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❬✷✱ ✸❪✳ ■♥ t❤❡s❡ ❝♦♠♣♦✉♥❞s✱ t❤❡ ❞♦✉❜❧❡ ❡①❝❤❛♥❣❡ ♠❡❝❤❛♥✐s♠ ❡①♣❧❛✐♥s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❢❡rr♦✲

♠❛❣♥❡t✐s♠ ❛♥❞ ♠❡t❛❧❧✐❝ ❜❡❤❛✈✐♦r ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡s✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞♦✉❜❧❡ ❡①❝❤❛♥❣❡

♠♦❞❡❧✱ t❤❡ ❡❧❡❝tr♦♥s ❝❛♥ ♠♦✈❡ ❜❡t✇❡❡♥ t❤❡ ♠❛♥❣❛♥❡s❡ ✐♦♥s ✉s✐♥❣ ♦①②❣❡♥✱ ✇❤✐❝❤ ✐s ♣❛r❛♠❛❣✲

♥❡t✐❝✱ ❛s ❛♥ ✐♥t❡r♠❡❞✐❛r②✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ t✉♥♥❡❧✐♥❣ t❛❦❡s ♣❧❛❝❡ ❜❡t✇❡❡♥ t✇♦ ♠❛♥❣❛♥❡s❡

✐♦♥s ✇✐t❤ ❞✐✛❡r❡♥t ❝❤❛r❣❡✱ t❤✉s ✐♥t❡r❝❤❛♥❣✐♥❣ t❤❡✐r ✈❛❧❡♥❝❡ st❛t❡s ✭▼♥3+ − ❖ − ▼♥4+ →

▼♥4+−❖−▼♥3+✮✳ ❲❤❡♥ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ❧❛♥t❤❛♥✉♠ x ✐s ❝❧♦s❡ t♦ 1/3 t❤❡r❡ ✐s ❛ ♠❛①✐♠✉♠

✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ▼♥3+ ✐♦♥s ✇✐t❤ ♦♥❡ ▼♥4+ ♥❡❛r ♥❡✐❣❤❜♦r✱ t❤❡r❡❜② ♠❛①✐♠✐③✐♥❣ t❤❡ ♥✉♠❜❡r

♦❢ ❞♦✉❜❧❡ ❡①❝❤❛♥❣❡ ✐♥t❡r❛❝t✐♦♥s✳ ❚❤✐s ✐s ✇❤② ▲❛2/3❈❛1/3▼♥❖3 ❤❛s t❤❡ ❤✐❣❤❡st ❈✉r✐❡ t❡♠✲

♣❡r❛t✉r❡ ❛♥❞ t❤❡ ❜❡st ❝♦♥❞✉❝t✐✈✐t② ✐♥ t❤✐s ❢❛♠✐❧②❀ ♣r♦♣❡rt✐❡s ✇❤✐❝❤ ❥✉st✐❢② s♣❡❝✐❛❧ ❛tt❡♥t✐♦♥

❢r♦♠ t❤❡ s❝✐❡♥t✐✜❝ ❝♦♠♠✉♥✐t② ❬✹❪✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ ❛♥② ♠❛t❡r✐❛❧✱ t❤❡ s✉r❢❛❝❡ ♣r♦♣❡rt✐❡s ❛r❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤♦s❡ ✐♥ t❤❡

❜✉❧❦✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛ ♠❛t❡r✐❛❧ ❝❛♥ ❜❡ ♠♦❞✐✜❡❞ s✐❣♥✐✜❝❛♥t❧② ✇❤❡♥ t❤❡ r❡❧❛t✐✈❡

❛♠♦✉♥t ♦❢ ❛t♦♠s ✐♥ t❤❡ s✉r❢❛❝❡ ✐s ❤✐❣❤❀ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ❛r❡ ♥♦t ❛♥ ❡①❝❡♣t✐♦♥✳ ❙✉r❢❛❝❡

❡✛❡❝ts ❛r❡ ❝♦♠♠♦♥❧② ❧✐♥❦❡❞ t♦ t❤❡ ❧♦✇❡r ❝♦♦r❞✐♥❛t✐♦♥ ♥✉♠❜❡r ♦❢ t❤❡ s✉r❢❛❝❡ ❛t♦♠s ❛s ✇❡❧❧ ❛s

t❤❡ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣②✱ ✇❤✐❝❤ ❛r✐s❡s ❢r♦♠ t❤❡ ❜r♦❦❡♥ s②♠♠❡tr② ✐♥ t❤❡ s✉r❢❛❝❡✱ s✉r❢❛❝❡✲❝♦r❡

str❛✐♥s ❛♥❞ ♠❛❣♥❡t♦str✐❝t✐♦♥ ❬✺❪✳ ❆❝❝♦r❞✐♥❣❧②✱ s✉r❢❛❝❡ ❡✛❡❝ts ❜❡❝♦♠❡ ♠♦r❡ ✐♠♣♦rt❛♥t ✇❤❡♥

t❤❡ ♣❛rt✐❝❧❡ s✐③❡ ❞❡❝r❡❛s❡s✱ s♣❡❝✐❛❧❧② ✇❤❡♥ r❡❛❝❤✐♥❣ t❤❡ ♥❛♥♦♠❡tr✐❝ s❝❛❧❡ ✇❤❡r❡ t❤❡ r❛t✐♦ ♦❢ t❤❡

♥✉♠❜❡r ♦❢ ❛t♦♠s ✐♥ t❤❡ s✉r❢❛❝❡ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❛t♦♠s ✐♥ t❤❡ ❝♦r❡ ✐♥❝r❡❛s❡s ❞r❛♠❛t✐❝❛❧❧②✳

❚❤❡r❡❢♦r❡✱ ♥❛♥♦♠❡tr✐❝ s❝❛❧❡ s②st❡♠s ❤❛✈❡ ♣♦t❡♥t✐❛❧ ❢♦r ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ♠❛❣♥❡t✐❝ ♠❡♠♦r②

✷



❞❡✈✐❝❡s✱ s❡♥s♦rs✱ ♠❡❞✐❝❛❧ tr❡❛t♠❡♥ts ❛♥❞ ❝❛t❛❧②s✐s ❬✻✱ ✼❪✳

❖♥ t❤❡ ♥❛♥♦♠❡tr✐❝ s❝❛❧❡ ♠❛❣♥❡t✐❝ s②st❡♠s✱ s✉r❢❛❝❡ ❡✛❡❝ts ♠❛♥✐❢❡st ❛s ❧♦✇ ❈✉r✐❡ t❡♠♣❡r❛t✉r❡

❛♥❞ ❧♦✇ s❛t✉r❛t✐♦♥ ♠❛❣♥❡t✐③❛t✐♦♥ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡✐r ❜✉❧❦ ❝♦✉♥t❡r♣❛rts ❬✽❪✳ ❚❤♦s❡ tr❛✐ts

❤❛✈❡ ❛ttr❛❝t❡❞ t❤❡ ✐♥t❡r❡st ♦❢ t❤❡ s❝✐❡♥t✐✜❝ ❝♦♠♠✉♥✐t② ❢♦r s❡✈❡r❛❧ ②❡❛rs✳

❑❛❝❤❦❛❝❤✐ ❛♥❞ ❉✐♠✐❛♥ st✉❞✐❡❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣❛rt✐❝❧❡ s✐③❡ ❛♥❞ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ✐♥ t❤❡

❤②st❡r❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ s♣❤❡r✐❝❛❧ ♥❛♥♦♣❛rt✐❝❧❡s ❜② ♠❡❛♥s ♦❢ t❤❡ ▲❛♥❞❛✉ ▲✐❢s❤✐t③ ❡q✉❛t✐♦♥s

❬✾❪✳ ▲❛t❡r✱ ❑❛❝❤❦❛❝❤✐ ❛♥❞ ▼❛❤❜♦✉❜ ❢♦❝✉s❡❞ ♦♥ t❤❡ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ❛♥❞ ❢♦✉♥❞ t❤❛t t❤❡

◆é❡❧ ♠♦❞❡❧ ✇❛s ♠♦r❡ r❡❛❧✐st✐❝ t❤❛♥ ❛ tr❛♥s✈❡rs❡ ❛♥✐s♦tr♦♣② s✐♥❝❡ ✐t ❛❝❝♦✉♥ts ❢♦r t❤❡ ❧♦ss

♦❢ ♥❡❛r❡st ♥❡✐❣❤❜♦rs ✐♥ s✉r❢❛❝❡ ❛t♦♠s ❬✶✵❪✳ ▼❛③♦✲❩✉❧✉❛❣❛ ❡t ❛❧✳ st✉❞✐❡❞ t❤❡ ❤②st❡r❡t✐❝

♣r♦♣❡rt✐❡s ♦❢ ♠❛❣♥❡t✐t❡ ♥❛♥♦♣❛rt✐❝❧❡s ❜② ♠❡❛♥s ♦❢ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥s❀ t❤❡② ❝♦♥s✐❞❡r❡❞

♥❛♥♦♣❛rt✐❝❧❡ s✐③❡s r❛♥❣✐♥❣ ❢r♦♠ 2♥♠ ✉♣ t♦ 7♥♠✱ ❝♦♥s✐❞❡r✐♥❣ ❞✐✛❡r❡♥t r❛t✐♦s ♦❢ s✉r❢❛❝❡ t♦

❝♦r❡ ❛♥✐s♦tr♦♣②✳ ❚❤❡✐r r❡s✉❧ts r❡✈❡❛❧ ❛ str♦♥❣ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ s✐❣♥ ❛♥❞ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡

s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ♦♥ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ❬✶✶❪✳

▼❛❤❡s❤ ❡t ❛❧✳ ♣❡r❢♦r♠❡❞ ❡①♣❡r✐♠❡♥ts t♦ st✉❞② t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ♣❛rt✐❝❧❡ s✐③❡ ♦♥ t❤❡ ❣✐❛♥t

♠❛❣♥❡t♦r❡s✐st❛♥❝❡ ✐♥ ▲❛2/3❈❛1/3▼♥❖3✳ ❚❤❡② ❝♦♥❝❧✉❞❡❞ t❤❛t t❤❡ ♠❛❣♥❡t♦r❡s✐st❛♥❝❡ ❞❡❝r❡❛s❡s

❛s t❤❡ ♣❛rt✐❝❧❡ s✐③❡ ✐♥❝r❡❛s❡s ❬✶✷❪✳ ❘❡str❡♣♦✲P❛rr❛ ❡t ❛❧✳ st✉❞✐❡❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ s✉r❢❛❝❡

t♦ ✈♦❧✉♠❡ r❛t✐♦ ✐♥ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ▲❛2/3❈❛1/3▼♥❖3 ♥❛♥♦♣❛rt✐❝❧❡s ✉s✐♥❣ ▼♦♥t❡

❈❛r❧♦ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡② s❤♦✇❡❞ ❛ ❞✐r❡❝t ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡ s✐③❡ ❛♥❞ t❤❡

❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡ ❬✶✸❪✳

❆❧t❤♦✉❣❤ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ▲❛2/3❈❛1/3▼♥❖3 ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞✱ ❞❡❡♣❡r ❛♥❛❧②s✐s ✐s

r❡q✉✐r❡❞ ♦♥ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❛♥✐s♦tr♦♣② ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ❜❡❤❛✈✐♦r✳ ❚❤✐s ✇♦r❦ ♣r❡s❡♥ts

❛ ❝♦♠♣r❡❤❡♥s✐✈❡ st✉❞② ♦❢ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡ s✐③❡ ❛♥❞ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ✐♥ t❤❡

t❤❡r♠❛❧✱ ♠❛❣♥❡t✐❝ ❛♥❞ ❤②st❡r❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ▲❛2/3❈❛1/3▼♥❖3 ♥❛♥♦♣❛rt✐❝❧❡s❀ ❢✉rt❤❡r♠♦r❡✱

t❤❡ ❡✛❡❝ts ♦❢ t❤❡ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ♦♥ t❤❡ s♣✐♥s ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ t❤❡ ❧♦✇ t❡♠♣❡r❛t✉r❡ r❡❣✐♠❡

❛r❡ ❛❧s♦ ✐♥✈❡st✐❣❛t❡❞✳

❚❤❡ r❡st ♦❢ t❤❡ ✇♦r❦ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ s❡❝t✐♦♥ ➓■■ ♦✛❡rs ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✱

❞❡s❝r✐❜✐♥❣ t❤❡ ❝♦♥st❛♥ts✱ ♠❛t❡r✐❛❧ str✉❝t✉r❡ ❛♥❞ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛s ✇❡❧❧ ❛s t❤❡ s✐♠✉❧❛t✐♦♥

t❡❝❤♥✐q✉❡✱ ❞❡t❛✐❧✐♥❣ t❤❡ s✐♠✉❧❛t✐♦♥ ♣❛r❛♠❡t❡rs✱ ♦❜s❡r✈❛❜❧❡s ❛♥❞ ❛❧❣♦r✐t❤♠s✳ ❚❤❡♥✱ s❡❝✲

t✐♦♥ ➓■■■ ♣r❡s❡♥ts t❤❡ r❡s✉❧ts ❛♥❞ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ st❛t✐❝ ♠❛❣♥❡t✐❝ ❛♥❞ ❤②st❡r❡t✐❝ ♣r♦♣❡rt✐❡s

♦❢ ♠❛♥❣❛♥✐t❡ ❛s ✇❡❧❧ ❛s s♦♠❡ s♣✐♥ ❝♦♥✜❣✉r❛t✐♦♥s ❡①❤✐❜✐t❡❞ ❜② ❢❡rr♦♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧s ✇✐t❤

s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ❛r❡ ♣r❡s❡♥t❡❞✳ ❋✐♥❛❧❧②✱ s❡❝t✐♦♥ ➓■❱ ❝♦♥t❛✐♥s t❤❡ ♠❛✐♥ ❝♦♥❝❧✉s✐♦♥s ❛♥❞
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r❡♠❛r❦s ♦♥ t❤✐s ✇♦r❦✳

■■✳ ▼❖❉❊▲ ❆◆❉ ❙■▼❯▲❆❚■❖◆

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✶✿ ✭❈♦❧♦r ♦♥❧✐♥❡✮ ❙❝❤❡♠❛t✐❝ ❞✐❛❣r❛♠ ♦❢ ❛ ▲❛2/3❈❛1/3▼♥❖3 ♥❛♥♦♣❛rt✐❝❧❡ ✐♥ ✭❛✮ t❤r❡❡

❞✐♠❡♥s✐♦♥❛❧ ✈✐❡✇ ❛♥❞ ✭❜✮ ❝r♦ss s❡❝t✐♦♥ ✈✐❡✇✱ ✇✐t❤ ❛ ❞✐❛♠❡t❡r ♦❢ ✶✷ ✐♦♥s✳ ❚❤❡r❡ ❛r❡ t❤r❡❡

t②♣❡s ♦❢ ✐♦♥s✿ ▼♥4+d3 ✭r❡❞✮✱ ▼♥3+eg ✭❣r❡❡♥✮ ❛♥❞ ▼♥3+eg′ ✭②❡❧❧♦✇✮✳ ■♥ t❤❡ ❝r♦ss s❡❝t✐♦♥

✈✐❡✇✱ t❤❡ s✉r❢❛❝❡ ❛t♦♠s ❛r❡ ♦✉t❧✐♥❡❞ ✐♥ ❜❧❛❝❦✳

❚❤❡ ♠❛♥❣❛♥✐t❡ ▲❛2/3❈❛1/3▼♥❖3 ✐s ❛ ❢❡rr♦♠❛❣♥❡t✐❝ ❝♦♠♣♦✉♥❞ ✇✐t❤ ❛ ❈✉r✐❡ t❡♠♣❡r❛t✉r❡ ♦❢

260❑✳ ❚❤❡ ❝♦♠♣♦✉♥❞ ❤❛s t❤r❡❡ t②♣❡s ♦❢ ♠❛❣♥❡t✐❝ ✐♦♥s✱ ▼♥4+d3 ✭✇✐t❤ ❛ s♣✐♥ S = 3/2✮ ✇❤✐❝❤

❜♦♥❞s t♦ ❈❛2+ ✐♦♥s✱ ▼♥3+eg ❛♥❞ ▼♥3+eg′ ✭❜♦t❤ ✇✐t❤ ❛ s♣✐♥ S = 2✮✱ ❜♦♥❞❡❞ t♦ ▲❛3+ ✐♦♥s✳

❋✐❣✉r❡ ✶ s❤♦✇s ❛ s❝❤❡♠❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✐♦♥s ✐♥ ❛ 12 ✐♦♥ ❞✐❛♠❡t❡r ♠❛♥❣❛♥✐t❡ ♥❛♥♦♣❛rt✐❝❧❡✳

❚❤❡ ♠❛❣♥❡t✐❝ s✐t❡s ✐♥ t❤✐s ♠❛♥❣❛♥✐t❡ ♦r❣❛♥✐③❡ t❤❡♠s❡❧✈❡s ✐♥ ❛ ♣❡r♦✈s❦✐t❡ str✉❝t✉r❡ ✭❛ s✐♠♣❧❡

❝✉❜✐❝ ❧❛tt✐❝❡✮ ✇✐t❤ ❛ ❝♦♦r❞✐♥❛t✐♦♥ ♥✉♠❜❡r ♦❢ s✐①✱ ❍♦tt❛ ❛♥❞ ❉❛❣♦tt♦ ❢♦✉♥❞ t❤❛t t❤❡ ♠❛❣♥❡t✐❝

s✐t❡s ❛r❡ ♦r❣❛♥✐③❡❞ ✐♥ t❤❡ ♣❡r✐♦❞✐❝ ❢❛s❤✐♦♥ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✶ ❬✶✹❪✳ ■♥ ❛ ♥❛♥♦♣❛rt✐❝❧❡✱ t❤❡

s✉r❢❛❝❡ ❛t♦♠s ❧♦s❡ s♦♠❡ ♦❢ t❤❡✐r ♥❡✐❣❤❜♦rs ✭❞❛♥❣❧✐♥❣ ❜♦♥❞s✮❀ t❤❡r❡❢♦r❡✱ t❤❡② ❡♥❞ ✉♣ ✇✐t❤ ❛
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❧♦✇❡r ❝♦♦r❞✐♥❛t✐♦♥ ♥✉♠❜❡r✳ ❊❛❝❤ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ s✐t❡s ❛r❡ ♠♦❞❡❧❡❞ ✇✐t❤ ❍❡✐s❡♥❜❡r❣ s♣✐♥s✱

✇❤❡r❡❛s ♥♦♥ ♠❛❣♥❡t✐❝ ✐♦♥s ✭❖✱ ❈❛ ❛♥❞ ▲❛✮ ❛r❡ ❧❡❢t ♦✉t ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✳

❚❤❡ ♠❛❣♥❡t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠ ✐s ♠♦❞❡❧❡❞ ✇✐t❤ ❛ ❍❡✐s❡♥❜❡r❣ ❍❛♠✐❧t♦♥✐❛♥ ✇✐t❤ ♥❡❛r❡st

♥❡✐❣❤❜♦r ❡①❝❤❛♥❣❡ ✐♥t❡r❛❝t✐♦♥s✱ ♠❛❣♥❡t♦❝r②st❛❧❧✐♥❡ ✉♥✐❛①✐❛❧ ❛♥✐s♦tr♦♣② ❛♥❞ ◆é❡❧✬s s✉r❢❛❝❡

❛♥✐s♦tr♦♣②✳

H = −
∑

〈i,j〉

Jij ~Si · ~Sj −Ki

∑

i

(

~Si · n̂i

)2

− h
∑

i

~Si · ĥ ✭✶✮

✇❤❡r❡✱ 〈ij〉 ♠❡❛♥s s✉♠ ♦✈❡r t❤❡ ♥❡❛r❡st ♥❡✐❣❤❜♦r ♣❛✐rs✱ Jij ✐s t❤❡ ❡①❝❤❛♥❣❡ ✐♥t❡r❛❝t✐♦♥

❝♦♥st❛♥t ❜❡t✇❡❡♥ t❤❡ s✐t❡s ❧❛❜❡❧❡❞ i ❛♥❞ j✱ ~Si ❛♥❞ ~Sj ❛r❡ t❤❡ s♣✐♥s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ s✐t❡s

❧❛❜❡❧❡❞ i ❛♥❞ j✱ Ki ✐s t❤❡ ❛♥✐s♦tr♦♣② ❝♦♥st❛♥t✱ n̂i ✐s t❤❡ ❛♥✐s♦tr♦♣② ❛①✐s✱ h ✐s t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞

str❡♥❣t❤ ❛♥❞ ĥ ✐s ❛ ✉♥✐t ✈❡❝t♦r ♣❛r❛❧❧❡❧ t♦ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞ ✭t❤✐s ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ t♦ ❡♥❡r❣②

✉♥✐ts t❤r♦✉❣❤ t❤❡ r❡❧❛t✐♦♥ H = h/µ✱ ✇❤❡r❡ µ ✐s t❤❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ♦❢ t❤❡ ▼♥ ✐♦♥s ❬✶✺❪✮✳

❇♦♥❞ J
[

♠❡❱ · ❧✐♥❦−1
]

▼♥3+eg✲❖✲▼♥3+eg′ ✹✳✻✺

▼♥3+eg′✲❖✲▼♥4+d3 ✶✳✸✺

▼♥3+eg✲❖✲▼♥4+d3 ✼✳✼✼

❚❛❜❧❡ ■✿ ❱❛❧✉❡s ❢♦r J ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❞✐✛❡r❡♥t ♥❡❛r❡st ♥❡✐❣❤❜♦r ♣❛✐r t②♣❡s✳

❚❤❡ ✈❛❧✉❡s ♦❢ Jij ✇❡r❡ ✉s❡❞ ✐♥ ❛ ♣❡r ✐♥t❡r❛❝t✐♦♥ t②♣❡ ❜❛s✐s✱ ❛s s❤♦✇♥ ✐♥ t❛❜❧❡ ■✳ ❚❤♦s❡

♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ✇❡r❡ ✜tt❡❞ ❜② ❘❡str❡♣♦✲P❛rr❛ ❡t ❛❧✳ t♦ r❡♣r♦❞✉❝❡ t❤❡ ❈✉r✐❡ t❡♠♣❡r❛t✉r❡

♦❢ t❤✐s ♠❛♥❣❛♥✐t❡ ✭⑦260❑✮ ❜② ❛❞❞✐♥❣ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢❛❝t♦r t♦ t❤♦s❡ ❢♦✉♥❞ ❜② ❯❤❧ ❛♥❞

❙✐❜❡r❝❤✐❝♦t ✉s✐♥❣ ❞❡♥s✐t② ❢✉♥❝t✐♦♥❛❧ t❤❡♦r② s✐♠✉❧❛t✐♦♥s ❬✶✸✱ ✶✻❪✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢

t❤❡ s♣✐♥ Si ✐♥ ❡❛❝❤ s✐t❡ ✐s ❛ss✐❣♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ t②♣❡ ♦❢ ✐♦♥ ❛s ♠❡♥t✐♦♥❡❞✳

❚❤❡ ❛♥✐s♦tr♦♣② ❝♦♥st❛♥t Ki t❛❦❡s t❤❡ ✈❛❧✉❡s Kc ❢♦r ✐♦♥s ✇✐t❤✐♥ t❤❡ ❝♦r❡ ❛♥❞ Ks ❢♦r s✉r❢❛❝❡

✐♦♥s✳ ❚❤❡ ✈❛❧✉❡ ♦❢ Kc ✇❛s ✜①❡❞ ❛t 1.284♠❡❱ · ❛t♦♠−1✱ ✇❤✐❧❡ Ks ✇❛s tr❡❛t❡❞ ❛s ❛ s✐♠✉❧❛t✐♦♥

♣❛r❛♠❡t❡r ✈✐❛ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ r❛t✐♦ Ks/Kc❀ ❧✐❦❡✇✐s❡✱ t❤❡ ❛♥✐s♦tr♦♣② ❛①✐s n̂i t❛❦❡s t❤❡ ✈❛❧✉❡

✺



êz ✭t❤❡ ❝❛♥♦♥✐❝❛❧ ✉♥✐t ✈❡❝t♦r ✐♥ t❤❡ z ❞✐r❡❝t✐♦♥✮ ❢♦r t❤❡ ♠❛❣♥❡t✐❝ s✐t❡s ✇✐t❤✐♥ t❤❡ ❝♦r❡✱ ✇❤✐❧❡

n̂i =

∑

〈j〉 êij
∥

∥

∥

∑

〈j〉 êij

∥

∥

∥

✭✷✮

✇❤❡r❡ t❤❡ s✉♠ r✉♥s ♦✈❡r 〈j〉✱ ✐✳❡✳✱ t❤❡ ♥❡❛r❡st ♥❡✐❣❤❜♦rs ♦❢ t❤❡ s✐t❡ ❧❛❜❡❧❡❞ i ❛♥❞ êij ✐s ❛ ✉♥✐t

✈❡❝t♦r ♣❛r❛❧❧❡❧ t♦ t❤❡ ❞✐r❡❝t✐♦♥ ~ri − ~rj✳

❚❤r♦✉❣❤ t❤❡ s✐♠✉❧❛t✐♦♥s ✐♥ t❤✐s st✉❞②✱ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞ ❞✐r❡❝t✐♦♥ ĥ ✇❛s ❤❡❧❞ ❝♦♥st❛♥t ❛♥❞

♣❛r❛❧❧❡❧ t♦ t❤❡ ✉♥✐❛①✐❛❧ ❛♥✐s♦tr♦♣② ❛①✐s êz✳

■♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s✱ t❤❡ ▼❡tr♦♣♦❧✐s ▼♦♥t❡ ❈❛r❧♦ ❛❧❣♦✲

r✐t❤♠ ✇❛s ✉s❡❞ ✐♥ ❛❧❧ t❤❡ s✐♠✉❧❛t✐♦♥s✳ ■♥ ❡❛❝❤ s♣✐♥ ✢✐♣ ❛tt❡♠♣t✱ ❛ r❛♥❞♦♠ s♣✐♥ ✇❛s ❞r❛✇♥

❢r♦♠ ❛ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦✈❡r t❤❡ s✉r❢❛❝❡ ♦❢ ❛ s♣❤❡r❡✳ ■♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ ❝r✐t✐❝❛❧ t❡♠✲

♣❡r❛t✉r❡s✱ ❛ ❝♦♦❧✐♥❣ ❞♦✇♥ r♦✉t✐♥❡ ✇❛s ✉s❡❞✱ ✇❤❡r❡❛s t♦ ❝♦♠♣✉t❡ t❤❡ ❤②st❡r❡t✐❝ ♣r♦♣❡rt✐❡s✱

❛♥ ❤②st❡r❡s✐s ❧♦♦♣ r♦✉t✐♥❡ ✇❛s ✉s❡❞✳

❚❤❡ ❝♦♦❧✐♥❣ ❞♦✇♥ r♦✉t✐♥❡ ❝♦♥s✐st❡❞ ✐♥ t❛❦✐♥❣ t❤❡ s②st❡♠ ❢r♦♠ ❛ ❤✐❣❤ t❡♠♣❡r❛t✉r❡✱ ✐✳❡✳✱ ❛

t❡♠♣❡r❛t✉r❡ ❛❜♦✈❡ TC ✱ ❞♦✇♥ t♦ ❛ ❧♦✇ t❡♠♣❡r❛t✉r❡ s❧✐❣❤t❧② ❛❜♦✈❡ 0❑ ✇✐t❤ ❛ s♠❛❧❧ t❡♠♣❡r❛✲

t✉r❡ st❡♣✳ ❚❤❡ st❛t❡ ♦❢ t❤❡ s②st❡♠✱ ❣✐✈❡♥ ❜② t❤❡ s♣✐♥ ♦❢ ❡❛❝❤ ♠❛❣♥❡t✐❝ s②st❡♠✱ ✇❛s ✐♥✐t✐❛❧✐③❡❞

❛s r❛♥❞♦♠ s♣✐♥ ❞✐r❡❝t✐♦♥s ❛t ❤✐❣❤ t❡♠♣❡r❛t✉r❡✳ ❆t ❡❛❝❤ t❡♠♣❡r❛t✉r❡ st❡♣✱ t❤❡ s②st❡♠ ✇❛s

s✉❜❥❡❝t❡❞ t♦ 5 × 105 ▼♦♥t❡ ❈❛r❧♦ st❡♣s✱ ♦❢ ✇❤✐❝❤ t❤❡ ✜rst 105 ✇❤❡r❡ t❛❦❡♥ t♦ ❛❧❧♦✇ t❤❡

s②st❡♠ t♦ r❡❛❝❤ t❤❡r♠❛❧ ❡q✉✐❧✐❜r✐✉♠✳

❚❤❡ ❤②st❡r❡s✐s ❧♦♦♣ r♦✉t✐♥❡ ❝♦♥s✐st❡❞ ✐♥ t❛❦✐♥❣ t❤❡ s②st❡♠ ❢r♦♠ ❛ r❛♥❞♦♠ s♣✐♥ ❝♦♥✜❣✉r❛t✐♦♥

✇✐t❤ ❛ ♥❡❣❛t✐✈❡ s❛t✉r❛t✐♥❣ ❡①t❡r♥❛❧ ❛♣♣❧✐❡❞ ✜❡❧❞ str❡♥❣t❤ −hsat✱ ✉♣ t♦ ❛ ♣♦s✐t✐✈❡ s❛t✉r❛t✐♥❣

❡①t❡r♥❛❧ ❛♣♣❧✐❡❞ ✜❡❧❞ str❡♥❣t❤ +hsat✱ ❛♥❞ t❤❡♥ ❜❛❝❦ t♦ −hsat✱ ✇✐t❤ ❛ s♠❛❧❧ ❛♥❞ ❝♦♥st❛♥t

✜❡❧❞ st❡♣✳ ■♥ ❡❛❝❤ st❡♣✱ t❤❡ s②st❡♠ ✇❛s s✉❜❥❡❝t❡❞ t♦ 1 × 105 ▼♦♥t❡ ❈❛r❧♦ st❡♣s✱ ❛♥❞ t❤❡

✜rst 2× 104 ✇❡r❡ ❞✐s❝❛r❞❡❞ t♦ ✜❧t❡r ♦✉t t❤❡ ♥♦✐s❡ t❤❛t ✇♦✉❧❞ ❛r✐s❡ ❢r♦♠ t❤❡ ❞✐s❝r❡t❡ ❛♣♣❧✐❡❞

✜❡❧❞ str❡♥❣t❤ st❡♣s✳

■♥ ❜♦t❤ r♦✉t✐♥❡s✱ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦r❡ ❛♥❞ s✉r❢❛❝❡ ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡ ✭t♦t❛❧ ♠❛❣✲

♥❡t✐③❛t✐♦♥ ❢♦r t❤❡ ❜✉❧❦✮ ❛♥❞ t❤❡ t♦t❛❧ ❡♥❡r❣② ♦❢ t❤❡ s♣✐♥ ❝♦♥✜❣✉r❛t✐♦♥ ✇❡r❡ r❡❝♦r❞❡❞ ❢♦r

❡❛❝❤ ▼♦♥t❡ ❈❛r❧♦ st❡♣✱ ❡✈❡♥ ❢♦r t❤♦s❡ t♦ ❜❡ ❞r♦♣♣❡❞ ❧❛t❡r ♦♥ ✐♥ t❤❡ ❛♥❛❧②s✐s✳ ❯s✐♥❣ t❤✐s

t❡❝❤♥✐q✉❡✱ t❤❡ r❡❧❛①❛t✐♦♥ t✐♠❡ ❛♥❞ st❛❜✐❧✐t② ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❛❢t❡r t❤❡ s✐♠✉❧❛t✐♦♥ ❛♥❞ t❤❡

♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s ❢♦r r❡❧❛①❛t✐♦♥ ❝❛♥ ❜❡ ❡st❛❜❧✐s❤❡❞ ❛❢t❡r t❤❡ ❢❛❝t✱ t❤✉s✱ r❡❞✉❝✐♥❣ t❤❡

❞❛♥❣❡r ♦❢ ❤❛✈✐♥❣ t♦ r❡♣❡❛t t❤❡ s✐♠✉❧❛t✐♦♥ ❝❤❛♥❣✐♥❣ t❤♦s❡ ♣❛r❛♠❡t❡rs✳

✻



❉✐❛♠❡t❡r ❬✐♦♥s❪ ❉✐❛♠❡t❡r ❬♥♠❪ N ❬✐♦♥s❪

✻ ✷✳✸✷ ✶✷✸

✽ ✸✳✵✾ ✷✺✼

✶✷ ✹✳✻✸ ✾✷✺

✶✻ ✻✳✶✽ ✶✷✵✾

✷✵ ✼✳✼✷ ✹✶✻✾

✸✵ ✶✶✳✺✽ ✶✹✶✹✼

❚❛❜❧❡ ■■✿ ❙✐③❡s ♦❢ t❤❡ s✐♠✉❧❛t❡❞ ♥❛♥♦♣❛rt✐❝❧❡s✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡✐r t♦t❛❧ ♥✉♠❜❡r ♦❢

♠❛❣♥❡t✐❝ s✐t❡s✳

❚❤❡ s✐③❡s ♦❢ t❤❡ s✐♠✉❧❛t❡❞ ♥❛♥♦♣❛rt✐❝❧❡s r❛♥❣❡❞ ❢r♦♠ 2.32 ♥♠ ✭✻ ✐♦♥s ✐♥ ❞✐❛♠❡t❡r✮ t♦ 11.58 ♥♠

✭✸✵ ✐♦♥s ✐♥ ❞✐❛♠❡t❡r✮✱ t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ s✐♠✉❧❛t❡❞ s②st❡♠s ✐♥ ✐♦♥s ❛♥❞ ♥♠ ❛s ✇❡❧❧ ❛s t❤❡✐r

t♦t❛❧ ♥✉♠❜❡r ♦❢ ♠❛❣♥❡t✐❝ s✐t❡s✱ ❛r❡ s❤♦✇♥ ✐♥ t❛❜❧❡ ■■✳ ❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤♦s❡ ♥❛♥♦♣❛rt✐❝❧❡s

✇❡r❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛ ❜✉❧❦ ♠❛t❡r✐❛❧✳ ❋♦r t❤❡ s✐♠✉❧❛t❡❞ ❜✉❧❦ ♠❛t❡r✐❛❧✱ ✇❡

❝♦♥s✐❞❡r❡❞ ❛ ❝✉❜✐❝ s②st❡♠ ✇✐t❤ ❛ ❧✐♥❡❛r s✐③❡ ♦❢ ✶✷ ✐♦♥s ✭4.63 ♥♠✮ ❛♥❞ N = 1728 ♠❛❣♥❡t✐❝

s✐t❡s✳ ❋✉rt❤❡r♠♦r❡✱ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇❡r❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❜✉❧❦ s②st❡♠✳

❚❤❡ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ❝♦♥st❛♥t Ks ✇❛s ✈❛r✐❡❞ ❝❤❛♥❣✐♥❣ t❤❡ s✉r❢❛❝❡ t♦ ❝♦r❡ ❛♥✐s♦tr♦♣②

r❛t✐♦ Ks/Kc❀ t❤✐s ✈❛❧✉❡ ✇❛s ✈❛r✐❡❞ ✉s✐♥❣ ♣♦✇❡rs ♦❢ t❡♥✱ ❛♥❞ ❜♦t❤ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ s✉r✲

❢❛❝❡ ❛♥✐s♦tr♦♣✐❡s ✇❡r❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡ r❛t✐♦s ✉s❡❞ ❢♦❧❧♦✇ t❤❡ r❡❧❛t✐♦♥s❤✐♣

log10 (|Ks|/Kc) = {0, 1, 2, 3, 4, 5}❀ t❤❡r❡❢♦r❡✱ ±Ks = 1, 10, 100, . . . ♠❡❱ · ❛t♦♠−1 ❛♥❞ s♦ ♦♥✳

❋r♦♠ t❤❡ st♦r❡❞ t✐♠❡ s❡r✐❡s✱ t❤❡ ♥♦r♠❛❧✐③❡❞ ♠❛❣♥❡t✐③❛t✐♦♥ ❛♥❞ s✉s❝❡♣t✐❜✐❧✐t② ✇❡r❡ ❝♦♠✲

♣✉t❡❞✳ ❚❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ✇❛s ♥♦r♠❛❧✐③❡❞ t♦ t❤❡ ♠❛①✐♠✉♠ ♣♦ss✐❜❧❡ ♠❛❣♥❡t✐③❛t✐♦♥✱ t❤❛t

✇❛s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ❢♦r♠✉❧❛✿

MS =
∑

α

nα

∣

∣

∣

~Sα

∣

∣

∣
✭✸✮

✇❤❡r❡ t❤❡ s✉♠ r✉♥s ♦✈❡r t❤❡ ✐♦♥ t②♣❡s α ✭▼♥3+eg✱ ▼♥3+eg′ ❛♥❞ ▼♥4+d3✮✱ nα ✐s t❤❡ ♥✉♠❜❡r ♦❢

✐♦♥s ♦❢ t②♣❡ α ✐♥ t❤❡ s❛♠♣❧❡✱ ❛♥❞
∣

∣

∣

~Sα

∣

∣

∣
✐s t❤❡ s♣✐♥ ♠♦❞✉❧✉s ♦❢ t❤❡ ✐♦♥ ♦❢ t②♣❡ α ✭3/2 ❢♦r ▼♥3+eg✱

✼



2 ❢♦r ▼♥3+eg′ ❛♥❞ ▼♥4+d3✮✳ ❚❤❡♥ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ✐s ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❛ t✐♠❡ ❛✈❡r❛❣❡✱

〈M〉 =
1

MS

Nmax
∑

t=Ncut

∣

∣

∣

~Mt

∣

∣

∣
✭✹✮

✇❤❡r❡ Ncut ✐s t❤❡ ♥✉♠❜❡r ♦❢ ▼♦♥t❡ ❈❛r❧♦ st❡♣s r❡q✉✐r❡❞ t♦ ❛❝❤✐❡✈❡ st❛❜✐❧✐t②✱ Nmax ✐s t❤❡ t♦t❛❧

♥✉♠❜❡r ♦❢ ▼♦♥t❡ ❈❛r❧♦ st❡♣s ❛♥❞ ~Mt ✐s t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❛t t❤❡ t✐♠❡ st❡♣

t✳ ❚❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✇❛s ❝♦♠♣✉t❡❞ ❛s t❤❡ s✉♠ ♦✈❡r ❛❧❧ s✐t❡s✿ ~Mt =
∑

i
~Si✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ s✉s❝❡♣t✐❜✐❧✐t② ✇❛s ❡✈❛❧✉❛t❡❞ ✉s✐♥❣ t❤❡ ❢♦r♠✉❧❛✿

χ =
1

kBT

[〈

M2
〉

− 〈M〉2
]

✭✺✮

✇❤❡r❡✱

〈

M2
〉

=
1

M2
S

Nmax
∑

i=Ncut

∣

∣

∣

~Mi

∣

∣

∣

2

✭✻✮

❚❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ✇❛s ❡st✐♠❛t❡❞ ✉s✐♥❣ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ❛♣♣❧✐❡❞ t♦ t❤❡ ♣♦✐♥ts t❤❛t ❝r♦ss

t❤❡ x✲❛①✐s ✐♥ t❤❡ ❤②st❡r❡s✐s ❧♦♦♣✳ ❚❤❡♥✱ t❤❡ r✐❣❤t ❛♥❞ ❧❡❢t ❝♦❡r❝✐✈❡ ✜❡❧❞s ✇❡r❡ ❡✈❛❧✉❛t❡❞✳

▼♦r❡♦✈❡r✱ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ✇❛s ❡st✐♠❛t❡❞ ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥✿

hc =
|hc,right|+ |hc,left|

2
✭✼✮

✇❤❡r❡ hc,rigth ❛♥❞ hc,left ❛r❡ t❤❡ r✐❣❤t ❛♥❞ ❧❡❢t ❝♦❡r❝✐✈❡ ✜❡❧❞s ✐♥ t❤❡ ❤②st❡r❡s✐s ❧♦♦♣✳

■■■✳ ❘❊❙❯▲❚❙ ❆◆❉ ❉■❙❈❯❙❙■❖◆

❋✐❣✉r❡ ✷❛ s❤♦✇s t❤❡ ♥♦r♠❛❧✐③❡❞ ♠❛❣♥❡t✐③❛t✐♦♥ ❛♥❞ s✉s❝❡♣t✐❜✐❧✐t② ❢♦r ❛ ❜✉❧❦ s②st❡♠ ✇✐t❤ ❛

❧✐♥❡❛r s✐③❡ ♦❢ ✷✶ ✐♦♥s✳ ❚❤❡ ♣❡❛❦ ✈❛❧✉❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t②✱ ❛❧s♦ s❤♦✇♥ ✐♥ ✜❣✉r❡

✷❛✱ ✐♥❞✐❝❛t❡s ❛ ❜✉❧❦ ❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡ ❛r♦✉♥❞ 260❑✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ♦t❤❡r t❤❡✲

♦r❡t✐❝❛❧ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❬✶✼❪✳ ❋✉rt❤❡r♠♦r❡✱ ✜❣✉r❡ ✷❜ s❤♦✇s t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❛♥❞

s✉s❝❡♣t✐❜✐❧✐t② ♦❢ t✇♦ ♥❛♥♦♣❛rt✐❝❧❡ s✐③❡s✳ ❚❤❡ ❝✉r✈❡s ❢♦r D = 30 ✐♦♥s s❤♦✇ ✈❡r② ❣♦♦❞ ❛❣r❡❡✲

♠❡♥t ✇✐t❤ t❤❡✐r ❜✉❧❦ ❝♦✉♥t❡r♣❛rts✱ ✇✐t❤ ♦♥❧② ❛ s❧✐❣❤t r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡✳

❚❤❡ ❧♦✇❡r ❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡ ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞ t♦ ✜♥✐t❡ s✐③❡ ❡✛❡❝ts✳ ❋♦r D = 16 ✐♦♥s t❤❡

s✐③❡ ❡✛❡❝ts ❛❝❝❡♥t✉❛t❡✱ ②✐❡❧❞✐♥❣ ❛♥ ❡✈❡♥ ❧♦✇❡r ❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡ ❛♥❞ ❛ ♠✉❝❤ ❧❡ss s❤❛r♣❡r

s✉s❝❡♣t✐❜✐❧✐t② ♣❡❛❦ ✐♥❞✐❝❛t✐♥❣ ❛ r❡❞✉❝t✐♦♥ ♦♥ t❤❡ ❝r✐t✐❝❛❧✐t② ♦❢ t❤❡ ♣❤❛s❡ tr❛♥s✐t✐♦♥✳

✽
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Susceptibility

✭❜✮

❋✐❣✉r❡ ✷✿ ❈r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❜✉❧❦ ▲❛2/3❈❛1/3▼♥❖3 s②st❡♠ ❛s ✇❡❧❧ ❛s ❢♦r

♥❛♥♦♣❛rt✐❝❧❡s✳ ▼❛❣♥❡t✐③❛t✐♦♥ ❛♥❞ s✉s❝❡♣t✐❜✐❧✐t② ❢♦r ✭❛✮ ❜✉❧❦ ✇✐t❤ ❛ ❧✐♥❡❛r s✐③❡ ♦❢ L = 21

✐♦♥s ❛♥❞ ✭❜✮ ❛ ♥❛♥♦♣❛rt✐❝❧❡s ♦❢ ❞✐❛♠❡t❡r D = 30 ✐♦♥s ✭s♦❧✐❞✮ ❛♥❞ D = 16 ✐♦♥s ✭❞❛s❤❡❞✮

✭❧✐♥❡s ❛r❡ ❥✉st ❛ ❣✉✐❞❡ t♦ t❤❡ ❡②❡✮✳

❋✐❣✉r❡ ✸❛ s❤♦✇s t❤❡ ❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡ ♦❢ ▲❛2/3❈❛1/3▼♥❖3 ♥❛♥♦♣❛rt✐❝❧❡s ❛s ❛ ❢✉♥❝t✐♦♥

♦❢ t❤❡✐r ❞✐❛♠❡t❡r✳ ❘❡s✉❧ts s❤♦✇ ❛ ♠♦♥♦t♦♥✐❝ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❈✉r✐❡ t❡♠♣❡r❛t✉r❡ ✇✐t❤ t❤❡

♥❛♥♦♣❛rt✐❝❧❡ ❞✐❛♠❡t❡r✱ s❛t✉r❛t✐♥❣ ❛t t❤❡ ❜✉❧❦ ❈✉r✐❡ t❡♠♣❡r❛t✉r❡✱ TC = 260❑✳ ❚❤✐s ❜❡❤❛✈✐♦r

✐s ✉s✉❛❧❧② ❛ttr✐❜✉t❡❞ t♦ ✜♥✐t❡ s✐③❡ ❡✛❡❝ts ✇❤✐❝❤ ✐♥❝❧✉❞❡ s✉r❢❛❝❡ ❞♦♠✐♥❛♥❝❡ ❛t ❧♦✇ ❞✐❛♠❡t❡rs

❛s ✇❡❧❧ ❛s ❧♦✇❡r ❛✈❡r❛❣❡ ❝♦♦r❞✐♥❛t✐♦♥ ♥✉♠❜❡r✳ ❆s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡ t❤❡ ♠❛❣♥❡t✐❝ s✐t❡s ✐♥ t❤❡

s✉r❢❛❝❡ ❤❛✈❡ ❛ ❧♦✇❡r ❝♦♦r❞✐♥❛t✐♦♥ ♥✉♠❜❡r✱ ❛s t❤❡✐r r❡❧❛t✐✈❡ ♣♦♣✉❧❛t✐♦♥ ✐♥❝r❡❛s❡s ❢♦r s♠❛❧❧❡r

♥❛♥♦♣❛rt✐❝❧❡s✱ t❤❡ ❛✈❡r❛❣❡ ❝♦♦r❞✐♥❛t✐♦♥ ♥✉♠❜❡r ❞❡❝r❡❛s❡s ❛s ✇❡❧❧✳ ❲✐t❤ ❛ ❧♦✇❡r ❛✈❡r❛❣❡

❝♦♦r❞✐♥❛t✐♦♥✱ t❤❡ ♠❛❣♥❡t✐❝ ❜♦♥❞ ❞❡♥s✐t② ❡✈✐❞❡♥t❧② ❞❡❝r❡❛s❡s✱ ❛♥❞ s♦ ❞♦❡s t❤❡ ❛♠♦✉♥t ♦❢

❡♥❡r❣② ♥❡❝❡ss❛r② t♦ ❜r❡❛❦ t❤❡ ❢❡rr♦♠❛❣♥❡t✐❝ ♦r❞❡r✐♥❣✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜s❡r✈❡ ❛ ❧♦✇❡r ❝r✐t✐❝❛❧

t❡♠♣❡r❛t✉r❡ ❛s t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ❞❡❝r❡❛s❡✳ ❙✐♠✐❧❛r r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ❢♦✉♥❞

❜② ❱❡❧ásq✉❡③ ❡t ❛❧✳ ✇❤✐❧❡ st✉❞②✐♥❣ t❤❡ ♣s❡✉❞♦❝r✐t✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ ✐s♦❧❛t❡❞ ❢❡rr♦♠❛❣♥❡t✐❝

♥❛♥♦♣❛rt✐❝❧❡s t❤r♦✉❣❤ t❤❡ ❜♦t❤ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❛♥❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s✱ ❛♥❞ ■❣❧❡s✐❛s ❛♥❞

▲❛❜❛rt❛ ✇❤✐❧❡ st✉❞②✐♥❣ t❤❡ ✜♥✐t❡ s✐③❡ ❡✛❡❝ts ♦♥ ♠❛❣❤❡♠✐t❡ ♥❛♥♦♣❛rt✐❝❧❡s ✉s✐♥❣ ▼♦♥t❡ ❈❛r❧♦

s✐♠✉❧❛t✐♦♥s ❬✶✽✱ ✶✾❪✳ ❚❤❡ s✉r❢❛❝❡ t♦ ❝♦r❡ ❞♦♠✐♥❛♥❝❡ ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ✉s✐♥❣ t❤❡ r❛t✐♦ ♦❢

t❤❡ ♥✉♠❜❡r ♦❢ ✐♦♥s ✐♥ t❤❡ ❝♦r❡ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ✐♦♥s ♦❢ t❤❡ s✉r❢❛❝❡✱ ♦r Nc/Ns r❛t✐♦✳ ❋✐❣✉r❡

✾
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❋✐❣✉r❡ ✸✿ ✭❛✮ ❈r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡ Tc ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡ ❞✐❛♠❡t❡r ❛♥❞ ✭❜✮

❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦r❡ t♦ s✉r❢❛❝❡ r❛t✐♦✱ Nc/Ns✱ ✇✐t❤ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡ ❞✐❛♠❡t❡r✱ ❛s ❛ s✉♣♣♦rt

✜❣✉r❡ ✭❧✐♥❡s ❛r❡ ❥✉st ❛ ❣✉✐❞❡ t♦ t❤❡ ❡②❡✮✳

✸❜✱ s❤♦✇s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ s✉r❢❛❝❡ t♦ ❝♦r❡ r❛t✐♦ ❢♦r t❤❡ s✐♠✉❧❛t❡❞ ♥❛♥♦♣❛rt✐❝❧❡s✳ ◆♦t❡ t❤❛t

t❤✐s r❛t✐♦ ✜ts ❛ ❧✐♥❡❛r tr❡♥❞ ❜❡❝❛✉s❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐♦♥s ✐♥ t❤❡ ❝♦r❡ ❣r♦✇s ✐♥ ♣r♦♣♦rt✐♦♥ t♦

t❤❡ ❝✉❜❡ ♦❢ t❤❡ ❞✐❛♠❡t❡r ✇❤❡r❡❛s t❤❡ ♥✉♠❜❡r ♦❢ ❛t♦♠s ✐♥ t❤❡ s✉r❢❛❝❡ ❣r♦✇s ✐♥ ♣r♦♣♦rt✐♦♥ t♦

t❤❡ sq✉❛r❡ ♦❢ t❤❡ ❞✐❛♠❡t❡r✳ ❚❤❡ ✭r❡❞✮ ❤♦r✐③♦♥t❛❧ ❧✐♥❡ ✐♥ ✜❣✉r❡ ✸❜ s❤♦✇s t❤❡ t❤r❡s❤♦❧❞ ❜❡❧♦✇

✇❤✐❝❤ t❤❡ ♥✉♠❜❡r ♦❢ ✐♦♥s ♦♥ t❤❡ ❝♦r❡ ✐s ❧♦✇❡r t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♦♥s ✐♥ t❤❡ s✉r❢❛❝❡ ❛♥❞

✈✐❝❡ ✈❡rs❛✳

❋✐❣✉r❡ ✹❛ s❤♦✇s t❤❡ ❤②st❡r❡s✐s ❧♦♦♣s ❢♦r ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ s❛♠❡

❜✉❧❦ s②st❡♠✳ ❋r♦♠ t❤❡ r❡s✉❧ts ♦♥❡ ❝❛♥ r❡❛❞✐❧② ❛♣♣r❡❝✐❛t❡ t❤❛t t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ♦❢ ❛ ❜✉❧❦

s②st❡♠ ✇✐t❤ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭P❇❈✮ ✐s ❝♦♥s✐❞❡r❛❜❧② ❤✐❣❤❡r t❤❛♥ t❤❛t ♦❢ t❤❡ s❛♠❡

s②st❡♠ ✇✐t❤ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭❋❇❈✮✳ ❈♦♥✈❡rs❡❧②✱ ✇❤❡♥ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡

❛♣♣❧✐❡❞ ✐♥st❡❛❞ ♦❢ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❤②st❡r❡s✐s ❧♦♦♣ ❜❡❝♦♠❡s s✐❣♥✐✜❝❛♥t❧②

r♦✉♥❞❡r✳ ❚❤❡ ❞r❛♠❛t✐❝ ❝❤❛♥❣❡ ✐♥ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞ t♦ s✐③❡ ❡✛❡❝ts ✇❤✐❝❤

❛r❡ ✐♥❞✉❝❡❞ ♦♥❝❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ r❡❧❛①❡❞✱ ✇❤❡r❡❛s✱ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ sq✉❛r❡♥❡ss

♦❢ t❤❡ ❤②st❡r❡s✐s ❧♦♦♣ ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞ t♦ ❜♦t❤ s✐③❡ ❡✛❡❝ts ❛♥❞ t❤❡ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ♦❢ t❤❡

xz ❛♥❞ yz ❢❛❝❡ts ♦❢ t❤❡ ❝✉❜❡ t❤❛t ✇♦✉❧❞ ❜❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞ ❞✐r❡❝t✐♦♥✳

✶✵
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❋✐❣✉r❡ ✹✿ ❍②st❡r❡s✐s ❧♦♦♣s ❛t T = 10K ❛♥❞ Ks/Kc = 1 ❢♦r ✭❛✮ ❜✉❧❦ s②st❡♠ ✉s✐♥❣ ♣❡r✐♦❞✐❝

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇✐t❤ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣②✱ ✭❜✮ s❡✈❡r❛❧

♥❛♥♦♣❛rt✐❝❧❡ ❞✐❛♠❡t❡rs ❛♥❞ ✭❝✮ ❝♦r❡ ❛♥❞ s✉r❢❛❝❡ ♦❢ ❛ ♥❛♥♦♣❛rt✐❝❧❡ ✇✐t❤ ❞✐❛♠❡t❡r D = 30

✐♦♥s ❛♥❞✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✭❞✮ ❝♦❡r❝✐✈❡ ✜❡❧❞s ❢♦r ❞✐✛❡r❡♥t ♥❛♥♦♣❛rt✐❝❧❡ ❞✐❛♠❡t❡rs ❛t

T = 10K ❛♥❞ T = 50K ✭❧✐♥❡s ❛r❡ ❥✉st ❛ ❣✉✐❞❡ t♦ t❤❡ ❡②❡✮✳

❆s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹❜✱ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❞✐❛♠❡t❡r ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s✱ t❤❡✐r ❤②st❡r❡s✐s ❧♦♦♣s

✇✐❞❡♥ ❛♥❞ ❜❡❝♦♠❡ ♠♦r❡ sq✉❛r❡❀ t❤❡ ✐♥❝r❡❛s❡ ✐♥ ✇✐❞t❤ ✐s ♠♦♥♦t♦♥✐❝ ❛♥❞ s❛t✉r❛t❡s s❧✐❣❤t❧②

❛❜♦✈❡ h = 2♠❡❱✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ❢♦r t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ✐s✱ ❛t

♠♦st✱ ❤❛❧❢ ♦❢ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ♦❢ t❤❡ ❜✉❧❦ s②st❡♠ ✭♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✮❀ ♦♥ t❤❡

♦t❤❡r ❤❛♥❞✱ t❤✐s ✈❛❧✉❡ ✐s s❧✐❣❤t❧② ❣r❡❛t❡r t❤❛♥ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ♦❢ ❛ ❧❛r❣❡ ❝✉❜✐❝ s②st❡♠ ✇✐t❤
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❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ✇✐t❤♦✉t s✉r❢❛❝❡ ❛♥✐s♦tr♦♣②✳ ❚♦ s✉♠♠❛r✐③❡✱ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞

♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s s❛t✉r❛t❡s t♦ ❛ ✜❡❧❞ ❜♦✉♥❞❡❞ ❜② t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ♦❢ ❛ ❜✉❧❦ s②st❡♠ ✇✐t❤

❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✜❣✉r❡ ✹❛✳

❚❤❡ ✐♥❝r❡❛s❡ ✐♥ sq✉❛r❡♥❡ss ✐♥ t❤❡ ❤②st❡r❡s✐s ❧♦♦♣s ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ♥❛♥♦♣❛rt✐❝❧❡ ❞✐❛♠❡t❡r ❝❛♥

❜❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ ✐♥❝r❡❛s✐♥❣ ❞♦♠✐♥❛♥❝❡ ♦❢ t❤❡ ❝♦r❡ ❢♦r ❜✐❣❣❡r ♥❛♥♦♣❛rt✐❝❧❡s✳ ❆s s❤♦✇♥

✐♥ ✜❣✉r❡ ✹❝✱ ✐♥ ♦✉r s✐♠✉❧❛t✐♦♥s ✇❤❡r❡ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞ ✐s ♣❛r❛❧❧❡❧ t♦ t❤❡ ✉♥✐❛①✐❛❧ ❛♥✐s♦tr♦♣②

❛①✐s ♦❢ t❤❡ ❝♦r❡✱ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❝♦r❡ s✐t❡s t♦ t❤❡ ❤②st❡r❡s✐s ❧♦♦♣ ✐s ♠♦r❡ sq✉❛r❡

t❤❛♥ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ t❤❡ s✉r❢❛❝❡ ❛s t❤❡ ❛♥✐s♦tr♦♣② ❛①❡s ♦❢ t❤❡ s✉r❢❛❝❡ s✐t❡s ❛r❡ ❡✈❡♥❧②

❞✐str✐❜✉t❡❞ ✐♥ t❤❡ r❛♥❣❡ ❜❡t✇❡❡♥ ♣❛r❛❧❧❡❧ ❛♥❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞ ❞✐r❡❝t✐♦♥✳

❋♦r t❤✐s r❡❛s♦♥✱ ❛s t❤❡ ❞✐❛♠❡t❡r ✐♥❝r❡❛s❡s ❛♥❞ s♦ t❤❡ Nc/Ns r❛t✐♦✱ t❤❡ sq✉❛r❡❞ ❝♦♥tr✐❜✉t✐♦♥

t♦ t❤❡ ❤②st❡r❡s✐s ❧♦♦♣ ❜❡❝♦♠❡s ❞♦♠✐♥❛♥t✳

❋✐❣✉r❡ ✹❞ s❤♦✇s t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ♦♥ t❤❡ ❞✐❛♠❡t❡r✳ ❘❡s✉❧ts s❤♦✇ ❛

♠♦♥♦t♦♥✐❝ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ❛♣♣r♦❛❝❤✐♥❣ ❛♥ ❛s②♠♣t♦t✐❝ ✈❛❧✉❡ ❢♦r ♣❛rt✐❝❧❡ s✐③❡s

❛❜♦✈❡ D = 4 ∼ 5 ✐♦♥s✳ ❆❧t❤♦✉❣❤ ✇❡ ❞✐❞ ♥♦t ♣❡r❢♦r♠ s✐♠✉❧❛t✐♦♥s ❜❡❧♦✇ D = 5 ✐♦♥s ❞✉❡

t♦ t❤❡ ❧♦ss ♦❢ st♦✐❝❤✐♦♠❡tr②✱ ✐t ✐s ♣❧❛✉s✐❜❧❡ t♦ s♣❡❝✉❧❛t❡ t❤❛t t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ✇♦✉❧❞ ❢❛❧❧ t♦

③❡r♦ ❜❡❧♦✇ ❛ ❞✐❛♠❡t❡r ✐♥ t❤❡ r❛♥❣❡ ❜❡t✇❡❡♥ ✸ ❛♥❞ ✺ ✐♦♥s✳ ❚❤✐s r❡s✉❧t ✐s ❝♦♥s✐st❡♥t ✇✐t❤

t❤❡ ✭s✉♣❡r✮♣❛r❛♠❛❣♥❡t✐❝ ❛♥❞ s✐♥❣❧❡ ❞♦♠❛✐♥ r❡❣✐♠❡s ♦❜s❡r✈❡❞ ✐♥ ❡①♣❡r✐♠❡♥t❛❧ ❬✷✵✱ ✷✶❪ ❛♥❞

t❤❡♦r❡t✐❝❛❧ ❬✷✷❪ st✉❞✐❡s✳ ❊ss❡♥t✐❛❧❧②✱ ❜❡❧♦✇ ❛ ♣❛rt✐❝❧❡ ❞✐❛♠❡t❡r d0 ✭✸ t♦ ✺ ✐♦♥s ✐♥ t❤✐s ❝❛s❡✮

t❤❡ s②st❡♠ ✇✐❧❧ ❜❡ ✐♥ ❛ ✭s✉♣❡r✮♣❛r❛♠❛❣♥❡t✐❝ r❡❣✐♠❡✱ ✇❤❡r❡❛s ❛❜♦✈❡ d0 ❛♥❞ ❜❡❧♦✇ ❛ ❝r✐t✐❝❛❧

❞✐❛♠❡t❡r dc ✭♥♦t r❡❛❝❤❡❞ ✐♥ ♦✉r s✐♠✉❧❛t✐♦♥s✮ t❤❡ s②st❡♠ ✇✐❧❧ ❜❡ ✐♥ ❛ s✐♥❣❧❡ ❞♦♠❛✐♥ r❡❣✐♠❡✱

✇❤❡r❡ t❤❡ ♥♦r♠❛❧✐③❡❞ ❝♦❡r❝✐✈❡ ✜❡❧❞ ✐♥❝r❡❛s❡s✳ ❆❜♦✈❡ dc t❤❡ s②st❡♠ ❡♥t❡rs ❛ ♠✉❧t✐ ❞♦♠❛✐♥

r❡❣✐♠❡ ✇❤❡r❡ t❤❡ ♥♦r♠❛❧✐③❡❞ ❝♦❡r❝✐✈❡ ✜❡❧❞ ♣r❡s❡♥ts ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝r❡❛s❡✳ ❚♦ ♦❜s❡r✈❡ t❤✐s

♣❤❡♥♦♠❡♥♦♥✱ t❤❡ ♠❛❣♥❡t♦st❛t✐❝ ✐♥t❡r❛❝t✐♦♥ s❤♦✉❧❞ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❙❡❡ ❢♦r ✐♥st❛♥❝❡✱

✇♦r❦s ❜② ❑♦❧❤❛t❦❛r ❡t ❛❧✳✱ ❙✉♥❣ ▲❡❡ ❡t ❛❧✳ ❛♥❞ ❨❛♥❡s ❡t ❛❧✳ ✐♥ r❡❢s✳ ❬✷✵✕✷✷❪✳

❋✐❣✉r❡ ✺ s❤♦✇s t❤❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ♦❢ ✐♥❝r❡❛s✐♥❣ t❤❡ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣②

✐♥ ❛ ♥❛♥♦♣❛rt✐❝❧❡ ♦❢ D = 12 ✐♦♥s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡✳ ❩✐❛♥♥✐ ❡t ❛❧✳ ❢♦✉♥❞ ❛

s✐♠✐❧❛r ❜❡❤❛✈✐♦r ❢♦r s♠❛❧❧ ♠❛❣♥❡t✐❝ ♥❛♥♦♣❛rt✐❝❧❡s✱ ❤♦✇❡✈❡r t❤❡✐r r❡s✉❧ts✱ ❜❛s❡❞ ♦♥ ❛ str♦♥❣

❝r②st❛❧❧✐♥❡ ❛♥✐s♦tr♦♣② ✐♥ t❤❡ s✉r❢❛❝❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛♥✐s♦tr♦♣② ✐♥ t❤❡ ❝♦r❡ ✭Ks/Kc = 10✮✱

s❤♦✇❡❞ ❛ ♠♦r❡ ❞r❛♠❛t✐❝ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡s✱ ♦✈❡r❡st✐♠❛t✐♥❣

t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ❢r♦♠ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ✐♥ s❛✐❞ ❧♦✇ t❡♠♣❡r❛t✉r❡ r❡❣✐♦♥ ❬✷✸❪✳ ❚❤❡ ❝✉r✈❡s
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❋✐❣✉r❡ ✺✿ ❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ❢♦r ❛ ♥❛♥♦♣❛rt✐❝❧❡ ✇✐t❤ ❞✐❛♠❡t❡r

D = 12 ✐♦♥s ❛♥❞ Ks/Kc = {1, 10, 100}✳ ❚❤❡ ❞❛s❤❡❞ ❧✐♥❡s ❛r❡ ♦♥❧② ❛ ❣✉✐❞❡ t♦ t❤❡ ❡②❡ ❢♦r ❛

❜❡tt❡r ✈✐s✉❛❧✐③❛t✐♦♥✳

✐♥ ✜❣✉r❡ ✺ ❢❡❛t✉r❡ ❝r♦ss♦✈❡r ♣♦✐♥ts❀ t❤✐s ♠❡❛♥s t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣♦s✐t✐✈❡

s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ✇✐❧❧ ✐♥❝r❡❛s❡✱ ♦r ❞❡❝r❡❛s❡✱ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ♦❢ ❛ ♥❛♥♦♣❛rt✐❝❧❡ ❛❝❝♦r❞✐♥❣

t♦ t❤❡ t❡♠♣❡r❛t✉r❡✳ ❚❤✐s ✐s ❛♥ ❡✈✐❞❡♥❝❡ ♦❢ t❤❡ ❝♦♠♣❧❡① t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♥♦♥✲

✉♥✐❢♦r♠✐t② ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ ❛❧❧ ♦❢ t❤❡ ❝✉r✈❡s✱ Ks/Kc = 1✱ Ks/Kc = 10 ❛♥❞

Ks/Kc = 100✱ s❤♦✇ ❛ ♠♦♥♦t♦♥✐❝ ❞❡❝r❡❛s❡ ♦❢ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞❀ t❤❛t ✐s t❤❡ ❡①♣❡❝t❡❞ ❜❡❤❛✈✐♦r✱

s✐♥❝❡✱ ❛s t❤❡ t❡♠♣❡r❛t✉r❡ ✐♥❝r❡❛s❡s✱ t❤❡ ♠❛t❡r✐❛❧ t❡♥❞s t♦ ❜❡❝♦♠❡ ♣❛r❛♠❛❣♥❡t✐❝ ✇✐t❤ ❛♥

✐♠♣❧✐❡❞ ❝♦❡r❝✐✈❡ ✜❡❧❞ ♦❢ ③❡r♦✳

❋✐❣✉r❡ ✻❛ s❤♦✇s t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ♦♥ t❤❡ s✉r❢❛❝❡ t♦ ❝♦r❡ r❛t✐♦ Ks/Kc ❢♦r

❜♦t❤ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞

t❡♥❞s t♦ ✐♥❝r❡❛s❡ ✇✐t❤ Ks/Kc❀ ❤♦✇❡✈❡r✱ ❢♦r t❤❡ ♣♦s✐t✐✈❡✱ ❝❛s❡ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ✐♥❝r❡❛s❡

✐s ❣r❡❛t❡r✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝✉r✈❡ ❢♦r Ks/Kc > 0 ❡①❤✐❜✐ts ❧❛r❣❡ ❡rr♦r ❜❛rs❀ t❤✐s ❝❛♥ ❜❡

❛ttr✐❜✉t❡❞ t♦ t❤❡ ❝❤♦✐❝❡ ✐♥ t❤❡ s♣✐♥ ✉♣❞❛t❡ ♣♦❧✐❝② ❛♥❞ t♦ ❞✐✛❡r❡♥t ♠❛❣♥❡t✐③❛t✐♦♥ s✇✐t❝❤✐♥❣

♣❛t❤s ❞✉❡ t♦ ❡①❝❡ss✐✈❡ str❛✐♥s ✐♥ t❤❡ s✉r❢❛❝❡✳ ■❣❧❡s✐❛s ❛♥❞ ▲❛❜❛rt❛ st✉❞✐❡❞ t❤❡ ✐♥✢✉❡♥❝❡

♦❢ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ♦♥ ♠❛❣❤❡♠✐t❡ ♥❛♥♦♣❛rt✐❝❧❡s✱ ❛♥❞ ❢♦✉♥❞ ❛ ♠♦♥♦t♦♥✐❝ ✐♥❝r❡❛s❡ ♦❢ t❤❡

❝♦❡r❝✐✈❡ ✜❡❧❞ ❛s t❤❡ s✉r❢❛❝❡ t♦ ❝♦r❡ ❛♥✐s♦tr♦♣② r❛t✐♦ ✐♥❝r❡❛s❡❞ ✭♦♥❧② ❢♦r Ks/Kc > 0✮✳ ❚❤❡

r❡s✉❧ts ♦❢ r❡❢ ❬✶✺❪ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ♦✉rs ✉♣ t♦ Ks/Kc = 100 ❛❢t❡r ✇❤✐❝❤ ✇❡ ✜♥❞ ❛♥ ❛♣♣❛r❡♥t

s❛t✉r❛t✐♦♥✳ ❋✐❣✉r❡ ✻❜ s❤♦✇s t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ♦♥ t❤❡ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ t♦

❝♦r❡ r❛t✐♦ ❢♦r ❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s✳ ■♥ t❤✐s ✜❣✉r❡✱ ✇❡ ❝♦♥✜r♠ t❤❛t t❤❡ ✐♠♣❛❝t ♦❢ ✐♥❝r❡❛s✐♥❣
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✭❜✮

❋✐❣✉r❡ ✻✿ ❈♦❡r❝✐✈❡ ✜❡❧❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ log |Ks/Kc| ❢♦r ❛ ♥❛♥♦♣❛rt✐❝❧❡ ✇✐t❤ D = 12✱ ❢♦r ✭❛✮

❞✐✛❡r❡♥t s✐❣♥s ♦❢ t❤❡ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ❝♦♥st❛♥t ❛t T = 10❑ ❛♥❞ ✭❜✮ ❞✐✛❡r❡♥t

t❡♠♣❡r❛t✉r❡s ❢♦r ❛ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ❝♦♥st❛♥t ✭❧✐♥❡s ❛r❡ ❥✉st ❛ ❣✉✐❞❡ t♦ t❤❡ ❡②❡✮✳

t❤❡ s✉r❢❛❝❡ t♦ ❝♦r❡ ❛♥✐s♦tr♦♣② r❛t✐♦ ✐s ♠♦❞✐✜❡❞ ❤❡❛✈✐❧② ❜② t❤❡ t❡♠♣❡r❛t✉r❡✳ ❚❤✐s ✐s ❜❡❝❛✉s❡

t❤❡ ♥♦♥✲❝♦❧❧✐♥❡❛r✐t② ✐s r❡❞✉❝❡❞ ❞✉❡ t♦ t❤❡ t❤❡r♠❛❧ ✢✉❝t✉❛t✐♦♥s✳

❚❤❡ r❡s✉❧ts s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻❜ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♦♥❡s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳ ❙❡✈❡r❛❧ ❢❡❛t✉r❡s

♦❢✻❜ ❛r❡ ✐♠♣♦rt❛♥t t♦ ♥♦t❡ ❛t ❜♦t❤ T = 10❑ ❛♥❞ T = 100❑✳ ■♥ t❤❡ ❝❛s❡ ♦❢ T = 10❑✱ t❤❡r❡

✐s ❛ ❧❛r❣❡ st❡♣ ✉♣✇❛r❞s ✐♥ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ❜❡t✇❡❡♥ Ks/Kc = 1 t♦ Ks/Kc = 10 ❛♥❞ t❤❡♥ ❛

s❧✐❣❤t❧② s♠❛❧❧❡r st❡♣ ✉♣✇❛r❞s ✐♥ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ❜❡t✇❡❡♥ Ks/Kc = 10 t♦ Ks/Kc = 100 ✇❤✐❝❤

❝❛♥ ❜❡ r❡❛❞✐❧② ❝♦♥✜r♠❡❞ ✐♥ ✜❣✉r❡ ✻❜ ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ t❤r❡❡ ✜rst ♣♦✐♥ts ♦❢ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞

❝✉r✈❡ ❢♦r T = 10❑✳ ❙✐♠✐❧❛r❧② ❢♦r T = 100❑ t❤❡r❡ ✐s ❛ s♠❛❧❧ st❡♣s ❞❡❝r❡❛s❡ ✐♥ t❤❡ ❝♦❡r❝✐✈❡

✜❡❧❞ ❜❡t✇❡❡♥ Ks/Kc = 1 t♦ Ks/Kc = 10 ❢♦❧❧♦✇❡❞ ❜② ❛ s♠❛❧❧ st❡♣ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❝♦❡r❝✐✈❡

✜❡❧❞ ❜❡t✇❡❡♥ Ks/Kc = 10 t♦ Ks/Kc = 100✱ ❛s ❝❛♥ ❛❧s♦ ❜❡ r❡❛❞✐❧② ❝♦♥✜r♠❡❞ ✐♥ ✜❣✉r❡ ✻❜ ❜②

✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ t❤r❡❡ ✜rst ♣♦✐♥ts ♦❢ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ❝✉r✈❡ ❢♦r T = 100❑✳

❋✐❣✉r❡ ✼ s❤♦✇s ❞✐✛❡r❡♥t s♣✐♥ ❝♦♥✜❣✉r❛t✐♦♥s ❝♦❧❧❡❝t❡❞ ❞✉r✐♥❣ ❛ ❤②st❡r❡s✐s ❧♦♦♣✱ ✇✐t❤ t❤❡

❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs✱ Ks/Kc = ±10000 ❛♥❞ T = 10K✳ ❲❡ ✇✐❧❧ ❞✐s❝✉ss s❡♣❛r❛t❡❧② t❤❡ ♣♦s✐t✐✈❡

❛♥❞ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ t♦ ❝♦r❡ ❛♥✐s♦tr♦♣② ❝❛s❡s✳ ❋♦r Ks/Kc = 10000✱ t❤❡ s✉r❢❛❝❡ ✐♦♥s ❛r❡

❜❧♦❝❦❡❞ ✐♥ t❤❡ r❛❞✐❛❧ ❞✐r❡❝t✐♦♥ ❛♥❞ ♦♥❧② t❤❡ t♦♣ ❛♥❞ ❜♦tt♦♠ ♠❛❣♥❡t✐❝ s✐t❡s ♦❢ t❤❡ s❤❡❧❧
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❝❛♥ ❛❧✐❣♥ t♦ t❤❡ ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ■♥ t❤✐s ❝❛s❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❡①t❡r♥❛❧ ✜❡❧❞✱ t❤❡

s♣✐♥s ❝❛♥ ❛❧✐❣♥ ✐♥ t❤r♦tt❧❡❞ st❛t❡s ✼ ✭st❛t❡s ❆✱ ❈ ❛♥❞ ❉✮ ♦r st❛t❡s ❜❡t✇❡❡♥ t❤r♦tt❧❡❞ ❛♥❞

❤❡❞❣❡❤♦❣ ✭st❛t❡ ❇✮ ✇✐t❤ ❛ ♠❛❣♥❡t✐③❛t✐♦♥ ❝❧♦s❡ t♦ ③❡r♦✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦

♥♦t❡ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ st❛t❡s ❛t ❇ ❛♥❞ ❈ ❛r❡ ❝♦♥❝❡♥tr❛t❡❞ ✐♥ t❤❡ s✉r❢❛❝❡

t♦ ❝♦r❡ ✐♥t❡r❢❛❝❡✳ ■♥ t❤❡ ♠❛❣♥❡t✐❝ ❝♦♥✜❣✉r❛t✐♦♥ ❛t ❇ t❤❡ ✐♥t❡r❢❛❝❡ s♣✐♥s ❛❧✐❣♥ ✇✐t❤ t❤❡

❧♦❝❛❧ ✜❡❧❞ ❢r♦♠ t❤❡ s❤❡❧❧ ❛♥❞ ❝♦r❡✱ ❧❡❛❞✐♥❣ t♦ ♠❛①✐♠✉♠ st❛❜✐❧✐t②✱ ✇❤❡r❡❛s ❛t ♣♦✐♥t ❈ t❤❡

♠❛❣♥❡t♦st❛t✐❝ ✜❡❧❞ ❞♦♠✐♥❛t❡s✱ ♠❛①✐♠✐③✐♥❣ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥✳ ❚❤❡ ❤②st❡r❡s✐s ❧♦♦♣ ❢♦r t❤❡

♣♦s✐t✐✈❡ s✉r❢❛❝❡ t♦ ❝♦r❡ ❛♥✐s♦tr♦♣② r❛t✐♦ ❢❡❛t✉r❡s s❡✈❡r❛❧ ❥✉♠♣s ✐♥ ♠❛❣♥❡t✐③❛t✐♦♥✳ ❚❤❡s❡

❥✉♠♣s ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ ❡♥t✐r❡ ♦r ♣❛rt✐❛❧ s✇✐t❝❤✐♥❣ ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❢ t❤❡ s✐t❡s

✐♥ t❤❡ s✉r❢❛❝❡✱ ❞✉❡ t♦ t❤❡ ❡①t❡r♥❛❧ ✜❡❧❞❀ ✐t ❝❛♥ ❜❡ s❛✐❞ t❤❛t t❤❡ s♣✐♥s ♦♥ t❤❡ s✉r❢❛❝❡ ✇♦✉❧❞

♥♦t ❝❤❛♥❣❡ ❣r❛❞✉❛❧❧② ❜✉t s✉❞❞❡♥❧②✳ ❑❛❝❤❦❛❝❤✐ ❛♥❞ ❉✐♠✐❛♥ s❤♦✇ s✐♠✐❧❛r ❤②st❡r❡s✐s ❧♦♦♣s

✉s✐♥❣ t❤❡ ◆é❡❧ ♠♦❞❡❧ ✐♥ ❛ ❣❡♥❡r✐❝ ❢❡rr♦♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧ ❛♥❞ s♦❧✈✐♥❣ t❤❡ ▲❛♥❞❛✉✲▲✐❢s❤✐t③

❡q✉❛t✐♦♥s ❬✾❪✳ ❚❤❡② r❡❝♦❣♥✐③❡ t✇♦ ❦✐♥❞s ♦❢ ♣♦✐♥t t❤❛t ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❤②st❡r❡s✐s ❧♦♦♣s✳ ❚❤❡

✜rst ✐s ♥❛♠❡❞ t❤❡ ❝r✐t✐❝❛❧ ✜❡❧❞✱ ✇❤✐❝❤ ♠❛r❦s t❤❡ ❧✐♠✐t ♦❢ ♠❡t❛✲st❛❜✐❧✐t②✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ✐s

❝❛❧❧❡❞ s✇✐t❝❤✐♥❣ ✜❡❧❞✱ ♦r ❝♦❡r❝✐✈❡ ✜❡❧❞✱ ✇❤❡r❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♦♥ t❤❡

✜❡❧❞ ❞✐r❡❝t✐♦♥ ❝❤❛♥❣❡s s✐❣♥✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ t❤❡ r❛t✐♦ Ks/Kc ✐s ♥❡❣❛t✐✈❡✱ t❤❡ st❛t❡s ♦❢ t❤❡ s✉r❢❛❝❡ s♣✐♥s ❛r❡

t❛♥❣❡♥t✐❛❧ t♦ t❤❡ s✉r❢❛❝❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❛r❡ ♥♦t ❥✉♠♣s ✐♥ t❤❡ ❤②st❡r❡s✐s ❧♦♦♣s✳ ■♥ t❤✐s

❝❛s❡✱ ❛❧❧ t❤❡ st❛t❡s ❆✱ ❇✱ ❈ ❛♥❞ ❉ s❤♦✇ ❛♥ ❛rt✐❝❤♦❦❡ ❝♦♥✜❣✉r❛t✐♦♥✱ ❛♥❞ t❤❡ ♣♦❧❡s ♦❢ t❤❡

❛rt✐❝❤♦❦❡ ♠♦✈❡ ❛s t❤❡ ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✈❛r✐❡s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❤❡♥ tr❛♥s✐t✐♦♥✐♥❣ ❢r♦♠

t❤❡ st❛t❡ ❇ t♦ t❤❡ st❛t❡ ❈✱ t❤❡r❡ ❛r❡ s♦♠❡ ✐♥t❡r❢❛❝❡ s♣✐♥s t❤❛t ❛❧✐❣♥ ✇✐t❤ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞ ❛s

✇❡❧❧ ❛s t❤❡ s✉r❢❛❝❡ s♣✐♥s ❢♦r ❇ ❛♥❞ ♦♥❧② t♦ t❤❡ ❛♣♣❧✐❡❞ ❢♦r ❈❀ ❤♦✇❡✈❡r✱ t❤♦s❡ s♣✐♥s ❛r❡ ♥♦t

❞✐str✐❜✉t❡❞ ✐♥ t❤❡ s✐❞❡s ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡ ✭✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞ ❞✐r❡❝t✐♦♥✮ ❜✉t

✐♥ t❤❡ t♦♣ ❛♥❞ ❜♦tt♦♠ ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡✳ ❇❡②♦♥❞ t❤❛t✱ t❤❡ st❛t❡s ❛❧s♦ ♣r❡s❡♥t ❜❧♦❝❦✐♥❣

❜✉t ♦♥❧② ✐♥ t❤❡ t♦♣ ❛♥❞ ❜♦tt♦♠ s✐❞❡ ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡ ✇❤❡r❡ ❛ ❝♦✉♣❧❡ ♦❢ s♣✐♥s ❛r❡ ❜❧♦❝❦❡❞

t♦ ❜❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐r❡❝t✐♦♥✳

❘❡❣❛r❞✐♥❣ t❤❡ ❛♥✐s♦tr♦♣②✱ ✜❣✉r❡ ✽ s❤♦✇s t❤❡ ♣♦ss✐❜❧❡ s♣✐♥ ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s

♦❢ Ks/Kc ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡✳ ❲❤❡♥ t❤❡ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ✐s ♥❡❣❧✐❣✐❜❧❡ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦

t❤❡ ❝♦r❡ ❛♥✐s♦tr♦♣②✱ t❤❡ s♣✐♥s t❡♥❞ t♦ ♦r✐❡♥t ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❡①❝❤❛♥❣❡

❝♦✉♣❧✐♥❣✱ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✽ ✭❛✮✳ ❲❤❡♥ t❤❡ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ✐s ❤✐❣❤✱ t❤❡ s✉r❢❛❝❡
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s♣✐♥s ❛r❡ ❜❧♦❝❦❡❞ r❛❞✐❛❧❧②✱ ❜✉t t❤❡ ❝♦r❡ s♣✐♥s t❛❦❡ ❛ ❞✐r❡❝t✐♦♥ s✉❝❤ t❤❛t t❤❡② ❝♦♠♣❡♥s❛t❡

t❤❡ ❡①❝❤❛♥❣❡ ❝♦✉♣❧✐♥❣ ❛♥❞ t❤❡ ✉♥✐❛①✐❛❧ ❛♥✐s♦tr♦♣② ✐♥ t❤❡ ±z ❞✐r❡❝t✐♦♥✱ ❢♦r♠✐♥❣ ❛ ✏t❤r♦tt❧❡❞✑

❝♦♥✜❣✉r❛t✐♦♥✱ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✽ ✭❜✮✳ ❆s Ks ❜❡❝♦♠❡s ✐♥❝r❡❛s✐♥❣❧② ♣♦s✐t✐✈❡✱ t❤❡ s♣✐♥s ❛r❡

❜❧♦❝❦❡❞ str♦♥❣❧② ♥♦r♠❛❧ t♦ s✉r❢❛❝❡ ❛♥❞ t❤❡② ❢♦r❝❡ t♦ t❤❡✐r ♥❡✐❣❤❜♦rs t♦ ❛❧✐❣♥ ✇✐t❤ t❤❡♠✱

❛❝❝♦r❞✐♥❣ t♦ ✜❣✉r❡ ✽ ✭❝✮✳ ❚❤✐s ❝❛✉s❡s ❛ ♥❡t ♠❛❣♥❡t✐③❛t✐♦♥ ❡q✉❛❧ t♦ ③❡r♦✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡②

❝❛♥ ❜❡ ♦r✐❡♥t❡❞ ❡✐t❤❡r ✐♥✇❛r❞ ♦r ♦✉t✇❛r❞ ❞✐r❡❝t✐♦♥✱ ❜❡❝❛✉s❡ t❤✐s st❛t❡ ✐s t✇♦❢♦❧❞ ❞❡❣❡♥❡r❛t❡

❬✺❪✳ ❲❤❡♥ t❤❡ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ✐s ♥❡❣❛t✐✈❡✱ t❤❡ s✉r❢❛❝❡ s♣✐♥s ❛r❡ ♦r✐❡♥t❡❞ ✐♥ ❛ ❞✐r❡❝t✐♦♥

t❛♥❣❡♥t✐❛❧ t♦ t❤❡ s✉r❢❛❝❡ ♣r♦❞✉❝✐♥❣ ❛♥ ✏❛rt✐❝❤♦❦❡✑ ❝♦♥✜❣✉r❛t✐♦♥✱ ❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✽ ✭❞✮✳

❚❤❡s❡ s❛♠❡ ❝♦♥✜❣✉r❛t✐♦♥s ✇❡r❡ ❢♦✉♥❞ ❜② ❇❡r❣❡r ❡t ❛❧✳ ❬✷✹❪✱ ✇❤♦ st✉❞✐❡❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢

str♦♥❣ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ✐♥ ❢❡rr♦♠❛❣♥❡t✐❝ ♥❛♥♦♣❛rt✐❝❧❡s✳ ❙✐♠✐❧❛r❧②✱ ▼❛③♦✲❩✉❧✉❛❣❛ ❡t ❛❧✳ ❬✶✶❪

st✉❞✐❡❞ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ♠❛❣♥❡t✐t❡ ♥❛♥♦♣❛rt✐❝❧❡s ❛♥❞ s❤♦✇❡❞ ❛ str♦♥❣ ❞✐✛❡r❡♥❝❡

❜❡t✇❡❡♥ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣②✱ ❛❧s♦ r❡♣♦rt✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥s s✐♠✐❧❛r t♦

t❤♦s❡ ❢♦✉♥❞ ✐♥ t❤✐s ✇♦r❦✳ ❆❧❧ ♦❢ t❤❡ ❛❜♦✈❡ ❡✛❡❝ts ❛r❡ ♠♦st s✐❣♥✐✜❝❛♥t ✐♥ ♣❛rt✐❝❧❡s ✇❤❡r❡ t❤❡

s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ✐s ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ ❡①❝❤❛♥❣❡ ❬✺✱ ✶✺✱ ✷✺❪✳

■❱✳ ❈❖◆❈▲❯❙■❖◆❙

❚❤❡ ❡✛❡❝t ♦❢ t❤❡ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ❛♥❞ ♣❛rt✐❝❧❡ s✐③❡ ♦♥ t❤❡ ❤②st❡r❡t✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❜❡✲

❤❛✈✐♦r ♦❢ ♠❛♥❣❛♥✐t❡ ▲❛2/3❈❛1/3▼♥❖3 ♥❛♥♦♣❛rt✐❝❧❡s ✇❛s st✉❞✐❡❞✳ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ✇✐t❤

▼❡tr♦♣♦❧✐s ❛❧❣♦r✐t❤♠ ❛♥❞ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❧❛ss✐❝❛❧ ❍❡✐s❡♥❜❡r❣ ♠♦❞❡❧ ✇❡r❡ ✉s❡❞ ❢♦r ♠♦❞✲

❡❧✐♥❣ ♠❛❣♥❡t✐❝ ❛♥❞ ❤②st❡r❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ♦❢ ▲❛2/3❈❛1/3▼♥❖3✳ ▼❛❣♥❡t✐③❛t✐♦♥

❛♥❞ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② ♣❡r s✐t❡ ✇❡r❡ ♦❜t❛✐♥❡❞ ❢♦r ❜✉❧❦ ♠❛t❡r✐❛❧ ✐♥ ♦r❞❡r t♦ r❡♣r♦❞✉❝❡

t❤❡ ❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱ ❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡s ❢♦r ♥❛♥♦♣❛rt✐❝❧❡s ✇✐t❤ ❞✐❢✲

❢❡r❡♥t s✐③❡ ✇❛s ❝♦♠♣✉t❡❞✳ ❆ s❤✐❢t t♦✇❛r❞ ❧♦✇ t❡♠♣❡r❛t✉r❡s ♦❢ Tc ✇❛s ♦❜s❡r✈❡❞ ❢♦r ❞❡❝r❡❛s✐♥❣

♥❛♥♦♣❛rt✐❝❧❡ s✐③❡✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ❞✉❡ t♦ t❤❡ ❧♦✇❡r ♥✉♠❜❡r ♦❢ ✐♦♥s ♦♥ t❤❡ s✉r❢❛❝❡ t❤❛♥

t❤❡ ❝♦r❡✳ ◆❡✈❡rt❤❡❧❡ss✱ Tc t❡♥❞s t♦✇❛r❞ t❤❡ ❜✉❧❦ tr❛♥s✐t✐♦♥ t❡♠♣❡r❛t✉r❡ (260❑) ✇✐t❤ ✐♥✲

❝r❡❛s✐♥❣ ♥❛♥♦♣❛rt✐❝❧❡ ❞✐❛♠❡t❡r✳✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ s♣✐♥ ❝♦♥✜❣✉r❛t✐♦♥ ❛t ❡①tr❡♠❡ ✈❛❧✉❡s ♦❢

Ks/Kc ✇❡r❡ s❤♦✇♥✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ s✉r❢❛❝❡ t♦ ❝♦r❡ ❛♥✐s♦tr♦♣② r❛t✐♦ s❤♦✇❡❞ ❛❧♠♦st ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❝r✐t✐❝❛❧

t❡♠♣❡r❛t✉r❡ ♦❢ ♠❛♥❣❛♥✐t❡ ♥❛♥♦♣❛rt✐❝❧❡s❀ ❤♦✇❡✈❡r✱ ❢♦r ✈❡r② s♠❛❧❧ ♥❛♥♦♣❛rt✐❝❧❡s ✭D = 5 ♥♠✮

t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ s✉r❢❛❝❡ t♦ ❝♦r❡ ❛♥✐s♦tr♦♣② r❛t✐♦ ❜❡❝♦♠❡s s✐❣♥✐✜❝❛♥t✳

❍②st❡r❡s✐s ❧♦♦♣s ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ✇❡r❡ ♦❜t❛✐♥✐♥❣ ✈❛r②✐♥❣ t❤❡ ❞✐❛♠❡t❡r ❛♥❞ Ks/Kc✳ ❚❤❡ ❞✐❛♠✲

✶✻



❡t❡r ❤❛s str♦♥❣ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞✱ ❞✉❡ t♦ t❤❡ s✉r❢❛❝❡ ❛♥✐s♦tr♦♣② ❛♥❞ t❤❡ r❛t✐♦ ♦❢

t❤❡ ♥✉♠❜❡r ♦❢ ✐♦♥s ♦♥ t❤❡ s✉r❢❛❝❡ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ✐♦♥s ♦♥ t❤❡ ❝♦r❡✳

❚❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ♦♥ t❤❡ t❡♠♣❡r❛t✉r❡ ✇❛s ❝♦♠♣✉t❡❞ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s

♦❢ Ks/Kc✳ ❆s t❡♠♣❡r❛t✉r❡ ❞❡❝r❡❛s❡s✱ Hc ✐♥❝r❡❛s❡s✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❡rr♦♠❛❣♥❡t✐❝ ♦r❞❡r

✐♠♣♦s❡❞ ❛s t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡❝r❡❛s❡s✳ ❚❤✐s ❛♥❞ t❤❡ ❞❡❝r❡❛s❡ ♦❢ t❤❡r♠❛❧ ❛❝t✐✈❛t✐♦♥ r❡❞✉❝❡s

t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ t❤❡r♠❛❧❧② ❞r✐✈❡♥ tr❛♥s✐t✐♦♥s ❧❡❛❞s t♦ t❤❡ ✐♥❝r❡❛s❡ ♦❢ ❝♦❡r❝✐✈✐t②✳

❚❤❡ ❝♦❡r❝✐✈❡ ✜❡❧❞ ✈❛r✐❡s ✇✐t❤ Ks/Kc✳ ❍♦✇❡✈❡r✱ t❤❡ s②st❡♠ ❝♦✉❧❞ ♣r❡s❡♥t ❜❧♦❝❦❡❞ st❛t❡s✱

♦r ♠❡t❛st❛❜❧❡ st❛t❡s✱ ✇❤✐❝❤ ♣r♦✈✐❞❡ ❞✐✛❡r❡♥t ♣❛t❤✇❛②s ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧✳ ❋♦r t❤✐s

r❡❛s♦♥✱ t❤❡ ❡①❛❝t ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦❡r❝✐✈✐t② ❢♦r ❛♥ ❡♥s❡♠❜❧❡ ♦❢ s✉❝❤ ♥❛♥♦♣❛rt✐❝❧❡s ✇♦✉❧❞

r❡q✉✐r❡ ❛✈❡r❛❣✐♥❣ ♦✈❡r ❛❧❧ ♣❛t❤s✱ ✇❤✐❝❤ ✐s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤❡ ❝✉rr❡♥t ✇♦r❦✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❚❤❡ ❛✉t❤♦rs ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡ ✜♥❛♥❝✐❛❧ s✉♣♣♦rt ❢r♦♠ t❤❡ ❉✐r❡❝❝✐ó♥ ◆❛❝✐♦♥❛❧ ❞❡ ■♥✈❡s✲

t✐❣❛❝✐♦♥❡s ♦❢ t❤❡ ❯♥✐✈❡rs✐❞❛❞ ◆❛❝✐♦♥❛❧ ❞❡ ❈♦❧♦♠❜✐❛ ❞✉r✐♥❣ t❤❡ ❝♦✉rs❡ ♦❢ t❤✐s r❡s❡❛r❝❤ ✉♥❞❡r

♣r♦❥❡❝ts ✷✽✷✽✶ ❛♥❞ ✷✸✵✽✽✳

❬✶❪ ▼✳ ❊✳ ●♦♠❡③✱ ●✳ ❈❛♠♣✐❧❧♦✱ ❏✳ ●✳ ❘❛♠✐r❡③✱ P✳ Pr✐❡t♦✱ ❆✳ ❍♦✛♠❛♥♥✱ ❏✳ ●✉✐♠♣❡❧✱ ◆✳ ❍❛❜❡r❦♦r♥✱

❛♥❞ ❆✳ ❈♦♥❞ó✱ ✏▼❛❣♥❡t♦tr❛♥s♣♦rt Pr♦♣❡rt✐❡s ✐♥ ❊♣✐t❛①✐❛❧ ❊①❝❤❛♥❣❡✲❇✐❛s❡❞ ▲❛✷✴✸❈❛✶✴✸▼♥❖✸

✴ ▲❛✶✴✸❈❛✷✴✸▼♥❖✸ ❙✉♣❡r❧❛tt✐❝❡s✱✑ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ▼❛❣♥❡t✐❝s✱ ✈♦❧✳ ✹✷✱ ♥♦✳ ✶✵✱ ♣♣✳ ✷✾✽✶✕

✷✾✽✸✱ ✷✵✵✻✳

❬✷❪ ❊✳ ❘❡str❡♣♦✲P❛rr❛✱ ❈✳ ▼✳ ❇❡❞♦②❛✲❍✐♥❝❛♣✐é✱ ❋✳ ❏✳ ❏✉r❛❞♦✱ ❏✳ ❈✳ ❘✐❛♥♦✲❘♦❥❛s✱ ❛♥❞ ❏✳ ❘❡str❡♣♦✱

✏▼♦♥t❡ ❈❛r❧♦ st✉❞② ♦❢ t❤❡ ❝r✐t✐❝❛❧ ❜❡❤❛✈✐♦r ❛♥❞ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ▲❛✷✴✸❈❛✶✴✸▼♥❖✸ t❤✐♥

✜❧♠s✱✑ ❏♦✉r♥❛❧ ♦❢ ▼❛❣♥❡t✐s♠ ❛♥❞ ▼❛❣♥❡t✐❝ ▼❛t❡r✐❛❧s✱ ✈♦❧✳ ✸✷✷✱ ♥♦✳ ✷✶✱ ♣♣✳ ✸✺✶✹✕✸✺✶✽✱ ✷✵✶✵✳
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❋✐❣✉r❡ ✼✿ ❍②st❡r❡s✐s ❧♦♦♣s ❢♦r ❛ ♥❛♥♦♣❛rt✐❝❧❡ ✇✐t❤ D = 12 ✐♦♥s✱ T = 10K ❛♥❞

Ks/Kc = ±10000 ✇✐t❤ ✐ts r❡s♣❡❝t✐✈❡ s♣✐♥ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ t❤❡ ♣❧❛♥❡ XZ✳ ❯♣♣❡r ❛♥❞ ❧♦✇❡r

✜❣✉r❡s ❝♦rr❡s♣♦♥❞ t♦ Ks > 0 ❛♥❞ Ks < 0✱ r❡s♣❡❝t✐✈❡❧②✳ ✭❧✐♥❡s ❛r❡ ❥✉st ❛ ❣✉✐❞❡ t♦ t❤❡ ❡②❡✮✳
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❋✐❣✉r❡ ✽✿ ❙♣✐♥ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r ❛ ♠❛♥❣❛♥✐t❡ ♥❛♥♦♣❛rt✐❝❧❡ ♦❢ ❞✐❛♠❡t❡r D = 12 ✐♦♥s ❢♦r ✭❛✮

Ks/Kc → 0✱ ❝♦❧❧✐♥❡❛r ❢❡rr♦♠❛❣♥❡t✐❝ ❝♦♥✜❣✉r❛t✐♦♥✱ ✭❜✮ Ks/Kc = 100✱ ✏t❤r♦tt❧❡❞✑ ❝♦♥✜❣✉r❛t✐♦♥✱

✭❝✮ Ks/Kc → ∞✱ ✏❤❡❞❣❡❤♦❣✑ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ✭❞✮ Ks/Kc = −100✱ ✏❛rt✐❝❤♦❦❡✑ ❝♦♥✜❣✉r❛t✐♦♥✳
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