous on S,. O
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Proof. Choosing first x € R?, we begin by rewriting the integral of I along the z-contour Cj + ir in (2.57).
Letting z — z + x1 + i(a — b/2 4+ r), we arrive at

[ dstatens) = ) expl-alr — im)n - 12)Cale)
Chy+ir

G(z+ir +ia—ib) G(z +ir + 1 — 2 + ia — ib)

2.74
G(z +ir +ia) G(z +ir+x1 — x2 +ia) (2.74)

X / dz exp(iaz(y1 — y2))
R

As long as r € (0,as), we stay clear of the poles of the two G-ratios. However, when allowing v; — ve < 0, we
must also ensure
0<r+uv—v<ag, (2.75)

so as not to encounter the poles of the right G-ratio for z + ir + 21 — x5 = 0, a,. In particular, we can allow any
x € C? satisfying v; — vg € (—as, 0] when we choose (say)

v —vy=—as+06, r=as—0/2, € (0,a (2.76)

The most straightforward way to bound the integral on the right-hand side of (2.74) is to estimate the
y-dependent exponential factor away. Invoking the bound (2.64), this readily yields the estimate

/ d=Ty(z,y,2)| < 2(8,5)? |pa(y)] exp(—alr + v1) (1 — 2))
Cyp+ir

1 dz
| /R cosh(vz) cosh(y(z + Re (z1 — x2)))’

with ¢1(d,b) continuous on (0, as] X S,. We met the latter integral before, cf. (2.66) and (2.67), whence we infer
it equals

X |e(b; 1 — x2) (2.77)

Re (z1 — z2)
sinh(yRe (21 — x2)) "

Now c(b;xy — 22) ! is regular for —2a < v; — v < Reb, vanishes for #; — x = 0, and has asymptotics

(2.78)

le(b; 1 — 22) 7t ~ C(b) exp(y|Re (21 — 22)]), |Re(z1 — 22)| — o0, (2.79)

with C'(b) continuous on S,, cf. (2.39). Hence we obtain

/ dZIQ(xvya Z)
Chp+ir

Combining this with Lemma 2.6, (2.60) and (2.70), the first assertion now follows.

To prove the second one, we may restrict attention to the case y; — y2 > 0. (Indeed, we can invoke (2.45)
and boundedness of u(b;z) for (b,z) € S, X R to handle y; — y2 < 0.) We can now proceed as before, with
vy = vy = 0. Then we also get Re (x1 — x2) = 1 — @2 in (2.77)—(2.79), so in (2.80) we may replace the factor
1+ |Re(x1 — x2)| by |z1 — x2|. Hence it suffices to prove (cf. (2.57))

| Mo (b; y)ES (b2, y)| < e1(b)(x1 — 22)(y1 —y2), 21— 2220, y1 —y2 >0. (2.81)
Recalling (2.54) and (1.24), we see that (2.81) amounts to a bound of the form

‘exp(—a(a —b/2)p)
c¢(2a — b;p)

< C(6, D) lp2(W)|(1 + [Re (21 — a)|) exp(—a(r + v1)(y1 — y2))- (2.80)

F(b; q,p)‘ < ca(b)gp, q,p >0, (2.82)

where
F(b;q,p) = exp(iagp/2) — u(b; —q) exp(—iagp/2). (2.83)
Now from (2.39) we have

’exp(cz;;(ci—b;l;/f)p) ’ < c3(b) tanh(p), p>0. (2.84)

Also, from u(b;0) = 1 and the mean value theorem we infer
Re F(q,p) = ¢(0,Re F)(61(q),p), ImF(q,p) = q(0yIm F)(62(q), p), (2.85)

where 6;(q) € [0,¢|, j = 1,2. This readily yields an estimate
[F(b;¢,p)| < ca(b)g(1 +p), ¢,p=0. (2.86)

Combining it with (2.84), we obtain (2.82), so that (2.73) follows. u
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The reader may well ask whether the factor (y; —y2) in (2.81) is necessary, since F(gq,p) is obviously
bounded. Its necessity can be gleaned from the special cases

Fl(as;q,p) = 2isin(agp/2), §=+,—. (2.87)

More precisely, we need the factor |x1 — x2| in the bound (2.73) to push through the proof of Theorem 3.7, so
we cannot bound the left-hand side of (2.81) simply by a constant, cf. (3.102). (To be sure, we believe that
Es(b; z,y) with b € S, fixed is bounded on R? x R2, but we have not proved this.)

3 The step from N =2to N =3
3.1 Invariance properties and a duality relation
We begin this subsection by obtaining the counterpart of Proposition 2.1.

Proposition 3.1. For all (b, z,y) € D3 (1.38) and 7 € C, we have

J3(b;z,y) = exp(—ian(y1 + y2 + y3))J3(b; (x1 + 0,22 + 1,23 + 1), y)
= exp(—ian(z1 + xo + x3))J3(b; z, (Y1 + 1,92 +n,y3 +1)).

Proof. Following the proof of Proposition 2.1, we obtain, using (1.26)—(1.28), (2.1) and the reflection equation
I (A.6),
I3(71'77ya 72) = Ig(.’E,y,Z). (33)

Hence (3.1) follows as before. The alternative representation (1.32) entails (3.2). u

We continue by deducing a new representation for Js that is related to (1.29) by the involution (b, z,y) —
(2a — b,y,x). Aiming to follow the flow chart of Subsection 2.1, we first need a suitable generalization of the
Plancherel relation (2.4). This involves a generalized Fourier transform with kernel

Fa(b;z,y) = (apa_ ) Y2G(ib — ia)Wa(b; )2 Jo(b; 2, y)Wa(2a — b;y) /2, be (0,2a), z,ye Gy (3.4)
(Here and below, we choose positive square roots.) For future reference, we note the symmetry properties
Fo(b; —x,—y) = Fa(b;x,y), Fa(b;z,y) = Fa(2a — byy,x), (3.5)
cf. Propositions 2.1-2.2. (Actually Fo(b; x,y) is self-dual, too; this can be readily checked by using (2.10).)

By specialization of results in [10] (cf. also Subsection 2.2 in [11]), we inferred in Section 3 of [7] that the
operator

Fa(b) : Coa = C°(Gy) C L*(Ge) — L*(Ga), b€ (0,2a), (3.6)
defined by
R0 = —— [ Falbiz i)y, veCs veGa (3.7)
a+a, Go

extends to a unitary operator. Observing that (cf. T (A.6), (A.9))
Fg(b;l',y) :FQ(b;xafy)a be (0720’)7 T,y € G27 (38)

we thus arrive at the generalized Plancherel relation

/G d=f(2)g() = / dp(Faf)(p)(Fag)(—p).  f.g € LA(Ga) N LM (G). (3.9)

Ga

Restriction attention to b € (0,2a) at first, we choose

f(2) = Salb; (1, x2), (21, 22)) Wa(b; 2) /2, (3.10)
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and
9(2) = (ara_)"2G(ia — ib) exp(iays(x1 + x2 + 23))

x3 — 2k — 1b/2) (3.11)
T3 — 2 +1b/2)’

2
_ G
< Walla = b n,) ™ 2Falbi o s — ) ]
k=1

cf. (1.33). Then it follows from (1.29) and (3.4) that J5(b;,y) is given by the left-hand side of (3.9). The crux
is now that the Fs-transforms of the functions f and g chosen above can be readily computed by using results
from [7]. We proceed to embark on this.

From Eq. (3.18) in [7] we recall the integral equation

/ dzWo (b; t)l/QSg(b; t, 2)Wa(b; z)l/QFg(b; z,p) = pu(b;p)Fa(bst,p), t,p€ Ga, (3.12)
G2
with eigenvalue
2
w(b;p) = aya_G(ia — ib)* H H G(0p; —ia+1ib/2). (3.13)
J=16=+,—

(This result can be regarded as the N = 2 counterpart of the N = 1 formula (2.7).) Clearly, this implies

(Faf)(p) = (apa_) " Wa(b; (1, 22)) "2 u(b; p)F2(b; (z1, 22), p). (3.14)
Using the reflection equation I (A.6), we find

2 Glws — 2 —ib/2) o |
kﬂl Gl — i) = (@ra-) 7 Glia = i) (20— by (21 23,2 — 25), (3.15)

which yields
(F29)(—p) = (aya_)"*/?G(ia — ib)® exp(iays(z1 + T2 + 23))Wa(2a — b; (y1,y2))

X / dzp(2a — by (21 — 3,22 — 23))Fa(b; 2, (y1 — y3,¥2 — y3))F2(b; 2, —p).  (3.16)
G2

Taking 2z — 2 + x3, we deduce from (3.4) and Proposition 2.1 that the integral on the right-hand side can be
rewritten as

exp(iazs(y1 + y2 — 2ys — p1 — p2)) /G dzpi(2a — b; 2)Fa(b; 2, (y1 — ys, y2 — y3))Fa(b; 2, —p). (3.17)
2
Keeping in mind (3.5) and (3.8), we infer from Eq. (3.24) in [7] the generalized eigenfunction expansion
Wa(2a — by q)'/?S(2a — b; ¢, p) Wa(2a — b; p) '/
= ﬁ /(;2 dzu(2a — b; 2)Fa(b; z,q)Fa(b; 2, —p), q,p € Ga. (3.18)

Hence we arrive at the generalized Fourier transform formula
(F29)(—p) = (a+a,)1/2G(ia - ib)g exp(iaxs(y1 +y2 +y3)) exp (ia[ys(ﬂh +x2) — 23(2y3 +p1 + Pz)])
X Wo(2a — b; p)/285(2a — b; (y1 — y3,y2 — y3),p).  (3.19)
Substituting (3.14) and (3.19) in the right-hand side of (3.9), taking px, — pr — y3 and rewriting the resulting
integral in terms of Jo by using (3.4), we obtain
J3(b;x,y) = Gia — ib)* exp(iows(yr + yo + y3)) exp(icys(z1 + x2))
< [ dpSi(2a by p)Wa(2a  bip) exp(—iaaa(p -+ pa) ol (1~ g — ). (320
G2
Using now the Jy-duality relation (1.7) and invariance property (2.2), we deduce the representation
J3(b;x,y) = G(ia — ib)® exp(ics(y1 + yo + y3)) / dp Is(2a — b;y, z,p). (3.21)
G2

We note that this formula is valid for all b € S, and x,y € R3. We are now prepared for the N = 3 analog of
Proposition 2.2. By contrast to the latter, the following theorem amounts to a substantial novel result, proving
some of the conjectures in I Section 7 for the case N = 3.
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Theorem 3.2. Letting b € S, and z,y € R3, the duality property (1.34) and symmetry property (1.35) hold
true. O

Proof. We obtain (1.34) upon comparing the representations (1.29) and (3.21). Just as in the N =2 case,
we then infer invariance under permutations of the variables (y1,y2,ys) by combining (1.34) with the manifest
invariance under permutations of the variables (z1,z2,x3). |

3.2 Global meromorphy

We proceed to establish global meromorphy for J3(b; x,y), following the line of reasoning in Subsection 2.2 as
far as possible. Thus we need again a number of preliminaries. First, from Proposition 3.1 and Theorem 3.2 the
following invariance properties of P3 are readily inferred:

Ps(b; —z, —y) = P3(b;x,y), (reflection invariance), (3.22)
Ps(b;z,y) = Gia —ib)°P3(2a — b;y,x), (duality), (3.23)
Ps(b;x,y) = Ps(b;ox,7y), (0,7) € S5 x S3, (permutation invariance). (3.24)

Second, just as in the N = 2 case, a key ingredient is an eigenvalue equation for Ps. It corresponds to the
k =1 eigenvalue equation I (5.13) for J3, with § € {4+, —} chosen such that a_s = as, and with z,y — —z, —y.
Invoking the reflection invariance (3.1), the latter AAE is given by

3 3
ZVg(b; o1;)J3(b; x +iase;j,y) = Zel —2y;)J3(b; z, y), (3.25)
j=1 j=1

where e;, j = 1,2,3, and oy, k,l = 1,2, 3, denote the standard basis elements in C3 and the reflection that acts
on x = (1,2, 23) by interchanging zj and z;, resp.; moreover, the coefficient function reads

Vi) = [ 2w i) (3.26)

-t s1(Tm — 1)

Third, we define counterparts of (2.19)—(2.27):

€3 = a;/4, (3.27)
A3 ={z€C?®|v; —v, > —Reb, 1<j<k<3}, (3.28)
A = {x e C?||vj —vg| <as+Reb, 1<j<k<3}, n=1, (3.29)
37\ {zeAs|v;—vp <nas+Reb, 1<j<k<3}, n=0,23,..., '
DSY) = {(b,2) € S(es) x C* | 2 € Ay}, (3.30)
D{V = {(b,z) € S(es) x C* | & € AV}, (3.31)
i) = D§") x C? Im (y; — 32
$V = {(bay) e DY xC | max  [Im (y; = gi)| < Reb}, (3.32)
(n) _ (n) 3 _
Dy" = {(b,x,y) € D5" x C* | 1<rjn<alz<<3|1m( Yi)| < Reb}. (3.33)
Then the counterpart of (2.28) is
DY c p;, DY ¢ Ds, (3.34)
cf. (1.36)—(1.38). To verify these inclusions, we need only note
- 1 1 :
|IIIlZIJ]| < 3‘ _Uk|+ | _Ul| {J7kal}:{13273}7 (335)
and use 5 1
g(as +Reb) <a-— iRe b, be S(es). (3.36)

Now we have the following analog of Lemma 2.3.
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Lemma 3.3. Letting (b,z,y) € Déo), we have the eigenvalue equation

3 3
> Va(b012)Ps(bsx +iase;, y) = > er(—2y;)Ps(bs 2, ), (3.37)

Jj=1 Jj=1

where the coefficient function is given by

Vo(bya) = 2 J[ CR0Em =201 — 0, K)

m=2,3 s1(wm — 1)

(o) (o mra)]

with K defined by (2.31). O

(3.38)

Proof. The restriction to Déo) implies that the four arguments of J3 occurring in (3.25) belong to Dél), and

thus to the holomorphy domain Ds, cf. (3.34). Hence the AAE is well defined. Its similarity transform (3.37)
follows from a computation paralleling the one in the proof of Lemma 2.3. n

We are now prepared for the following counterpart of Proposition 2.4, which again proves a conjecture made
in I Section 7.

Theorem 3.4. The product function P3(b; x,y) (1.39) admits a holomorphic continuation from D3 (1.38) to
S, x C3 x C3. O

Proof. For transparency, we follow the reasoning in the proof of Proposition 2.4 as far as possible, even though
we need to enlarge on it shortly. Thus, we first aim to prove holomorphic continuation to D§+) (3.32). Accordingly,
we assume inductively that Ps(b;z,y) is holomorphic in Dgn) with n > 1. (This is true for n = 1, cf. (3.34).) To
handle the holomorphic continuation to Dgnﬂ)
First, we introduce

, we begin by rewriting (3.37).
Vs(b;z) = Vs(biz) ] si(am — ). (3.39)
m=2,3

Then we multiply (3.37) by the two s;-functions, rearrange the terms, and invoke the permutation invariance
(3.24) to obtain

Mu

Vs(b; 2)Ps (b + iaser, y) = sy(xs — x1)si(z3 — 21) Y er(—2y;)Ps(bs 2, y)
Jj=1

1 N
—&—7[5 x3 — x1)V3(b; 0122)P3(b; x 4 tases,
o E— (3 1)V3(b; o122) P3( 2,Y)

— sy — 21)V3(b; 0132)Ps (b 03 (x + iages), y)] . (3.40)

It now follows as before that the multiplier V3(b; ) on the left-hand side is nonzero on D , cf. (2.35).

It is at this point, however, that we can no longer proceed as in the N = 2 case. For one thlng, the zero of
the denominator function s;(x3 — x3) in (3.40) for x3 = x2 is innocuous (as the bracketed function then vanishes,
t00), but we need to steer clear of the remaining zeros.

We can avoid this snag (and other ones) as follows. First, we define domains

ALY =z € AT | Jog —vs] <Reb}, n>1, (3.41)
DY) = {(b,x) € S(ez) x C* | € ALY}, (3.42)
DY) = {(b,z,y) € DY) x C? |  Jna[lm (y; — )| < Reb}. (3.43)

Second, we consider the function R3(b;z,y) on the right-hand side of (3.40) for all points (b, z,y) € D( 1) such

that
v] —v2,v1 —v3 € ((n—1)as — Reb,nas + Reb). (3.44)
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This yields a domain Dgll)’r C D(”) on which R3(b; z,y) is holomorphic for n = 1. Using the induction assumption,

we also infer holomorphy for n > 1. (Note that we need the interchange o3 for this to follow.) The z-translation

1 n)

of Dé 1) , OVer tage; equals Dg 1. » and the latter domain meets Dg for all points with

v] — vg,v1 — v3 € (nas — Reb,nas + Reb), |va — vs| < Reb. (3.45)

As a result, we obtain a holomorphic continuation of P3(b; z,y) to all of Dg?ﬁl). However, this is a proper

(n+1)

subdomain of Dy , 50 we need yet another enlargement. This consists in further domains

ALY =z € ALY | oy — o] <Reb}, n>1, (3.46)
D{") = {(b.x) € S(e3) x C* |z € AJY}, (3.47)
Déng ={(b,z,y) € D3 Y x C? | | Jnax | IIm (y; — yx)| < Reb}. (3.48)
Consider now the involution
0:C* = C3 1+ —op32. (3.49)
It is easy to check
P(AS) = AS (ALY = ASS. n> 1, (3.50)

so it gives rise to a bijection between the domains (3.46)—(3.48) and (3.41)—(3.43).
The point is that the invariance properties (3.22)—(3.24) are preserved under analytic continuation, so that
we have

Pa(bsz.y) = Py(bip(a), —y), @€ Dy (3.51)

As a consequence, the function P5(b; x,y) has a holomorphic continuation to Déflﬂ) as well as to Dgn;l).

The latter two domains are tube domains with open, connected bases, and the two bases have a nontrivial
intersection. By Bochner’s Theorem 1.1 it then follows that Ps(b;x,y) has a holomorphic continuation to the

tube whose base is the convex hull of the latter two bases. We claim that this tube equals D:(),"H). Taking this

claim for granted, we have completed the induction argument, so it follows that P3 continues to D§+).
Now we need only invoke S3-symmetry in z to obtain holomorphy of Ps(b; z,y) in the tube with base

Bs(e3) = {(Reb,Imz,Imy) € (0,63) x R* x R* | max |Im (y; — yx)| < Reb}. (3.52)
1<j<k<3

Then we are in the position to follow again the reasoning for the N = 2 case, with the equations (1.13)—(1.17)
all having N = 3 counterparts that will be clear upon comparing (3.52) with (1.14).
To conclude the proof of the theorem, it remains to prove the claim. We can reduce this to a claim for a
set U of two real numbers u; = vy — vg, us = v9 — v3 satisfying
up, Uz, u1 +ug € (—¢,d), 0<c<d. (3.53)
Specifically, the claim now amounts to the convex set U being equal to the convex hull of its two convex subsets

Uj ={(u1,u2) €U | uj € (—c,0)}, j=1,2. (3.54)

Rephrased this way, a moment’s thought suffices to establish the validity of the claim. (Any u € U that is not
in Uy U Uz belongs to the interior of the triangle with corners (0, 0), (d,0), (0,d), and (d,0)/(0,d) belongs to the
closure of Uy /U;.) Hence the theorem follows. [ |

3.3 Asymptotics
Introducing the function
ds(y) = | min_ (y; —uw), yER, (3.55)

we proceed to elucidate the asymptotic behavior of the function Es(b; z,y) (1.40) for ds(y) — oo.
Combining (1.20)—(1.21) with (A.1) and Theorem 3.4, we find that E3(b; z,y), b € S,, is meromorphic in z
and y, with b-independent poles located at

zj — 2k = —20a — Pmn, 2=2z,y, 1<j<k<3, mmneN, (3.56)
and b-dependent pole locations
2j — 2 =0+ iPpmpn, 25 — 2k =2ia— b+ ipmn, 2=y, 1<j<k<3, mmnelN (3.57)

Just as in the V = 2 case, we now assemble further features in a lemma.
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Lemma 3.5. For all (b,z,y) € S, x C3 x C3 and n € C, the function E3(b;x,y) (1.40) satisfies

Es(b; —z,—y) = Es(bi,y)  [[  ulbse; —wn)ubiy; — ue), (3.58)
1<j<k<3

Ez(b;z,y) = exp(—ian(y1 + y2 + y3))Ea(b; (1 + 1,22 + 1,23 + 1), %) (3.59)

= exp(—ian(z1 + 2 + 3))Ea(b; (z, (Y1 + 1, y2 + 1, y3 + 1)), '
E3(b7 X, y) = E3(2a - ba Y, ZL’), (360)
Es(ox, 7y) = Es(z,y) I (ule =) I[I  (—ulyy—w), (0,7) € S5%Ss, (3.61)

<k i<k
o (j)>0 " (k) TG>T (k)

where, e. g., (0x); = 2,(j), j = 1,2,3. O

Proof. Like in the N = 2 case, these properties are easily derived from the corresponding features of J5(b; x, y)
in Proposition 3.1 and Theorem 3.2. n

Recalling from I (2.11) the kernel function
K& (b; 2, 2) = [C5(by 2)Ca(bs —2)] "1 Sh(bs , 2), (3.62)
we infer from (1.23)—(1.29) and (1.40) the representation
(4(b)G(ib — ia))? exp(iays(z1 + T2 + 73))
2aa- Hizl c(2a — by yn — y3)
where the integrand is given by
Ty (b 2y, 2) = K5 (b 2, 2)Ba(b; 2, (41 — y3, y2 — y3))- (3.64)

Indeed, since the integrand I3 in (1.29) is clearly invariant under the interchange z; <> zo, we can replace the
integration over the Weyl chamber G5 in (1.29) by integration over R? times 1/2.

Following the N = 2 case, we deduce the dominant asymptotics of E3 by shifting the zi-contours R in (3.63)
up past the poles of I3 located at

Es(b;z,y) = /2 dz13(b;x,y,2), b€ S, z,y€R3, (3.63)
R

zr=x; +ia—1b/2, k=12, j=1,23. (3.65)

Recalling the G-zeros (A.2), we infer from (1.40) and (1.20)-(1.21) that E3 vanishes along the hyperplanes
x; =2k, 1 < j <k < 3. Hence we may as well require

z;FxE, 1<j<k<3, (3.66)

so that the poles (3.65) are simple.

In order to keep track of the residues appearing, we need to shift the two contours separately. Assuming first
Im (21 — 22) € (—as, 0], we note that Proposition 2.8 and the bounds (2.39), I (B.6) entail that the integrand I3
has exponential decay for |Re zi| — co. Moreover, from invariance of I3 under z1 <+ 2o it follows that I3 has the
same decay for Im (21 — 22) € [0, as). Hence, as long as the contours are separated by a distance less than a,, we
encounter no problems with the contour tails. We must, however, take care to avoid the z;-independent poles
of I, which are due either to zeros of Co(—2z) or poles of Ey(z, (y1 — y3,y2 — y3)). The former are located at

21 — 29 = 2ia +ipg;, 21 — 2o = —ib—ipy, k,l€N, (3.67)

whereas the locations of the latter are given by (2.43)—(2.44). Recalling the function m(d) (2.69), we thus see
that the poles in question are not met for [Im (21 — 2z2)| < m(Reb).
Next, we let 2(v), v = 1,2, 3, denote the variables obtained by removing z, from x = (z1, 22, x3):

(1) = (x2,23), x(2) = (x1,23), x(3)= (z1,22). (3.68)
Introducing the functions
_ ¢(b)?
Ms(by) = —5 b;y), .
3(b;9) [T 20— by y3)p3( y) (3.69)
p3(b;y) = exp(—ala —b/2)(y1 + y2 — 2y3)), (3.70)

we are prepared for the following counterpart of Lemma 2.6.
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Lemma 3.6. Letting (r,b) € (0,as) x S, and z,y € R? with the x-restriction (3.66) in effect, we have

ES(xvy) -
——¢ —ay3(r1 + T2+
Mg( ) Xp( y3( 1 2 3))
1| Gib—ia)? / G(ib — ia) o / .
= dz1s(x,y,2) + ——— —u(x, —x;)) - dtls ,(z,y,t
p3(b;y) 2ata- (Cy+ir)? ol ) Va+a— ;Jl:[y( ( ) Cy+ir w )
3
Cs(z(v),zv)
————FK — — 71
+ ; () 2(2(V), (y1 — Y3, 92 — y3)), (3.71)
with
I3, (b2, y,t) = KE(b;2(v), )Ea(bs (2, + ia — ib/2,t), (y1 — ys, y2 — y3)), (3.72)
where ICg is given by (2.50) and Cj by (2.56). O

Proof. First, we note that by (3.63)—(3.64) and (3.69) the left-hand side of (3.71) equals

gZ
2p3(y)

/}R 2 dz Ki(z, 2)Ea(z, §), (3.73)

where we have introduced

G(ib — ia)
Jara—

When determining the effect of the pertinent contour shifts, we find it convenient to work with Ja(z, (y1 —

Y3, Y2 — Y3)), since it is invariant under the interchange z; <> zo. Therefore, we use (1.23) and (3.62) to rewrite
(3.73) as

9= —ysy2—y3), G= (3.74)

¢(b)g* Ls(b;z,y)

) 3.75
2p3(byy) C3(b; ) Ca(2a — b; ) (3.75)
with
Ls(byz,y) = / dz Wo(b; 2)SA(b; 2, 2) Jo (b; 2, §). (3.76)
R2
Letting
0 < e < min(m(Reb)/2,as/2), (3.77)

we move the two contours R simultaneously up to Cp — ie without meeting poles. Moreover, shifting the z;-
contour up by a further amount 2¢, we only encounter the three simple poles (3.65) with k = 1. These poles are
due to the factor G(x; — z; —ib/2) in Sg(m, z) (1.28), and the G-residue I (A.13) entails

lim (21— —ia+ib/2)Glz; — 21 —ib/2) = lim (—2 —ia)G(z) = Yorl=  (3.78)
z1—x;+ia—ib/2 z1——1ia 271
Observing that
2 —ib)2 Jarac
9rmi Res %1 = 21— 1b/2) vl g (3.79)

G(;Cj — 21+ Zb/2) z1=xj+ia—ib/2 - G(Zb — za) - g ’

we thus deduce
Law) = [ da [ Wi (0
Cp+ie Cp—ie

3
+g7! dz > Ru(x,22)Ja((wy + ia — ib)2, 22),5), (3.80)

C},*ié v=1
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with remainder residue (cf. (1.20))

1
R 5 = . . . .
(z,22) c(xy, — 29 +ia — ib/2)c(z9 — 2, — ia +ib/2)
3 3

X H c(zg —xj —ia+1ib/2) - H c(x, —xj)

j=1 j=1

i
3 H§:1 oz, — ;) (3.81)
_ o ib/2) - VEZ

jl_Il ez —2; —ia+ibf2) c(xy — 29 +ia —ib/2)
JAv

[T=1 (@, — ;)
iv

= Sg(x(V)’ZQ)C(xV — 2z +ia —1ib/2)

Now shifting the zo-contours in (3.80) up by 2¢, we only encounter the poles (3.65) with k= 2. In the
residues spawned by the first integral we perform the interchange z; <> z5 and use the corresponding invariance
of Ja(z,9) to get

3
/ dz Wy (2)Sh(x, 2) Ja(2,9) + G 1 dzy Y Ro(x, 22)Jo((zy + ia — ib)2, 22),5). (3.82)
(Cp+ie)?

Cy+ie =1

The second integral in (3.80) yields a copy of the second integral in (3.82) plus the residue term

3
G2 > Ruyun(@)la((zy, +ia—ib/2, 1y, +ia —ib/2),9), (3.83)
e
where
Ry s () = Hc(xw = Tyy), A{vi,ve,vs} ={1,2,3}. (3.84)
=1

Hence, using invariance under the interchange z,, <> z,,, we obtain

Ls(z,y) = / dz Wy (2)S(x, 2) J2 (2, §) + 2671 dt > Ry (x,t)J2((z, + ia — ib/2,t),7)
(Ch+i6)2 Chy+ie v=1
+207% > Ruw(@) (@, +ia — ib/2,3,, +ia —ib/2),7). (3.85)

1<v1<v2<3

Shifting all contours up to Cj 4 ir without encountering further poles, we proceed to reformulate the
resulting expression in terms of Eo. From (3.81), (2.50) and (1.23), we infer

Ru(z,t)Jo((xy, + ia — ib/2,1),7)

Ca(2a — b9) = (¢(0)G) 'Ea((zy + ia — ib/2,t),9)

3 (3.86)
x Ki(2(v), t)Ca(z(v)) [ ] clan — ).

#

[N,
AN

Multiplying (3.85) by the prefactors in (3.75), writing

Cs(x) = Ca(x(v)) [ elaj — 20) - [ elas — 25) (3.87)

Jj<v Jj>v

and using (3.86), (1.25) and (2.46), we arrive at the right-hand side of (3.71). u
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Multiplying (3.71) by M3(y) exp(iays(z1 + 22 + 23)), we continue by analyzing the last sum in the resulting
expression, anticipating that it yields the dominant asymptotics of Es. Using (2.38) and (2.39), we readily deduce

|M3(b; y) - 1| < C(b7 P) exp(—apdg(y)), (b’yap) € Sa X RB X [GS/Q,GS), d3(y) 2 0’ (388)

where ¢(b, p) is continuous on S, X [as/2,as). Moreover, observing that the function E3*(z,w) (1.24) can be
rewritten

ES(z,w) = Z %’22((227)) exp(iaz, - w), (3.89)

we infer from Proposition 2.7 that

exp(iays(z1 + x2 + 23))E2(z(v), (11 — y3,y2 — y3)) = Z exp(iazs - y) + Ru(x,y), (3.90)

oES3
o(3)=v

with the remainder satisfying
[Ry (b, y)| < C(r,0)(1 + [2(v)1 — x(v)2]) exp(—ar(yr — y2)), (3.91)

for all (b, z,y) € Sy x R x R? with y; — y2 > 0. Due to the identity

C3(z(v), 2,)C2 (70 (1), To(2))
Ca(2(v))

= c(To1) — To2) | | (75 — 25(3)) = Cs(2s), (3.92)

i=F

we thus have

Cs(z(v),z,)

expliays(z1 + x2 +13)) ) Ex(z(v), (Y1 — y3,92 — y3))

v=1 CS(:I:)
= S Gl iz, - y) + Rir,y) = B2, y) + Rie,y), (3.93)
og€S3 03(1‘)
with remainder
R(b;z,y) ; Gl Febimy). (3.94)

Combining (1.21) and the c-function asymptotics (2.39) with the bound (3.91), we obtain the majorization

|R(b,x,y)| S C(T’, b) Z (1 + |‘Tj - zk‘) : exp(fon"(yl - yZ))a (395)
1<j<k<3

valid for all (b,z,y) € S, x R? x R3 with y; — y2 > 0, and with C continuous on [as/2,as) x S,.
Our considerations thus far suggest that the dominant asymptotics of Ej is given by (1.41). The following
counterpart of Proposition 2.7 substantiates this, together with a crucial remainder estimate.

Theorem 3.7. Letting (r,b) € [as/2,a5) X S,, we have

|(Es — ES®) (b;z,y)| < C(r,b) H (14 |z; — zk]) - exp(—ards(y)), (3.96)
1<j<k<3
for all z,y € R? with d3(y) > 0; here, C is continuous on [as/2,as) x Sq. O

Proof. It follows from Lemma 3.6 and (3.88), (3.93) and (3.95) that it suffices to prove the bounds

’/ dzIs(z,y,2)| < Co(r,b)|ps(b;y)] H |z; — zk| - exp(—ards(y)), (3.97)
(Cb-i-i’r")z

1<j<k<3
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[ ] < bl
Cy+ir’

x (1 + e (@); — (1 + Z Iz, — ) exp(—ardy(y)), v=1,23, (3.98)

for all 2,y € R? with d3(y) > 0. Here we have introduced
' =(r+as)/2 € (r,as), (3.99)
and the functions Cy, ..., C5 are continuous on [as/2, as) X Sg.

Taking zp — 2k +i(a — b/2 + r'), we use the identity (2.46) to deduce

/ dz1a(z,y,2) = pa(bs ) exp(—ar’ (g1 + y2 — 23))
(Cy+ir’)

3 2
- Es(b; 2, (y1 — ys, 2*2/3 G(zp +ir' —x; + ia —ib)
x C3(b; ) 1/ dz z . (3.100)
: . 1111

c(b; zo — 21) g Gz +ir' —a; + ia)
Next, we note that (1.20) and (2.39) imply
le(b; 2) 7| < C(b)|sinh(v2)], (b, 2) € So xR, 7 =aReb/2, (3.101)

with C continuous on S,. Combining this with the estimates (2.73) and (2.64), we deduce

‘/ dzTg(x,y, z)| < ca(r,b)|p3(bs y)| exp(—ar (y1 + y2 — 2y3)) (1 + y1 — y2)
(Co+ir')?

RV (21 — 2z2) sinh(y(2z1 — 22)) - 3
x |Cs(b;z)|~ / H 1szlcosh( @ —zk))7 ,y € R° ds(y) >0, (3.102)

for some ¢y continuous on [as/2,as) X S,. An explicit evaluation of the integral on the right-hand side can be
obtained from the N = 2 case of I Lemma C.2, which yields

(21 — z) sinh(y(z1 — 22)) 3 v(xj — k)
dz —; —4 . |
R2 Hj:l Hi:l COSh(’y(xj —21)) 2 1<j1:[k<3 sinh(7(z; — z1)) (3.103)

Now we use (3.101) once more to obtain
‘cg(b; x)fl/ I] sinh(y(a; - xk))‘ < e3(b), (3.104)
1<j<k<3

with ¢3 continuous on S,. Finally, since we assume d3(y) (3.55) is positive, we have

(y1 — y2) exp(—ar’(y1 + y2 — 2y3)) < (y1 — y3) exp(—ar'((y1 — y3) + (2 — y3)))
< C(r)exp(—ar((yr — y3) + (y2 — y3))) < C(r) exp(—ards(y)), (3.105)
with C' continuous on [as/2, as). Putting the pieces together, the desired majorization (3.97) easily follows.

We continue by proving (3.98). Taking ¢t — ¢ + i(a — b/2 4+ r') and appealing once more to (2.46), we arrive
at

/ dt Ty (2,9,1) = pa(bs y)Cabs (1))~
Cp+ir’

H G(t+ir' — z; + ia — ib)

3.106
G(t +ir' —z; + ia) ( )

X/thz(b; (zy, t+ir"), (Y1 — Y3, y2 —
R v

Using Proposition 2.8 and the bounds (2.39), (2.64), we now deduce

[ ig,yu,y,o‘ < ca(r, )l pa(bi )] exp(—ar’ (y2 — v5))
Chp+ir

x exp(y]z(v)1 — x(v)2 |)/ dt (14 |x, —t]) exp ( 'yz |x(v); — t|), (3.107)
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with ¢4 continuous on [as/2,as) X S,. To bound the remaining integral, we note that the integrand is invariant
under the interchange x(v); <> z(v)2, so that no generality is lost by assuming z(v)s < z(v);. Then we can
write the integral as a sum of three integrals

z(V)n—1
Inz/ dt (1+ |z, — ) exp( ’YZ‘I —t|>, n=1,2,3, (3.108)
2()n

where z(v)g = co and z(v)3 = —oo. For I1, we have
exp(ylz(v)1 — (V)2 )1 = exp(y(z(v)1 — 2(¥)2)) /( ) di (1 + |xy —t]) exp(—=y(2t — 2(¥)1 — 2(¥)2))

_ /000 dt (1+ |2y — 2(v)1 — ) exp(—272)
< /0C>o dt (1 +t+ |xy —z(v)1]) exp(—29t) < C(1 + |z, — z(v)1]), (3.109)

where we can take C' = (1 + 1/2v)/27. Similarly, we obtain
exp(ylz(v)1 —z(v)2]) I3 < C(1 + |z, — z(v)2])- (3.110)
In the case of I, we have

z(v)1

exp(r|z()1 — ()2 Iz = / L, A )

</w<V>1dt(H§:|xy—x(y)j):(x( Y — a(v (1+Z|xy—x ) (3.111)

z(v)2

Combining the bounds (3.107) and (3.109)—(3.111), we readily infer the majorization (3.98). u

We conclude this section by deriving a uniform bound on Es(z,y), which is the counterpart of Prop. 2.8.

Theorem 3.8. Letting (4,b) € (0,as] x S,, we have

[Es(b;z,y)| < C(6,b) H (14 [Re (z; — x)|) - exp ( - aZijj), (3.112)

1<j<k<3
for all (x,y) € C3 x R? satisfying
vj —vp € [—as+6,0], 1<j<k<3, ds(y) >0, v=Imuz, (3.113)
where C' is a continuous function on (0, as] x S,. O

Proof. We exploit once more the representation for Es given by (3.71). Focusing first on the last sum, we begin
by noting that the regularity of w(b;xy — x;) for —as < v; — vy < m(Reb) and the u-asymptotics (2.40) entail

lu(b; —2)| < e(b,Imz), (b,Imz) € S, X (—as,0], (3.114)
where ¢(b,Im z) is continuous on S, X (—as,0]. Next, Prop. 2.8 implies an estimate
[Ba(z(v), (11 —ys,v2 —ys))| < C(6,0)(1+ [Re (z(v)1 — z(v)2)])

2
X exp faZ(ykfyg)Imx(z/)k . (3.115)
(

k=1
Moreover, from (3.69) and (3.101), we obtain

3 2
| M3 (b;y) exp(iys (x1 + z2 + a3))| < e(b) exp ( — azijj) exp (az Yk — Y3 vk), (3.116)
k=1

=1
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for all (z,y) € C3 x R3, where c¢ is continuous on S,.
When we now take the product of the functions at hand and use

2

exp (04 i(yk - y3)vk) exp ( —a) (yk — y3)Im x(V)k)

k=1 k=1
2

= exp (a Z(yk —ys3) (v — Uk+1)> <1, ds(y) >0, vp —vp41 <0, k=1,2, (3.117)
k=v

then the desired bound for this contribution to Es(b;x,y) easily follows. As a consequence, it suffices to show
that the integrals appearing on the right-hand side of (3.71) are bounded by

2

CEblpsbiylexp (= ad e —wun) [ (0 +IRe(w; —ar)), (3.118)
k=1

1<j<k<3

for all (z,y) € C? x R? satisfying (3.113).
Specializing the first equality in (3.59) to n = —wvy, it becomes clear that we may restrict attention to

0<v; <wvy<wv3<as—29. (3.119)

Requiring at first z € R3, we begin by considering the integral of I3 along the zp-contours Cj + ir. Taking
2z = 2k +i(a — b/2 4+ r) and making use of the identity (2.46), we obtain again (3.100), but now with " — r.
Allowing next v; # 0, we require

8 <r—wvj<a,—4¢, §¢€(0,a:/2], j=1,2,3, (3.120)
in order to stay clear of the poles of the G-ratios for z + ir —v; = 0, as. By setting
r=as—194/2, & =4/2, (3.121)

we can admit any x € C3 satisfying the conditions in (3.113). Using the bounds (2.73), (3.101) and (2.64), we
now infer

‘/ dzI3(w,y, 2)| < c2(6,0)|p3(y)| exp(—ar(yr +y2 — 2y3)) (1 +y1 — y2)
(Cp+ir)2

(21 — 2z2) sinh(y(21 — 22))
3

et [ s : . (3122
< 1Cs(b:2)] /JR2 [T;=i ITjzs cosh(v(Rex; — zx)) ( |

with ¢o continuous on (0, as] X S,.
Recalling the c-asymptotics (2.39) and the integral evaluation (3.103), we see that for the majoriza-
tion (3.118) to hold, it suffices to show that

B =exp(—a(r+uvi —v2)(y2 —y3) —ar(yr —y3)) (1 + y1 — y2) (3.123)

is bounded. Now since d3(y) > 0 by assumption, we have

B < exp(—ad(ys —y3)/2 — aas(y1 —y3)/2) (1 +y1 —y3) < C, (3.124)

so this is indeed the case.

It remains to bound the integral of 13,1, along the t-contour Cj + ér. Taking t — ¢t +i(a — b/2 + r) and using
once more the identity (2.46), we obtain (3.106) with " — r. It follows from (2.71) and the bounds (2.39), (2.64)
that we have

/ dti&u(mayvt)
Cp+ir

x exp(y|Re (z(¥)1 — z(v)2)|) /Rdt(l + |Rex, — t|) exp (— 7|t = Rex(v)1| — [t — Rea(v)s]), (3.125)

< ¢3(8,)|p3(y)| exp (= alvu(y1 — y3) +7(y2 — y3)])

where c3 is continuous on (0, as] X S,.
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Finally, it follows from v, > v; and r > vy that

2

exp (— afvy(y1 — y3) + 7(y2 — y3)]) < exp ( -« Z(yk - yg)vk),
k=1

and to bound the remaining integral, we can proceed as in the proof of Theorem 3.7. Indeed, since the
integrand is z(v); <> (V)2 invariant, we may assume Rexz(v)2 < Rex(v);. Then writing R = (—oco, Rez(v)2) U
[Rex(v)2, Rex(v)1) U [Rex(v)1,00) and estimating the corresponding three integrals separately, we obtain the
desired bound. n

A The hyperbolic gamma function revisited

In the main text we need a few properties of the hyperbolic gamma function that were not mentioned in I
Appendix A. They are collected in this appendix.

First, from Appendix A in [9] we recall that the hyperbolic gamma function can be written as a ratio of
entire functions,

G(at,a_;z) = E(ay,a_;2)/E(ay,a_;—z), (A1)

with the zeros of E(ay,a_;z) located at
z=1ta+ipg;, k,l€N, (A.2)

where
Pkl = ka+ + la,. (A3)

The order of these zeros equals the number of distinct pairs (m,n) € N? such that py,, = py. In particular, for
ay/a— ¢ Q all zeros are simple.

The function E(z) = E(at,a—;z) from [9] we employ in this paper is a cousin of Barnes’ double gamma
function. It has no zeros for z in the half plane

A={zeC|Imz <a}, (A.4)

So it can be written as
E(z) =exp(e(z)), z €A, (A.5)

with e(z) holomorphic in A. Explicitly, e(z) has the integral representation

1 [>d 1— e 22 2i 2
elay,a_;z) = 7/ d ¢ o2 (e7204Y 4 e72a-Y) | (A.6)
4 Jo y \shayysha_y ayra_y aqa_

A distinguishing feature of this F-function is that it satisfies the two AAEs

E(z+ia_5/2) V2r , B
E(:—iay/2)  Tlzjay 112) “PUKs), 0=+= (A7)

where

T 2as as

Ks=-11n <“—5> . (A.8)

We need one of these AAEs in Subsections 2.2 and 3.2.
Finally, we have occasion to make use of the Fourier transform formula from Proposition C.1 in [11].
Specifically, let pu, v € C be such that
—a<Imp<Imv <a, (A.9)

and assume that y € C satisfies
Imy| < Im (v — u)/2. (A.10)

Then the pertinent formula can be written

(;) " / dz eXp(mpz)gEZ:V) = exp(iap(u +v)/2)Glia+ p—v) [[ G@p—ia+ (v—p)/2). (A11)
s R z— 1) o
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