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SCIENTIFIC REPLIRTS

Topologically protected localised
states in spin chains

Marta P. Estarellas, Irene D’Amico & Timothy P. Spiller

We consider spin chain families inspired by the Su, Schrieffer and Hegger (SSH) model. We demonstrate
. explicitly the topologically induced spatial localisation of quantum states in our systems. We present
Accepted: 17 January 2017 detailed investigations of the effects of random noise, showing that these topologically protected
Published: 22 February 2017 : states are very robust against this type of perturbation. Systems with such topological robustness are
. clearly good candidates for quantum information tasks and we discuss some potential applications.
Thus, we present interesting spin chain models which show promising applications for quantum
devices.

Received: 21 July 2016

The topological confinement of quantum states has engaged the condensed matter community for a few decades'?.
Now this field is receiving increasing interest due to its potential applications for topological quantum com-
putation®, quantum state transfer? and quantum memories>°. Such systems can embody quantum information
non-locally, leading to topologically protected states and opening new paths in the search for a robust quantum
processing architecture’. Further interest is also growing in applications with spin chains®-!1.

The Su, Schrieffer and Hegger (SSH) model was first presented in 1979, to describe soliton formation in poly-
acetylene'? In this model the presence of the phonon-electron interaction causes the distortion (dimerization) of
the lattice and the consequent possible formation of ‘topological solitons™. Topological solitons occur in systems
with degenerate ground states and represent boundaries between domains with different ground states. Because
of this topological nature, in the simplest picture of a single soliton (the SSH chain), this causes an electronic
(spin in the case here examined) excitation at zero energy. This excitation is spatially localised over the symmetry
breaker (the soliton). Importantly this excitation is protected by a substantial energy gap. Recently, an analogy
of this model has been implemented with a set of identical, coupled dielectric resonators placed in a microwave
cavity'®, inducing spatially confined states. The presence of these topological solitons in one-dimensional systems
can be understood and explained through calculation of the Zak phase'*. This non-vanishing phase arises in a
periodic parameter space and is different for topologically distinct configurations of the system. The value of the
phase itself is gauge dependent; however, crucially, phase differences are not and these enable topological classifi-
cation of configurations. At interfaces between topologically distinct configurations (i.e. configurations with dif-
ferent Zak phases), protected and localised states arise, localised at the interface. This topological characterization
and analysis of SSH-like models has been widely studied in previous works'*!>-18, We will discuss this analysis in
the context of our work later in the paper.

In this paper we analyse families of finite linear spin chains, which have topological solitons embedded into
the structure of their spin-spin coupling terms. These types of system are inspired by the SSH chain, and the spin
model presented here can be related to the original fermionic SSH model through the (non-local) Jordan-Wigner
transformations that relate the spin and fermion operators'*?°. When configurations with more than one soliton -
and with a more complicated symmetry breaking pattern — are explored, more than one localised state is found
and, importantly, all of these localised states are protected by energy gaps. Again, these energy gaps and corre-
sponding protected states exist because of the topology of the system. We consider in detail two different families
of symmetric configurations and give a detailed study of the robustness of these chains against noise.

In recent years spin chains have acquired growing importance within the field of quantum information process-
ing, as a means of efficiently transferring information®*?, and for creating and distributing entanglement®. Spin
chains are of particular interest due to their versatility to be engineered e.g, to allow for “perfect state transfer”+-26
across the chain. By tuning the couplings, here we show how we can construct our chains to be topologically
analogous to the SSH model. Experimentally, this can be done for any system where it is possible to engineer the
couplings between the sites, e.g., electrons and excitons trapped in nanostructures?”’-?’, nanometer scale magnetic
particles® or a string of fullerenes®'. More specific hardware in which these SSH-like systems have been engi-
neered are, for example, edges of graphene ribbons!’, edges of honeycomb arrays of microcavity pillars®, optical
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Figure 1. Spin chains, for a chain with site 0 (a) weakly coupled and (b) strongly coupled.

waveguides® or Bose-Einstein condensates of Rb¥” atoms in suitable optical lattice potentials'>**. In fact, as the
polyacetylene-inspired chains studied here require only two different couplings, there is potential for relative ease
of chemical engineering of such systems.

As already mentioned, the localised states within the chains we analyse are of topological origin and are within
energy gaps. From a quantum information perspective, these energy gaps are — per se - offering protection against
environmental effects to these energy-isolated and localised states, which is certainly advantageous when using
these states to encode quantum information, even just for quantum memory. One surprising result of our study
is that we find that the zero energy states are protected from noise even when this is comparable and even larger
than the energy gap.

In the following, we study in detail the robustness of topologically localised states, by exploring spin chains
with distinct coupling patterns. We first explain the physical model for our spin chain. We analyse the eigen-
state spectrum for two different spin chain families, each in the one-excitation subspace. Clearly, any physical
implementations will always be subject to errors and imperfections due to the presence of field fluctuations and
fabrication defects. We therefore investigate in detail the effects of introducing random noise. As will be seen,
the localised states persist with high fidelity. We conclude by considering some applications of the effects we
observed, as a tool to manipulate the properties and behaviour of spin chains as quantum devices.

The Model
Analogous to the polyacetylene single and double bonds in the original SSH model, here we consider symmetric
chains with an odd number of spins with alternating weak (J,,) and strong (J;) couplings. Each chain is symmetric
with respect to the mid point, here labelled as site 0. The coupling nature of this site 0 spin determines the cou-
pling pattern of the rest of the chain (Fig. 1).

The time independent Hamiltonian of an N-site spin chain (where m = (N — 1)/2) is given by,

M= S5l + 3 1 [10] @ 0, + o)), @ 1], ]

i=—m i=—m (1)

In this work we consider the single excitation energies ¢; to be independent of the site i (and so zero for
convenience), until later when diagonal disorder is added. At any site, a single excitation |1) symbolises an “up”
spin, in a system that is initially prepared to have all sites in the spin “down” it
between two nearest-neighbour sites i and i + 1 are pre-engineered depending on the type of chain used. In the
examples presented here, we will demonstrate strongly localised states, non-overlapping protected states with
good energy gap protection. To this end we choose a ratio between the couplings of J/J,, = 40, with a chain length
of N=101. With such a coupling ratio, the exponential decay of the localised amplitudes'® is such that our states
are indeed highly localised and non-overlapping. However we note that for the chosen coupling ratio example,
as long as N exceeds in case (a) 5 - the shortest limit allowed for this chain type - and in case (b) approximately
45, the localised state profile does not change and, for case (b), where more than one localised states is present,
the localised states have negligible overlap. Thus our example of N=101 is well into a region where the localised
states are ‘N-independent. However, we stress that, even for coupling ratios an order of magnitude smaller than
40, the localisation of states associated to solitons is still significant. If some overlap between different localised
states is required, this can be achieved by either reducing the chain length or reducing the size of the coupling
ratio. We shall give an example later in the paper, achieving this overlap through use of a shorter chain in order to
achieve perfect state transfer.

For convenience, from now on we define ;.= A and J,, = .

For the first case (Fig. 1-a), site 0 is weakly coupled (J_, ,=J,,, = 0) to the rest of the chain such that,

i€z Jiini =06 Jinin=4 (0<i < m)
Jiii =D, Jiype=0 (-m<i<0) @)

In the second case (Fig. 1-b), site 0 is strongly coupled to the rest of the chain, ] =], =A

Jiin =4, Jie=0 (0<i<m)

i€ 2Z
{]i,i+1 =6 Jiin=A2 (-m<i<0) (3)
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Figure 2. State amplitudes versus site number i and energy for relevant examples of eigenstates, for N=101 site
spin chains with site 0 (a) weakly coupled, and (b) strongly coupled. For clarity, the y-axis representing the
energy has some band gap regions omitted; hence it is not to scale. In case (a) we observe that the localised state
peaks at ~1 (0.9988), but even with a much lower ratio (J/],,=4) it still peaks at 0.8824. For case (a), in addition
to the zero energy localised state, we show four extended eigenstates, corresponding to that at the bottom of the
lower band (see Fig. 3) with energy —A — § = —8.2, that in the middle of the lower band with energy —A =—38,
that in the middle of the upper band with energy A =8, and that at the top of the upper band with energy

A+ 6=8.2. For case (b), we show the three zero energy localised states, along with the localised states band
with energy —+/2 A = —11.3 below the lower, and with energy ~/2 A = 11.3 above the upper band. Also shown
are two examples of extended states, those in the middle of the lower and upper bands, with energies of —A = —
8 and A =8, respectively.

Protected States: Spatial Localisation and Energy Gaps

We now study the single-excitation eigenstates and band structures of these two families of chains. The study of the
eigenstates, |, ), of the system shows localisation signatures for both families of chains studied here. The left panel
of Fig. 2 shows the amplitudes as a function of site number i, ¢;,, = (i|,) and energy for the relevant eigenstates, of
which there are N. It demonstrates that at site 0 of a weakly coupled 101 chain (type (a)), one of the states (black
profile) peaks at unity (0.999) with energy zero. Of the other 100 states, |, 1), |©u—25)> |€n=75)> |@n=101)> With
energies —A — 6, —A, A, A + § respectively, are shown (the extremal band states, see Fig. 3). These illustrate how
the rest of the eigenstates are delocalised along the chain. The right panel of Fig. 2 shows the amplitudes for rele-
vant states of case (b). There are three zero-energy degenerate localised eigenstates: two of them peak at unity
(0.999) at the two end sites and the other peaks at [0.499| at sites i= —1 and i = 1 (with zero amplitude at site i =0).
Two further states localised at the chain centre,|,_;) and |,_ o), have energies —~/2 A and +/2 A, respectively.
The remaining eigenstates are delocalised along the chain, as illustrated with the two states at energies £A.

We show the full energy spectra for both chains in Fig. 3. Each energy spectrum clearly demonstrates the
presence of states protected by energy gaps; these correspond to the localised eigenstates shown in Fig. 2. In case
(a), Fig. 3-a, the system presents one eigenstate in the middle of the gap between twenty-five higher and
twenty-five lower twofold degenerate states. In case (b), Fig. 3-b, displays instead three degenerate eigenstates in
the middle of the gap, corresponding to the ones peaking at the beginning, neighbour sites of the center and end
of the chain. These states are surrounded by twenty-four higher/lower twofold degenerate states and one highest/
lowest state forming two other bands against the bulk of states. A further two states occur at energies +2-/A;
these are the additional states peaking in the chain centre in Fig. 2, also protected by energy gaps.

The spectra and eigenstates of these spin chains can be understood using the ingredients of (i) symmetry and
(ii) dimer states. For (i) we note that the operator M that reflects the system about its middle site (i=0) com-
mutes with the Hamiltonian and so non-degenerate eigenstates of the system must each be even or odd (with
eigenvalue +1 or —1) under M. For (ii), given the dominance of A>>§, it is useful to view the pairs of sites cou-
pled strongly as dimers. For two such strongly coupled sites |i) and |i + 1) the dimer eigenstates are
%(h’) + |i 4+ 1)) with eigenvalues £A. Using these dimer states (rather than the site states) as basis states
explains the positions of the energy bands in Fig. 3 for both cases (a) and (b). The mid points of these bands are at
the dimer energies +A. To understand the spectra and eigenstates in more detail we discuss cases (a) and (b)
separately.

Case (a): Here we have m/2 weakly coupled dimers either side of and weakly coupled to a central site state
|i=0). Using these states as a basis, the higher energy (+A) dimer states for positive i can be treated as an
m/2-site weakly coupled chain with a constant coupling of §/2%°. The eigenstates are therefore delocalised super-
positions of the dimer states with eigenvalues forming a band from A — § to A + 6, with a characteristic cosine
distribution within the band?, as seen in the bottom panel of Fig. 3. The higher energy (+A) dimer states for
negative i can be treated as a similar m/2-site weakly coupled chain, with eigenvalues degenerate with the positive
i band. Enforcing the symmetry under reflection M means that the final upper band eigenstates for case (a) are
even or odd superpositions of the positive and negative i band states. On an energy scale of ¢, these odd and even
states are degenerate, which explains why each band level, as shown for example in Fig. 3, is doubly degenerate.
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Figure 3. Energy spectrum of N=101 spin chains with site 0 (a) weakly, and (b) strongly coupled. The

bottom panel represents a zoom of the lower energy band for case (a). In both cases each band state is two-fold
degenerate. In case (a) one single localised state sits in the middle, and case (b) three degenerate states sit at zero
energy, with a further state above the upper band and one below the lower band.

Clearly a similar analysis follows for the positive and negative i lower energy (—A) dimer states, giving a band of
doubly degenerate states ranging from —A — ¢ to —A + 8, with the same characteristic cosine distribution. The
full set of 2m + 1 eigenstates and eigenvalues for case (a) is completed with the inclusion of the localised state
|i=0) that has zero energy. Case (b): Here we have end sites (|—m) and |m)) each weakly coupled to systems of
(m—2)/2 dimers which each weakly couple to a trimer (comprising sites |—1), |0) and |[+1)) in the middle. The
trimer states are given in Eq. 4, with |¢_) having energy —~/2 A, |¢,) having energy zero and |¢. ) having energy

J2A.
-1/2 —1/-2 172
l9_) = |1/42 |Ido) = |0 lo.) = |1/-2
-1/2 1142 1/2 )

The five localised states in case (b), as shown for example in Fig. 3, therefore correspond to the trimer state
|¢,.) sitting above the upper band, the trimer state |¢_) sitting below the lower band and the end sites |—m) and
|m) along with the third trimer state |¢,) giving a triply degenerate level at zero energy between the bands. The
band levels themselves are again even or odd superpositions of the positive and negative i band states (as for case
(a)) except that here each band contains (m—2) levels (instead of the m for case (a)). The total level count is thus
still 2m + 1.

These discussions of the bands and eigenstates for cases (a) and (b) show how energy gap protection arises.
Choice of a sizeable coupling ratio (in our case we are taking A/6 =40) leads to gaps between the localised states
and the bands of order A. If the coupling ratio is lowered then the spread of the bands increases, relative to the
separations between the localised states, reducing the effect of energy gap protection.

The Nature of the Localised States. Further understanding of the nature of the localised states can arise
by first considering the (extended) dimer region states. Note first that for our case (a), with positive site labels an
odd site is strongly coupled to the next higher even site, whereas for negative site labels an even site is coupled
strongly to the next higher odd site. We term the latter the A dimer configuration and the former the B dimer
configuration, and clearly one maps to the other through interchange of the strong and weak couplings. It is well
understood that these configurations are topologically distinct!*15-17. This can be seen (following!*!¢) by taking
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matrix elements for a dimer section of chain described by the Hamiltonian (1) (with ;= 0) and writing the
time-independent Schrodinger equation of the amplitudes for the excitation to be at site n

V"/}n = ]n,n+l¢n+l + ]nfl,nwnfl' (5)

For even n, dimer configuration A arises for J, ., = A and J,_, ,= 6, and dimer configuration B arises for
Jons1=06and],_; ,= A. By grouping the site amplitudes into pairs for the n-th dimer, so u, = (1),,, ¥,, ), these
dimer states can be decomposed into Bloch waves as a function of a quasi-momentum k,

u, = u(k)exp(ikn). (6)

The two component vector u (k) can be viewed as the state of a pseudospin and it can be used to distinguish
topologically between the A and B dimer configurations'>!>"'7. One way to do this is to consider the polarisation
vector of the pseudospin ((0,),(0,).(0.)). For all the extended dimer states this vector is confined to the x—y
plane. As k varies over the Brillouin zone to map out the dimer energy band(s), this vector traces out a path in the
x—y plane which doesn’t encircle the origin for dimer configuration A but does encircle it for dimer configuration
B!%1617 Thus there is a clear topological (winding number) distinction between the configurations A and B.
Another approach to identifying the distinction is through use of the Zak phase'*. Whilst not gauge invariant,
independently of the gauge used it is the same for all the states within a given configuration and its difference
between states for configuration A and those for B is 7, again demonstrating a topological distinction between the
configurations'>'”. Given all this, it is clear that our case (a) contains a single interface between two topologically
distinct dimer chain regions. As seen in Figs 2 and 3, at such an interface a single localised state arises, which is
protected because it sits in a band gap that originates because two topologically distinct configurations meet. In
the pseudospin language, this interface state can be viewed as having a polarisation in the z direction and an
imaginary quasi-momentum, giving rise to exponential localisation as a function of distance away from the inter-
face!®1. The occurrence of a single interface state in case (a) is to be contrasted with the creation of a pair of
interface states at the ends of a dimer chain when the couplings in the chains have their roles exchanged to create
a defect at each end of the chain, such as in the work of ref. 17 where a continuous variation of the coupling ratio
is performed. This paired state creation is effectively what happens in our case (b). Here three localised states arise
due to the insertion of a “trimer defect” between two topologically distinct dimer configurations, along with a pair
of localised states—one at each end of the system due to the introduction of defects at both ends.

To further understand the nature of the localised states already presented, these can be contrasted with
localised states that do not arise because of an interface between two topologically distinct regions of chain. An
example of the latter is a weakly coupled defect between two sections of uniformly coupled monomer chain.
Whilst superficially similar, it is important to note the extended nature of the tails of the non-topological state:
in the pseudospin framework discussed earlier, whilst the polarisation vector for this localised state is still in the
z-direction, it does not have an imaginary quasi-momentum and so does not exhibit exponential localisation'.
In addition, this localised state does not sit in an energy gap'>. It is therefore not as well protected against noise as
the localised state in the equivalent topological example.

Robustness Against Disorder.  For practical applications it is important to assess the robustness of these
topologically localised spin chain states against fabrication defects. One approach to modelling such defects
is to add random diagonal disorder to the Hamiltonian, which encompasses both the case of local fabrication
defects and local fields fluctuations (most probable source of decoherence for the single excitation sector). We
set ¢;,= EJ.d,, where d, is a random number from a uniform distribution between —0.5 and 0.5, and E is a dimen-
sionless parameter that sets the scale of the disorder. Due to the stochastic nature of these calculations, we average
the maximum site occupancy probability for all the N eigenstates over 100 realisations of the disorder (average
denoted by a bar),

In Fig. 4 we present the maximum occupancy probabilities over the chain for cases with E=0.1, E=1.0,
E=1.5and without added disorder, E=0.0. For case (a) (left panel) it is seen that the probability of the state being
in the middle of the chain remains peaked at unity, independent of the level of disorder. For case (b) (right panel)
this protected behaviour is also observed for the states peaking at the ends sites and at sites i= =1 (the eigen-
state that is closely approximated by |¢,) of Eq. (4)). Remarkably, this state is protected even when the growing
Anderson localisation induced by increasing disorder™ is greater than the topologically-induced localisation. We
note that for both chains the states protected by the gap around E =0 remain protected even when the overall
noise amplitude is larger than the energy gap, up to E ~ 3, see also comments below. All of these points are a clear
signature of the presence of topologically protected localised states in the middle of the gap.

Note also that the two states in Fig. 4 (with energies +-~/2 A) peaking at the mid point of the chain for case (b),
the eigenstates that are closely approximated by states |¢_) and |¢_) of Eq. (4), have some protection but start to
be affected for E~ 1.

All this behaviour can be further understood by observing the averaged energy spectrum for these same
levels of disorder (Fig. 5). With increasing disorder, the band energies spread and the band gaps shrink. Further
increasing the disorder strength eventually closes the gaps and protection suffers. However, we have observed that
the localisation remains very strong—even with a disorder strength of E= 3.0 (three times the strong coupling
value A) the unit peaks decrease by only 4%, so are still strongly localised with a probability p;~0.96. As already
noted, the eigenstates approximated by states |¢_) and |¢_ ) of Eq. (4) are less protected against disorder than the
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Figure 4. Maximum occupation probabilities for each site, averaged over 100 independent noise
realisations, with E=0.0 (black), E=0.1 (darkgray), E=1.0 (gray) and E= 1.5 (light gray) versus site
number. For clarity, the y-axis representing the scale of the disorder E has some band gap regions omitted;
hence it is not to scale.
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Figure 5. Energy spectrum of N= 101 spin chains with site 0 (a) weakly and (b) strongly coupled, averaged
over 100 independent noise realisations, and for different levels of disorder.

other localised states because their energy gaps are somewhat smaller than those of the zero energy states. Our
results allow us also to comment on the temperature resilience of our system, which is important when applying
a physical implementation of such a model to quantum information tasks. We note that it is the dimerised nature
of the spin chains which is responsible for the characteristic that their spectra comprise two bulk energy bands (of
extended states) along with various localised states. Thus, as long as in any physical implementation the variation
of temperature (or indeed fabrication defects in the couplings) is smaller than the difference between weak and
strong coupling energies, the dimerisation is preserved. Therefore, a gap between bands would persist, along with
the presence of localised protected state(s).

Applications to Quantum Information
In this section we wish to briefly explore applications to quantum information for the type of states analysed in
the previous section.

Encoding. Encoding of quantum information in a spin chain with single-spin occupancy in each site and
at half-filling (the case at hand) is usually done by direct correspondence between a single site/spin and a single
qubit, see e.g. refs 23 and 38. In this case a spin chain of N sites corresponds to a chain of N qubits, so a 4-spin

SCIENTIFICREPORTS | 7:42904 | DOI: 10.1038/srep42904 6
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Figure 6. In the upper panel, fidelity of one initial excitation injected at the middle site (site encoding) -green-
or localised eigenstate (eigenstate encoding) unperturbed -orange- or with E=0.1 level of disorder -dashed
blue- of a case (a) N=21 chain and A/§=40. In the lower panel, unperturbed phase dynamics of the excitation
injected at the middle site (solid lines) and averaged disordered (E = 0.1) phase dynamics over 100 realisations
(dashed lines) for different coupling ratios (A/6) of a case (a) N=21 chain and site encoding.

chain in the state |1, |, |, T) would correspond to the quantum register (or quantum memory) |1, 0, 0, 1). The
chain can then be used as a quantum memory if its only function is to store quantum information, or used as
quantum register if one wishes (or is able) to use the interactions between the spins in order to perform controlled
quantum dynamics. As an example, in ref. 38 spin-spin interactions are used to knit chains of 4-qubit states for
one-way quantum computation. From now on we will call this encoding ‘site encoding’ Suppose that we inject
into a system that has all spins/sites down, |0) = |00..0), an arbitrary qubit state of «|0) + §|1) into the site s which
is the dominant site of a localised eigenstate. The subsequent dependence of the state is,

0,(0)) = a0) + FY(2,/00..1,-.00) e, "

This time dependence arises because, although the sum will have a dominant contribution from the localised
state, we are injecting into a superposition of all the Hamiltonian eigenstates (|,)) that have non-zero amplitude
at site s.

In the case at hand, because of the potentially very strong spatial localisation of the protected states, we can
either use the encoding described above, or encode instead a single logical qubit for each of the topologically
localised eigenstates (|, )), with presence or absence of the excitation being the |1;) or |0,) qubit state, respec-
tively, such that,

(W, (8) = a]0,) + Be P’ 1;) ©)

This latter ‘eigenstate encoding’ allows to use these protected states as qubits even when their spatial localisa-
tion is not so strong and the physical states extend over several spins, as long as the eigenstate remains isolated in
an energy gap and thus accessible through energy-specific addressing. In this case the number of logical qubits
that a chain could host would depend on the number of topological solitons embedded in its couplings’ structure.

Injecting and retrieving information from a spin chain will depend on the specific hardware used for embed-
ding the mathematical concept of spin chain. In refs 23 and 36, for example, a spin chain was embedded in a chain
of self-assembled quantum dots. In this specific case injecting or retrieving qubits from the chain can be done
using trains of laser pulses?.

Quantum Memory. The time evolution of an initial state injected at any of the zero-energy non-overlapping
localised states or at their corresponding peaking sites will display a high fidelity (F=|(¥(0)|¥(#))|?) of finding
the state in its initial position, as shown at the upper panel of Fig. 6. The impact of the encoding chosen can be
clearly seen here: while the fidelity for an injected excitation at the localised site (site encoding) oscillates around
F=0.997, the probability of finding the state initially injected at the localised state (eigenstate encoding) is con-
stant at unity. The oscillations in the site encoding fidelity are due to small components of non-localised energy
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Figure 7. Energy splitting between the unperturbed (black lines) and one preturbed realisation with E=0.1
(dashed) of the states of a case (a) N=21 chain. We note that for a single realisation the energy of the localised
state can shift either up or down but will remain in the gap (see averaged case shown in Fig. 5).

eigenstates (Eq. 8), so the frequency is dominated by A. These contributions from non-localised energy eigen-
states become more significant as the coupling ratio is reduced.

For both encodings, due to the protected nature of the zero-energy states the amplitude of the dynamics
remains protected against disorder as the state remains within the energy gap (as seen on the upper panel of Fig. 6
for the injection at site i =0 and perturbation E=0.1). However, when looking at the averaged phase (lower panel
of Fig. 6) for the site encoding we observe a phase error when the disorder added is of a strength E=0.1 which is
similar for all the coupling ratios.

This phase error makes our site encoding on the system presented unsuitable for quantum memory applica-
tions, as it represents a relative phase on a qubit superposition involving an amplitude with no excitation and an
amplitude with one site excitation (see Eq. 8).

Thus the eigenstate encoding alternative here becomes more relevant. For case (a), even though the localised
state will remain protected (within an energy gap) when disorder is added, it will shift an energy AE; (see Fig. 7).
In case of disorder then the qubit should be encoded into the perturbed localised eigenstate at energy AE;. As
the state remains well within the large gap, its energy should be relatively easily identified experimentally. Hence
although both encodings will present a phase oscillation, the use of the eigenstate encoding and the fact that we
will be injecting into a well known eigenstate at AE; will allow us to know the periodicity of this phase and hence
correct for it, if needed.

Perfect State Transfer of Quantum Information.  As already mentioned, one additional particularity of
some spin chains is the possibility of tuning them to allow for perfect state transfer (PST), a property with already
well-known applications in quantum information processing?!-2. For our system, we will show that this can be
achieved by manipulating the chain properties (either length and/or coupling ratio) such that two localised states
overlap. We achieve this here by decreasing the length of our (b) type chain to 21 sites and setting the coupling
ratio to A/6=5.

As shown in panel (a) of Fig. 8, and due to the superposed nature of the two now symmetric and antisymmet-
ric localised states, we observe that the state initially injected at one of the edge sites of the chain transfers to its
opposite (mirror) site at the other edge of the chain at a time ~ 1.0 - 10* (mirroring time, t);) in inverse A units
and its fidelity revives when the state comes back to its initial site after twice this time. Given that the transfer time
will depend on the overlap (and thus energy splitting) between the localised states and at the expense of taking
longer times, the fidelity can be increased by increasing the coupling ratio A/6, as shown in panels (b) and (c) of
Fig. 8. Exploration of these dynamics, along with application of these effects to quantum gates and information
transfer, will form the subjects of further studies.
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Conclusions

In this paper we have investigated the presence and robustness of topologically localised states in engineered spin
chains, inspired by the SSH model. The presence of these states can be selectively manipulated through control
of the chain coupling distribution and length. Localised states can be engineered to exist at the centre and/or the
ends of the chains [as in cases (a) and (b)]. Other chain arrangements can generate different localisation patterns;
these will be reported in a further work.

We have shown that these topologically localised states exhibit a high level of protection to increasing disorder,
with higher protection resulting from larger energy gaps. Such topologically localised states are to be contrasted
with those that exhibit growing Anderson localisation®” with increasing disorder. It can be seen from Fig. 4 that
the former persist with high fidelity even when other states are localising to other sites with significant probability.
Such robustness is an important requirement when thinking of quantum architecture components. The presence
of this property provides an interesting system presenting two or more degenerate states where to encode top-
ologically protected quantum information®. It may thus be a good candidate from which to design a quantum
memory device®.

Members of these families of spin chains, when engineered and combined, could also represent promising ele-
ments for the construction of more complex quantum logic networks®, thus providing a novel system with which
to perform quantum information processing. In order to investigate such applications, future work will examine
the dynamics, state transport and computational abilities of appropriate spin chain systems in a more extensive
way, along with the robustness of these applications to disorder.

References
1. Jackiw, R. & Rebbi, C. Solitons with fermion number 1/2. Phys. Rev. D13, 3398-3409 (1976).
2. Jackiw, R. & Schrieffer, J. R. Solitons with fermion number 1/2 in condensed matter and relativistic field theories. Nuc. Phys. B 190,
253-265 (1981).
3. Sarma, S. D., Zwick, M. F. & Nayak, C. Majorana zero modes and topological quantum computation. Npj Quantum Information 1,
15001 EP (2015).
4. Yao, N. Y. et al. Topologically protected quantum state transfer in a chiral spin liquid. Nat Commun 4, 1585 (2013).
5. Konschelle, F. & Hassler, E. Effects of nonequilibrium noise on a quantum memory encoded in majorana zero modes. Phys. Rev. B
88, 075431 (2013).
6. Pedrocchi, F. L. & DiVincenzo, D. P. Majorana braiding with thermal noise. Phys. Rev. Lett. 115, 120402 (2015).
7. Elliott, S. R. & Franz, M. Majorana fermions in nuclear, particle and solid-state physics. Rev. Mod. Phys. 87, 137-163 (2015).
8. Saket, A., Hassan, S. R. & Shankar, R. Manipulating unpaired majorana fermions in a quantum spin chain. Phys. Rev. B 82, 174409
(2010).
9. Saket, A., Hassan, S. R. & Shankar, R. Topological aspects of an exactly solvable spin chain. Phys. Rev. B 87, 174414 (2013).
10. Levitov, L., Orlando, T. P., Majer, J. & Mooiji, J. Quantum spin chains and majorana states in arrays of coupled qubits. eprint
arXiv:cond-mat/0108266 (2011).

11.

12.
13.

14.

16.
17.

Srinivasa, V., Levy, J. & Hellberg, C. S. Flying spin qubits: A method for encoding and transporting qubits within a dimerized
heisenberg spin—%chain. Phys. Rev. B 76, 094411 (2007).

Su, W. P, Schrieffer, J. R. & Heeger, A. J. Solitons in polyacetylente. Phys. Rev. Lett. 42, 1698 (1979).

Poli, C., Bellec, M., Kuhl, U., Mortessagne, F. & Schomerus, H. Selective enhancement of topologically induced interface states [plus
supplementary information]. Nat. Commun. 6, 6710 (2015).

Zak, J. Berry’s phase for energy bands in solids. Phys. Rev. Lett. 62, 2747-2750 (1989).

. Atala, M. et al. Direct measurement of the Zak phase in topological Bloch bands. Nat Phys 9, 795 (2013).

Schomerus, H. Topologically protected midgap states in complex photonic lattices. Opt. Lett. 38, 1912-1914 (2013).
Delplace, P., Ullmo, D. & Montambaux, G. Zak phase and the existence of edge states in graphene. Phys. Rev. B 84, 195452 (2011).

SCIENTIFICREPORTS | 7:42904 | DOI: 10.1038/srep42904 9



www.nature.com/scientificreports/

24.

25.
26.

27.

28.
29.

30.

31.
32.

33.

34,

. Bello, M., Creffield, C. E. & Platero, G. Long-range doublon transfer in a dimer chain induced by topology and ac fields. Scientific

Reports 6, 22562 EP - (2016).

. Parkinson, J. B. & Farnell, D. J. An Introduction to Quantum Spin Systems (Springer, 2010).

. Jordan, P. & Wigner, E. P. Uber das paulische dquivalenzverbot. Z. Phys. 47, 631 (1928).

. Bose, S. Quantum communication through spin chain dynamics: an introductory overview. Contemp. Phys. 48, 13 (2007).

. Kay, A. Perfect, efficient, state transfer and its application as a constructive tool. Int. J. Quantum Inf. 8, 641 (2010).

. Spiller, T. P., D’Amico, I. & Lovett, B. W. Entanglement distribution for a practical quantum-dot-based quantum processor

architecture. New J. Phys. 9, 20 (2007).

Christandl, M., Datta, N., Ekert, A. & Landahl, A. J. Perfect state transfer in quantum spin networks. Phys. Rev. Lett. 92, 187902
(2004).

Christandl, M. et al. Perfect transfer of arbitrary states in quantum spin networks. Phys. Rev. A 71, 032312 (2005).

Plenio, M. B., Hartley, J. & Eisert, ]. Dynamics and manipulation of entanglement in coupled harmonic systems with many degrees
of freedom. New J. Phys. 6, 36 (2004).

D’Amico, 1. Relatively short spin chains as building blocks for an all-quantum dot quantum computer architecture, chap. 9, 281 (Nova
Science Publishers, 2007).

D’Amico, I. Quantum dot-based quantum buses for quantum computer hardware architecture. Microelectron. J. 37, 1440 (2006).
Nikolopoulos, G. M., Petrosyan, D. & Lambropoulos, P. Electron wavepacket propagation in a chain of coupled quantum dots.
J. Phys. Condens. Matter 16, 4991 (2004).

Tejada, J., Chudnovsky, E. M., del Barco, E., Hernandez, J. M. & Spiller, T. P. Magnetic qubits as hardware for quantum computers.
Nanotechnology 12, 181 (2001).

Twamley, J. Quantum-cellular-automata quantum computing with endohedral fullerenes. Phys. Rev. A 67, 052318 (2003).
Jacqmin, T. et al. Direct observation of dirac cones and a flatblanc in a honeycomb lattice for polaritons. Phys. Rev. Lett. 112, 116402
(2014).

Blanco-Redondo, A. et al. Topological optical waveguiding in silicon and the transition between topological and trivial defect states.
Phys. Rev. Lett. 116, 163901 (2016).

Meier, E. J., An, E A. & Gadway, B. Observation of the topological soliton state in the su-schrieffer-heeger model. arXiv:1607.02811
(2016).

. Bose, S. Quantum communication through an unmodulated spin chain. Phys. Rev. Lett. 91, 207901 (2003).

. Ronke, R, Spiller, T. P. & D’Amico, I. Effect of perturbations on information transfer in spin chains. Phys. Rev. A 83, 012325 (2011).
. Anderson, P. W. Absence of diffusion in certain random lattices. Phys. Rev. 109, 1492 (1958).

. Ronke, R., D’Amico, I. & Spiller, T. P. Knitting distributed cluster-state ladders with spin chains. Phys. Rev. A 84, 032308 (2011).

. Kitaev, A. Y. Fault-tolerant quantum computation by anyons. Annals. Phys. 303, 2-30 (2003).

. Dennis, E., Kitaev, A., Landahl, A. & Preskill, J. Topological quantum memory. . Math. Phys. 43, 4452-4505 (2002).

Acknowledgements
This work was supported by the EPSRC (Grant No. EP/1038683/1).

Author Contributions
M.PE. did the calculations. All the authors interpreted the data and wrote and reviewed the manuscript.

Additional Information
Competing financial interests: The authors declare no competing financial interests.

How to cite this article: Estarellas, M. P. et al. Topologically protected localised states in spin chains. Sci. Rep. 7,
42904; doi: 10.1038/srep42904 (2017).

Publisher's note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

This work is licensed under a Creative Commons Attribution 4.0 International License. The images

or other third party material in this article are included in the article’s Creative Commons license,

unless indicated otherwise in the credit line; if the material is not included under the Creative Commons license,
users will need to obtain permission from the license holder to reproduce the material. To view a copy of this
license, visit http://creativecommons.org/licenses/by/4.0/

© The Author(s) 2017

SCIENTIFICREPORTS | 7:42904 | DOI: 10.1038/srep42904 10


http://creativecommons.org/licenses/by/4.0/

	Topologically protected localised states in spin chains

	The Model

	Protected States: Spatial Localisation and Energy Gaps

	The Nature of the Localised States. 
	Robustness Against Disorder. 

	Applications to Quantum Information

	Encoding. 
	Quantum Memory. 
	Perfect State Transfer of Quantum Information. 

	Conclusions

	Acknowledgements
	Author Contributions
	﻿Figure 1﻿﻿.﻿﻿ ﻿ Spin chains, for a chain with site 0 (a) weakly coupled and (b) strongly coupled.
	﻿Figure 2﻿﻿.﻿﻿ ﻿ State amplitudes versus site number i and energy for relevant examples of eigenstates, for N =​ 101 site spin chains with site 0 (a) weakly coupled, and (b) strongly coupled.
	﻿Figure 3﻿﻿.﻿﻿ ﻿ Energy spectrum of N =​ 101 spin chains with site 0 (a) weakly, and (b) strongly coupled.
	﻿Figure 4﻿﻿.﻿﻿ ﻿ Maximum occupation probabilities for each site, averaged over 100 independent noise realisations, with E = 0.
	﻿Figure 5﻿﻿.﻿﻿ ﻿ Energy spectrum of N =​ 101 spin chains with site 0 (a) weakly and (b) strongly coupled, averaged over 100 independent noise realisations, and for different levels of disorder.
	﻿Figure 6﻿﻿.﻿﻿ ﻿ In the upper panel, fidelity of one initial excitation injected at the middle site (site encoding) -green- or localised eigenstate (eigenstate encoding) unperturbed -orange- or with E =​ 0.
	﻿Figure 7﻿﻿.﻿﻿ ﻿ Energy splitting between the unperturbed (black lines) and one preturbed realisation with E =​ 0.
	﻿Figure 8﻿﻿.﻿﻿ ﻿ (a) Fidelity of an initial excitation injected at one end (site encoding) of a case (b) N =​ 21 chain with Δ​/δ =​ 5 against its initial state |10.


