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Navier-Stokes equations
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Abstract. We study how late the first singularity can form in solutions of the Navier-
Stokes equations and estimate the size of the potentially dangerous time interval, where
it can possibly appear. According to Leray (1934), its size is estimated as O(R®)
when normalised by the local existence time, for a general blowup of the enstrophy
3/2
Q) > (tcyt/)uz at t = t,. Here R = (E(0)Q(0))/*/v is the Reynolds number
defined with initial energy F(0) and enstrophy Q(0).
Applying dynamic scaling transformations, we give a general estimate parame-
terised by the behaviour of the scaled enstrophy. In particular, we show that the size
CIV?)/Q
(t, — t)%+0 ’
On the basis on the structure theorem of Leray (1934), we note that the self-
similar and asymptotically self-similar blowup are ruled out for any singularities of
weak solutions. We also apply the dynamic scaling to weak solutions with more than
one singularities to show that the size is estimated as O(R?*) for the type II blowup
above.

is reduced to O(R*), for a class of type II blow up of the form Q(t) >

1. Introduction

Substantial progress has been made recently in the understanding of the regularity
properties of the incompressible Navier-Stokes equations. Ruling out self-similar blowup
and improving blowup criteria with critical norms are just a few examples of recent
results [2, 11, 16, 26, 34, 39]. In this paper we study dynamically scaled version of the
Navier-Stokes equations, called non-steady Leray equations in detail. In particular, for
a class of blowup (a majority of type II singularities) we study how late a singularity
can take place in solutions of the Navier-Stokes equations by combining the energy
inequality with the dynamic rescaling.

We consider the Navier-Stokes equations with standard notations in the whole space

R3
%—?+u-Vu:—Vp+l/Au, (1)

V-u=0, (2)
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u(x,0) = b, (3)

where A =372 % and the initial data b(x) is smooth and decays sufficiently fast at
large distances |b| =50 as |z| — oc.

There are a large amount of literature on the mathematical problems of the Navier-
Stokes equations, including [1, 5, 6, 7, 8, 12, 14, 19, 27, 31, 36, 37, 38]. For applied
mathematical interests, see e.g. [10, 24, 25, 28, 32]. See also [29] for applications of the
self-similar ansatz in construction of some exact solutions.

It is well-known that if w(&, 7) is a solution to the Navier-Stokes equations in any
spatial dimensions, then so is Au(A\¢, A\?7) = U (€, 7), where ) is an arbitrary positive
constant. This is because the Navier-Stokes equations are invariant under the following

set of scaling transformations:

x =\, t = N7, (4)
u(z,t) = AU (z/)\, /)%, (5)
p(w,t) = A72P(x/X /X7, (6)

see e.g. [15] for details on self-similarity concepts.
To illustrate the concept of criticality, we recall that the Li-norm of the velocity in
R"™ satisfies
|lu|%de = \""1 | |U|dE.
R™ R7
We call it super-critical if ¢ < n, critical if ¢ = n and sub-critical if ¢ > n. The similar
definitions of criticality go for other norms. Historically, the importance of working in a
critical space when we study the Navier-Stokes equations dates back to seminal papers
of [13, 18].
Study of self-similar blowup solutions in three-dimensions was initiated in [21]. By
assuming self-similar evolution of the form
2

m%w=7§éf§U@,Maw:%étBP@,szgﬁéﬁﬁa (7)
we obtain the so-called Leray equations

U~V£U+%(£~V£U+U) = —V¢P+ 0eU, 8)

Ve U=0. (9)

Note that capitalised variables U, P are non-dimensional.

We review fundamental results regarding the absence of self-similar blowup. In [26]
it was proved that if a solution U to the Leray equations satisfies U € L3(R?) then
U = 0. Also, in [39] it was proved that if a solution U to the Leray equations satisfies
U € L9(R?) with ¢ > 3, then U = 0.

The Prodi-Serrin criterion for regularity of the three-dimensional Navier-Stokes
solutions states that as long as

1/s

T
voen = ([ Tulidr) <o
0

[
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where % + % =1 and 3 < r < 00, no singularities can form in solutions of the Navier-
Stokes equations up to time 7. Whether the L3-norm (i.e. the case of r = 3 and s = 00)
serves as a blowup criterion for the three-dimensional Navier-Stokes equations or not,
has been a long-standing challenging problem. It was finally proved in [11] that this is
indeed the case. Later this result has been generalised to n-dimensions in [9]. See also
34] for a related result using another critical norm of H'/?(R?).

2. Late formation of singularities

We define the energy E(t) and the enstrophy Q(t) as follows

EW) =+ [ |ul1)lde,

2 Jgs
1 2
Q) =5 | [Vu(z.1)Pdz
2 R3

and notations with a tilde denote corresponding integrals after scaling. The energy
inequality on a time interval [0, ¢] implies

E(t) + 2 / Ot < E(0).

Leray’s version of weak solutions (called a “turbulent solution”) satisfies the energy
inequality in a stronger form

E(t) + 20 / Ot < E(s),

which holds for almost all s > 0 including s = 0 and all ¢ such that t > s. They
exist globally in time, but they can go singular many times. A natural question to
ask is whether or not the subsequent blow-up can take place in a self-similar, or in an
asymptotically self-similar manner. We discuss these questions on the basis of Leray’s
structure theorem (see below). The rest of this section places some known results in a
proper perspective to be used in the subsequent sections.

2.1. First singularity

We recall the well-known bound on the enstrophy due to [21]

dQ Q(t)?
dt =C v3

(10)

(Hereafter C, c etc. denote positive constants. ) We note that the instantaneous growth
rate (10) has been proven to be actually sharp and is associated with vortex rings in
physical space [22].
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We consider a problem of determining how late a singularity shows up in solutions
of the Navier-Stokes equations. By solving the differential inequality (10) under the
assumption of blowup Q(t.) = oo at t = t,, we obtain a lower-bound

(11)

Vi —1

is called Type I and any blowup other than Type I is called Type II, see e.g. [35].
By substituting the lower-bound into the energy inequality

B(6) < BO) -2 [ Q).

we find
E(t) < B(0) - 27T, — Vi =),

Taking the limit ¢ — ¢,, we have
E(t,) < E(0) — 4cv°?\/1,.

This gives a contradiction, if ¢, is larger than

E(0)?
t. >~ 5 (12)
where ~ implies that both sides are on the same order, that is, ¢; E£05)2 <ty < o Eff?z,

for some ¢y, c5 (> 0). Hence we conclude that no singularity can form beyond this time
scale.

2.2. Structure theorem

After the first singularity, no uniqueness is guaranteed for weak solutions. For the
three-dimensional (and in fact, four-dimensional [17]) Navier-Stokes equations, we have
Leray’s structure theorem, which characterises the nature of time singularities as follows.
There are disjoint, countable time intervals J,, & = 0,1,2,... such that the
following properties hold
|[07 OO) - UZO:O‘]M =0,

and
oo

’Jk|1/ 2 < o0,
k=1
where Jy = [T,00) for some T'(> 0), is a semi-infinite time interval after the final
singularity.
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It was proved in [33] that the Hausdorff dimension of singularities on the time
axis does not exceed 1/2. (See also [30].) This was proved by first fixing a sequence of
singular times by the structure theorem and then applying usual blowup criterion to each
singularity. It should be noted that while singular times are not uniquely determined,
the above properties hold for each realisation.

2.3. Case of multiple singularities

If a weak solution has many singularities, we first fix the sequence of time singularities
by the structure theorem: t{,t5,...,t,,..., ordered as t; < ty < t3 < ..., which is in
general not unique except for t;. Applying the blowup criterion repeatedly to the energy
inequality, we obtain

bedt 2t tn dt
2c1/%/? / . / / ) < E0
cv (0 tl—t+ ; —tg—t+ + - tn—t+ < (),

where a common constant ¢(> 0) has been redefined as the minimum of constants for

all possible blowup. Thus we have

4 <\/E+ Vi =t + .oty =t +> < E(0).

When ¢; is small, \/f; — t; is the next candidate to be dominant. If t, > t; we have
4cv°2\/t; < E(0), for some /(> 0). This will give the ¢, the same bound as (12). If ¢,
is also small, then we consider /t3 — t, and so on. Therefore we conclude that none of
the t1,ts, ... can exceed (12).

The same conclusion can obtained without referring to intermediate singularities
step by step [21]. We have shown this awkward proof, because the similar kind of
argument will be used in this paper.

3. Dynamic scaling transformations

Assuming that a solution to the Navier-Stokes equations blows up at t = t,, we apply

the dynamical rescaling transformations
v

u(x,t) = mU(&T%

¢ x /t ds v | t.
= —’ T = % = — 0 s
V2a(t, —t) o M) 2a St —t

where A\(t) = \/2a(t, — t). We then obtain the non-steady version of the Leray equations

%_:J: +U- V£U+ %(é’ . V€U+ U) = —VEP—FAEU, (13)

Vg -U =0. (14)
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Here the zooming-in parameter a(> 0) has the same physical dimension as kinematic
viscosity v, and therefore we can write 2at, = 1/k?, using a constant k which has the

dimension of wavenumber. We pick k = % for comparison with the known results.
1 — —2art /v
Note also that ¢t = #. We note that these equations have been used e.g. in
a
2, 16, 23].

We make a simple observation regarding the blowup criteria using the enstrophy.

It follows form (10) that

C

d
Sog QD) < QP

or
QE) _ C " na

This time integral itself is critical (i.e. scale-invariant) under rescaling transforms and
it is necessary for a blow up that

/0 " 02t = 1 /0 T O(r)2dr = oo, (15)

We observe that the borderline case Q(t) ~ \/tl—_t can take place in (10), but the

other borderline Q(7) ~ % cannot, because the former implies a logt-behaviour in

the first criterion, that is, a linear in 7 behaviour for the second criterion. In fact,
fooo Q(7)?dr = oo is not sufficient, but only necessary. This can be verified by the scaled
version of (10)

+-Q < 0Q(r), (16)

| &
\]|©1

R

from which it follows
Q) < Qe (¢ [(awra - 2).
0 v

This shows that the exponential should not decay to zero as 7 — oo, because if it does,
we would have %Q(T) = Vt. —tQ(t) — 0 as t — t,, which contradicts the Leray
bound (11). More precisely, by solving (16) we have

Q(r) > s

hence the exponent cannot be negative.
4. Main result

The purpose of this section is to show that for a certain class of blowup, the first
singularity cannot take place as late as the known estimate F(0)?/1° obtained in [21].
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Proposition 4.1. A parametrisation of the scaled enstrophy
Q(7) > et (17)

18 equivalent to

1% oa—‘,—% ]/3/2 t* o
> R
Q) z ¢ <2a> Vi =t (log t— t*) ’ (18)
1

where o > —5 and the extra prefactor satisfies

1% OH‘% < R2 %
(%) - (20‘+2CF(04 + 1)) '

Using the same «, the size of the time interval which can contain the first singularity

t, R2(2a+3) 0%‘-1
T~ (2a+20F(a + 1)) '

Proof. Assuming that a Navier-Stokes solution blows up at t = t,., we consider the non-

1s estimated as

steady Leray equations (13). Before and after rescaling, the energy and enstrophy are

related by
2

E(t) = %e*aT/VE(T), Qt) = 2ke" " Q(7).

By the condition of finite energy, we have

tu v o) 5
_ —art /v
/0 Q(t)dt = k/'/o e Q(7)dT < o0,

whereas the blowup criterion requires

/0 " Ot = /0 " O(r)dr = oo, (19)

Note that the left integral in (19), with a physical dimensions of [?], is critical.
Integrating the energy equation for the scaled variables

% <€—aT/VE> — 9 0TIV,

we obtain the scaled version of the energy inequality

0 <E(7) < eV E‘(O) - 2/ e_‘”,/”Q(T')dT'
0

N

-~

=1

By (17), we are led to consider the following integral

I = 26/ e~V redr
0
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v a+1
=2c <—) [+ 1),
a

where I' denotes the gamma function. Balancing two terms in the energy inequality, the
borderline is determined by

or

( ; )QH - a (20)

2a = 20+2c0(a + 1)’
where R = (E(0)Q(0))Y/*/v denotes the Reynolds number. It follows for o > —1/2 that

(Z) = (2a+2cr(a + 1)) ' (21)
On the other hand, we have
Qt) > ke 7 (22)

cv? v Ty «
=—| —1lo 23
V2alt, — 1) (2a 5% —t) (23)

vats cv/? te \“
= (— 1 . 24
<2a> N <Og t*—t) (24)

a+i
It should be noted that the extra prefactor <21> * is bounded from above by (21).
a

Furthermore, we have

. 1 E(0) R? atl
" 2ak2 20Q(0) \ 2 (a+ 1) '
Normalising by T' ~ v*/Q(0)?, we estimate the size of the dangerous time interval as
t

1 2(2a43)

~ a-+1 .

2(2e(a + 1)) 5

*

N

[]

We consider special cases where the prefactor in (24) is O(1) and discuss general
cases. If the Reynolds number is of O(1), i.e. for small initial data, singularities are
absent and t¢./T is of O(1) irrespective of a. If not, the extra prefactor in the above
enstrophy bound (24) becomes large.

For a special value of @« = —1/2, we have
c3/? t, —-1/2
t) > ——— [ log —— 25
Q()_\/m(ogt*—J (25)

together with
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This behavior O(R?®) is the same as the result obtained in [21]. Tt should be noted
that the same result has come out from a weaker condition (25). The value « = —1/2
corresponds to the borderline case, where the necessary condition for a blow up in (15)
is marginally satisfied.

Up to here the Reynolds number R and the exponent « are independent parameters.
We can make use of this freedom to keep the prefactor at O(1). For example, if we are
interested in flows with Reynolds number up to R = 1000, we can choose a = 7 because
29 x 7! ~ 2.5 x 10°. If we want to handle flows with higher Reynolds numbers, we must
increase a accordingly. If we do not limit Reynolds numbers, we must allow unbounded
a. More precisely, we find the following.

Proposition 4.2. For a class of slightly faster blow up
c/l/3/2

(26)

the size of the potentially dangerous time interval is given by O(RY).

Proof. Taking R? = 2°T12cI'(a+ 1), by (21) the extra prefactor of the enstrophy bound

in (18) remains at O(1);
cv3/? . ¢
t) > lo ,
Qt) = P ( gt*_t>

for any a(> 0). The condition (26) is sufficient for this. We then have

~+

2 2(2a+3)
* ~ R &R et = R}

N

We note that the above estimate corresponds to

. EO
T rQ(0)

We also note that this argument does not apply to type I singularity, but covers a

majority of type II singularity.

5. Beyond the first singularity

After the first singularity, i.e. the breakdown of a classical solution, we consider a
‘turbulent solution,” which is a weak solution with a strong form of the energy inequality.

Dynamic scaling transformations have been used to discuss how late the first
singularity ¢, can happen under the condition (26). In principle weak solutions can
blow up many times and it is of interest to study possible singularities beyond the first
one.
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As we mentioned above, self-similar blowup [26, 39] and asymptotically self-similar
blowup [2, 16] have been excluded for the first singularity. See also [3, 4] for related
works. If the scaled velocity converges in the long time limit

ll)m ||U<£7T) - U(&)HLP = O) ﬁ € LP) p Z 37

then U is a steady solution to the Leray equations and hence U = 0 by [26]. This is the
argument developed in [2, 16]. Note that weak solutions to the steady Leray equations
are known to be actually smooth [26].

In this section, we address the following two questions on the basis of Leray’s
structure theorem. 1) We will rule out self-similar and asymptotically self-similar blowup
for the singularities beyond the first singularity. 2) We will study how late singularities
can form in the weak solutions under the assumption of faster blowup (26).

5.1. Ezclusion of self-similar blowup

Assuming that a weak solution blow up many times, by the structure theorem we choose
an ordered sequence of times t1, to, . . ., t,. (We have denoted t, = t; in previous sections.)
The first question is straightforward: because in three-dimensions weak solutions are
known to be piece-wise smooth on each interval, we can apply the results [2, 16].

It was proved in [20] that a weak solution u € L*°(0, t,; L?) is right continuous on
[0,t,). Because the structure theorem states that a weak solution (turbulent solution)
is piece-wise smooth in time and has the same property on each interval (t,,%,+1) as on
(0,t1), applying the result of [20] to each ¢,, we find that there exists a function a,(x)
such that

im lu(@,t) — an(@)]ze = 0,

for n > 1. On the first interval [0,t.) = [to,t1) prior to the first singularity, the
corresponding function ag(x) coincides with the initial data a¢(xz) = wu(x,0). Even
though w(x,t) is undefined at ¢ = t,,, we can make use of a, (&) to define initial data
for the Leray equations by

U(£,0) = an(§),

thereby enabling us to consider non-steady Leray equations on [t,,t,+1). We then
conclude that self-similar and asymptotically self-similar blowup is excluded at ¢t = £,
by [2, 16].

5.2. Late time singularities

For a general blow up, the late time scale beyond which no singularity can form has
been confirmed in Subsection 2.3. We consider a class of faster blow up (26) here. To
discuss the second question of the (possible) subsequent singularities, we need to handle
dynamically scaled Leray equations in weak sense. By the structure theorem, again we
choose an ordered sequence of time singularities tq, %o, ..., t, then apply the dynamic
scaling transforms. (These singularities are not unique, except for ¢;. )
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In order to apply dynamic scaling transforms to the weak form of the Navier-
Stokes equations, we establish a weak formulation of the Leray equations. There are
two different ways of the weak formulation; one is deriving a weak form of the non-
steady Leray equations from the Navier-Stokes equations in weak form and the other
is generalising the Leray equations in classical sense to weak sense. By considering the
first singularity, they must match for consistency. We confirm that this is the case in
the Appendix below.

Taking the origin of time at ¢ = 0, not at ¢, (n > 1), we apply dynamic scaling
transformations to singular points t, = t1, ta,t3... on the basis of the Leray equations in
weak form, that is, on a time interval [0,¢,). The above argument for the first singularity
can be carried over to these cases. We conclude that

t
2~ R4
T

for 3/2
v

Q) > ————,

(t) PR

where n > 1 and t,,_1 <t < t,.

6. Summary and discussion

In this paper, we have studied how late singularities can form in solutions to the Navier-
Stokes equations.

Firstly, we considered the first singularity on the basis of dynamic scaling
transformations. For a majority of type II singularities, we have proved that no blowup
is possible beyond ¢, ~ FE(0)/vQ(0), which is smaller than the known time scale
t. ~ E(0)%/v° for a general blowup. Equivalently, for this class of blowup, the size

ls
of dangerous time interval is reduced by 50% on a logarithmic scale from T ~ R® to

b ~ R* where R = (E(0)Q(0))/*/v is the Reynolds number.

Secondly, we apply the same argument to subsequent singularities that can take
place in weak solutions to the Navier-Stokes equations. To this end, we formulate the
non-steady Leray equations in weak sense and show that no singularity in that class
cannot happen later than t, ~ F(0)/rQ(0) on the basis of the structure theorem.

While this argument cannot be applied to Type I singularity, it does place
limitations on the appearance of singularities because Type II singularities are not ruled
out at the moment, even for the axisymmetric case. Our argument works in the whole
space R3. For other boundary conditions, say on a bounded domain or under periodic
boundaries, it is not known if the corresponding result is available or not because of lack
of Leray equations for those cases.
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Appendix A. Leray equations in weak form

The Navier-Stokes equations in weak form take the following form

where ¢(x,t) denotes a smooth test function compactly supported in space-time, (,)
an inner-product in x-space and n the spatial dimension to clarify where it appears
(n =3). Applying dynamic scaling, the Leray equations in weak form take the form

B —(n—1)at /v 0P a / / /
/0 e { (U = ;g-v£<1>) +(U - VeU, @) +(VU,V£<I>)]dT
(A.2)
b(x) and (,)

e—aT/l/ 1— €—2a7'/1/

=(B, ®(-,0))',where ®(&,7) = ¢ ( ? &, e ) , B(§) =

an inner-product in &-space.

v 2at,
v

Proof. By

1 0 v 0
V= o 6 9 2a(t 1) (a +0E Vﬁ)

we compute term by term of (A.1). For example, the spatial integral of its first term on
the left-hand side reads

= 1%(2a(t, —t))"3 <U %—(ﬁ gs : Vgcb)/.

To complete the left-hand side, we also note

T/ 1 T//
dt = dre >,
B vk?

together with (2a(t, —t))"/? = £e=*/*. On the other hand, the right-hand side is

v v
B(&) - ®(&)(2a(t, —t))V?d = B.®).
JBO) @Oalt. —0) e = (B.@)

The rest is straightforward. m

We check that the same result comes out when we start from the Leray equations
in strong form, i.e. for the first singularity, and move onto a weak form.
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Proof. Take inner-product of (13) with ® to write

/ / a / a /
U, ®) + (U - VgU, ®) + ;(E : VgU, ®) + ;(U7 D)

= —(V£P, D) + (AgU, D).

Integrating the above with respect to 7 against the weight factor e=»~De7/v  we

find that the first term is

Tl
/ 6_(n_1)aT/V(U7—,¢),dT
0

= (B, ®(-,0)) + (n — 1)3/e—<n—1>“/”(U, ®)dr — /e_(”_l)‘”/”(U, &) dr.

14

Noting that the third term is

a ;o

na
|4

(U.®) (€ V2, UY,

we see the same equations as (A.1) come out because of cancellation of the three

underlined parts. O
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