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❆❜str❛❝t✳ ❲❡ s❤♦✇ ❤♦✇ ❛ r❡❝❡♥t r❡s✉❧t ❜② ❆❦❛ ❛♥❞ ❙❤❛♣✐r❛ ♦♥
t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥s ✐♥ ❛ ✜①❡❞ q✉❛❞r❛t✐❝ ✜❡❧❞ ✐♠✲
♣❧✐❡s ❛ str❡♥❣t❤❡♥❡❞ ❢♦r♠ ♦❢ t❤❡ ❝❧❛ss✐❝ r❡s✉❧t ♦❢ ❞❡ ▼❛t❤❛♥ ❛♥❞
❚❡✉❧✐é ♦♥ t❤❡ ▼✐①❡❞ ▲✐tt❧❡✇♦♦❞ ❈♦♥❥❡❝t✉r❡✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

❆ ❢❛♠♦✉s ♦♣❡♥ ♣r♦❜❧❡♠ ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❉✐♦♣❤❛♥t✐♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s
t❤❡ ▲✐tt❧❡✇♦♦❞ ❈♦♥❥❡❝t✉r❡ ✇❤✐❝❤ ❝❧❛✐♠s t❤❛t✱ ❢♦r ❡✈❡r② ♣❛✐r (α, β) ♦❢
r❡❛❧ ♥✉♠❜❡rs✱ ✇❡ ❤❛✈❡

✭✶✮ inf
q≥1

q · ‖qα‖ · ‖qβ‖ = 0,

✇❤❡r❡ ‖ · ‖ ❞❡♥♦t❡s t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ♥❡❛r❡st ✐♥t❡❣❡r✳ ❚❤❡ ✜rst s✐❣♥✐❢✲
✐❝❛♥t ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤✐s q✉❡st✐♦♥ ✐s ❞✉❡ t♦ ❈❛ss❡❧s ❛♥❞ ❙✇✐♥♥❡rt♦♥✲
❉②❡r ❬✺❪ ✇❤♦ ♣r♦✈❡❞ t❤❛t ✭✶✮ ✐s s❛t✐s✜❡❞ ✇❤❡♥ α ❛♥❞ β ❜❡❧♦♥❣ t♦ t❤❡
s❛♠❡ ❝✉❜✐❝ ✜❡❧❞✳ ❚❤✐s r❡s✉❧t ✇❛s s❤❛r♣❡♥❡❞ ❜② P❡❝❦ ❬✶✸❪ ✇❤♦ s❤♦✇❡❞
t❤❛t ✐❢ 1, α, β ❢♦r♠ ❛ ❜❛s✐s ♦❢ ❛ ❝✉❜✐❝ ✜❡❧❞✱ t❤❡♥

lim inf
q→∞

q · log q · ‖qα‖ · ‖qβ‖ < ∞.

❋✉rt❤❡r ❡①❛♠♣❧❡s ♦❢ ♣❛✐rs (α, β) s❛t✐s❢②✐♥❣ ✭✶✮ ❛r❡ ❣✐✈❡♥ ✐♥ ❬✶❪ ❛♥❞ ❬✼❪✳
❉❡s♣✐t❡ s♦♠❡ r❡❝❡♥t ♣r♦❣r❡ss ♦♥ t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s❡t ♦❢
❝♦✉♥t❡r❡①❛♠♣❧❡s ❬✶✹❪✱ ❬✾❪✱ t❤❡ ▲✐tt❧❡✇♦♦❞ ❈♦♥❥❡❝t✉r❡ r❡♠❛✐♥s ❛♥ ♦♣❡♥
♣r♦❜❧❡♠✳

■♥ ✷✵✵✹✱ ❞❡ ▼❛t❤❛♥ ❛♥❞ ❚❡✉❧✐é ❬✽❪ ♣r♦♣♦s❡❞ ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ▲✐t✲
t❧❡✇♦♦❞ ❈♦♥❥❡❝t✉r❡✱ ❝❛❧❧❡❞ ▼✐①❡❞ ▲✐tt❧❡✇♦♦❞ ❈♦♥❥❡❝t✉r❡✱ ✐♥ ✇❤✐❝❤
t❤❡ q✉❛♥t✐t② ‖qβ‖ ✐s r❡♣❧❛❝❡❞ ❜② ❛ ♣s❡✉❞♦✲❛❜s♦❧✉t❡ ✈❛❧✉❡ |q|D✳ ❆
♣s❡✉❞♦✲❛❜s♦❧✉t❡ s❡q✉❡♥❝❡ D ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ✐♥✲
t❡❣❡rs D = (un)n∈N ✇✐t❤ u1 = 1 ❛♥❞ un|un+1 ❢♦r ❛❧❧ n✳ ❚❤❡ ♣s❡✉❞♦✲
❛❜s♦❧✉t❡ ✈❛❧✉❡ |q|D ✐s t❤❡♥ ❞❡✜♥❡❞ ❜②

|q|D = inf {1/un : q ∈ unZ} .

✷✵✶✵ ▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥✳ ✶✶❏✶✸✱✶✶❏✻✶✱✶✶❏✻✽✳
❑❡② ✇♦r❞s ❛♥❞ ♣❤r❛s❡s✳ ▲✐tt❧❡✇♦♦❞ ❈♦♥❥❡❝t✉r❡✱ ❙✐♠✉❧t❛♥❡♦✉s ❉✐♦♣❤❛♥t✐♥❡ ❆♣♣r♦①✲
✐♠❛t✐♦♥✳

✶
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❲❤❡♥ D ✐s t❤❡ s❡q✉❡♥❝❡ (pn)n∈N✱ ✇❤❡r❡ p ✐s ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ t❤❡♥ | · |D
✐s t❤❡ ✉s✉❛❧ p✲❛❞✐❝ ✈❛❧✉❡ | · |p✱ ♥♦r♠❛❧✐s❡❞ s✉❝❤ t❤❛t |p|p = p−1✱ ❛♥❞
❞❡ ▼❛t❤❛♥ ❛♥❞ ❚❡✉❧✐é✬s ❝♦♥❥❡❝t✉r❡ ✐s t❤❡♥ ❦♥♦✇♥ ❛s p✲❛❞✐❝ ▲✐tt❧❡✇♦♦❞
❈♦♥❥❡❝t✉r❡✳

▼✐①❡❞ ▲✐tt❧❡✇♦♦❞ ❈♦♥❥❡❝t✉r❡✳ ❋♦r ❡✈❡r② r❡❛❧ ♥✉♠❜❡r α ❛♥❞ ❡✈❡r②
♣s❡✉❞♦✲❛❜s♦❧✉t❡ s❡q✉❡♥❝❡ D✱ ✇❡ ❤❛✈❡

✭✷✮ inf
q≥1

q · ‖qα‖ · |q|D = 0.

❚❤✐s ❝♦♥❥❡❝t✉r❡ ♦❜✈✐♦✉s❧② ❤♦❧❞s ✇❤❡♥ α ✐s r❛t✐♦♥❛❧ ♦r ❤❛s ✉♥❜♦✉♥❞❡❞
♣❛rt✐❛❧ q✉♦t✐❡♥ts✳ ❚❤✉s ♦♥❡ ♦♥❧② ❤❛s t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ α ✐s ❛
❜❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡ ♥✉♠❜❡r ✭t❤❛t ✐s ✐rr❛t✐♦♥❛❧ α ✇✐t❤ ❜♦✉♥❞❡❞ ♣❛rt✐❛❧
q✉♦t✐❡♥ts✮✳ ❋r♦♠ ❛ ♠❡tr✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ s❡t ♦❢ ❜❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡
♥✉♠❜❡rs ✐s ♠♦❞❡r❛t❡❧② s♠❛❧❧✿ ✐t ❤❛s ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ✵ ❜✉t ❍❛✉s❞♦r✛
❞✐♠❡♥s✐♦♥ ✶✳
■♥ ✷✵✵✼✱ ❊✐♥s✐❡❞❧❡r ❛♥❞ ❑❧❡✐♥❜♦❝❦ ❬✶✵❪ ❡st❛❜❧✐s❤❡❞ t❤❛t✱ ❢♦r ❡✈❡r②

❣✐✈❡♥ ♣r✐♠❡ ♥✉♠❜❡r p✱ t❤❡ s❡t ♦❢ ❝♦✉♥t❡r❡①❛♠♣❧❡s α t♦ t❤❡ p✲❛❞✐❝ ▲✐t✲
t❧❡✇♦♦❞ ❈♦♥❥❡❝t✉r❡ ❤❛s ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ✵✱ s♦ t❤✐s s❡t ✐s ♠✉❝❤
s♠❛❧❧❡r t❤❛♥ t❤❡ s❡t ♦❢ ❛❧❧ ❜❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡ ♥✉♠❜❡rs✳ ■♥ ❛♥ ♦♣♣♦✲
s✐t❡ ❞✐r❡❝t✐♦♥✱ ❇❛❞③✐❛❤✐♥ ❛♥❞ ❱❡❧❛♥✐ ❬✸❪ ♣r♦✈❡❞ t❤❛t✱ ❢♦r ❡✈❡r② ❣✐✈❡♥
♣s❡✉❞♦✲❛❜s♦❧✉t❡ s❡q✉❡♥❝❡ D✱ t❤❡ s❡t ♦❢ r❡❛❧ ♥✉♠❜❡rs α s❛t✐s❢②✐♥❣

✭✸✮ inf
q≤3

q · log q · log log q · ‖qα‖ · |q|D > 0

❤❛s ❢✉❧❧ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥✳
❍♦✇❡✈❡r✱ t❤❡ ✜rst ❝♦♥tr✐❜✉t✐♦♥ t♦ ❞❡ ▼❛t❤❛♥ ❛♥❞ ❚❡✉❧✐é✬s ❝♦♥❥❡❝t✉r❡

❣♦❡s ❜❛❝❦ t♦ t❤❡♠s❡❧✈❡s ✐♥ ❬✽❪✳ ❆ ♥❛t✉r❛❧ ❢❛♠✐❧② ♦❢ ❜❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡
♥✉♠❜❡rs ❛r❡ t❤❡ q✉❛❞r❛t✐❝ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡rs✱ s✐♥❝❡ t❤❡✐r ❝♦♥t✐♥✉❡❞
❢r❛❝t✐♦♥ ❡①♣❛♥s✐♦♥ ✐s ♣❡r✐♦❞✐❝✳ ❯s✐♥❣ ♠❛❝❤✐♥❡r② ❢r♦♠ p✲❛❞✐❝ ❛♥❛❧②s✐s✱
❞❡ ▼❛t❤❛♥ ❛♥❞ ❚❡✉❧✐é ♣r♦✈❡❞ ✭✷✮ ❢♦r ❛♥② s✉❝❤ α ✇❤❡♥ D ✐s ❜♦✉♥❞❡❞
✭✐✳❡✳ t❤❡ r❛t✐♦ ♦❢ t✇♦ ❝♦♥s❡❝✉t✐✈❡ t❡r♠s ♦❢ D ✐s ❜♦✉♥❞❡❞✮✳ ▼♦r❡♦✈❡r✱ ❢♦r
❛♥② q✉❛❞r❛t✐❝ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡r α ❛♥❞ ❛♥② ❜♦✉♥❞❡❞ ♣s❡✉❞♦✲❛❜s♦❧✉t❡
s❡q✉❡♥❝❡ D✱ ❧❡t S ❜❡ t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ❞❡✜♥❡❞ ❜②

✭✹✮ S :=

{

q ∈ N : ‖qα‖ ≪
1

q

}

,

t❤❡② ♣r♦✈❡❞ t❤❡ str♦♥❣❡r st❛t❡♠❡♥t

✭✺✮ lim inf
q∈S

q · log q · ‖qα‖ · |q|D < ∞.

▲❛t❡r✱ ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ ❛s ✭✸✮✱ ❞❡ ▼❛t❤❛♥ ❬✼❪ s❤♦✇❡❞ t❤❛t t❤✐s
r❡s✉❧t ❝❛♥ ♥♦t ❜❡ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡❞✿ ❢♦r ❛♥② q✉❛❞r❛t✐❝ ✐rr❛t✐♦♥❛❧
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♥✉♠❜❡r α t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t λ ✭❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α✮ s✉❝❤
t❤❛t

✭✻✮ lim inf
q∈S

q · (log q)λ · ‖qα‖ · |q|D > 0,

✇❤❡r❡ t❤❡ s❡t S ✐s ❞❡✜♥❡❞ ❜② ✭✹✮✳ ❚❤❡ ❝♦♠♠♦♥ ❜❡❧✐❡❢ ✐s t❤❛t ✭✻✮ ❤♦❧❞s
❢♦r ❛♥② λ ≥ 1✱ ❛❧s♦ ✇❤❡♥ t❤❡ lim inf ✐s t❛❦❡♥ ♦✈❡r t❤❡ s❡t q ∈ N ♦❢ ❛❧❧
♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✱ ❛♥❞ ♥♦t ♦♥❧② ♦♥ t❤❡ s❡t q ∈ S✳

■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r♦✈❡ ✭✺✮ ❢♦r ❛♥② ♣s❡✉❞♦✲❛❜s♦❧✉t❡ s❡q✉❡♥❝❡ D s❛t✲
✐s❢②✐♥❣ t❤❛t t❤❡ ♣r✐♠❡ ❞✐✈✐s♦rs ♦❢ ✐ts t❡r♠s ❛r❡ ❛❧❧ ✐♥ ❛♥ ❛r❜✐tr❛r② ✜①❡❞
✜♥✐t❡ s❡t M ✳ ❖✉r ♠❛✐♥ t♦♦❧ ✐s ❛ r❡❝❡♥t r❡s✉❧t ❜② ❆❦❛ ❛♥❞ ❙❤❛♣✐r❛ ❬✷❪
♦♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ❡①♣❛♥s✐♦♥s ♦❢ tα✱ ✇❤❡r❡ α ✐s
❛ ✜①❡❞ q✉❛❞r❛t✐❝ ✐rr❛t✐♦♥❛❧✐t② ❛♥❞ t ❜❡❧♦♥❣s t♦ t❤❡ ❣r♦✉♣ ♦❢ M ✲✉♥✐ts
O×

M ❢♦r ❛ ✜①❡❞ ✜♥✐t❡ s❡t ♦❢ ♣r✐♠❡s M ✳ ❚❤✐s r❡s✉❧t ❛❧❧♦✇s ✉s t♦ ❡st✐♠❛t❡
❛❝❝✉r❛t❡❧② t❤❡ ❣❡♦♠❡tr✐❝ ♠❡❛♥ ♦❢ t❤❡ ♣❛rt✐❛❧ q✉♦t✐❡♥ts ✐♥ t❤❡ ♣❡r✐♦❞
♦❢ tα ✐♥ t❡r♠s ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♣❡r✐♦❞ ❛♥❞ ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣
♦♥❧② ♦♥ α ❛♥❞ t❤❡ s❡t ♦❢ ♣r✐♠❡ ❞✐✈✐s♦rs ♦❢ t✳ ❚❤❡♥ ✇❡ ✜♥❞✱ ✇❤❡♥ α ✐s
❛ q✉❛❞r❛t✐❝ ✐rr❛t✐♦♥❛❧✐t②✱ ❛♥ ❡①♣❧✐❝✐t s✉❜s❡t S ′ ♦❢ ❞❡ ▼❛t❤❛♥✬s s❡t S ❢♦r
✇❤✐❝❤ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t c s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ q ∈ S ′✱ ✇❡
❤❛✈❡

✭✼✮ q · log q · ‖qα‖ · |q|D ≤ c.

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ r❡❛❞❡r ✐s ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ❢r♦♠
t❤❡ t❤❡♦r② ♦❢ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥s✶✳

✷✳ ▼❛✐♥ r❡s✉❧t ❛♥❞ ♣r♦♦❢s

❚❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r α ❞❡♥♦t❡s ❛ q✉❛❞r❛t✐❝ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡r ✭s♦
t❤❡ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ❡①♣❛♥s✐♦♥ ♦❢ α ✐s ♣❡r✐♦❞✐❝✮ ❛♥❞ D = (un)n∈N
❞❡♥♦t❡s ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs s✉❝❤ t❤❛t u1 = 1 ❛♥❞ un|un+1

❢♦r ❛❧❧ n ∈ N✳ ❋♦r n ≥ 0✱ ✇❡ ❞❡♥♦t❡ ❜② l(n) t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♣❡r✐♦❞

♦❢ t❤❡ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ❡①♣❛♥s✐♦♥ ♦❢ unα✱ ❜② a
(n)
k t❤❡ k✲t❤ ♣❛rt✐❛❧

q✉♦t✐❡♥t ♦❢ t❤✐s ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥✱ ❛♥❞ ❜② r
(n)
k t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡

k✲t❤ ❝♦♥✈❡r❣❡♥t ♦❢ unα✳ ❲❡ ❞❡♥♦t❡ ❜② cα ∈ (0, 1) ❛ ▼❛r❦♦✈ ❝♦♥st❛♥t
♦❢ α✱ s♦

inf
q≥1

q · ‖qα‖ ≥ cα.

❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❞✐t✐♦♥❛❧ ❤②♣♦t❤❡s✐s ♦♥ t❤❡ s❡q✉❡♥❝❡D = (un)n∈N✳

❍②♣♦t❤❡s✐s ✶✳ ❆ss✉♠❡ t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ s❡t ♦❢ ♣r✐♠❡s M s✉❝❤ t❤❛t
❢♦r ❛❧❧ n ∈ N✱ ✇❡ ❤❛✈❡ un =

∏

p∈M pmp✱ ✇✐t❤ mp ≥ 0 ✭✐♥ ♦t❤❡r t❡r♠s✱

❛❧❧ t❤❡ ✐♥t❡❣❡rs un ❜❡❧♦♥❣ t♦ t❤❡ ❣r♦✉♣ ♦❢ M✲✉♥✐ts O×
M✮✳

✶❲✐❧❧ t❤❡ r❡❛❞❡r ♥❡❡❞ ❛ r❡❢❡r❡♥❝❡ ♦♥ t❤✐s s✉❜❥❡❝t✱ ✇❡ r❡❝♦♠♠❡♥❞ ❤✐♠ ❬✹❪✳
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❲❡ ❞❡✜♥❡ t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs

✭✽✮ S ′ =
{

q ∈ N : ∃n ≥ 0 | q = unr
(n)

l(n)−1

}

.

❋♦r t❤✐s ❝♦♥❝r❡t❡ s❡t S ′ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✷✳✶✳ ❆ss✉♠❡ ❍②♣♦t❤❡s✐s ✶✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② q✉❛❞r❛t✐❝ ✐rr❛✲
t✐♦♥❛❧ ♥✉♠❜❡r α t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c > 0 s✉❝❤ t❤❛t

✭✾✮ q · log q · ‖qα‖ · |q|D ≤ c

❢♦r ❛❧❧ q ∈ S ′✳ ■♥ ♣❛rt✐❝✉❧❛r✱

✭✶✵✮ lim inf
q∈S′

q · log q · ‖qα‖ · |q|D < ∞.

❘❡♠❛r❦ ✷✳✷✳ ❚❤❡ ❝♦♥st❛♥t c ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✷✳✶ ❞❡♣❡♥❞s
♦♥ t❤❡ s❡q✉❡♥❝❡ D✳ ■♥ ❢❛❝t✱ ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ♣r♦♦❢ t❤❛t t❤✐s ❝♦♥st❛♥t
❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ✜♥✐t❡ s❡t ♦❢ ♣r✐♠❡s M ❢r♦♠ ❍②♣♦t❤❡s✐s ✶ r❛t❤❡r
t❤❛♥ ♦♥ t❤❡ s❡q✉❡♥❝❡ D ✐ts❡❧❢✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷✳✶✱ ✇❡ ♥❡❡❞ s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡
❣r♦✇t❤ ♦❢ t❤❡ ♣❛rt✐❛❧ q✉♦t✐❡♥ts ✐♥ t❤❡ ♣❡r✐♦❞ ♦❢ unα✳ ❆❧❧ t❤❡ r❡s✉❧ts ✇❡
♥❡❡❞ ❛r❡ st❛t❡❞ ✐♥ ▲❡♠♠❛ ✷✳✸ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✺✳
■♥ ▲❡♠♠❛ ✷✳✸ ✇❡ st✉❞② t❤❡ ♣❛rt✐❛❧ q✉♦t✐❡♥ts ♦❢ tα✱ ❢♦r t ∈ N✳ ❲❡

♣r♦✈✐❞❡ ❛ ✉♥✐❢♦r♠ ✉♣♣❡r ❜♦✉♥❞ ❢♦r ❛❧❧ ♦❢ t❤❡♠ ❛♥❞ ❛ ❧♦✇❡r ❜♦✉♥❞
❢♦r t❤❡ ❧❛st ♣❛rt✐❛❧ q✉♦t✐❡♥t ✐♥ t❤❡ ♣❡r✐♦❞ ♦❢ t❤❡ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥
❡①♣❛♥s✐♦♥ ♦❢ tα✳ ❚❤✐s ❧♦✇❡r ❜♦✉♥❞ ❛❣r❡❡s ✇✐t❤ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✉♣ t♦
❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ t✱ s♦ t❤❡ ✉♥✐❢♦r♠ ✉♣♣❡r ❜♦✉♥❞
✐♥ ▲❡♠♠❛ ✷✳✸ ✐s t❤❡ ❜❡st ♣♦ss✐❜❧❡ ✉♣ t♦ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t ✇❤✐❝❤
♦♥❧② ❞❡♣❡♥❞s ♦♥ α✳
❍♦✇❡✈❡r✱ Pr♦♣♦s✐t✐♦♥ ✷✳✺ ❡♥s✉r❡s t❤❛t✱ ✉♥❞❡r ❍②♣♦t❤❡s✐s ✶✱ ♠♦st

♦❢ t❤❡ ♣❛rt✐❛❧ q✉♦t✐❡♥ts ♦❢ unα ❛r❡ ❛❝t✉❛❧❧② ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡
✉♥✐❢♦r♠ ✉♣♣❡r ❜♦✉♥❞ ❢r♦♠ ▲❡♠♠❛ ✷✳✸ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ α ❛♥❞ n✳
■♥❞❡❡❞✱ ✇❡ s❤♦✇ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✺ t❤❛t t❤❡ ❣❡♦♠❡tr✐❝ ♠❡❛♥ ♦❢ t❤❡
♣❛rt✐❛❧ q✉♦t✐❡♥ts ✐♥ t❤❡ ♣❡r✐♦❞ ♦❢ unα ✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② ❛♥ ❛❜s♦❧✉t❡
❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✳
❚❤✐s ♣r♦♣♦s✐t✐♦♥ ✐s ❛♥❛❧♦❣✉♦✉s t♦ ❛ r❡s✉❧t ♦❢ ❑❤✐♥t❝❤✐♥❡✱ ✇❤✐❝❤ st❛t❡s

t❤❛t✱ ❢♦r ❛♥② s✉❜s❡t X ♦❢ R ✇✐t❤ ❢✉❧❧ ♠❡❛s✉r❡✱ t❤❡ ❣❡♦♠❡tr✐❝ ♠❡❛♥ ♦❢
t❤❡ ✜rst N ♣❛rt✐❛❧ q✉♦t✐❡♥ts ♦❢ ❛♥② x ∈ X ❝♦♥✈❡r❣❡s t♦ ❛ ❝♦♥st❛♥t γ
✐♥❞❡♣❡♥❞❡♥t ♦❢ x ❛s N → ∞✳ ❚❤❡ ❝♦♥st❛♥t γ ✇❛s ❝❛❧❝✉❧❛t❡❞ ❧❛t❡r ❜②
▲é✈② ❬✶✷❪✳
Pr♦♣♦s✐t✐♦♥ ✷✳✺ ❢♦❧❧♦✇s ❢r♦♠ ❛ r❡❝❡♥t r❡s✉❧t ♦❢ ❆❦❛ ❛♥❞ ❙❤❛♣✐r❛ ❬✷❪

✇❤✐❝❤✱ ✐♥❢♦r♠❛❧❧② s♣❡❛❦✐♥❣✱ s❤♦✇s t❤❛t ✉♥❞❡r ❍②♣♦t❤❡s✐s ✶ t❤❡ ❝♦♥✲
t✐♥✉❡❞ ❢r❛❝t✐♦♥s ♦❢ t❤❡ ♥✉♠❜❡rs unα✱ ✇❤❡r❡ α ✐s ✜①❡❞✱ ❜❡❤❛✈❡ ❧✐❦❡ ❛
❣❡♥❡r✐❝ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ❛s n t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡
r❡s✉❧ts ❛❜♦✉t st❛t✐st✐❝s ♦❢ t❤❡ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥s ♦❢ ❡❧❡♠❡♥ts ✐♥ ❛ s❡t ♦❢
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❢✉❧❧ ♠❡❛s✉r❡ ✭❧✐❦❡ ❑❤✐♥t❝❤✐♥❡✬s✮ s❤♦✉❧❞ ❤❛✈❡ t❤❡✐r ❛♥❛❧♦❣✉❡s ✇❤❡♥ ✇❡
❝♦♥s✐❞❡r t❤❡ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥s ♦❢ t❤❡ ♥✉♠❜❡rs unα✱ ✇✐t❤ ✜①❡❞ α ❛♥❞
n ∈ N s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ❆❦❛ ❛♥❞ ❙❤❛♣✐r❛ ❣✐✈❡ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡
♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥s ♦❢ unα t♦✇❛r❞ t❤❡ ✏❛✈❡r✲
❛❣❡✑ ❜❡❤❛✈✐♦✉r ❛s n → ∞✱ ❛s ✇❡❧❧ ❛s ❛♥ ❡rr♦r t❡r♠ ✇❤✐❝❤ ♣r❡✈❡♥ts ✉s
❢r♦♠ tr❛♥s❢❡rr✐♥❣ ❑❤✐♥t❝❤✐♥❡✲▲é✈②✬s r❡s✉❧t ✐♥ ✐ts ❡①❛❝t ❢♦r♠ ✭t❤❡ ❡rr♦r
t❡r♠ ❧❡❛❞s ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✺ t♦ ❛ ❝♦♥st❛♥t κ✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❛♣♣❡❛r
✐♥ ❑❤✐♥t❝❤✐♥❡✲▲é✈②✬s r❡s✉❧t✮✳

▲❡♠♠❛ ✷✳✸✳ ▲❡t α ❜❡ ❛ q✉❛❞r❛t✐❝ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡r ❛♥❞ ❧❡t t ≥ 2 ❜❡
❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥

✭✐✮ t❤❡ ♣❛rt✐❛❧ q✉♦t✐❡♥ts ♦❢ tα ❛r❡ ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜②
t

cα
✱

✭✐✐✮ t❤❡ ❧❛st ♣❛rt✐❛❧ q✉♦t✐❡♥t ♦❢ t❤❡ ♣❡r✐♦❞ ♦❢ tα ✐s ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❜②
⌊tα⌋✳

Pr♦♦❢✳ ❋r♦♠ t❤❡ t❤❡♦r② ♦❢ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥s✱ ✇❡ ❤❛✈❡

✭✶✶✮ r
(1)
k ‖r

(1)
k tα‖ <

1

a
(1)
k+1

(k ≥ 0).

▼✉❧t✐♣❧②✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ❜② t ✇❡ ♦❜t❛✐♥

✭✶✷✮ cα < t r
(1)
k ‖r

(1)
k tα‖ <

t

a
(1)
k+1

(k ≥ 0),

✇❤✐❝❤ ♣r♦✈❡s ✭✐✮✳
■♥ ♦r❞❡r t♦ s❤♦✇ ✭✐✐✮✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥

❡①♣❛♥s✐♦♥ ♦❢ α ✐s ♣✉r❡❧② ♣❡r✐♦❞✐❝✱ ✐✳❡✳ α > 1 ❛♥❞ ✐ts ●❛❧♦✐s ❝♦♥❥✉❣❛t❡
α ❜❡❧♦♥❣s t♦ t❤❡ ✐♥t❡r✈❛❧ (−1, 0)✳ ❚❤❡r❡❢♦r❡ t❤❡ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥
❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r β = tα−⌈tα⌉ t❤❛t ✇❡ ❞❡♥♦t❡ ❜② [b0, b1 . . . , bs]
✐s ❛❧s♦ ♣✉r❡❧② ♣❡r✐♦❞✐❝✱ ❛♥❞ ✇❡ ❤❛✈❡

✭✶✸✮ tα = β + ⌈tα⌉ = [b0 + ⌈tα⌉, b1, . . . , bs, b0]

✇✐t❤ b0 = ⌊β⌋ ≥ ⌊tα⌋✳

�

❘❡♠❛r❦ ✷✳✹✳ ❚❤❡ ▼✐①❡❞ ▲✐tt❧❡✇♦♦❞ ❈♦♥❥❡❝t✉r❡ ❢♦r q✉❛❞r❛t✐❝ ✐rr❛✲
t✐♦♥❛❧s ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ▲❡♠♠❛ ✷✳✸✳ ■♥❞❡❡❞✱ ✐❢ ❛ q✉❛❞r❛t✐❝ ✐rr❛✲
t✐♦♥❛❧ ♥✉♠❜❡r α ✐s ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ t♦ t❤❡ ❝♦♥❥❡❝t✉r❡✱ t❤❡♥ ❛❧❧ t❤❡
♣❛rt✐❛❧ q✉♦t✐❡♥ts ♦❢ {unα}n∈N ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✭✐✳❡ ❜♦✉♥❞❡❞ ❢r♦♠
❛❜♦✈❡ ❜② ❛ ❝♦♥st❛♥t ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ n✮✳ ❇② ▲❡♠♠❛ ✷✳✸ ✭✐✐✮✱ s✉❝❤ ❛
s✐t✉❛t✐♦♥ ✐s ♥♦t ♣♦ss✐❜❧❡✳

■♥ t❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ t❤❡r❡ ❛♣♣❡❛rs ❛♥ ❡①✲
♣♦♥❡♥t δ0✱ ✇❤✐❝❤ ❡①❛❝t ✈❛❧✉❡ ✐s ♥♦t ❦♥♦✇♥ ✭❛❧t❤♦✉❣❤ ❛❝❝♦r❞✐♥❣ t♦ t❤❡
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❘❛♠❛♥✉❥❛♥ ❝♦♥❥❡❝t✉r❡ δ0 = 1
2
✮✳ ❚❤✐s ❝♦♥st❛♥t ❝♦♠❡s ❢r♦♠ ❬✷❪ ❛♥❞✱ ❛s

✐t ✐s ♠❡♥t✐♦♥❡❞ t❤❡r❡✱ t❤❡ ❜❡st r❡s✉❧ts ✉♣ t♦ t❤❡ ❞❛t❡ ❛r❡ 25
64

≤ δ0 ≤
1
2
✳

Pr♦♣♦s✐t✐♦♥ ✷✳✺✳ ▲❡t α ❜❡ ❛ q✉❛❞r❛t✐❝ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡r✱ D = (un)n∈N
❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥t❡❣❡rs s❛t✐s❢②✐♥❣ ❍②♣♦t❤❡s✐s ✶✳ ❋✐① ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡
✐♥❞❡① n ∈ N✱ ♠♦r❡ ♣r❡❝✐s❡❧② s❛t✐s❢②✐♥❣ un > c−1

α ✳ ❉❡♥♦t❡ ❜② l = l(n) t❤❡
❧❡♥❣t❤ ♦❢ t❤❡ ♣❡r✐♦❞ ♦❢ unα ❛♥❞ ❜② b1, . . . , bl t❤❡ ♣❛rt✐❛❧ q✉♦t✐❡♥ts ✐♥ t❤❡
♣❡r✐♦❞ ♦❢ unα✳ ❲❡ ❤❛✈❡

✭✶✹✮

(

l
∏

i=1

bi

)

≤ eκ(γ+δ)l,

✇❤❡r❡ γ := π2

12 log(2)
✐s ❛ s♦ ❝❛❧❧❡❞ ▲é✈②✬s ❝♦♥st❛♥t✱ κ = 24

δ0
❛♥❞ δ =̇ u

−δ0/24
n

✭t❤❡ s②♠❜♦❧ =̇ ♠❡❛♥s ❡q✉❛❧ ✉♣ t♦ ❛ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✮✳ ▼♦r❡✲
♦✈❡r✱

✭✶✺✮ e(γ−δ)l ≤

(

l
∏

i=1

(bi + 1)

)

≤ 2leκ(γ+δ)l.

Pr♦♦❢✳ ▲❡t x1 = [0, b1, . . . , bl] ❛♥❞ ❢♦r 2 ≤ i ≤ l✱ ❧❡t xi := [0, bi, . . . , bl, . . . , bi−1]
❜❡ t❤❡ (i− 1)✲s❤✐❢t ♦❢ x1✳

❉❡✜♥❡ f : (0, 1) → R ❜②

f(x) =

{

log(un)δ0/12 ✐❢ x ∈ (0, u
−δ0/12
n )

− log(x) ✐❢ x ∈ [u
−δ0/12
n , 1).

◆♦t❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ f(x) ✐s u
δ0/12
n ✲▲✐♣s❝❤✐t③ ❛♥❞ s❛t✐s✜❡s ‖f‖∞ =

log(un)δ0/12✳ ❚❤❡♦r❡♠ ✷✳✽ ❢r♦♠ ❬✷❪ ❛♣♣❧✐❡❞ ✇✐t❤ ǫ = δ0
24

❛♥❞ q = un

✭❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❍②♣♦t❤❡s✐s ✶✮ ❣✉❛r❛♥t❡❡s t❤❛t

✭✶✻✮

∣

∣

∣

∣

∣

∫ 1

0

fdνGauss −
1

l

l
∑

i=1

f(xi)

∣

∣

∣

∣

∣

≪α,S,δ0 u−δ0/24
n ,

✇❤❡r❡ νGauss ❞❡♥♦t❡s t❤❡ ●❛✉ss✲❑✉③♠✐♥ ♠❡❛s✉r❡ ♦♥ t❤❡ ✉♥✐t ✐♥t❡r✈❛❧
[0, 1]✱ t❤❛t ✐s ❛ ♠❡❛s✉r❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ νLebesgue
✇✐t❤ t❤❡ r❡❧❛t✐✈❡ ❞❡♥s✐t② dνGauss =

1
log(2)(1+x)

dνLebesgue✳

❚❤❡ ✐♥t❡❣r❛❧ ✐♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✻✮ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ✉s✐♥❣ t❤❡
❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t②✿
✭✶✼✮
∣

∣

∣

∣

∫ 1

0

f(x)dνGauss

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∫ 1

0

− log(x)dνGauss +

∫ u
−

δ0
12

n

0

( log(un)δ0
12

+ log(x)
)

dνGauss

∣

∣

∣

∣

∣

∣

.
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■♥❞❡❡❞✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞

✭✶✽✮

∣

∣

∣

∣

∫ 1

0

log(x)dνGauss

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ 1

0

log(x)

log(2)(1 + x)
dνLebesgue

∣

∣

∣

∣

=

∣

∣

∣

∣

Li2(−1)

log(2)

∣

∣

∣

∣

=
π2

12 log(2)
≈ 1.18567,

✇❤❡r❡ νLebesgue ❞❡♥♦t❡s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥R ❛♥❞ Li2(z) =
∑∞

k=1
zk

k2

✐s ❛ s♦ ❝❛❧❧❡❞ ❞✐❧♦❣❛r✐t❤♠ ❢✉♥❝t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

✭✶✾✮

∣

∣

∣

∣

∣

∣

∫ u
−

δ0
12

n

0

( log(un)δ0
12

+ log(x)
)

dνGauss

∣

∣

∣

∣

∣

∣

≤
u
−

δ0
12

n

log(2)
.

❚❤✉s ✭✶✻✮ ✐♠♣❧✐❡s

✭✷✵✮ γ − δ ≤
1

l

l
∑

i=1

f(xi) ≤ γ + δ,

✇❤❡r❡ γ = π2

12 log(2)
❛♥❞ δ =̇ u

−δ0/24
n ✳

❙✐♥❝❡

f(xi) = min (− log(xi), log(un)δ0/12) = min

(

log
( 1

xi

)

, log(un)δ0/12

)

❛♥❞ 1
xi

< bi + 1✱ ✇❡ ❤❛✈❡ t❤❛t f(xi) ≤ log(bi + 1)✳ ❚❤✉s ✇❡ ✐♥❢❡r t❤❡

❧♦✇❡r ❜♦✉♥❞ ✭✶✺✮ ❢r♦♠ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✐♥ ✭✷✵✮✳
❚♦ ♦❜t❛✐♥ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✭✶✺✮✱ ✇❡ s♣❧✐t t❤❡ ❛r❣✉♠❡♥t ✐♥ t✇♦ ❝❛s❡s✱

❛❝❝♦r❞✐♥❣ t♦ t❤❡ t✇♦ ❝❛s❡s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ f(x)✳ ❙✐♥❝❡ bi <
1
xi
✱ ✐❢

xi ∈ [u
−δ0/12
n , 1)✱ ✇❡ ❤❛✈❡

✭✷✶✮ log(bi) < f(xi)

✭❜❡❝❛✉s❡ ✐♥ t❤✐s ❝❛s❡ f(xi) = − log(xi)✮✳

■♥ t❤❡ ❝♦♠♣❧✐♠❡♥t❛r② ❝❛s❡✱ ✇❤❡♥ xi ∈ (0, u
−δ0/12
n )✱ ▲❡♠♠❛ ✷✳✸ ✭✐✮

❣✐✈❡s

bi ≤
un

cα
,

❤❡♥❝❡

✭✷✷✮ log(bi) <
12

δ0
f(xi)− log(cα) <

24

δ0
f(xi)

✭❜❡❝❛✉s❡ un > c−1
α ✮✳

❲❡ ❞❡❞✉❝❡ ✭✶✹✮ ✇✐t❤ κ = 24
δ0

❢r♦♠ ✭✷✶✮✱ ✭✷✷✮ ❛♥❞ t❤❡ ✉♣♣❡r ❜♦✉♥❞

✐♥ ✭✷✵✮✳

�
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Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳ ▲❡t α ❜❡ ❛ q✉❛❞r❛t✐❝ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡r
❛♥❞ D = (un)n∈N ❛ s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣ ❍②♣♦t❤❡s✐s ✶✳ ❘❡❝❛❧❧ t❤❛t ✇❡
✇❛♥t t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts c > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ q ∈ S ′✱ ✇❤❡r❡ S ′

✐s ❞❡✜♥❡❞ ❜② ✭✽✮✱

✭✷✸✮ q · log q · ‖qα‖ · |q|D ≤ c.

❚❤❡ ✐♥❡q✉❛❧✐t② ✭✷✸✮ ✇✐❧❧ ❢♦❧❧♦✇ ❢r♦♠ t❤❡ str♦♥❣❡r ❛s②♠♣t♦t✐❝ ❡q✉❛❧✐t②

✭✷✹✮ r
(n)

l(n)−1
·
(

log(r
(n)

l(n)−1
) + log(un)

)

· ‖r
(n)

l(n)−1
unα‖ ≍ 1.

❏✉st ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ S ′✱ ✐t ✐s ❝❧❡❛r t❤❛t ✭✷✹✮ ✐♠♣❧✐❡s ✭✷✸✮✳ ■♥ t❤❡
r❡st ♦❢ t❤❡ ♣r♦♦❢ ✇❡ ❢♦❝✉s ♦♥ ♣r♦✈✐♥❣ ✭✷✹✮✳
❲❡ ❝❛♥ ❛ss✉♠❡✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ t❤❛t t❤❡ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥

♦❢ α ✐s ♣✉r❡❧② ♣❡r✐♦❞✐❝✱ ✐✳❡✳ α > 1 ❛♥❞ ✐ts ●❛❧♦✐s ❝♦♥❥✉❣❛t❡ α ❜❡❧♦♥❣s
t♦ t❤❡ ✐♥t❡r✈❛❧ (−1, 0)✳ ❚❤✉s t❤❡ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ❡①♣❛♥s✐♦♥ ♦❢ unα
✐s ❛❧♠♦st ♣✉r❡❧② ♣❡r✐♦❞✐❝✿

unα = [a
(n)
0 , a

(n)
1 , . . . , a

(n)

l(n) ].

❋r♦♠ t❤❡ t❤❡♦r② ♦❢ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥s✱ ✇❡ ❤❛✈❡

✭✷✺✮ r
(n)

l(n)−1
‖r

(n)

l(n)−1
unα‖ ≍

1

a
(n)

l(n)

,

s♦✱ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✷✹✮✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇

✭✷✻✮ log(r
(n)

l(n)−1
) + log(un) ≍ a

(n)

l(n) .

❚♦ t❤✐s ❡♥❞✱ ♥♦t❡ t❤❛t ❢r♦♠ t❤❡ r❡❝✉rr❡♥❝❡ s❛t✐s✜❡❞ ❜② t❤❡ ❞❡♥♦♠✐♥❛t♦rs
♦❢ t❤❡ ❝♦♥✈❡r❣❡♥ts ♦❢ unα✱

✭✷✼✮ r
(n)
0 = 1, r

(n)
1 = a

(n)
1 , r

(n)
k = a

(n)
k r

(n)
k−1+r

(n)
k−2 (k ≥ 2),

✇❡ ❞❡❞✉❝❡ t❤❛t

✭✷✽✮ r
(n)
k ≤ (a

(n)
k + 1)r

(n)
k−1

❢♦r ❛❧❧ k ∈ N✳
❆♣♣❧②✐♥❣ ✭✷✽✮ r❡❝✉rs✐✈❡❧② ❢♦r k = 1, . . . , l(n) − 1 ✇❡ ✜♥❞

r
(n)

l(n)−1
≤

l(n)−1
∏

k=0

(a
(n)
k + 1)

❛♥❞ s♦✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✺✱ ✇❡ ❤❛✈❡

✭✷✾✮ log(r
(n)

l(n)−1
) ≪α l(n).
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❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ r❡❝✉rr❡♥❝❡ ✭✷✼✮ ✇✐t❤ t❤❡ ❋✐✲
❜♦♥❛❝❝✐ s❡r✐❡s ✭❣✐✈✐♥❣ t❤❡ ❞❡♥♦♠✐♥❛t♦rs ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥ts ♦❢ t❤❡ ❣♦❧❞❡♥
r❛t✐♦ [1]✮✱ ✇❡ ❤❛✈❡

✭✸✵✮ log(r
(n)

l(n)−1
) ≫ l(n).

❚❤❡ ✐♥❡q✉❛❧✐t✐❡s ✭✷✾✮ ❛♥❞ ✭✸✵✮ ♣r♦✈❡

✭✸✶✮ log(r
(n)

l(n)−1
) ≍ l(n).

■♥ ❬✷❪✱ ❚❤❡♦r❡♠ ✷✳✶✷ ✭✶✮✱ ❆❦❛ ❛♥❞ ❙❤❛♣✐r❛ s❤♦✇ t❤❛t l(n) ≍ un✳ ❚❤❡♥✱
❛♣♣❧②✐♥❣ t❤✐s r❡s✉❧t t♦ ✭✸✶✮ ✇❡ ♦❜t❛✐♥

✭✸✷✮ log(r
(n)

l(n)−1
) ≍ un.

❇② ❛ tr✐✈✐❛❧ ❛s②♠♣t♦t✐❝ ❝♦♠♣❛r✐s♦♥ ✇❡ ✐♥❢❡r ❢r♦♠ ✭✸✷✮

log(r
(n)

l(n)−1
) + log(un) ≍ un.

❋✐♥❛❧❧②✱ ❜② ▲❡♠♠❛ ✷✳✸ ✇❡ ❤❛✈❡ un ≍ a
(n)

l(n) ✱ t❤✉s

log(r
(n)

l(n)−1
) + log(un) ≍ a

(n)

l(n) .

❚❤✐s ❡st❛❜❧✐s❤❡s ✭✷✻✮ ❛♥❞ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✳

�
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