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Abstract Due to the axisymmetric nature of many engineering problems, bi-dimensional axisymmetric finite
elements play an important role in the numerical analysis of structures, as well as advanced technology micro/
nano-components and devices (nano-tubes, nano-wires, micro-/nano-pillars, micro-electrodes). In this paper,
a straightforward C0-continuous gradient-enriched finite element methodology is proposed for the solution
of axisymmetric geometries, including both axisymmetric and non-axisymmetric loads. Considerations about
the best integration rules and an exhaustive convergence study are also provided along with guidances on
optimal element size. Moreover, by applying the present methodology to cylindrical bars characterised by a
circumferential sharp crack, the ability of the present methodology to remove singularities from the stress field
has been shown under axial, bending, and torsional loading conditions. Some preliminary results, obtained by
applying the proposed methodology to notched cylindrical bars, are also presented, highlighting the accuracy
of the methodology in the static and fatigue assessment of notched components, for both brittle and ductile
materials. Finally, the proposed methodology has been applied to model the unit cell of the anode of Li-ion
batteries showing the ability of the methodology to account for size effects.
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1 Introduction

The origin of the finite element method (FEM) dates back to the mid-twentieth century, in the aerospace indus-
try [13,57] where many relevant structures, especially rockets, can be considered as axisymmetric; hence the
stress analysis of complex axisymmetric structures has always been of primary importance. This encouraged
the development of axisymmetric finite elements in the first half of the 1960s [58]. However, even if axisym-
metric finite elements have been originally developed for aerospace applications, they have found a wide
application also in other fields (mechanical industry, transport, and containment of fluids), since many struc-
tural components are characterised by an axisymmetric geometry, such as pressure and containment vessels,
pipes, cooling towers, tunnels, and shafts.

Speaking about aeronautical and mechanical components, then, fracture and fatigue problems are of great
interest and an accurate estimation of the stress state is essential for a reliable assessment. Here gradient
elasticity theories come into play; in fact, as extensively discussed and proven in the literature (see, for
instance, [10,15,17,19,20,42,46]), they are able to overcome thedeficiencies of classical elasticity in accurately
determining the stress fields in specific problems, especially those forwhich it is necessary to account formicro-
and nanoscale effects in the description of the overall macroscopic response. In particular, gradient-enriched
theories are able to remove singularities from (micro-)stress and (micro-)strain fields in the neighbourhood
of sharp crack tips and, in general, they have a smoothing effect on the stresses in the presence of stress
concentrators, such as notches and holes. Moreover, they can interpret size effects in a robust and effective
manner, in agreement with experiments.

The idea of enriching the equations of classical elasticity with higher-order spatial gradients was proposed
by Cauchy in the early 1850s, with the aim of studying more accurately the behaviour of discrete lattice
models [22–24]. However, this idea remained dormant until the beginning of the twentieth century when the
Cosserat brothers [26] proposed to enrich the kinematics of the three-dimensional continuum equations with
three micro-rotations and to include the couple-stresses in the equations of motion.

Nevertheless, the most significant revival of gradient theories took place in the 1960s when several efforts
were spent in the extension of the Cosserat theory as well as couple stress theories. In particular, Toupin [56]
proposed to improve the theory of classical elasticity by enriching the strain energy function with the full
first gradient of the strain. Few years later, Mindlin suggested to define both kinetic and deformation energy
density also in terms ofmicro-strains [43] and enriched the theory of classical elasticity by including the second
gradient of the strain [44]. Classical elasticity was further extended by Green and Rivlin [38] by including all
the gradients of the strain. The aforementioned research works, aiming to include a mathematically complete
set of higher-order gradients into the classical elasticity equations, resulted in rather complicated theories.

Finally, about 20 years later, gradient elasticity theories saw a second significant renaissance in particular
through the work of Eringen [29–31] and Aifantis et al. [1,10,46], leading to simpler theories containing only
the higher-order terms needed to describe the phenomena of interest. In particular, in 1993 Ru and Aifantis [46]
proposed a split operator allowing the solution of the original fourth-order Aifantis theory as an un-coupled
sequence of two systems of second-order p.d.e., as described in Sect. 3, decreasing the continuity requirements
fromC1 toC0, allowing a straightforwardfinite element implementation of the theory. Furthermore, as explained
in [17], the stress-based formulation of the Ru–Aifantis theory presents significant advantages if compared
to the displacement-based and strain-based formulations of the same theory. These are the main reasons why
in this paper, as well as in [19], the stress-based Ru–Aifantis theory has been chosen for the finite element
implementation.

In the literature, it is possible to find several applications of gradient elasticity to axisymmetric problems.
In particular, strain-gradient theories such as the Mindlin theory have been successfully applied to study
different axisymmetric problems such as stress concentrations at spherical inclusions and cavities [21,25],
circular holes [32,33], Boussinesq problem [35,36]. Other researchers, instead, provided analytical solutions
to axisymmetric problems such as thick-walled cylinder [34], annulus under internal and external pressure,
and circular hole in infinite body [12] starting from the gradient elastic formulation proposed by Aifantis et al.
[1,10,11].

Although gradient elasticity has been widely applied to axisymmetric problems leading to several analyt-
ical solutions for simple benchmark problems, the complex geometries of modern engineering components
make analytical solution of practical problems nearly impossible and, therefore, numerical solutions become
essential. However, as far as the authors are aware, no complete finite element implementation of gradient
elasticity for axisymmetric problems has been proposed until now.
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In this paper, a reduced-gradient version of the gradient-enriched finite element methodology presented
in [17,19,53], for plane stress/strain and three-dimensional problems, has been developed for axisymmetric
problems, with the aim of providing a comprehensive finite element methodology based on the Ru–Aifantis
theory, applicable to any kind of axisymmetric problem. This includes even the non-trivial case of non-
axisymmetric loads, where all the circumferential variables as well as their derivatives with respect to the
angular coordinate θ cannot be neglected, while displacements and forces must be expressed in terms of
Fourier series. Appropriate numerical integration schemes have also been established, and comprehensive
convergence studies have been carried out, allowing recommendations on optimal element size. The proposed
methodology has also been used to analyse notched cylindrical bars subject to both static and fatigue loadings,
showing that gradient elasticity could potentially be a very accurate and effective tool for the static and fatigue
assessment of notched components.

After a brief description of the theoretical background of axisymmetric analysis and gradient elasticity the-
ory provided, respectively, in Sects. 2 and 3, in Sect. 4 a possible C0-continuous finite element implementation
of the Ru–Aifantis theory (with reduced gradient dependence) is proposed for axisymmetric solids subject to
both axisymmetric and non-axisymmetric loads. In Sect. 5, details about the best integration rules to adopt are
provided, while in Sect. 6, the proposed methodology is applied to solve the problem of an hollow cylinder
subject to internal pressure and the numerical results compared to the analytical solution proposed by Gao and
Park [34]. In Sects. 7 and 8, the convergence of the proposed methodology is studied for problems without
and with singularities, respectively; furthermore, in Sect. 8, recommendations on optimal element size are
provided. Section 9 is dedicated to applications of the proposed methodology to different problems, which
highlight the main advantages of the present gradient-enriched methodology. In particular, these advantages
consist of the stress smoothing in the presence of stress risers (removal of singularities from the stress fields
around the tips of sharp cracks), which allows a more accurate static and fatigue assessment of components
characterised by stress concentrators and, last but not least, the ability to describe size effects.

2 Axisymmetric analysis

2.1 Axisymmetric loading

It is well known from the literature (see, e.g., [59]) that in axisymmetric solids subject to axisymmetric loading,
displacements, strains, and stresses are all independent of the circumferential coordinate θ of the cylindrical
coordinate systemdefined in Fig. 1. This particularity enables the study of such a problemby simply considering
the generic plane section of the solid along its axis of revolution z (shaded in Fig. 1), subject to in-plane loading.

The displacement field is described by two components only, since the circumferential component uθ = 0
for axisymmetry reasons, which are functions of the radial (r ) and axial (z) coordinates only:

u(r, z) = {ur (r, z) uz(r, z)}T . (1)

Fig. 1 Axisymmetric solid: cylindrical coordinate system and generic plane section of the solid to analyse
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In what concerns the strains, they can be collected in the strain vector

ε(r, z) = {εrr (r, z) εzz(r, z) εθθ (r, z) 2εr z(r, z)}T , (2)

where (ignoring the spatial dependence for notational simplicity)

εrr = ∂ur
∂r

, εzz = ∂uz
∂z

, εθθ = ur
r

, 2εr z = ∂uz
∂r

+ ∂ur
∂z

. (3)

Finally, in the case of linear elastic materials, the stress field is linked to the strain field through the following
constitutive relation:

σ =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

σrr

σzz

σθθ

σr z

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

= Cε = E

(1 + ν)(1 − 2ν)

⎡

⎢
⎢
⎢
⎢
⎣

1 − ν ν ν 0

ν 1 − ν ν 0

ν ν 1 − ν 0

0 0 0 1−2ν
2

⎤

⎥
⎥
⎥
⎥
⎦

ε, (4)

where E and ν are the Young’s modulus and Poisson’s ratio, respectively.

2.2 Non-axisymmetric loading

In the case of an axisymmetric solid subject to non-axisymmetric loads, the circumferential component of the
displacements uθ must be taken into account in addition to the radial and axial components. As a consequence
of this, none of the strain and stress components can be considered null; in particular, the strain vector assumes
the following form (ignoring the spatial dependence for notational simplicity)

ε = {εrr εzz εθθ 2εr z 2εrθ 2εzθ }T , (5)

where in addition to Eq. (3), we have

2εrθ = 1

r

(
∂ur
∂θ

− uθ

)

+ ∂uθ

∂r
, 2εzθ = ∂uθ

∂z
+ 1

r

∂uz
∂θ

, (6)

and the stress vector is now defined as

σ =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σrr

σzz

σθθ

σr z

σrθ

σzθ

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

= C�ε = E

(1 + ν)(1 − 2ν)

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 − ν ν ν 0 0 0

ν 1 − ν ν 0 0 0

ν ν 1 − ν 0 0 0

0 0 0 1−2ν
2 0 0

0 0 0 0 1−2ν
2 0

0 0 0 0 0 1−2ν
2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

ε. (7)

However, it is still possible to solve this problem as a quasi-bidimensional problem by expressing the load and
displacement components through Fourier series (see, e.g. [58,60]).
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3 Gradient elasticity theory and the Aifantis GradEla model

Gradient elasticity is a generic name given to a family of generalised continuum elasticity theories which
suggest to take into account the effects of the micro-structure on the mechanical behaviour of a component,
by including higher-order strain (or stress) in the constitutive equation. Such inclusion results to overcome
many of the limits of classical elasticity in describing particular phenomena, amongst which are the removal
of singularities from strain and stress fields at crack tips, the smoothing of these fields at stress concentrators,
as well as the capture of size effects. This ability is due to the introduction of internal length parameters (the
phenomenological multipliers of the higher-order gradient terms) which, in turn, appear in the solution of
corresponding boundary value problems. The magnitude of these internal length parameters (proportional to
the size of the underlyingmicro-structure of thematerial)—in relation to a characteristic specimen dimension—
controls the component behaviour and allows for the descriptions of the aforementioned non-standard effects.

In [15], it is argued that Laplacian-based gradient theories are the most versatile. One of the most renowned
Laplacian-based theories is the GradEla model developed by Aifantis et al. [1,10,46], which represents a very
simple and effective approach, characterised by just one additional parameter, where the constitutive relations
are enriched by means of the Laplacian of the strain as follows:

σi j = Ci jkl(εkl − �2εkl,mm), (8)

where σi j and εkl are, respectively, the stress and strain tensors, Ci jkl is the constitutive tensor, and � is the
internal length scale. The inclusion of the Laplacian is not arbitrary, but it appears naturally when relating local
(micro) and average (macro) response and expanding the corresponding non-local integral in a Taylor series
for appropriate forms of the influence kernel. This leads to the following fourth-order equilibrium equations:

Ci jkl(uk, jl − �2uk, jlmm) + bi = 0, (9)

where uk is the displacement vector and bi are the body forces.
Ru andAifantis [46] developed a factorisation procedurewhich allows the solution of Eq. (9) as a decoupled

sequence of two systems of second-order partial differential equations (p.d.e.), considerably simplifying the
finite element implementation of this model. The first system of second-order p.d.e. to be solved is the standard
classical elasticity equilibrium

Ci jklu
c
k, jl + bi = 0 (10)

from which it is possible to determine the field of the local displacements uci that will be used as source term
in the following second set of second-order p.d.e.

ugk − �2ugk,mm = uck, (11)

where ugi represents the field of the non-local (or gradient-affected) displacements.
Finally, as shown in [17,39,40] (and also discussed in [3,5]), Eq. (11) can be redefined in terms of stresses

as
σ
g
i j − �2σ

g
i j,mm = Ci jklu

c
k,l , (12)

where σ
g
i j represents the field of the gradient-enhanced stresses.

4 Implementation aspects

The Ru–Aifantis theory described in Sect. 3 has been already implemented in a unified finite element method-
ology for both two- and three-dimensional problems [19], showing good convergence properties as well as
the ability to remove singularities from the stress field in the neighbourhood of stress risers. While the afore-
mentioned theory is based on the use of the full gradient of the stresses, in this paper a simplified version of
the Ru–Aifantis theory, characterised by the use of a reduced gradient of the stresses, is developed and imple-
mented in a straightforward C0 finite element framework for the analysis of axisymmetric solids subject to both
axisymmetric and non-axisymmetric loads. The choice of using a reduced gradient allows to obtain a simplified
yet reliable methodology, more easily implementable in a finite element framework, without renouncing to the
ability to remove singularities from the stress fields (see [37] for another example of reduced-gradient theory).
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4.1 Axisymmetric loads

The index notation used in Sect. 3 is valid in Cartesian coordinates, while axisymmetric problems are usually
addressed in cylindrical coordinates as in the following of the present paper. Therefore, in order to derive
the finite element equations for axisymmetric problems unambiguously, we will now depart from the index
notation used in the previous section, adopting a tensorial notation. Furthermore, two functionals, one for each
of the two steps of the Ru–Aifantis theory, are defined as follows:

W1 =
∫

Ω

1

2
εcTCεc dΩ −

∫

Ω

ucTb dΩ −
∫


n

ucT t d
n (13)

for the first step and

W2 =
∫

Ω

1

2

[

σ gTSσ g + �2
(

∂σ gT

∂r
S

∂σ g

∂r
+ ∂σ gT

∂z
S

∂σ g

∂z

)]

dΩ −
∫

Ω

σ gT εc dΩ (14)

for the second, where uc and εc are, respectively, the local displacement and local strain vectors, σ g is the
non-local stress vector, C is the constitutive matrix, defined in Eq. (4), S = C−1 is the compliance matrix, b
is the vector of the body forces in the domain Ω , t is the vector of the prescribed traction on the free portion

n of the boundary.

Imposing the stationarity of the first functional, that is, δW1 = 0, the usual global system of standard
elasticity equations is obtained:

Kdc − f = 0, (15)

where dc is the vector of the nodal local displacements, K = ∫

Ω
BT
u CBudΩ is the stiffness matrix and

f = ∫

Ω
NT
u b dΩ − ∫


n
NT
u t d
n the force vector.

Repeating the same procedure for the second functional, W2, leads to

∫

Ω

NT
σ Nσ + �2

(
∂NT

σ

∂r

∂Nσ

∂r
+ ∂NT

σ

∂z

∂Nσ

∂z

)

dΩ sg −
∫

Ω

NT
σ Bu dΩ dc = 0, (16)

where sg is the vector of the nodal non-local stresses and Nσ is just an expanded version of the shape function
matrix Nu , in order to accommodate all four non-local stress components, so that σ g = Nσ sg .

At this point, solving Eq. (15) for dc, and using the result as source term in Eq. (16), the nodal values of
the gradient-enriched stresses sg can be easily calculated.

4.2 Non-axisymmetric loads

The finite element equations for the case of axisymmetric solids subject to non-axisymmetric loads can be
determined by following the same process described in Sect. 4.1.

Regarding the first step of the Ru–Aifantis theory, the functional defined by Eq. (13) can be considered by
taking into account that now the constitutive matrix is C� defined in Eq. (7) and the displacements (including
now also the circumferential component) are described by means of Fourier series as

uc =
m∑

h=0

Θs
hNud

c,s
h +

m∑

h=0

Θa
hNud

c,a
h (17)

with

Θs
h =

⎡

⎢
⎢
⎣

cos(hθ) 0 0

0 cos(hθ) 0

0 0 sin(hθ)

⎤

⎥
⎥
⎦ and Θa

h =

⎡

⎢
⎢
⎣

sin(hθ) 0 0

0 sin(hθ) 0

0 0 cos(hθ)

⎤

⎥
⎥
⎦ , (18)

where h is the order of the harmonic, while the superscripts s and a indicate, respectively, the symmetric and
anti-symmetric components of the displacements (and of the loads) with respect to the θ = 0 axis.
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The local strains are defined as follows:

εc =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

εcrr

εczz

εcθθ

εcrz

εcrθ

εczθ

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

= Luc =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∂
∂r 0 0

0 ∂
∂z 0

1
r 0 1

r
∂
∂θ

∂
∂z

∂
∂r 0

1
r

∂
∂θ

0 ∂
∂r − 1

r

0 1
r

∂
∂θ

∂
∂z

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎧
⎪⎨

⎪⎩

ucr

ucz

ucθ

⎫
⎪⎬

⎪⎭
, (19)

and substituting Eq. (17) into (19)

εc =
m∑

h=0

Bs
u,hd

c,s
h +

m∑

h=0

Ba
u,hd

c,a
h , (20)

where Bs
u,h = LΘs

hNu and Ba
u,h = LΘa

hNu are the two strain-displacement matrices for symmetric and
antisymmetric displacements/loads, respectively.

After these considerations, the first step of the Ru–Aifantis theory still consists in Eq. (15), with the
difference that now also the nodal forces are expressed in terms of Fourier series as

f =

⎧
⎪⎨

⎪⎩

fr

fz

fθ

⎫
⎪⎬

⎪⎭
=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

m∑

h=0
f sr,h cos(hθ) +

m∑

h=0
f ar,h sin(hθ)

m∑

h=0
f sz,h cos(hθ) +

m∑

h=0
f az,h sin(hθ)

m∑

h=0
f sθ,h sin(hθ) +

m∑

h=0
f aθ,h cos(hθ)

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (21)

and the stiffness matrix is defined as

K =
m∑

h=0

m∑

l=0

khl , (22)

where khl is the stiffness contribution of the hth and lth harmonics, given by

khl =
∫

V

BT
u,hC

�Bu,ldV =
∫

V

[
BsT
u,h

BaT
u,h

]

C�
[
Bs
u,l B

a
u,l

]
dV

=
∫

V

[
BsT
u,hC

�Bs
u,l B

sT
u,hC

�Ba
u,l

BaT
u,hC

�Bs
u,l B

aT
u,hC

�Ba
u,l

]

dV .

(23)

Considering that dV = rdrdzdθ = rdθdA, it can be easily demonstrated that

∫

A

2π∫

0

BsT
u,hC

�Ba
u,l rdθdA =

∫

A

2π∫

0

BaT
u,hC

�Bs
u,l rdθdA = [0] , (24)

which means that the symmetric and anti-symmetric terms are decoupled, as it should be, given the orthogo-
nality of the Fourier series. Furthermore, it can also be proved that

∫

A

2π∫

0

BsT
u,hC

�Bs
u,l rdθdA =

∫

A

2π∫

0

BaT
u,hC

�Ba
u,l rdθdA = [0] when h �= l. (25)
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Hence, the off-diagonal terms of the global stiffness matrix K are all null and each harmonic can be treated
separately, allowing application of the principle of superposition to determine the final result.

In what concerns the second step of the Ru–Aifantis theory, considering for simplicity only the symmetric
components, defining the following functional:

W̃2 =
∫

V

1

2

⎧
⎨

⎩

(
Θs

σ,hσ
g,s
h

)T S�
(
Θs

σ,hσ
g,s
h

) + �2

⎡

⎣

(

Θs
σ,h

∂σ
g,s
h

∂r

)T

S�

(

Θs
σ,h

∂σ
g,s
h

∂r

)

+

+
(

Θs
σ,h

∂σ
g,s
h

∂z

)T

S�

(

Θs
σ,h

∂σ
g,s
h

∂z

)

+ 1

r

∂

∂θ

(
Θs

σ,hσ
g,s
h

)T S� 1

r

∂

∂θ

(
Θs

σ,hσ
g,s
h

)

⎤

⎦

⎫
⎬

⎭
dV−

−
∫

V

(
Θs

σ,hσ
g,s
h

)T
ε
c,s
h dV,

(26)

where S� = C�−1, while Θs
σ,h is defined as (see, e.g. [58])

Θs
σ,h =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

cos(hθ) 0 0 0 0 0

0 cos(hθ) 0 0 0 0

0 0 cos(hθ) 0 0 0

0 0 0 cos(hθ) 0 0

0 0 0 0 sin(hθ) 0

0 0 0 0 0 sin(hθ)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (27)

and imposing the stationarity of W̃2, that is, δW̃2 = 0, the following solving system of equations is obtained:

∫

V

[

NT
σ ΘsT

h Θs
hNσ + �2

(
∂NT

σ

∂r
ΘsT

h Θs
h
∂Nσ

∂r
+ ∂NT

σ

∂z
ΘsT

h Θs
h
∂Nσ

∂z

+ 1

r2
NT

σ

∂ΘsT
h

∂θ

∂Θs
h

∂θ
Nσ

)]

dV sg,sh =
∫

V

NT
σ ΘsT

h CBs
u,hdV dc,sh ,

(28)

which can be easily numerically solved for the non-local stress sg,sh . The same system must be solved also
for the anti-symmetric components (if needed). Finally, once the solutions for all the necessary harmonics are
calculated, the global solution can be determined through superposition of the effects.

5 Numerical integration

For the numerical solution of Eqs. (15), (16), and (28), the Gauss quadrature rule has been used. As summarised
in Table 1, in what concerns Eq. (15) (first step), since it coincides with the p.d.e. of classical elasticity, the stan-
dard number of integration points has been considered, in particular the bi-quadratic serendipity quadrilaterals
have been under-integrated.

For the numerical solution of Eqs. (16) (second step with axisymmetric loads) and (28) (second step with
non-axisymmetric loads), instead, higher integration rules are needed, except for the bi-linear quadrilateral
elements, if � = 0 (as reported in Table 1). On the other hand, if � �= 0, the quadrature rules used for the
first step can be adopted for all the elements without any rank deficiency problem, similar to the 2D plane
strain/stress and 3D problems, as described in [19].
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Table 1 Number of Gauss points used in the first step of the Ru-Aifantis theory and formally required in the second step (when
� = 0)

Elements Order Gauss points

1st step Triangles Linear 1
Quadratic 3

Quadrilaterals Bi-linear 2 × 2
Bi-quadratic 2 × 2

2nd step Triangles Linear 3
Quadratic 6 (degree of precision 4)

Quadrilaterals Bi-linear 2 × 2
Bi-quadratic 3 × 3

6 Internally pressurised hollow cylinder: comparison with Gao and Park (2007)

The analysed problem consists of a thick-walled hollow cylinder of inner radius a = 0.5 m, outer radius
b = 1.5 m, and length L = 8 m, subject to an internal pressure pi = 10 MPa (Fig. 2). The material is
characterised by a Young’s modulus E = 1000 MPa, Poisson’s ratio ν = 0.25, and the length scale has
been set as � = 0.1 m. Concerning the boundary conditions, for the first step (Eq. 15) the cylinder is simply
supported in the axial direction at both ends (Fig. 2), while for the second step (Eq. 16) homogeneous natural
boundary conditions are taken throughout, since, as also described in [15], this choice is the most widely
accepted amongst the scientific community when dealing with gradient elasticity.

For symmetry of the cylinder with respect to a plane normal to the z-axis, only half of the cross section
has been modelled using 16 × 64 bi-linear and bi-quadratic quadrilateral elements and the double of linear
and quadratic triangular elements (note that for triangular elements, the meshes are obtained by subdividing
each quadrilateral in two triangles). Since the displacements determined according to the proposed methodol-
ogy correspond to the classical elastic displacements, the numerical solution for the displacements has been
compared with the following analytical solution of classical elasticity known from the literature [54]:

ur = pia2r

E
(
b2 − a2

)

[

(1 − 2ν)(1 + ν) + (1 + ν)b2

r2

]

. (29)

Regarding the stresses, instead, the gradient-enriched stress fields numerically obtained by applying the devel-
oped methodology have been compared to the analytical solutions proposed by Gao and Park [34].

Fig. 2 Benchmark problem: geometry and boundary conditions
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Fig. 3 Comparison between the numerical solutions obtained with bi-quadratic quadrilateral elements and their correspondent
analytical counterparts

In Fig. 3, the displacement and stress fields, obtained by using bi-quadratic quadrilateral elements, are
compared with the relative analytical solutions. Similar results have also been obtained with all the other
implemented elements.

FromFig. 3, it canbeobserved that the numerical estimationof the radial displacementsur perfectlymatches
the correspondent analytical counterpart. Regarding the stress components, instead, the numerical solutions
obtained by applying the proposed methodology show some differences when compared with the analytical
solutions proposed by Gao and Park [34]. In particular, it is possible to observe that both the numerical σ g

θθ and
σ
g
zz stress profiles present qualitative and quantitative differences if compared to their analytical counterparts.

This is due to the fact that while the methodology presented in this paper is stress-based, the analytical
solutions proposed by Gao and Park [34] are obtained through a displacement-based formulation and therefore
the stress components are calculated following different procedures. Furthermore, the displacement-based
formulation used by Gao and Park [34] requires just two higher-order boundary conditions (in particular, they
set homogeneous natural boundary conditions of the radial stress at the inner andouter surfaces)while the stress-
based methodology proposed in this paper requires more higher-order boundary conditions (homogeneous
natural boundary conditions of all the stress components at the inner and outer surfaces have been chosen).
Therefore, the aforementioned differences are also due to a different choice of the boundary conditions. Finally,
it can be easily explained why σ

g
zz obtained by applying the proposed methodology should be constant. To do

so, let us consider first the exact stress solutions of classical elasticity known from the literature [54]:

σrr = pia2

b2 − a2

(

1 − b2

r2

)

, σθθ = pia2

b2 − a2

(

1 + b2

r2

)

, σzz = 2ν
pia2

b2 − a2
. (30)

In particular, it can be observed that σzz is constant along the radial coordinate, and therefore, due to the way
the proposed methodology post-processes the stress fields, the longitudinal stress component is not affected
by any gradient enrichment, leading to σ

g
zz = σzz = const.

Only quantitative differences can be seen, instead, in the radial stress component, due to the fact that, while
in the proposed methodology the stress components are uncoupled, in the analytical solution proposed by Gao
and Park [34], the stress components are coupled.
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Furthermore, the analytical solution proposed by Gao and Park [34] is obtained through a full gradient
methodology, while, as already explained in Sect. 4, the methodology proposed in the present paper is based
on the use of a reduced gradient.

Due to the aforementioned differences (although justified), the analytical solution proposed by Gao and
Park cannot be used as benchmark solution for the convergence study performed in the following section where
the reference solution will be approximated through Richardson extrapolation [45].

7 Convergence study

The convergence behaviour of the implemented elements in the case of both axisymmetric and non-
axisymmetric loads has been studied. For this purpose, the L2-norm error defined as

‖e‖2 = ‖σe − σc‖
‖σe‖ , (31)

where σe and σc are, respectively, the extrapolated and calculated values of the stresses, has been plotted against
the number of degrees of freedom (nDoF). From now on, the reference solutions have been approximated
through Richardson extrapolation [45].

As already explained in [19], the stresses are determined as primary variable, by solving the second step of
the Ru–Aifantis theory (either Eq. (16) or (28)) and not as secondary variables, like in standard finite element
methodologies based on classical elasticity. This means that, although the error conserves its proportionality
with the nDoF, the theoretical convergence rate for the stresses is different from the one determined in classical
elasticity. In particular, Helmholtz equations such as Eqs. (16) and (28) are characterised by the following
proportionality [41]:

eσ � O(nDoF)−
n+1
2 = O(nDoF)p, (32)

where n is the polynomial order.
Equation (32) clearly shows that the ‖e‖2 – nDoF curve in a bi-logarithmic system of axis is represented

by a straight line, whose slope represents the convergence rate p of the numerical solution to the extrapolated
solution. In particular, the theoretical convergence rate is p = −1 for linear elements and p = −1.5 for
quadratic elements.

In what concerns the case of axisymmetric load, the thick-walled hollow cylinder problem presented in
Sect. 5 has been considered. The domain has been modelled by using all the implemented elements, starting
from a 4× 16 mesh and refining the mesh, by doubling the number of elements in both directions 4 times, up
to a 64 × 256 mesh. The length parameter has been set as � = 0.1 m.

Regarding the case of axisymmetric solids subject to non-axisymmetric loads, two different problems have
been analysed. The first one consists of a cylindrical bar of radius R = 1 m and length L = 8 m, subject to a
bending moment M = 106 Nm (Fig. 4, left), while the second one consists of the same cylinder subject now
to a torsional moment T = 106 Nm (Fig. 4, right). In both cases, Young’s modulus E = 1000 MPa, Poisson’s
ratio ν = 0.25, and the length scale has been set as � = 0.1 m.

For symmetry of the cylinder with respect to a plane normal to the z-axis, in both cases, only half of the
cross section has been modelled (Fig. 4). Also, in this case all the implemented elements have been used to
discretise the domain, starting from a 4× 16 mesh and performing the same mesh refinement described in the
case of axisymmetric loads. Concerning the boundary conditions, in both problems, for the first step (Eq. 15
with K defined by Eq. 22), homogeneous essential boundary conditions have been imposed, so that uz = 0
(bending problem) and uz = uθ = 0 (torsional problem) along the axis of symmetry (Fig. 4), while for the
second step (Eq. 28) homogeneous natural boundary conditions have been chosen, as in the previous case.

In Fig. 5, the L2-norm error is plotted against the nDoF in a bi-logarithmic system for the three analysed
problems, fromwhich it is possible to appreciate that all the implemented elements produce numerical solutions
characterised by convergence rates in good agreement with the theoretical predictions when applied to any
kind of axisymmetric problem.
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Fig. 4 Cylindrical bars under pure bending (left) and pure torsion (right): geometry and boundary conditions

Fig. 5 Stress error versus nDoF for internal pressure in hollow cylinder (left) and plain cylindrical bars subject to pure bending
(centre) and pure torsion (right). The slope of the lines represents the convergence rate

8 Convergence in the presence of singularities and recommendations on optimum element size

As is well known [1,3,5,10,46], one of the most important abilities of gradient elasticity is the removal of
singularities from the strain and stress fields such as those obtained at the tips of sharp cracks when classical
elasticity is used. See also the analyses in [15,17,19], as well as a more recent discussion in [6,7]. Since the
presence of cracks reduces drastically the convergence rate of standard finite element methodologies, very
fine meshes are required in the neighbourhood of the stress riser to ensure that convergence of the solution is
reached, with significant increasing in computational cost. Hence, the analysis of the convergence behaviour of
the proposed gradient-enriched finite element methodology is of great interest. Furthermore, an accurate error
estimation has allowed the formulation of recommendations on optimal element size also for axisymmetric
finite elements that together with the recommendations provided in [19] for plane and three-dimensional finite
elements constitutes a complete and useful meshing guideline for gradient-enriched finite elements.

To analyse the aforementioned aspects, three different problems (Fig. 6) consisting of a cylindrical bar
characterised by the presence of a circumferential crack and subject, respectively, to axial load F = 106 N
(axisymmetric), bending moment M = 106 Nm, and torque T = 106 Nm (non-axisymmetric loads) have
been studied. The cylinder has a radius R = 1 m, a length L = 8 m, and the crack is 0.25m deep. Material
properties, boundary conditions, and meshes are taken as in Sect. 7.

As in Sect. 7, the convergence rate is determined as the slope of the straight line obtained by plotting in a
bi-logarithmic graph the L2-norm error, defined by Eq. (31), versus the nDoF (Fig. 7). From the literature [59],
it is known that in the presence of singularities, the error on classical stresses is proportional to the nDoF as

eσ � O(nDoF)−[min(λ,n)]/2 = O(nDoF)p, (33)

where λ = 0.5 for a nearly closed crack, which leads to a theoretical convergence rate p = −0.25 for both
linear and quadratic elements.
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Fig. 6 Cracked cylindrical bars under uniaxial tensile load (left), pure bending (centre), and pure torsion (right)

Fig. 7 Stress error versus nDoF for cracked cylindrical bars subject to uniaxial tensile load (left), pure bending (centre), and pure
torsion (right). The slope of the lines represents the convergence rate

From Fig. 7, it is possible to observe that, when singularities are involved, both linear and quadratic
elements show approximatively the same convergence rate (in accordance with Eq. (33)). Furthermore, the
proposed gradient-enriched methodology produces a significant improvement in terms of convergence rate; in
particular, the solutions of the three analysed problems are all characterised by a convergence rate almost three
times higher than the correspondent theoretical value (typical of standard finite element methodology based
on classical elasticity). As already explained in [19], this improvement is due to two main factors:

– removal of singularities from the stress fields;
– gradient-enriched stresses are primary variables, instead of secondary variables (as in standard classical

elasticity-based finite element methodologies).

Analysing then the error affecting the numerical solutions (determined through Eq. (31)), it is possible to
provide recommendations on optimal element size. Table 2 summarises the ratios between the element size
and the length scale � that ensure an error of about 5% or lower. The recommendations summarised in Table 2
highlight the fact that using the proposed methodology, even in the presence of singularities, it is possible to
obtain accurate solutions using a fairly coarse mesh, reducing consistently the computational efforts.

9 Applications

9.1 Removal of singularities

As already mentioned in Sect. 1, one of the features of the proposed methodology is the ability to remove
singularities from the stress field, such as those emerging near the tip of sharp cracks. This ability can be easily
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Table 2 Recommendations on optimal element size to guarantee an error of 5% or lower

Elements Order Element size/�

Triangles Linear 1
Quadratic 5/2

Quadrilaterals Bi-linear 3/2
Bi-quadratic 5/2

shown by considering the problems presented in Sect. 8 and comparing the stress profiles obtained by applying
the proposed methodology with those produced by classical elasticity. In Fig. 8, in fact it can be seen that while
the classical elastic stress fields are characterised by an unbounded peak in correspondence with the crack
tip, the gradient-enriched ones converge to a unique finite solution upon mesh refinement (the stress profiles
presented in Fig. 8 were obtained by using bi-quadratic quadrilateral elements, similar results are produced by
all the other implemented elements).

9.2 Static and fatigue assessment of notched bars

The aforementioned ability to remove singularities, or more in general the stress smoothing in correspon-
dence with stress concentrators, leads to more physically realistic results and therefore to more accurate static
and fatigue assessments of components presenting stress risers. In particular, it allows the static and fatigue
assessments, by considering the values of the relevant stresses directly at the crack/notch tip and not into the
analysed body, as it happens in most of the existing assessment procedures, with evident simplifications in the
assessment process.

In [16,48], similarities and differences between gradient elasticity and the Theory of Critical Distances
(TCD) (for an in-depth description of this theory, see [52]) are investigated, showing the advantages of these
two theories in the static and fatigue assessment of cracked components. Furthermore, in [48] a relation linking
the two length parameters, characterising the aforementioned theories has been proposed, namely

� ≈ L

2
√
2
, (34)

where L is the characteristic length of the TCD, defined as in [52].
The proposed methodology has been applied to notched cylindrical bars (Fig. 9), subject to both static and

fully reversed cyclic loadings (load ratio R = −1), in order to show the accuracy of the proposedmethodology,
with � defined through Eq. (34), in the determination of both static and fatigue strength of notched components
(for more results, see also [20]).

The accuracy of the proposed methodology has been tested against a wide range of materials (both brittle
and ductile) and notch root radii.

All the relevant data about the analysed problems are summarised in Tables 3 and 4, where σ0 is the inherent
material strength, σth is the ultimate tensile nominal stress, Δσ0 is the plain fatigue limit stress range, and
Δσth is the range of the nominal fatigue strength (all the nominal stresses are referred to the gross section of
the specimens).

The accuracy of the proposed methodology in estimating both the static strength and the fatigue limit of
notched cylindrical bars has been verified by defining the following errors:

error = σeff − σ0

σ0
[%] and error = Δσeff − Δσ0

Δσ0
[%] (35)

for static and fatigue problems, respectively, where σeff and Δσeff are, respectively, the stress (for static
problems) and the stress range (for fatigue problems) numerically obtained at the notch tip.

In Fig. 10, the aforementioned errors are plotted for the different analysed materials, from which it is
possible to appreciate the accuracy of the proposed methodology, with errors mainly ranging between −10%
and +30% (dashed lines). Considering the usual error band ±20%, it is possible to observe that the present
methodology produces results with errors falling into a band of the same size, but 10% more conservative.
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Fig. 8 Stress profiles obtained by applying classical (left) and gradient (right) elasticity, for uniaxial tensile loading (top), pure
bending (centre), and pure torsion (bottom)

Fig. 9 Geometry of the cylindrical notched bars
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Table 3 Geometrical and material parameters of the notched cylindrical bars under static loading

Material Ref. Load type σ0 L � D a ρ σth
[MPa] [mm] [mm] [mm] [mm] [mm] [MPa]

PMMA [49] Axial 113.9 0.108 0.038 12.8 2.3 0.2 13.83
12.8 2.3 0.4 17.33
12.8 2.3 1.2 21.60
12.8 2.3 4.0 21.99

Al6082 [51] Axial 445.9 1.640 0.580 10.0 1.90 0.44 206.54
10.0 1.95 0.50 205.25
10.0 1.90 1.25 201.31
10.0 1.95 4.00 167.18

Table 4 Geometrical and material parameters of the notched cylindrical bars under fatigue loading. All the values for Δσth are
taken from [18]

Material Ref. Load type Δσ0 L � D a ρ Δσth[MPa] [mm] [mm] [mm] [mm] [mm] [MPa]
0.45 C steel [18] Rotating bending 582 0.061 0.022 5.01 0.005 0.05 547

5.01 0.005 0.02 547
5.01 0.005 0.01 557
5.02 0.01 0.05 484
5.02 0.01 0.02 494
5.02 0.01 0.01 484
5.2 0.1 0.6 373
5.2 0.1 0.3 338
5.2 0.1 0.1 302
5.2 0.1 0.05 320
5.2 0.1 0.02 320
6 0.5 0.6 208
6 0.5 0.3 174
6 0.5 0.1 162
6 0.5 0.05 162
6 0.5 0.02 168
6 0.5 0.01 168
8 1.5 0.6 85.4
8 1.5 0.3 68.4
8 1.5 0.1 61.0
8 1.5 0.05 61.0
8 1.5 0.02 61.0
8 1.5 0.01 63.5

0.36 C steel [18] Rotating bending 446 0.092 0.033 15.0 1.0 0.2 113
14.4 0.7 0.2 136
14.0 0.5 0.2 164
13.6 0.3 0.2 203
13.3 0.15 0.2 255
13.2 0.1 0.2 290

Mild Steel [47,55] Axial 420 0.296 0.105 43.0 5.08 0.05 68.8
43.0 5.08 0.10 70.0
43.0 5.08 0.13 67.7
43.0 5.08 0.25 68.8
43.0 5.08 0.64 68.8
43.0 5.08 1.27 77.0
43.0 5.08 5.08 121.0

NiCr steel [50] Axial 1000 0.085 0.030 22.6 0.51 0.13 236.0
43.0 5.08 0.05 88.6
31.8 5.08 0.13 96.6

Steel 15313 [47,55] Axial 440 0.237 0.084 5.0 0.03 0.03 429.0
5.0 0.05 0.05 403.0
5.0 0.07 0.07 321.0
5.0 0.20 0.20 237.0
5.0 0.40 0.40 209.0
5.0 0.76 0.76 155.0

AISI 304 [50] Axial 720 0.110 0.039 43.0 5.08 0.05 72.3
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Fig. 10 Error in the estimation of both static strength and fatigue limit of notched cylindrical bars

9.3 Size effects

In previous publications byAifantis et al. [2,4,14,27,28], it was shown that theGradElamodel can conveniently
capture the occurrence of elastic size effects in small one-dimensional objects and specimens with holes
commonly used for advanced technology applications. More recently, its extension to describe size effects
due to thermomechanical, chemomechanical, and electromechanical couplings has been reviewed in [7]. The
purpose of this section is to expand this discussion for an emerging technological problem of internal stress
development and capacity fade in Lithium-ion (Li-ion) rechargeable battery electrodes by elaborating on the
classical elasticity treatment first used for this problem in the pioneering work of [8] (see also related chapters
and references in [9]).

In fact, nowadays, the majority of electronic devices, such as laptops, tablets, smart phones, and digital
cameras, are powered by Li-ion batteries. Li-ion batteries have replaced their older sisters nickel-cadmium
(Ni–Cd) and nickel-metal-hydride (Ni–MH) batteries due to their unique characteristics, such as lightness,
high energy density, and non-toxicity [8].

In Li-ion batteries, the active sites in the anode and (to a lesser extent) in the cathode are subject to significant
expansions upon lithium insertion, which leads to a severe damage of the surrounding glass/ceramic matrix
and consequently to a deterioration of the electrochemical properties of the electrodes. It is then evident how
critical an accurate estimation of the stresses in the matrix is for a subsequent damage evaluation.

However, the dimensions characterising this problems are usually of the order of nanometres, which makes
classical elasticity not accurate enough for the estimation of the stresses, due to its incapability to capture size
effects, particularly significant at the nanoscale. In this section, the proposed gradient-enriched methodology
is applied to study the aforementioned problem, in order to show its ability to easily describe size effects,
obtaining a more accurate size-dependent estimation of the stresses, with a small additional computational
effort.

The active sites of the electrodes can be fabricated in different shapes like thin layers, spheres, or fibres.
In this section, the third shape is considered and analysed.

Fibre-like electrodes can be considered as a series of unit cells formed by a cylindrical Li-ion active site
of radius r = a, surrounded by a glass or ceramic matrix (inert with respect to Li) of radius r = b.

Two different problems have been analysed: in first instance, only the outer matrix has been modelled as an
hollow cylinder, and after that, both the active site and the surroundingmatrix have beenmodelled as two nested
cylinder made of two different materials. The material properties are taken as Eg = 75 GPa, Es = 41 GPa,
νg = 0.25, and νs = 0.33 (see [8]), where the subscript g refers to the glass matrix and the subscript s to the
active site. Furthermore, the glass matrix and the active site are characterised by an internal length �g and �s ,
respectively. Concerning the geometry dimensions, the inner and outer radii have been defined, respectively,
as a = γ a0 and b = γ b0, where a0 and b0 are, respectively, the inner and outer radii of the domain, as given in
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Fig. 11 Li-ion batteries: geometry and boundary conditions of the glass matrix only (left) and of the entire unit cell (right), where
the darker area represents the active site, while the lighter one the glass matrix
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Fig. 12 Radial stress profile in the case γ = 1, for different values of length scales, obtained by modelling only the glass matrix
(left) and the entire unit cell (right)

[8], and different sizes of the annular ring have been analysed, by varying the value of the scaling coefficient
γ from 0.2 to 4.0.

In both cases, due to their axisymmetry, the bi-dimensional problems shown in Fig. 11 have been modelled
using bi-quadratic quadrilateral elements. Regarding the boundary conditions, for the first set of equations
(15), they have been chosen as

ur (a) = Δ − δ and ur (b) = 0. (36)

In fact, it can be considered that, at the inner surface of the matrix (r = a), since active site and matrix are
in contact, when the active site reaches its maximum expansion Δ, the matrix pushes back a distance δ. On
the other hand, at the outer matrix–matrix boundary (r = b) of adjoining unit cells, the displacements cancel
each other, considering the fibre-like unit cells tightly constrained into the outer case. For the second set of
equations (16), instead, homogeneous natural boundary conditions are taken throughout.

In Fig. 12 (left), the profile of the radial stress along the radius (obtained by modelling only the matrix)
is plotted for the first 300 nm, in the case of γ = 1, for different values of the length scale �g . In Fig. 12
(right), instead, the profile of the same stress, obtained when both active site andmatrix are modelled, is plotted
for different values of the two length scales; for comparison purposes, one of the stress profiles obtained by
modelling the matrix only is also plotted.

In particular, from Fig. 12 (left) it can be observed that the maximum compressive radial stress, occurring
at the inner surface of the matrix, decreases for increasing values of the length scale �g . The same happens



Gradient-enriched finite element methodology

0.3 0.6 0.9 1.2 1.5 1.8
−0.1

0

0.1

0.2

0.3

0.4

0.5

Log(a/ g)

L
og

(s
tr
es
s
ra
ti
o)

Gradient el. (matrix only)
Gradient el. (active site + matrix)
Classical el.

Fig. 13 Size effect curves for the two analysed problems

when the whole unit cell is modelled, even if the maximum compressive radial stress is not experienced at the
interface between active site and matrix, but at a certain distance inside the matrix, depending on the value of
the adopted length scales �s and �g , as shown in Fig. 12 (right). Furthermore, focusing the attention on the
radial stress profile in the active site, it can be observed that the increase in the value of the length scale �s ,
representative of the material of the active site, leads to a smoothing effect on the radial stress profile itself.

It is also worth noticing that different values of �s and �g can be interpreted as different materials used for
the active site and the matrix, respectively.

The size effect analysis has been performed by studying the stress ratio defined as

stress ratio =
∣
∣σre f

∣
∣

∣
∣min

(
σ
g
rr

)∣
∣
, (37)

where σref is a reference stress, assumed to be equal to the maximum compressive radial stress obtained by
applying classical elasticity, while σ

g
rr is the non-local radial stress. This stress ratio is an indicator for the spare

capacity of the battery towards mechanical failure.
In Fig. 13, the stress ratios resulting from the two analysed problems are plotted against the ratio between the

internal radius a and the length scale �g (the length scales are taken as �g = 8 nm in both cases and �s = 4 nm).
It can be observed that, while the local radial stress determined through classical elasticity does not show any
size effect, gradient elasticity produces, in both cases, a stress ratio that increases for decreasing dimensions
of the unit cell, while for increasing size of the unit cell it exhibits a horizontal asymptote, coincident to the
solution of classical elasticity, which means that the maximum compressive non-local radial stress decreases
for decreasing size of the unit cell, while it tends to the value determined according to classical elasticity for
increasing dimensions. The only appreciable difference in Fig. 13 is that modelling the entire unit cell, the size
effects become more pronounced, if compared with the case in which only the matrix is modelled.

10 Conclusions

In this paper, a (reduced-) gradient-enriched FEmethodology has been presented for the solution of axisymmet-
ric problems, subject to both axisymmetric and non-axisymmetric loads. A comprehensive discussion about
the best Gauss integration rules to be used, error estimation and convergence behaviour is also included.

The methodology proposed in the present paper completes the one presented in [19] for plane stress/strain
and three-dimensional problems, creating a unified FE methodology based on gradient elasticity, applicable
to any sort of engineering problem.

The proposedmethodology has been firstly applied to the problem of a hollow cylinder subject to a uniform
internal pressure, and the results compared with the correspondent analytical solutions. This comparison has
shown that, while for the displacements all the implemented elements produce results coincident with the
analytical solution, for the stresses the numerical estimates differ from the analytical counterparts proposed by
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Gao and Park [34]. These differences can be ascribed to the fact that while the proposedmethodology is a stress-
gradient elastic methodology, the one used by Gao and Park represents a displacement-based formulation, this
leading in particular to different higher-order boundary conditions and different relationship amongst the stress
components (while in the analytical solution proposed by Gao and Park the stress components are coupled, in
the developed methodology they are uncoupled). Moreover, whereas Gao and Park [34] in their work use a full
gradient approach, the methodology proposed in the present paper is based on the use of a reduced gradient.

The convergence behaviour of the proposed methodology has been checked in both the absence and the
presence of singularities, for three different loading conditions. The results have shown that for problems
without singularities, overall, the convergence rates of the numerical solutions are well in line with the cor-
respondent theoretical predictions. In the presence of singularities, instead, the convergence rates are higher
than the correspondent theoretical values, typical of traditional finite element methodologies. The cause of this
faster convergence has been mainly attributed to two aspects:

– the removal of singularities, characteristic of gradient elasticity theories;
– the non-local stresses determined as primary variables, instead of secondary variables as in traditional

finite element methodologies.

Furthermore, a guideline on optimal element size has been suggested, highlighting that relatively coarse
meshes can produce sufficiently accurate solutions, with associated reduction in computational costs.

The ability of the proposed methodology to remove singularities from the stress fields has been shown by
analysing three problems, consisting of a cylindrical bar characterised by a circumferential crack and subject
to three different loading conditions.

The accuracy of the present methodology in the static and fatigue assessment of notched cylindrical bars
has been also investigated for both brittle and ductile materials, covering a wide range of notch root radii
as well. This study has shown that the proposed gradient-enriched FE methodology produces very accurate
results, with errors ranging from−10% and+30%, which correspond to an error band equal to the usual±20%
but shifted 10% towards the conservative side. In addition, the proposed methodology allows the static and
fatigue assessment of cracked/notched components by considering the relevant stress values directly at the tip
of the stress riser (i.e. on the surface), avoiding the need to know a priori the failure location into the body, with
evident advantages from an industrial point of view. Thus, it is possible to state that the proposed methodology
can potentially become a powerful tool in the static and fatigue assessment of components presenting stress
concentrators.

Finally, the proposed finite element methodology has been applied to evaluate the radial stress inside the
glass/ceramic matrix surrounding the active sites in the electrodes of Li-ion batteries, showing the ability of
gradient elasticity to describe size effects, or in other words the different mechanical behaviours of the matrix
when the dimensions of the unit cell are scaled; in particular, it has been pointed out that scale effects become
more significant for decreasing dimensions of the unit cell.

Thus, it is possible to conclude that, using gradient elasticity, with a limited additional computational cost
with respect to classical elasticity, it is possible to take into account size effects, obtaining more accurate
estimations of the stresses experienced by the matrix. Furthermore, this feature of gradient elasticity enables
a more accurate choice of the material to use for the matrix (different materials mean different length scales)
as well as the most appropriate dimensions of the unit cell.

In a similar way, gradient elasticity can be also employed to consider size effects for the benchmark
problems presented in [9] to obtain input for the most favourable configurations (spheres vs. cylindrical fibres)
and material selection for preventing fracture. Some interesting results are also expected by considering the
parameters Δ and δ as being dependent on the concentration of the diffusing Li-ions. This will be discussed
independently in a forthcoming paper.

Acknowledgements The authors gratefully acknowledge financial support from Safe Technology Ltd. (part of the Dessault
Sistèmes SIMULIA brand), Hellenic ERC-13 and ARISTEIA II projects of the General Secretariat of Research and Technology
(GSRT) of Greece. Discussions with Katerina Aifantis who suggested the Li-ion problem are also gratefully acknowledged.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 International License (http://
creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and indicate
if changes were made.

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


Gradient-enriched finite element methodology

References

1. Aifantis, E.C.: On the role of gradients in the localization of deformation and fracture. Int. J. Eng. Sci. 30(10), 1279–1299
(1992). doi:10.1016/0020-7225(92)90141-3

2. Aifantis, E.C.: Strain gradient interpretation of size effects. Int. J. Fract. 95, 299–314 (1999). doi:10.1023/A:1018625006804
3. Aifantis, E.C.: Update on a class of gradient theories.Mech.Mater. 35, 259–280 (2003). doi:10.1016/S0167-6636(02)00278-

8
4. Aifantis, E.C.: Exploring the applicability of gradient elasticity to certainmicro/nano reliability problems.Microsyst. Technol.

15(1), 109–115 (2009). doi:10.1007/s00542-008-0699-8
5. Aifantis, E.C.: On the gradient approach—relation to Eringen’s nonlocal theory. Int. J. Eng. Sci. 49(12), 1367–1377 (2011).

doi:10.1016/j.ijengsci.2011.03.016
6. Aifantis, E.C.: On non-singular GRADELA crack fields. Theor. Appl. Mech. Lett. 4(051005), 1–7 (2014). doi:10.1063/2.

1405105
7. Aifantis, E.C.: Internal length gradient (ILG) mechanics across scales and disciplines. Adv. Appl. Mech. 49, 1–110 (2016).

doi:10.1016/bs.aams.2016.08.001
8. Aifantis, K.E., Hackney, S.A.: An ideal elasticity problem for Li-batteries. J. Mech. Behav. Mater. 14(6), 413–427 (2003).

doi:10.1515/JMBM.2003.14.6.413
9. Aifantis, K.E., Hackney, S.A., Kumar, V.R. (eds.): High Energy Density Lithium Batteries: Materials, Engineering, Appli-

cations. Wiley, Weinheim (2010)
10. Altan, S., Aifantis, E.C.: On the structure of the mode III crack-tip in gradient elasticity. Scr. Metall. Mater. 26, 319–324

(1992). doi:10.1016/0956-716X(92)90194-J. [See also: S. B. Altan, E. C. Aifantis. On some aspects in the special theory of
gradient elasticity. Journal of the Mechanical Behavior of Materials, 8:231–282, 1997]

11. Altan, S., Aifantis, E.C.: On some aspects in the special theory of gradient elasticity. J. Mech. Behav. Mater. 8(3), 231–282
(1997). doi:10.1515/JMBM.1997.8.3.231

12. Aravas, N.: Plane-strain problems for a class of gradient elasticity models—a stress function approach. J. Elast. 104(1),
45–70 (2011). doi:10.1007/s10659-011-9308-7

13. Argyris, J.: Energy theorems and structural analysis. Aircr. Eng. Aerosp. Technol. 26(11), 383–394 (1954). doi:10.1108/
eb032491

14. Askes, H., Aifantis, E.C.: Numerical modeling of size effects with gradient elasticity—formulation, meshless discretization
and examples. Int. J. Fract. 117(4), 347–358 (2002). doi:10.1023/A:1022225526483

15. Askes, H., Aifantis, E.C.: Gradient elasticity in statics and dynamics: an overview of formulations, length scale identification
procedures, finite element implementations and new results. Int. J. Solids Struct. 48(13), 1962–1990 (2011). doi:10.1016/j.
ijsolstr.2011.03.006

16. Askes, H., Livieri, P., Susmel, L., Taylor, D., Tovo, R.: Intrinsic material length, theory of critical distances and gradient
mechanics: analogies and differences in processing linear-elastic crack tip stress fields. Fatigue Fract. Eng. Mater. Struct. 36,
39–55 (2013). doi:10.1111/j.1460-2695.2012.01687.x

17. Askes,H.,Morata, I., Aifantis, E.C.: Finite element analysiswith staggered gradient elasticity. Comput. Struct. 86, 1266–1279
(2008). doi:10.1016/j.compstruc.2007.11.002

18. Aztori, B., Lazzarin, P., Meneghetti, G.: Fracture mechanics and notch sensitivity. Fatigue Fract. Eng. Mater. Struct. 26,
257–267 (2003). doi:10.1046/j.1460-2695.2003.00633.x

19. Bagni, C., Askes, H.: Unified finite element methodology for gradient elasticity. Comput. Struct. 160, 100–110 (2015).
doi:10.1016/j.compstruc.2015.08.008

20. Bagni, C., Askes, H., Susmel, L.: Gradient elasticity: a transformative stress analysis tool to design notched components
against uniaxial/multiaxial high-cycle fatigue. Fatigue Fract. Eng. Mater. Struct. 39(8), 1012–1029 (2016). doi:10.1111/ffe.
12447

21. Bleustein, J.L.: Effects of micro-structure on the stress concentration at a spherical cavity. Int. J. Solids Struct. 2(1), 82–104
(1966). doi:10.1016/0020-7683(66)90008-4

22. Cauchy, A.: Mémoire sur les systèmes isotropes de points matériels. In: Oeuvres complètes, 1re Série—Tome II. Gauthier-
Villars (reprint 1908), Paris, pp. 351–386 (1850)

23. Cauchy, A.: Mémoire sur les vibrations d’un double système de molécules et de l’éther continu dans un corps cristallisé. In:
Oeuvres complètes, 1re Série—Tome II. Gauthier-Villars (reprint 1908), Paris, pp. 338–350 (1850)

24. Cauchy, A.: Note sur l’équilibre et les mouvements vibratoires des corps solides. In: Oeuvres complètes, 1re Série—Tome
XI. Gauthier-Villars (reprint 1899), Paris, pp. 341–346 (1851)

25. Cook, T.S., Weitsman, Y.: Strain-gradient effects around spherical inclusions and cavities. Int. J. Solids Struct. 2(3), 393–406
(1966). doi:10.1016/0020-7683(66)90029-1

26. Cosserat, E., Cosserat, F.: Théorie des corps déformables. Librairie Scientifique A. Hermann et Fils, Paris (1909)
27. Efremidis, G., Carpinteri, A., Aifantis, E.C.: Multifractal scaling law versus gradient elasticity in the evaluation of disordered

material compressive strength. J. Mech. Behav. Mater. 12(2), 107–120 (2001). doi:10.1515/JMBM.2001.12.2.107
28. Efremidis, G., Pugno, N., Aifantis, E.C.: A proposition for a “self-consistent” gradient elasticity. J. Mech. Behav. Mater.

19(1), 15–30 (2009). doi:10.1515/JMBM.2009.19.1.15
29. Eringen, A.C.: Linear theory of nonlocal elasticity and dispersion of plane waves. Int. J. Eng. Sci. 10(5), 425–435 (1972).

doi:10.1016/0020-7225(72)90050-X
30. Eringen, A.C.: Nonlocal polarelastic continua. Int. J. Eng. Sci. 10(1), 1–16 (1972). doi:10.1016/0020-7225(72)90070-5
31. Eringen, A.C.: On differential equations of nonlocal elasticity and solutions of screw dislocation and surface waves. J. Appl.

Phys. 54(9), 4703–4710 (1983). doi:10.1063/1.332803
32. Eshel, N.N.: Axi-symmetric problems in elastic materials of grade two. J. Franklin Inst. 299(1), 43–51 (1975). doi:10.1016/

0016-0032(75)90083-6
33. Eshel, N.N., Rosenfeld, G.: Effects of strain-gradient on the stress-concentration at a cylindrical hole in a field of uniaxial

tension. J. Eng. Math. 4(2), 97–111 (1970). doi:10.1007/BF01535082

http://dx.doi.org/10.1016/0020-7225(92)90141-3
http://dx.doi.org/10.1023/A:1018625006804
http://dx.doi.org/10.1016/S0167-6636(02)00278-8
http://dx.doi.org/10.1016/S0167-6636(02)00278-8
http://dx.doi.org/10.1007/s00542-008-0699-8
http://dx.doi.org/10.1016/j.ijengsci.2011.03.016
http://dx.doi.org/10.1063/2.1405105
http://dx.doi.org/10.1063/2.1405105
http://dx.doi.org/10.1016/bs.aams.2016.08.001
http://dx.doi.org/10.1515/JMBM.2003.14.6.413
http://dx.doi.org/10.1016/0956-716X(92)90194-J
http://dx.doi.org/10.1515/JMBM.1997.8.3.231
http://dx.doi.org/10.1007/s10659-011-9308-7
http://dx.doi.org/10.1108/eb032491
http://dx.doi.org/10.1108/eb032491
http://dx.doi.org/10.1023/A:1022225526483
http://dx.doi.org/10.1016/j.ijsolstr.2011.03.006
http://dx.doi.org/10.1016/j.ijsolstr.2011.03.006
http://dx.doi.org/10.1111/j.1460-2695.2012.01687.x
http://dx.doi.org/10.1016/j.compstruc.2007.11.002
http://dx.doi.org/10.1046/j.1460-2695.2003.00633.x
http://dx.doi.org/10.1016/j.compstruc.2015.08.008
http://dx.doi.org/10.1111/ffe.12447
http://dx.doi.org/10.1111/ffe.12447
http://dx.doi.org/10.1016/0020-7683(66)90008-4
http://dx.doi.org/10.1016/0020-7683(66)90029-1
http://dx.doi.org/10.1515/JMBM.2001.12.2.107
http://dx.doi.org/10.1515/JMBM.2009.19.1.15
http://dx.doi.org/10.1016/0020-7225(72)90050-X
http://dx.doi.org/10.1016/0020-7225(72)90070-5
http://dx.doi.org/10.1063/1.332803
http://dx.doi.org/10.1016/0016-0032(75)90083-6
http://dx.doi.org/10.1016/0016-0032(75)90083-6
http://dx.doi.org/10.1007/BF01535082


C. Bagni et al.

34. Gao, X.L., Park, S.K.: Variational formulation of a simplified strain gradient elasticity theory and its application to a
pressurized thick-walled cylinder problem. Int. J. Solids Struct. 44, 7486–7499 (2007). doi:10.1016/j.ijsolstr.2007.04.022

35. Georgiadis, H.G., Anagnostou, D.S.: Problems of the Flamant-Boussinesq and Kelvin type in dipolar gradient elasticity. J.
Elast. 90(1), 71–98 (2008). doi:10.1007/s10659-007-9129-x

36. Georgiadis, H.G., Gourgiotis, P.A., Anagnostou, D.S.: The Boussinesq problem in dipolar gradient elasticity. Arch. Appl.
Mech. 84(9), 1373–1391 (2014). doi:10.1007/s00419-014-0854-x

37. Gitman, I.M., Askes, H., Kuhl, E., Aifantis, E.C.: Stress concentrations in fractured compact bone simulated with a special
class of anisotropic gradient elasticity. Int. J. Solids Struct. 47(9), 1099–1107 (2010). doi:10.1016/j.ijsolstr.2009.11.020

38. Green, A.E., Rivlin, R.S.: Simple force and stress multipoles. Arch. Ration. Mech. Anal. 16(5), 325–353 (1964)
39. Gutkin, M.Y.: Nanoscopics of dislocations and disclinations in gradient elasticity. Rev. Adv. Mater. Sci. 1, 27–60 (2000)
40. Gutkin, M.Y., Aifantis, E.C.: Dislocations in the theory of gradient elasticity. Scr. Mater. 40, 559–566 (1999)
41. Ihlenburg, F., Babuška, I.: Finite element solution of the Helmholtz equation with high wave number part I: the h-version of

the FEM. Comput. Math. Appl. 30(9), 9–37 (1995). doi:10.1016/0898-1221(95)00144-N
42. Jadallah, O., Bagni, C., Askes, H., Susmel, L.: Microstructural length scale parameters to model the high-cycle fatigue

behaviour of notched plain concrete. Int. J. Fatigue 82, 708–720 (2016). doi:10.1016/j.ijfatigue.2015.09.029
43. Mindlin, R.: Micro-structure in linear elasticity. Arch. Ration. Mech. Anal. 16, 52–78 (1964)
44. Mindlin, R.: Second gradient of strain and surface-tension in linear elasticity. Int. J. Solids Struct. 1, 417–438 (1965)
45. Richardson, L.F.: The approximate arithmetical solution by finite differences of physical problems involving differential

equations, with an application to the stresses in a masonry dam. Philos. Trans. R. Soc. Lond. A Math. Phys. Eng. Sci.
210(459–470), 307–357 (1911). doi:10.1098/rsta.1911.0009

46. Ru, C.Q., Aifantis, E.C.: A simple approach to solve boundary-value problems in gradient elasticity. Acta Mech. 101, 59–68
(1993). doi:10.1007/BF01175597

47. Susmel, L.: A unifying approach to estimate the high-cycle fatigue strength of notched components subjected to both uniaxial
and multiaxial cyclic loadings. Fatigue Fract. Eng. Mater. Struct. 27(5), 391–411 (2004). doi:10.1111/j.1460-2695.2004.
00759.x

48. Susmel, L., Askes, H., Bennett, T., Taylor, D.: Theory of critical distances versus gradient mechanics in modelling the
transition from the short to long crack regime at the fatigue limit. Fatigue Fract. Eng. Mater. Struct. 36, 861–869 (2013).
doi:10.1111/ffe.12066

49. Susmel, L., Taylor, D.: The theory of critical distances to predict static strength of notched brittle components subjected to
mixed-mode loading. Eng. Fract. Mech. 75, 534–550 (2008). doi:10.1016/j.engfracmech.2007.03.035

50. Susmel, L., Taylor, D.: The theory of critical distances as an alternative experimental strategy for the determination of KIC
and ΔKth . Eng. Fract. Mech. 77, 1492–1501 (2010). doi:10.1016/j.engfracmech.2010.04.016

51. Susmel, L., Taylor, D.: The theory of critical distances to estimate the static strength of notched samples of Al6082 loaded
in combined tension and torsion. Part II: multiaxial static assessment. Eng. Fract. Mech. 77, 470–478 (2010). doi:10.1016/
j.engfracmech.2009.10.004

52. Taylor, D.: The Theory of Critical Distances: A New Perspective in Fracture Mechanics. Elsevier, Oxford (2007)
53. Tenek, L., Aifantis, E.C.: A two-dimensional finite element implementation of a special form of gradient elasticity. Comput.

Model. Eng. Sci. 3, 731–741 (2002)
54. Timoshenko, S., Goodier, J.: Theory of Elasticity, 3rd edn. McGraw-Hill, New York (1970)
55. Ting, J., Lawrence, F.: A crack closure model for predicting the threshold stresses of notches. Fatigue Fract. Eng. Mater.

Struct. 16(1), 93–114 (1993). doi:10.1111/j.1460-2695.1993.tb00073.x
56. Toupin, R.: Elastic materials with couple-stress. Arch. Ration. Mech. Anal. 11, 385–414 (1962)
57. Turner, M.: Stiffness and deflection analysis of complex structures. J. Aeronaut. Sci. 23(9), 805–823 (1956). doi:10.2514/8.

3664
58. Wilson, E.L.: Structural analysis of axisymmetric solids. AIAA J. 3, 2269–2274 (1965)
59. Zienkiewicz, O., Taylor, R.: The Finite ElementMethod, Vol. 1—TheBasis, 5th edn. Butterworth-Heinemann, Oxford (2000)
60. Zienkiewicz, O., Taylor, R.: The Finite ElementMethod, Vol. 2—SolidMechanics, 5th edn. Butterworth-Heinemann, Oxford

(2000)

http://dx.doi.org/10.1016/j.ijsolstr.2007.04.022
http://dx.doi.org/10.1007/s10659-007-9129-x
http://dx.doi.org/10.1007/s00419-014-0854-x
http://dx.doi.org/10.1016/j.ijsolstr.2009.11.020
http://dx.doi.org/10.1016/0898-1221(95)00144-N
http://dx.doi.org/10.1016/j.ijfatigue.2015.09.029
http://dx.doi.org/10.1098/rsta.1911.0009
http://dx.doi.org/10.1007/BF01175597
http://dx.doi.org/10.1111/j.1460-2695.2004.00759.x
http://dx.doi.org/10.1111/j.1460-2695.2004.00759.x
http://dx.doi.org/10.1111/ffe.12066
http://dx.doi.org/10.1016/j.engfracmech.2007.03.035
http://dx.doi.org/10.1016/j.engfracmech.2010.04.016
http://dx.doi.org/10.1016/j.engfracmech.2009.10.004
http://dx.doi.org/10.1016/j.engfracmech.2009.10.004
http://dx.doi.org/10.1111/j.1460-2695.1993.tb00073.x
http://dx.doi.org/10.2514/8.3664
http://dx.doi.org/10.2514/8.3664

	Gradient-enriched finite element methodology for axisymmetric problems
	Abstract
	1 Introduction
	2 Axisymmetric analysis
	2.1 Axisymmetric loading
	2.2 Non-axisymmetric loading

	3 Gradient elasticity theory and the Aifantis GradEla model
	4 Implementation aspects
	4.1 Axisymmetric loads
	4.2 Non-axisymmetric loads

	5 Numerical integration
	6 Internally pressurised hollow cylinder: comparison with Gao and Park (2007)
	7 Convergence study
	8 Convergence in the presence of singularities and recommendations on optimum element size
	9 Applications
	9.1 Removal of singularities
	9.2 Static and fatigue assessment of notched bars
	9.3 Size effects

	10 Conclusions
	Acknowledgements
	References




