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The scattering of two-dimensional massless Dirac fermions from local spin-orbit interactions with an origin in
dilute concentrations of physisorbed atomic species on graphene is theoretically investigated. The hybridization
between graphene and the adatoms’ orbitals lifts spin and valley degeneracies of the pristine host material,
giving rise to rich spin-orbit coupling mechanisms with features determined by the exact adsorption position on
the honeycomb lattice—bridge, hollow, or top position—and the adatoms’ outer-shell orbital type. Effective
graphene-only Hamiltonians are derived from symmetry considerations, while a microscopic tight-binding
approach connects effective low-energy couplings and graphene-adatom hybridization parameters. Within the
T -matrix formalism, a theory for (spin-dependent) scattering events involving graphene’s charge carriers, and
the spin-orbit active adatoms is developed. Spin currents associated with intravalley and intervalley scattering are
found to tend to oppose each other. We establish that under certain conditions, hollow-position adatoms give rise
to the spin Hall effect, through skew scattering, while top-position adatoms induce transverse charge currents
via trigonal potential scattering. We also identify the critical Fermi energy range where the spin Hall effect is

dramatically enhanced, and the associated transverse spin currents can be reversed.

DOI: 10.1103/PhysRevB.90.035444

I. INTRODUCTION

Graphene, being an atomically thin semimetal, allows a fine
control over the charge-carrier density via the electric-field
effect [1,2]. Therefore, its basic characteristics—such as the
density of states [3], charge conductivity [4—6], and electron-
phonon coupling [7,8]—are gate-tunable, making this material
extremely versatile. The magnetic properties of graphene can
be tailored as well [9], as placing the Fermi energy in the
vicinity of (away from) an adatom energy level switches on
(off) magnetic moments [10,11].

The properties of graphene can change even more
drastically upon adsorption of certain atomic species; highly
conducting in its pristine form, graphene can be transformed
into an excellent insulator [12] or a granular metal [13] by
chemisorption. Theoretical predictions point out yet another
possibility: the manipulation of spin-orbit coupling (SOC)
in chemically modified graphene [14—16]. Such an appealing
perspective has gained renewed interest recently due to
demonstrations of band-structure Rashba splitting in a
graphene/Ni(111) system with intercalated gold [17] and
giant local SOC enhancement in weakly hydrogenated
graphene [18].

The control of SOC in gently modified graphene would
open new directions in carbon-based spintronics, comple-
menting previous proposals requiring magnetic fields [19] or
magnetic ordering [20]. In particular, two-dimensional (2D)
Dirac fermions in clean samples endowed with a SOC potential
landscape could trigger robust spin-polarized currents through
the spin Hall effect (SHE)—a phenomenon in which charge
carriers with opposite spin states are asymmetrically scattered
under the action of a driving electric field [21]. Given the
importance of resonant scattering in 2D carbon[22,23], it is
reasonable to expect that even dilute SOC-active “hot spots”
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would allow the observation of a sizable SHE. A recent
study by some of the authors predicted that nanometer-sized
metal clusters provide the required hot spots [24], capable of
delivering giant spin Hall coefficients reminiscent of those in
pure metals [25]. Furthermore, the experimental data reported
in Ref. [18] strongly suggest that individual adatoms per se act
as hot spots for enhanced spin-current generation, although the
underlying spin-transport mechanisms remain unclear [16,18].

In the present paper, the scattering of charge carriers from
physisorbed adatoms in monolayer graphene is investigated
theoretically. The effective SOC generated by generic adatoms
is explicitly derived—within a tight-binding and a continuum
approach—and the associated single-impurity problems are
solved analytically using standard techniques. Regarding the
latter, our work generalizes the previous theory of resonant
scattering from short-range impurities [22,23] to situations in
which the effective impurity potentials possess a nontrivial
spin and valley texture. Adatoms in their nonmagnetic state
are shown to mediate rich SOC scattering mechanisms—due
to an interplay between sublattice, spin, and valley degrees of
freedom—that cannot be observed in large clusters for which
intervalley scattering is inactive [24]. It is already known
that sp? bonds formed by light adatoms induce large SOC
due to graphene lattice out-of-plane deformation [14,16] with
potential use in SHE [18]. Here instead we investigate the
effects of heavy elements, which in a good approximation leave
the lattice flat. We show that such species can, in principle,
induce significant spin-orbit interactions if adsorbed in the
hollow or top position, but not in the bridge position. The
actual scattering mechanisms are seen to depend not only
on the location of adatoms on the lattice, but also on their
valence orbital type, i.e., p, d, or f. Strikingly, the competition
between transverse spin currents generated by intravalley and

©2014 American Physical Society
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intervalley scattering processes is shown to favor certain types
of adatoms in the establishment of SHE. Our calculations
reveal that while hollow-position adatoms can induce large
pure transverse spin currents and SHE, top-position adatoms
produce transverse unpolarized currents via the charge Hall
effect (CHE).

The paper is organized as follows. Section II provides a
derivation of effective low-energy SOC Hamiltonians induced
by generic atomic species physisorbed on graphene. This
section generalizes the particular case of p outer-shell adatoms
studied in Ref. [15] to nonmagnetic adatoms with any type of
valence orbital [26-28], including the effects of intervalley
scattering neglected in previous studies. In addition to the case
of hollow adatoms [15], we consider also the experimentally
relevant cases of top and bridge positions [12,29]. The
Hamiltonians derived in this section describe dilute decora-
tions, in which adsorbates located at random positions act as
scattering centers and the low-energy physics is still dominated
by graphene’s & electrons. The superlattice dense limit, with
adatoms occupying regularly spaced positions, endowing the
band structure with SOC, has been studied in Refs. [15,16].

In Sec. III, the scattering theory for generic low-energy
adatom models is established within a 7-matrix approach.
In particular, explicit expressions for cross sections in spin-
conserving and spin-flip channels are given, and consequences
for SHE and CHE are discussed. The conditions for the
existence of low-energy regimes in which strong transverse
spin or charge currents arise from scattering are discussed.
Furthermore, we show that, for certain adatoms in hollow and
top positions, the flow of transverse spin and charge currents
can be reversed by tuning the Fermi energy.

Finally, the Appendix provides an alternative derivation
of the effective impurity Hamiltonians—derived in Sec. II
using symmetry arguments—starting from microscopic tight-
binding Hamiltonians through Lowdin transformation. It also
formulates conditions for the appearance of large transverse
spin and charge currents as discussed in Sec. III in terms of
microscopic hopping parameters.

II. EFFECTIVE ADATOM HAMILTONIANS

In previous approaches in the continuum, adatoms have
essentially been modeled by a Dirac-peak potential V§(r)
in order to estimate the charge dc conductivity [4,23] of
defective graphene, and to identify its dependence on the
electronic density. Although this approach proved successful
experimentally [30-32], it does not capture subtle effects that
we aim to investigate, in particular the impact of adatoms
on the charge carriers’ spin and valley degrees of freedom.
In what follows, we establish a continuum theory, within
which an adatom situated at the origin adds a localized
effective-potential term V§(r) to pristine graphene’s Dirac
Hamiltonian, and V is an 8x8 matrix that depends on the
adatom’s exact position in the lattice: at the center of a
honeycomb hexagon (hollow position), on top of a carbon
atom (top position), or in the middle of a carbon-carbon bond
(bridge position). For the continuum approach to incorporate
the most important symmetries associated with these particular
adsorption sites, we first derive very general graphene-only
tight-binding Hamiltonians, and eventually take the limit of
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vanishingly small lattice spacing. The results derived here form
the basis for the scattering theory developed later in Sec. III.

A. Adatoms in the hollow position

We start by considering the case of a single adatom in the
hollow position. As stated in the Introduction, our main goal
is to develop a general description of scattering from SOC-
active nonmagnetic atomic species weakly affecting carbon-
carbon bonds [15,26]. Consequently, it suffices to describe
the graphene-adatom system with an effective p,-orbital tight-
binding model, supplemented with a local interaction term
describing the hybridization of graphene’s carbon atoms with
the relevant adatom (outer-shell) orbital. As we are primarily
concerned with SOC, we decide to write our graphene-only
Hamiltonian in terms of creation and annihilation operators
of states with well-defined angular momentum, instead of
the more conventional creation and annihilation operators
of carbon p.-orbital states. Since hopping integrals decrease
exponentially with distance from the adatom, the relevant
states of definite angular momentum can be written as a
superposition of all p,-orbital states located at the six vertices
of the hexagon occupied by the adatom, as depicted in Fig. 1.

Using the numbering of carbon atoms shown in Fig. 1, and
denoting the operator annihilating a p_-orbital state of atom
n by ¢,, we focus on operators of the form C = Zg=1 AnCh.
We also denote by s;—, , . the Pauli matrices acting on spin.
Requiring C to have a given angular momentum, there exists an
integer m such that C transforms into e %"/ =i"7/3C ynder
in-plane rotation by 7 /3 around the adatom. This condition
imposes that A, = @™ Ay, ...,k = @A, Where @ = ¢~7/3,
i.e., the only possible operators annihilating a quasiparticle
state on the hexagonal plaquette hosting the adatom, and of
well-defined angular momentum around this adatom, are, up
to a scalar coefficient and unitary operator acting on spin,
Q= 22:] @™ D¢, for m = 0,41,£2,3. By construction,
operators £2,,, already encountered in Ref. [15], carry angular

.
W7=1 |

- _

FIG. 1. (Color online) Schematic picture of an adatom (pink
sphere in the left panel) in the hollow position. A-sublattice
(B-sublattice) carbon atoms are represented by blue (red). Right
panels show the modulus of wave functions v, (x,y) created by
operators an, for m = 0,£1,£2,3. Space coordinates (x,y) have
the adatom as origin, and verify (x,y) € [—3.5,3.5]* in units of
a ~ 1.43 A. The color scale is linear and represents |1/, |, from dark
blue (lowest values) to red (highest values).
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momentum m, except 23, which carries angular momentum
0. This can easily be seen by considering the time-reversed
operator 5,23, which has the same angular momentum. Since
time reversal transforms angular momentum L. = rxp into its
opposite, it follows that 23 has angular momentum zero. We
also observe that the six operators €2,, are linearly independent,
since [w’”(”’l)](m,n) is a Vandermonde matrix [33] and w is
a primitive sixth root of unity. Therefore, the most general
graphene-only single-electron Hamiltonian term induced by a
hollow-position adatom can be written in terms of operators
annihilating “hexagonal” Q,Tn |0) states, that is,

3 1
Hpoliow = Z Q;Xmszm + Z QLMQO-H

m=-2

+ Y Ql7,Q. +He., 1
m=0,%1

m=-2

where X,,, M,,, and T,, are matrices acting on spin. These
matrices connect operators €2; that have angular momenta
differing at most by unity, by conservation of total angular
momentum J = L 4 §. Conservation of J also implies that
X.» and T are diagonal matrices, while M,, and T; matrices
Sx+isy

are proportional to the spin-raising operator s, = =5, and

T_, is proportional to the spin-lowering operator S_ =

— sy
2
This means that under a rotation by /3, QmX Q,, and
QI,L M,,2,,+1 are invariant, while 523 T,,2,, terms are odd. The
invariance of Eq. (1) under rotations by 7/3 thus requires
Tn—0+1 =0, i.e., zero-angular-momentum states Q;|O) do
not couple to any other hexagonal QLlO) state and can
be ignored. Moreover, since we consider nonmagnetic and
static impurities, Hponow 1S time-reversal invariant, which
further implies that s, X s, = X_,, and s,Ms, = MTm 1
Finally, the invariance of Hpoow under reflection x — —x
requires §y X,y = X_,, and s, M,,s, = Mi ,- Altogether,

these conditions lead to the simplified form

m—

Hhonow = Z viQlQ,, + Z v Q5.

m=-2 m==1,£2

1
i) AR5+ Qi —

m=—2

Qs 20, @

where vm,A e R satisfying v =4v*, and A_,_ =
—A,,. It is important to note that Eq. (2) is general at the
single-electron level, provided that interactions between
the adatom and graphene’s p, orbitals are negligible outside
the adatom’s six nearest neighbors. The exact coupling
mechanisms between hexagonal states will only affect the
value of constants 1);1E and A,,, but not the overall form of
Hhponow given by Eq. (2). The relations between these coupling
constants and the actual microscopic parameters, such as
energy levels and SOCs of the adatom, are derived in the
Appendix in situations where a graphene electron or hole in
state Q,T,, |0) undergoes spin-dependent tunneling to an adatom
orbital of same angular momentum, potentially flips its spin
by intra-atomic spin-orbit interaction, and tunnels back to the

graphene sheet in another an #m |0) state. In such cases, Hnoliow
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describes the effect of graphene-adatom hybridization on the
low-energy massless Dirac fermions.

We now derive an expression for Hyojow in the continuum-
limit, where the carbon-carbon distance ag is seen as van-
ishingly small. In this limit, pristine graphene’s Hamiltonian
acquires the familiar form [34]

d? N
Hoy = / éwwr)m(r)wr» 3)

where Ho = vp(t,0, p. +0,p,) and Ay = 3+/3a2/2 is the
unit cell area. Here, 7/—, , . and o), , . are Pauli matrices
acting, respectively, on valley and sublattice space [for later
use, we also define 1y,0¢,59 = iden(1,1)]. In Eq. (3),

)W (),
Wl s 0.9 0V, 0,95 @)

is an 8x1 creation operator whose components \Di'tg(r)
create a state at point r with spin s = 1,] = 1,—1, valley
t=K,K'=1,-1, and in sublattice 0 = A,B=1,—1. To
account for both K and K’ valleys, we write spin-s components
of annihilation operators ¢, as superpositions of W;x,, (r,)
and Wk, (I,), where 1, and o, are the position vector and
sublattice index corresponding to site 7, i.e.,

Cp,ys = Z eirl"K-r,, \Il‘vra,l(rn)- (5)

=%l

i) = (Wl (), 9] p (), 0]

Here, I denotes graphene’s first Brillouin zone center, and
taking the ay — 0 limit, the spin-s component of €2, becomes

Qs = ) [V Ysra©) + y,5 Wi 5 (0)], 6)

T

with ¥4 =1+ 2cos[2w(m — 7)/3] and y,2. = (—=1)" + 2 cos
[7r(m —271)/3]. Writing

d’r .
Hiotow = / D (1) oo (£ W (1), ™
Ao

we obtain the following continuum-limit expression:
Hhotiow () = [VoI 4+ Atyoy + Vios, 7.0, + AsoszTyO‘y
+AR(sx0)f + s}'Tsz)]AO(S(r)s (8)

where I is the 8x8 identity matrix, Vy = 9(v1 + v N, A=
9(\}2 - ), Vio =90 —v3), Ao =9V +15), and Ag =
—9A . Hereafter, A is set to unity unless specified other-
wise. We remark that Eq. (8) is only valid in the vicinity of
the Dirac point, as terms of order 1 or higher in momentum
k have been neglected. It nonetheless gives insight regarding
possible SOC mechanisms induced by hybridization. Indeed,
in addition to expected on-site potential VoI [23] and Kane-
Mele [35] intrinsic SOC terms Vs, 7,0, discussed in Ref. [15],
Hhollow contains a spin-independent intervalley term At,o,
and a term Ags, 7,0, that mixes both spin and valley degrees
of freedom. The presence of Art,o, reflects the fact that
atomically small impurities tend to act as “white noise” [36] in
momentum space and hence make intravalley and intervalley
scattering processes equiprobable. Similar to the intrinsic SOC
term Vi, 5. 7.0, the term Ag,s,. 7,0, isevenunder R; : z — —z
reflection. However, the former differs from the latter by

035444-3
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its valley-connecting character, itself a direct consequence
of the short-range nature of adatoms. Importantly, Hponow
also contains a term Hy = Ag(scoy, + 5,7,0,)8(r) originating
from couplings between hexagonal states of total angular

momentum J = :I:%, namely QllsiQﬁ and les;Qil in
Eq. (2). Since p orbitals accommodate two states of angular

momentum £3/2, p outer-shell adatoms can in principle me-
diate spin-orbit interactions between hexagonal states QI +10)

and Q; ' |0}, thereby leading to nonzero A g. This is confirmed
by calculations performed with Lowdin’s method, shown in the
Appendix. However, Ag should be significantly enhanced in
situations where SOC is mediated by d- or f-orbital adatoms,
which host four states of angular momentum +3/2.

The symmetries of Hg are interesting in their own right.
This term is odd under R, but differs from the familiar
Bychkov-Rashba Hamiltonian Hpr = Ao (sx0y — §,7,0,) in-
duced by out-of-plane electric fields [37], a possibility already
predicted in Ref. [38] for inversion symmetry-breaking im-
purities. Similarly to the Bychkov-Rashba Hamiltonian, Hg
is SO(2)-symmetric, as it should be for spin-orbit interac-
tions induced by hollow-position adatoms, which preserve
graphene’s C¢, symmetry. However, we note that spinors y(r)
verifying (Ho + Hhuollow)¥ = E transform under rotation by
¢, denoted by R, as eT/:9/2¢71%00 /244 [R _,(r)]. As a result,
To — s is a conserved quantity, but not o + s.

Ago5,Ty0y

AR(50y + syT.04)

Q wl

e

v ATyoy
s0SzTz0z = AR(520y + syT.04)

FIG. 2. (Color online) Interpretation of the effective Hamiltonian
Hhollow 1n terms of the hopping between graphene’s p, orbitals. Given
the short-range nature of the adatom-induced effective potential, all
atoms around the adatom mutually interact. Intervalley terms arise
from hopping between adjacent atoms. Although they were neglected
in previous works [15,16], these terms play a central role in scattering
from dilute random ensembles of adatoms.
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Finally, let us mention that the Hamiltonian Hpejiow can
easily be interpreted in terms of hopping between graphene’s
p. orbitals closest to the adatom, as illustrated by Fig. 2.
While scalar potential VyI and intrinsic SOC term Vs, 7,0, are
associated with on-site energies and hopping between second
nearest neighbors, intervalley terms At,0, and Ays, 7,0, cor-
respond to first- and third-nearest-neighbor hopping, respec-
tively. In contrast with Bychkov-Rashba spin-orbit interaction
‘Hgr, the Ag(s oy + 5,7,0,) term is associated with both first-
and third-nearest-neighbor hopping.

B. Adatoms in the top position

Another important class of adatoms are species that can be
physisorbed or chemisorbed in the top position, i.e., on top of
a graphene carbon atom belonging to the A or B sublattice,
as depicted in Fig. 3. Such an adatom breaks graphene’s
Ce, symmetry and hence induces SOC mechanisms different
from those introduced by adatoms in the hollow position; a
top-position adatom has only one nearest neighbor, located
directly below and numbered as O in Fig. 3 (as well as three
second nearest neighbors labeled 1, 2, and 3 and situated at a
distance of ay away from 0). The electronic states with definite
angular momentum m formed by linear combinations of p,
orbitals at sites 1, 2, and 3 are “triangular states” annihilated
by operators I',, = Y0 _, £ D¢, wherem = 0,41 and ¢ =
e~"27/3_In particular, states with angular momentum 2 are
not supported. Since 'y, 'y, and I'_; are linearly independent,
we can write the graphene-only impurity Hamiltonian Hip,
describing the action of a top-position adatom, in terms of
operators cg and I'p 1) only, provided that interactions between

Pl =1 |

'(, . o‘

~

k ‘

FIG. 3. (Color online) Schematic picture of adatoms (pink
spheres) in the top position, on an A-sublattice (blue) and B-sublattice
(red) carbon atom. Site numbering used in the main text is shown
for both the A and B sublattice. Right panels show the modulus
of wave functions ¢,,(x,y) created around the A-sublattice adatom
by operators I'{, for m = 0,£1. Space coordinates (x,y) have
this adatom as origin, and verify (x,y) € [—3.5,3.5] in units of

a ~ 1.43 A. The color scale is linear and represents |¢,, |, from dark
blue (lowest values) to red (highest values).
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the adatom and more distant carbon atoms are negligible.
The most general time-reversal invariant Hiq, conserving total
angular momentum and preserving Cs3,-symmetry reads

Hiop = Vochco + ViT{To + Va(elTo + Tico)
+AL(CT + T T+ A5, Ty + T 5.0
+ipchsy Ty +chs_T_; —H.c)
+it(Ts T + Tls_T'_; —H.c.), )

where Vj12,7,4, A+ € R. In the continuum limit ayp — O,
spin-s components of ¢y and I, operators are cp, =
Wik a(0) + Wk a(0) and Ty s = 3(1 — 8,0)Wsmp(0) if the
adatom is on top of an A-sublattice carbon atom, and ¢, =
“I’[sKB(O) + "IJJK’B(O) and 1—‘m.s = 3(1 - Sm,())lps,—m,A(O) other-
wise. In the continuum, an adatom on top of an A, B-sublattice
site thus induces the following interaction:

A(B
Hto,ﬁ '(r) = [Vo(mo + T A(B) T V0Tt B (A) £ AsoS: T:TTB (A)

+ Aso(8xTx 0y + 5,0y + 5,7.0, £ 5,7,0,)]8(r),

(10)

where 74 gy = (09 & 0;)/2 are projectors on the A(B) sub-
lattice, vo =9A4, Ao =9A_, and A = g,u. The first
term in Eq. (10) has already been derived for atomically
sharp potentials [36]. It induces intervalley scattering and
is symmetric under x — —x reflection R,, but it breaks all
rotational symmetries in the continuum theory. The latter is
borne out by the local density of states maps in the vicinity
of such impurities [39], exhibiting fringes perpendicular to

E_I?/ and hence to e,. Invariance under R, is manifest, as
U, Hlﬁp(B)Z/{X = Htép(B), where U, = s, T, is the unitary repre-
sentation of R, in the continuum theory described by H =
Ho —I—Hf);B). Importantly, one also has L{yH{(‘)pUy = Hf)p,
with U, = sy0,, that is, H{ transforms into Hfép un-
der Ry :y+> —y, faithfully reflecting the underlying lat-
tice geometry. This means that top-position adatoms in-
duce different SOC terms, depending on the host sub-
lattice. Both close cousins of graphene’s intrinsic SOC,
R.-even spin-orbit interaction mediated by top-position
adatoms on an A and B sublattice are Ay,s,7,7pd(r) and
—AsoS; T, wA8(r), respectively. The R -odd component is
more surprising. In addition to the valley-preserving term
o ($y0y + 5,7,0,)8(r) already encountered in Eq. (8), a
new valley-mixing term Ago(sxTy0y £ 5,7,0,)8(r) emerges,
+ for H, and — for HZ . Since in the continuum limit Iy =
O(app), spin-flipping processes coupling two triangular states
are quenched, in contrast with those coupling a triangular state
FL |0) with the central orbital c(T)IO), whose continuum limit
is a superposition of K- and K’-valley states. This explains
why top-position adatoms give rise to R;-odd spin-orbit
interactions inducing both spin-flip and intervalley scattering.

We finally note that, similar to hollow-position adatoms, the
continuum limit for top adatoms can be interpreted in terms of
hopping between p, orbitals, as shown in Fig. 4. While spin-
independent terms V(7o + 7,)74 () and v (4) correspond
to on-site energies on central site O and neighboring orbitals
i = 1,2,3, respectively, the R;-even SOC term A5, 7,75 4

PHYSICAL REVIEW B 90, 035444 (2014)
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v,
* .

T
. e

d
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:
.

AsoS:T:TRB

< ? ‘{)(76 + 77v)7rz4 e T . *
'n.._‘ﬁ

- (5,70 + S50y + SyTo04 + SyTy0y)

FIG. 4. (Color online) Interpretation of effective Hamiltonian
in terms of hopping between graphene’s p, orbitals.

HA

top

is associated with hopping between orbitals i > 1. Finally,
the R;-odd term Ay (sy T 0y + 5,0, + 5,70, &£ 5,7,0,) arises
from spin-dependent hopping between the central site 0 and
its first nearest neighbors.

C. Adatoms in the bridge position

We now consider the case of adatoms in the bridge
position, depicted in Fig. 5. The only states of definite
angular momentum m which can be formed with p, orbitals
of atoms 1 and 2 are, up to a scalar and a unitary matrix
acting on spins, (ci :I:cé)lO). However, these states have
angular momentum zero. Other possible linear combinations
of angular momentum m including additional p, orbitals
would also have m = 0, because the only rotational symmetry

FIG. 5. (Color online) Adatom (pink sphere) in the bridge posi-
tion. A- and B-sublattice carbon atoms are shown in blue and red,
respectively. Relevant atoms are numbered as in the main text.
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TABLEI Comparison of effective potentials induced by spin-independent, R ;-even, and R ;-odd terms of impurity Hamiltonians originating
from adatoms in hollow, top (on the A or B sublattice), and bridge positions. Results are valid for adatoms with generic outer-shell orbital.

Effective potential Hollow position Top (A or B) position Bridge position

Vel Wl + At.o, Vo(to + T)ma ) + Vo7t (a) Vi (to + o) + B(T0 + T)0,
V;f,'en Vsoszrzaz + Asoszfyay :t)‘soszrzﬂB(A) 0
S Agr(syoy + 5,7.0%) Ay (syTi0y + 5c0y + 5,70, £ 5,7,0y) 0

preserved by the bridge configuration is the rotation by 7. As a
result, R ;-odd SOC mechanisms induced by graphene-adatom
hybridization is forbidden in the absence of electric-field
effects. Furthermore, the impurity Hamiltonian Hyiqge induced
by any nonmagnetic, static bridge-position adatom must
respect hermiticity, time-reversal symmetry, and R,. At the
single electron level, and limiting ourselves to orbitals 1 and 2,
these conditions constrain Hyyigge t0 read Hprigge = Vb(cTcl +
clea) + B(cler + cley), where V. 8 € R. Clearly, Hurigge does
not have any SOC term, but for completeness, we derived the
continuum limit of Hyyigge, using ¢y 3 — Wk 3(6) + Wk 3(6)
and ¢z = Wika(0) + \psK,A(f)). We obtain Hyidee = (To +
T)(Viy + for)d(r).

In summary, adatoms in the hollow, top, and bridge
positions give rise to an interaction term V in the continuum-
limit Hamiltonian describing graphene quasiparticles,

H(r) = vp(T0: px + pry) + Vé(r), (11

where V = Vi, + Vii,, + Vadq are, in the close vicinity of the
Dirac point, momentum-independent 8 x 8 Hermitian matrices.
Here, V,; describes the spin-independent part (of pure electro-
static origin), while V5., and Vi, correspond to R.-even
and R;-odd SOC contributions, respectively. Expressions for
these matrices in the previously discussed cases are compared

in Table I.

III. SCATTERING THEORY

A. Scattering cross-section formalism

In what follows, we consider a hollow- or top-position
adatom on graphene, centered at the origin and inducing
an effective potential V4é(r). For concreteness, we take the
spin-quantization axis along the z axis (i.e., out-of-plane). The
results derived below can be used to obtain cross sections for
arbitrary spin polarization following standard recipes; see e.g.,
Ref. [24]. The impurity induces elastic scattering: incoming
Dirac plane waves qbli’r(r) of spin s, valley T, momentum Kk,
and energy E = sgphvpk, where sg = 1 = sgn(FE), scatter
to outgoing waves @y (), giving rise to a total wave function
O(r) = ¢y " (r) + Pou(r) of energy E. The outgoing and
incoming waves are related by the the Lippmann-Schwinger
equation [40]

Pou(r) = G (r, EYT (E)y"(0), (12)
where Ga[(r,E) = (r|(E — Hp + isEO+)’1|6) is the pristine
graphene Green’s function; here, isg01 selects the retarded
or the advanced part, corresponding to outgoing waves in
electron and hole sectors, respectively. The matrix T satisfies

the equation

T(E) =V - g(E)V)"\. (13)

In the above, g(E) is the retarded (advanced) Green’s function
in the electron (hole) sector, evaluated at the origin, which is

a scalar given by
g = i (14)
2n  E. 4’

where E. is graphene’s half band-width and hvp =1 has
been set. For the sake of simplicity, we write the T matrix and
G(j)t(r,E ) in the following basis of states:

{ItKA).ItKB),|[1K'B).|1K"A),
VK A),[LKB),[LK'B),|LK"A)}, s)

where the Green’s function takes the simple asymptotic form,
asr — +oo [23],

lSEk etkr

—

with oy = cos o, + sin Gay and 0 = Z(e,,r). In Eq. (16), the
irzﬁ-r

Gy(r,E) = — TR 4 507,04), (16)

diagonal matrix e encodes the phase difference between
waves at K and K’ points. In the basis defined by Eq. (15),
we write 7 in block form:

Tykrxk Tk Tikax  Tixork
T ’ T U ’ T ! T ’ 7
7 | Ik 1K' AK 1KAK 1K' 4K L an
Tvkyxk Tk Tk Tk
Tkyx Treagk Tikgx Tikgk
and we denote, for valleys 7,7" and spins s,s’,
Tll T12 .
Tsr,s’r’ = 521:15 v S;zs ’ . (18)
Tsr s't/ Tsr s't/

The outgoing wave reads, away from the impurity,

lSEk etk

7

T(0) =275 @ IT) ® (1,sgT'e) in

Pour(r) = — ”thcmr(é‘)u ©. (19

where e, =r/7, u
basis (15), and

csr,s’r’(g) T” = + TTSII—ZS Iy + T/e (TZI - + TT22 )

ST,S ST,S STST

(20)

Accounting for both spin and valley degrees of freedom, the
probability density current associated with the outgoing wave
reads

T
Jr = VF @ouS0T; 06 Pour =

k 2
s Z lesese @) (21)
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The current associated with scattering of an incoming Dirac
fermion of spin s and valley 7 is thus the sum of currents
T sesv = #vﬂcn’ﬁ/(@ﬂzer arising from all possible
st — s't’ transitions, and corresponding differential cross
sections oy, g1/ (0) are

k
Oyre(0) = chr,ww)ﬁ (22)

An asymptotic formula for oy, y-/(f) can easily be derived
from Eq. (20):

k

Osr,50(0) = g[cz,,s,f, + My 080 + @r90)], (23)
where
€ = [T T2 T2 e T2, 24
Msesw = 2T/‘Tylrl,x’r’ + TTslrz,s’r/ ‘Tszrl,x’r’ + TTsZr%s’r/ (25

and
1 12 21 »
Qe =arg (T o + 1T 00) —arg (T + 117 00).
(26)

It is important to note that oy, y,/(8) generally has a phase
@557 [see Eq. (23)], which can give rise to skew-scattering
and thus SHE, provided ¢y, g #0 and M, o # 0.
Establishing conditions under which skew scattering is
significant is the object of subsequent paragraphs. This study
can be conveniently carried out by comparing the integrated
skew cross sections,

2
e = / dO sin 0o, - (0), 27
0

which measure the skewness of st — s't’ scattering
mechanisms, to the integrated transport cross sections,

sT,s'T

2
2= / dO(1 — co80)0z.g7(6). (28)
0

From a semiclassical viewpoint, these integrated cross
sections relate to the microscopic currents according to

2
1 1
Jig g = SE T s - eyrdd =spvpX oo (29)
0
and
I o I
Jr50 = SE T sy - (€ —e)rdb = spvpXy oo,

0
(30)

associated with st — s’t’ processes. The knowledge of
microscopic currents (29) and (30), describing charge
scattering with a single impurity, gives direct access to
the steady-state charge and spin macroscopiccurrents for a
random ensemble of adatoms via the standard Boltzmann
transport formalism [24,41].

B. Scattering with hollow-position adatoms

We now focus on scattering mechanisms induced by an
adatom in the hollow position. Making use of Table I, the

PHYSICAL REVIEW B 90, 035444 (2014)

calculated T matrix in the basis given by Eq. (15) reads

T, _ ThToIlow Thtﬁow 31
hollow — 11 1 ) ( )
hollow Thollow
with 4 x4 blocks,
%) 0 Vs 0
o 0 B 0 &
Tl;(;llow = Vs 0 o 0 ) (32)
0 46 0 g
where s = 1, and
0 O 0 0
7w 0 0 0
ThZﬁow = _[Thtﬁow]t = 0 0 0 0 (33)
0 0 —t O
Matrix elements appearing in Eqgs. (32) and (33) verify
2iAg
T = I (34)
X+ — P8
ary =By = —Q (35)
+
AFA
i =8 = d—so, (36)
+

where we have set x. = Vo + ¢V and p. = (Vo + Vi) —
(A — ¢Aw)? —2(1 + ¢)A%, with ¢ = £1. We also defined

d.=1-2gx. + p.g* (37)

Strikingly, the 7-matrix elements for intervalley scattering
events involving spin-flip are null. However, intravalley spin-
flips, spin-preserving intervalley scattering, and pure momen-
tum scattering events are allowed, and we shall describe them
in more detail in what follows.

Using Egs. (20) and (22), we found that differential cross
sections O'TK&K(Q)’ O'T](/w[(/(g), UquTK(Q)’ and aw(/ﬂ(/(e)
are equal and isotropic, leading to

klze|?
s = , 38
ST,—ST 4 ( )
and null skew cross sections,
>t =0, (39)

ST,—ST

that is, spin-flip does not give rise to transverse spin currents.
We remark that a similar result has been recently derived for the
particular case of SO(2)-symmetric intravalley potentials [24],
which, in the present context, correspond to setting A, Ay, = 0
in Eq. (8).

We now move gears to elastic (spin-preserving) scatter-
ing. In particular, intervalley scattering cross sections are
characterized, for T # ©/, by

Msr,.rr’ = T,Mimer, (40)
T
Pst, st = S®inter - (1 - I)Ea (41)
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with
A+ gAg
mer =2 [ ] dg , 42)
c—t1 |d|
Imd
Oiter = — Z g[arctan (Reaf) + 7 H(—Re dg)], (43)

c==+1 g

and H(.) is the Heaviside step function. Generally, both
Minger # 0 and Ojyer # 0 and hence intervalley scattering
induced by a hollow-position adatom is skewed. The case of
spin-preserving intravalley scattering is similar:

Msr,sr = rMintra’ (44)
Pst,st = S®intra - (1 - f)%7 (45)
with
M =2 [ 2 |d’|’§g', (46)
¢c==%1
and

®intra - ®inter

I
= Z g[arctan (%) +71H<Reg— X;)]
) €8~ Ps
(47)

These results trivially lead to a zero transverse charge
microcurrent,

JC - Z JS“[ st (48)
s,7, 7

but to a generally nonzero transverse spin microcurrent,

_ ksgvp . )
JL = JL = Miner ®iner_f ®inra )
f s;/s f > ter (81N Ojg Sin Ojnera)
- (49)
where
MinLra
F="—", (50)
Minter

The key parameters controlling the magnitude of the transverse
spin-probability current Jy are thus the phase difference
¥ = Ointra — Ointer and the F factor. They depend on the hop-
ping energies characterizing the graphene-adatom hybridiza-
tion, and are thus expected to depend strongly on the valence
orbital type. Since s-orbital adatoms lack J = +3/2,4+5/2
total angular momentum states, necessary to couple hexagonal
states of angular momentum m = %2, they induce zero 1)2i JAR
[cf. Eq. (2)], directly leading to p1 = 0. Consequently, # = 0,
F =1, and thus J SL = 0 for s-orbital adatoms. Interestingly,
p-orbital adatoms are a limiting case: they host exactly two
orbital states J = £3/2 and no J = £5/2 states. Therefore,
QL|O) — le|0) transitions require double spin-flips, lead-
ing to small v;t o w3 couplings, where w; is the hopping
energy between graphene’s ley 1/110) state and the adatom’s
p orbital with angular momentum =1 and spin-1, | ; see the
Appendix. Generally, p-orbital adatoms are thus expected
to yield negligible ¢, 7 ~ 1, and hence small J SJ- The
cases of d- and f-orbital adatoms are noticeably different

as they offer spin-preserving channels for le|0) — Q1,10

PHYSICAL REVIEW B 90, 035444 (2014)

FIG. 6. (Color online) Schematic representation of skew-
scattering induced by adatoms in the hollow position. The black
arrow represents the momentum k;, of an incoming quasiparticle in
the K valley. Blue (red) half-circles correspond to the region of the
Fermi line where the outgoing momentum Kk, is most likely to be
after a scattering event, if the incoming charge carrier has spin down
(spin up). Resulting pure spin currents are depicted as blue and red
planar arrows. Spin currents in K and K’ valleys associated with
intra- and intervalley scattering tend to oppose each other.

transitions, generally leading to appreciable vf couplings. In
the low-energy limit |g| < x+/p+, the F factor reads

v+t 2
f’«e(i—i) £ 1, (51)

where couplings corresponding to spin-dependent processes
are neglected. Clearly, this opens up the possibility of having
large J Sl provided Ojyr and/or ¥ are finite (nonzero), leading
to SHE [21,42]. ¢ vanishes in the vicinity of the Dirac
point, reflecting the fact that intra- and intervalley scattering
mechanisms tend to yield transverse spin currents of opposite
signs, as depicted in Fig. 6. However, ¢ can become significant
under certain conditions. A natural question is thus whether @
can become large close to the Dirac point for some physically
meaningful values of py and x.. Typically, the function @
peaks when Re g lies between x; = 4= and x_ = %=. Condi-
tions Re g = x4 are fulfilled for Fermi levels Ex—,, verifying

E E 2rEX X
X |2X = 2RO (52)
Ec |Ec E.

where constants Avy and A have been restored, and
Eqn = hvp/\/A . Peak values of ¥ are thus attained close
to the Dirac point provided that 2w E 6 |X| <« E., in which

case we find
E 2TEXL X
EX = c(TO>. (53)

Here, L is a function defined by means of the lower branch of
the Lambert W function, W_;:

_y
W_i(=lyD

y
~ 1+
1n|y|<

L(y) =

In|Infy||  In®|In]y|]

In|y|

_In|ln |y||>
In? |y| In? |y|

(54)

035444-8



SCATTERING THEORY OF SPIN-ORBIT ACTIVE ...

We now determine under which conditions 27 E% | X| <« E.
is verified. Parameters p1 and x4 can be expressed in terms of
the adatom’s energy levels as well as tight-binding parameters
connecting hexagonal states to the adatom’s valence orbital.
If the Fermi energy lies far away from the adatom’s valence
orbital energy levels,

Xim_g( RS ) (55)

E?_i]/z EZ_ZFI/Z

Pt ® 3Z4ﬂ, (56)
El_:tl/ZE;_qtl/Z

where Ef are energy levels that valence orbitals would have
in the absence of intra-atomic spin-flip, Y}, = u,, + v,;, and
u,, and v, are hopping integrals connecting hexagonal states
and the adatom’s orbitals of the same angular momentum m;
see Eq. (A12) and text therein for definitions of the hopping
integrals. We thus have

2 —
TEq~ EfLﬂ/z Erip
~— 2 ER) (57
E. I8E. \_ T2 13

ZnE%:)xi

which are small provided E.Y7,/EZ, are significantly larger
than the adatom’s valence orbital energy levels.

In addition, ®j;,.; exhibits resonances of its own, which
typically occur in energy windows where the real part of d
is small. The real part of dy. vanishes close to the Dirac point
at energies Ep—g4,, whichrelate to X = xy and C = ¢4 = %

according to

E 2TEZL X
Dol vi=q). (58)
E. E.

The function ®jy., exhibits resonances close to the Dirac
point provided that 27 E 6 |X| <« E; or C < 1. The former

condition is valid whenever both E.Y1/E7 and Ec-Y2/EZ,
are large compared to adatom energy levels, whereas the latter
condition is fulfilled if Y > Y, or Y, > Y. More precisely,
c+ o< (Y2/Y1)? whenever Y > Yy and cy o (Y;/Y»)?inthe
opposite limit.

Figure 7(a) shows J3- as a fraction of the charge current,

Je=spve Y T (59)

s,7,8",17’

against Fermi energy Ep, for realistic values of hopping
integrals and atomic energy levels. While the adatom energy
levels are kept fixed, Jg-/ Jg is plotted for different pairs
of couplings (Y,Y,), corresponding to points A, B, C, and
D shown in Fig. 7(b). Figure 7(a) illustrates the strong
dependence of JSL / Jg on couplings between the adatom
valence orbitals and graphene hexagonal states. At point A,
the transverse spin microcurrent is negligible compared to
Jg, whereas points B and C yield transverse spin currents as
large as ~20% of the total outgoing current at resonance. In
situation D, JSL / Jg exhibits giant peak values of up to 0.4
in magnitude. Figure 7(b) connects the existence of peaks in
J§/ Jg for particular (Y';,Y>) points to previously discussed
resonant energies E,, 4,. It highlights that E,, ,, and the
resulting peaks in transverse spin currents exist at low energy

PHYSICAL REVIEW B 90, 035444 (2014)

20 + .
g10- ;
= ol ]
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=
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FIG. 7. (Color online) Resonant features of spin transverse cur-
rents generated by hollow-position physisorbed adatoms on graphene.
(a) JSl / Jg (in %) against Fermi energy (in eV), for adatoms with
Eli/2 =-1¢eV, E;t/z =—1.5 ¢V, and Esi/2 = —2 eV and different
(11,Y,), corresponding to points A, B, C, and D shown in the
lower panel. (b) Maximum of |JSL/J§| for |Er| < 0.5 eV, against
Y, and Y. |E|/E. = 0.1 lines are shown for £ = E,, 4. ,Ei,. Each
line partitions the (Y;,Y,) space into two parts: a region containing
the origin Y, = Y, = 0, characterized by high-energy resonances,
|E|/E. > 0.1, and a region away from the origin, characterized by
low-energy resonances, |E|/E. < 0.1.

for sufficiently large | Y| or | Y,|. However, the peak values
of JSl / Jg only become significant when both | Y| and ||
exceed ~E (ET/E.)'2.

While transverse spin currents, arising from skew-
scattering of graphene Dirac fermions with a hollow-position
adatom, can exhibit large resonances, Eq. (49) suggests that J¢-
possesses another interesting property. Since J§- results from
competing transverse spin currents originating from intra-
and intervalley scattering, one expects J Sl to change sign for
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particular Fermi energies, such that

Fsint
1—Fcost '
The existence of such levels close to the Dirac point would
open up interesting technological prospects, as a field effect
would allow to reverse spin-current flows. Intriguingly,
Eq. (60) admits low-energy solutions for sufficiently large
|T1| or |Y3|. For the sake of clarity, points (Y,Y>) such
that the solution Ej;,, of minimum magnitude is equal to a
tenth of graphene half-bandwidth are shown in Fig. 7(b) as a
yellow dashed line. Energies Ej,y closer to the Dirac point are
obtained away from the origin, beyond the yellow curve. This
is illustrated by point D, whose corresponding J5-/ Jg against
Er curve exhibits a sharp inversion in transverse spin-current
flow around Er & 50 meV; see Fig. 7(a).

Finally, let us highlight further the specificities of the
above-discussed spin currents. Although spin Hall related
phenomena of intrinsic [43] and extrinsic [18] types have
already been observed in graphene, they differ drastically
from SHE discussed in our work. While in Ref. [43] SHE
necessitates a strong magnetic field and relies on Zeeman
splitting at the Dirac point [19], correlating spin 1,| and
charge Fe, the SHE observed in Ref. [18] is induced by the
deformation of a graphene lattice due to the presence of sp>
bonds [14]. Our theory describes SHE arising from hybridiza-
tion of graphene with adatoms in the hollow position, and
predicts the appearance of large spin currents around resonant
energies E,, and E,4, ford-or f-orbital adatoms. The nature of
these resonances is graphene-specific. Scattering events with
6 impurities generally lead to outgoing waves that are linear
combinations of Dirac spinors. The corresponding coefficients
are of the form o1 + 02¢~"? as shown by Eq. (20). For scalar
potentials, o = 0,, leading to the well-known absence of
backscattering [22]. However, for “tensor potentials,” such as
the Kane-Mele term Vi,s,7,0,6(r), the T matrix is sublattice-
dependent, and p; and @, can thus acquire a phase difference,
which gives rise to gate-tunable iy, and Oiyer [through
g(E)], enabling the discussed resonances. The SHE arising
from hollow-position adatoms on graphene is thus significantly
different from extrinsic SHE phenomena typically studied in
parabolic-band 2D electron gases, and the above-discussed res-
onances are unrelated to previously observed enhancement of
skew-scattering due to the orbital-dependent Kondo effect [44]
or a large SOC energy band [45]. Our calculations show that
the efficiency of isolated adatoms to generate transverse spin
currents, i.e., JSL /J I = 0(0.1), is comparable to that recently
predicted for large SOC-active clusters [24]. Last but not least,
an interesting feature of the resonant regime illustrated by
Fig. 7 is the possibility to change the sign of J¢- upon tuning
the Fermi level around specific “inversion energies” Ej,,. A
direct consequence is the ability to convert a charge current into
a large transverse spin current in a certain energy range, and to
reverse its flow by tuning the gate voltage around critical val-
ues, which could find applications in spin-based logic devices.

tan Oiper = (60)

C. Scattering with top-position adatoms

We now deal with the scattering mechanisms induced by
an adatom in the top position. We start with adatoms on top of
an A-sublattice carbon atom. Using Table I, the corresponding
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T matrix in basis (15) reads

Tmp,A=<T“g’A TEA) 61)
Topa  Tiopa
with 4 x4 blocks:
a 0 0 a
0 b 0 O
wa=lo o » ol (62)
a 0 (; a
where s = 1, and
0 0 — O
PRV DA PR
0 0 — O

The T-matrix elements in Eqgs. (62) and (63) verify the
following identities:

2i Ay
t= ——mm—, (64)
1-Ug+2wg?
V —
a4 = o—wg’ (65)
1 —Ug+2wg?
A
by = b = — ol (66)
1_g(v0+)\so)
, Vo — Ago — 2Wg
by=b,=—-—"7"-—-—, 67
‘ Pl —Ug + 2wg? ©7)

where we set U =2Vy + vg — Ago and w = (vg — Ago) Vo —
4A2,. The T matrix for a B-sublattice adatom is easily obtained
from Tiop, 4 by reflection R, i.e.,

Ttop,B = uy Ttop,Auy- (68)

. 0,0’ ~o,0’
Matrl'x elements. tsm/t,.and lyr e Of Tiop.a qu Tiop, B, TE-
spectively, associated with sto — s'17'0”’ transitions, are thus

related by

~o,0’

tsr,x’r/ = ss/tfs’f,—x’r” (69)
with A= B and B = A. We next describe the possible
scattering mechanisms induced by an adatom on top of a
o-sublattice site, o = A, B, by calculating corresponding cross
sections o, /. Since Tigp 4 transforms into Tiop p under R,
the following relation holds:

O‘fi’s,f,(e) = O-fst,fs’r’(_e)’ (70)
so that we can focus on computing o2 ,_,(6) only.

From this perspective, we first describe the scattering
mechanisms that do not conserve spin and valley. Equation (62)
directly implies that intravalley spin-flip and spin-preserving
intervalley scattering induced by top-position adatoms are
isotropic mechanisms, as

klt|?
T (1)
and
A k|a|2
O sy = . (72)
’ 8

035444-10



SCATTERING THEORY OF SPIN-ORBIT ACTIVE ...

Unlike adatoms in the hollow position, top-position adatoms
induce intervalley spin-flip scattering processes [see Eq. (37)
and text therein]. In particular, for adatoms on the A sublattice,
corresponding differential cross sections, for s # s’ and
T # 1/, are finite:

ol (0) = k'—”zcosz <€>5 (73)
ST,s'T - 277 2 s+

However, since (73) is an even function of 6, scattering
mechanisms originating from top-position adatoms yield
zero transverse currents, i.e., J/ %, =0, whenever s # s’
or T # t’. These general considerations are consistent with
first-principles calculations showing that spin-relaxation rates

in graphene are very sensitive to the adsorption site [46].
Next, we study spin-preserving intravalley scattering.
Irrespective of the valley 7 and spin s, T-matrix elements
associated with the A sublattice tsAT:fr are equal. This contrasts
with 88 elements, which generally verify

ST,ST
B,B B,B B.B B,B
Lhkak =tk 7 kak =tk k- (74)

As a result, spin-preserving intravalley-scattering cross sec-
tions for 1K and | K’ charge carriers differ from those for
VK and 1K’ quasiparticles, and o, 5:(0) is determined by
the conserved quantity s + v. We start by considering the
s 4+ v = 2 case. We define M, = M?K,TK = MfK’,iK’ and

@2 = @ik 1k = ¢k k> Which verify
_ 2[v + Aol Vo — wgl|
I1 = Ug +2wg?|.|1 = g(vo + Aso)|

My (75)

and

Ulmg — 2wIm(g?)
1 — UReg +2wRe(g?)

(UO + Aso) Im 8 )
(UO + )\so) Re 8 — 1

wlmg
+ arctan | ———
wReg — Wy

+nmH(wReg — Vo) + mH[(vo + Aso)Re g — 1]

@ = arctan <

4+ arctan <

— 7 H[U Re g — 2w Re(g?) — 11]. (76)
The case of Dirac fermions for which s 4+ 7 = 0 is markedly
different. Denoting Mo = M |, = M7y, 1y, and ¢o =
(pr’“( = gD?K’,TK” we obtain
_ 2|VO — WgHvO — Ao — 2wg|
[1—Ug+2wg??

My (77)

and

wlmg 2wlmg
¢o = arctan | ——— | — arctan
Vo—wReg Vo — Aso —2wRe g

+mHQRwReg+ Ao —vg) —TH(wWReg —Vp). (78)

Crucially, currents J¢AK{¢K + JTA;‘TK, and Jflé_,ll( + Jf%,“(,

are equal, so that spin-preserving intravalley scattering does
not give rise to any transverse spin current. The same holds
true for spin-preserving intravalley scattering induced by an
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adatom on the B sublattice, but due to relation (70),
I =—J4 79)

ST,ST —ST,—ST"
However, the transverse charge current arising from scattering
with a single top-position adatom on sublattice 0 = A, B,

JEE=) I (80)
S, T

is generally nonzero, and Eq. (79) directly implies J/j+ =
—JBL. Macroscopically, top-position adatoms thus give rise
to the CHE, provided that the populations of adatoms on the
A and B sublattices differ by type or number. Let us now
study transverse charge currents J2» in more detail. Using
Egs. (80), (30), and (23), we obtain

kSEUF
4

with — (+) for adatoms on the A (B) sublattice. It is interest-
ing to note that the magnitude of JZ* is modulated by M,
and M, which are proportional to vy — Ago — 2wg| and |vg +
Aso|, respectively. While the dependence on A, is expected—as
spin-orbit interaction is a well-known cause of the anomalous
Hall effect [47]—the dependence on vy, a scalar potential
acting on graphene triangular states FL, 5|0}, is more surprising.
However, this vy dependence has a trivial geometrical explana-
tion: the vy 4 term of Hamiltonian HQE)B is the continuum-
theory counterpart of the trigonal potential, which affects the
three graphene p, orbitals neighboring the adsorption site, and
trigonal potentials clearly scatter charges anisotropically.

‘We next describe the energy dependence of JZ L. In neutral
graphene, phases ¢y and ¢, are null. However, they exhibit
large resonances at finite Fermi energies, such that

Jet =7

(M sin @y + M, sin @), (81)

Reg = 1/wi—123, (82)
where
W] = Vg + Ao, (83)
g — 0 (84)
Wy = Vg — Ago — ,
2 0 s Vo
8A2

w3 = 2V0 — —SO. (85)

Vo — }\so

Equation (82) has a low-energy root |£;| < E. provided that
|wi| > 2w E%D/EC, in which case

E 2nE?
oz 0. (86)
EC ECC(),'
Another resonance is reached whenever
) U 1
Re(g®) — —Reg+ — =0. 87)
2w 2w
Equation (87) admits a low-energy solution &, verifying
& 2m E?
D ar( =2, (88)
E. E.U

provided 8|w| <« U? and |U| > 27 E..

We now write conditions for the existence of resonant
energies close to the Dirac point, in terms of tight-binding
parameters connecting central and triangular states to the
top-position adatoms. We first consider the marginal case

035444-11



PACHOUD, FERREIRA, OZYILMAZ, AND CASTRO NETO

of s-orbital adatoms, which only host states of total angular
momentum J = +1/2. Couplings between triangular states of
angular momentum m = =1 are thus necessarily mediated by
double spin-flip through an available adatom orbital. Using the
Appendix notations as well as Eqs. (A29) and (A31) within,
9l 9 o1y
2 Ef, 2 Ef,”
Therefore, w; =0 and resonant energy &; is infinite. In
addition, the hopping integral [y, | connecting triangular states

this results in vy = —Ag ~

and A ~ —

FL’ 1/110) to s orbitals of opposite spin is expected to be small
compared to E f’/z and graphene half-bandwidth E., leading to
|wa 3| K 271E2C>/EC and |&; 3| > E..Resonantenergies &) 7.3
are thus experimentally irrelevant. However, U ~ —2y?/E},
and &, is the only resonance that can possibly be observed,
provided y2/|E1+/2| > nE..

For all other types of valence orbitals, i.e., p, d, and f,
the existence of spin-preserving channels coupling triangular
states of angular momentum m = +1 gives rise to enhanced
vo, Aso, and A, energy scales, making resonant energies
Ei—1.2.3 accessible under certain conditions. Equations (A29)
and (A31) lead directly to

2
14
Vo~ ———. (89)
Ef,
9 ,( 1 1
w2 h)
2 \Ej, Ei,
9 1 1
Aso ™~ _912(__ - _)9 91D
2 \E;, E;/Z
9 y6,Al
Agy ~ _Z2 Y980 (92)

Therefore, Eq. (82) holds for i =1, 2, or 3 if 012/|E;/2| >

EY/Ee, 0/ |Ey | > Ey/Ee, ot y?/|Ef 5| > 2n E /Ee,
respectively. Moreover,

, 93)

and assuming Ay, is much smaller than Vj, vy, and Ay, we
have
992 2
w~ — (94)
EipEp

so that Eq. (88) is valid provided |y| > |6,] or |y| < |6], and
202 /IET | + 967 /|Ef | > 2m Efy [ E.

Figure 8(a) shows the transverse charge current J&+ as a
fraction of total outgoing current,

JE = spor Y0 mil (95)

5,7,8',7

against Fermi energy Ep, for fixed values of atomic energy
levels Ef/z, and Ef/z, and various (y,0;) points, labeled as
A, B,C, D, and E. While for small y and 0; (situation A)
the transverse charge current is negligible compared to Jg I
significant J#&+ currents are obtained for values of y and 6,
of the order of a few eV [points B, C, D, E in Fig. 8(b)], up
to 20%. In addition, the transverse charge current can change
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FIG. 8. (Color online) Resonant features of charge transverse
currents generated by top-position physisorbed adatoms on graphene.
(a) Jé“ / Jé I (in %) against Fermi energy (in eV), for top-position
adatoms with fixed E li/z = —1eVand E3i/2 = —1.5 eV and different
(y,6), corresponding to points A, B, C, D, and E shown in the lower
panel. (b) Maximum of | JA+/J/ I for |EF| < 0.5 eV, against y and
0:. |[E|/E. = 0.1 lines are shown for E = &£ 53 4,Eny- Similarly to
Fig. 7, each line partitions (y,0;) space into regions whose farthest
point from the origin corresponds to |E|/E. < 0.1.

direction for some values of Fermi energy, as illustrated by
curves C and E in Fig. 8(a). Such “inversion” energies can
exist close to the Dirac point for finite values of y and 6,
only. Denoting as &, the inversion energy closest to the Dirac
point for a given (y,0;) couple, Fig. 8(b) shows |Eny(y,601)| =
E./10 lines, which partition (y,6;) space into regions whose
farthest point from the origin corresponds to |Eny|/E. < 0.1.
Clearly, |Einy|/Ec < 0.1, domains overlap with regions of large
J&t/ Jé I magnitude, making the existence of &y, relevant
for applications. Similar to transverse spin currents arising
from scattering with hollow-position adatoms, we believe
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that the possibility of changing the sign of JgJ‘ by a field
effect could be explored for new functionalities in logic
devices. At the scale of an entire graphene device, however,
the observation of significant macroscopic transverse charge
currents due to scattering with a large ensemble of top-position
adatoms appears more challenging than the observation of
a large SHE due to hollow-position adatoms because of the
necessity of having an imbalance between the A and B
sublattices. Nevertheless, it should be noted that sublattice
ordering driven by Ruderman-Kittel-Kasuya-Yosida (RKKY)
-type interactions below a critical temperature was predicted
by several authors [48-51], so that the above-discussed CHE
may in principle be observed in an experiment.

IV. CONCLUDING REMARKS

In this work, we have provided a rigorous derivation
of effective graphene-adatom Hamiltonians, taking into ac-
count intervalley terms neglected in previous works. Our
results describe the experimentally relevant scenario of dilute
physically adsorbed adatoms randomly distributed over the
graphene lattice. We have shown that both the position in
the lattice and the valence orbital type are critical to determine
the action of a physisorbed adatom on graphene’s Dirac
fermions. Our study of nonmagnetic elements—rvalid when
the Fermi energy is detuned from the adatoms’ valence orbital
spectrum—established that while bridge-position adsorption
does not induce spin-orbit coupling, hollow- and top-position
adatoms can generate significant local spin-orbit interactions
in such a way that spin and valley quantum numbers are
strongly intertwined. The low-energy continuum theories
constructed for hollow- and top-position species allowed us
to obtain analytic expressions for 7 matrices and integrated
cross sections and to derive the corresponding charge carriers’
spin-dependent scattering mechanisms. Interestingly, hollow-
and top-position spin-orbit active adatoms give rise to Hall
effects of drastically different nature: pure spin currents for
the former (SHE), and nonpolarized charge currents for the
latter (CHE). They nonetheless have two key characteristics in
common: they can be switched on and off and their flow can be
reversed by tuning the Fermi energy. We anticipate that such
properties will find technological applications in the fields of
spin- and charge-based logic components.
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APPENDIX

In this appendix, we rederive the impurity Hamiltonians of
Sec. I for adatoms in the hollow and top positions, accounting
for internal degrees of freedom. We describe the graphene-
adatom system with a tight-binding Hamiltonian H = Hg +
H,q + V, where Hg, is pristine graphene’s Hamiltonian, H,q
is the adatoms’ Hamiltonian, and V is the graphene-adatom
hybridization term. We write H,, as the following first-nearest-
neighbor tight-binding Hamiltonian:

Hy=—1Y > alb;+He.

ieA (i,j)

(AD)

where A denotes graphene’s A-sublattice carbon atoms,

and aj (b)) creates an A-sublattice electron at atom i € A
(annihilates an electron from the B-sublattice site j). Here,
(i,j) refers to nearest neighbors j of site i, and ¢ is the
hopping energy between nearest neighbors. Next, we derive
single-electron tight-binding Hamiltonians for H,q and V by
invoking symmetry arguments [15], and then we trace out the
adatom degrees of freedom via the Lowdin transformation
[52]. Taking the continuum limit then yields the results of
Table I. In addition to confirming the results obtained in Sec. I,
this approach has the advantage of relating couplings (V,
Vsos A, Ago, Ag,...) appearing in Table I to microscopic
parameters (hopping integrals, atomic spin-orbit couplings,
and energy levels) and the Fermi energy of graphene.

We start by writing the solution of the Schrodinger equation
Hly) = Ely) as a sum of waves |V) = [Yaa) + [¥) +
[¥oo), Where |Yraq), |Wa), and |Y¥) are projections of |¢) on
the adatom valence / orbital, its immediate vicinity—where
graphene’s p, orbitals couple strongly to the adatom’s valence
orbital—and graphene’s distant p, orbitals, respectively (see
Fig. 9). We denote by d,L,_Y the operator creating an adatom’s
[ orbital of angular momentum m and spin s, and we write

d,jHlO) = |m,s)aq. In the case of an adatom in the hollow

] [¥e)
1 |¥w)
I:I "‘)bad)

FIG. 9. (Color online) Illustration of typical spin-flip (red) and
spin-conserving (blue) processes induced by a p-orbital adatom
(gray) on graphene (light blue). Energy levels ¢, and €; of the
adatom’s p orbitals m = 0 and m = *1 are represented as gray solid
lines. Core orbitals are depicted as a black ball. The shaded region
corresponds to the adatom’s immediate vicinity, where carbon atom
p. orbitals couple strongly to the adatom valence p orbital. Red (blue)
straight vertical arrows represent the spin of an electron transiting
between graphene and the adatom while flipping (conserving) its
spin. Partial waves |¥«), W), and |1,4) introduced in the Appendix
are associated with the blue area, the dashed area, and the adatom’s
valence orbital, respectively.
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position, [Y¥y) is a linear combination of hexagonal states,
Q}Ln,s|0) = |m,s) . For top-position adatoms, |y /) is a linear
combination of triangular states, I‘L, $]0) and c$|0). Here, we
explain the method used in the case of an adatom in the hollow
position, the top-position treatment case being analogous. We

write |Y¥,q) and |Yra7) as

YN =) amslm sy (A2)
Waa) = Y Buslm,5)aa (A3)
The projection of the Schrodinger equation H |v) = E|{)

on |m,S),q gives

Zﬂm waa (| Haglm',s"Yoa + D e graa(m,s|Vm',s")

s’ ITI

= ﬂm,s m,m’as,s’E~ (A4‘)

To proceed, we denote by Z the matrix with elements
(aa{m,s|Haalm',s")ad)im,5),m',sn and by 7 the matrix with
elements (uq(m,s|V|m',s") \r)m.s).om'.s7)- Within this notation,
Eq. (A4) is recast into the elegant form

B=(El—2)"'TA, (A5)

where A and B are vectors with components (&, s)n,s) and
(Bm,s)om,s)» respectively. Setting Himp = Hog + V, we next
project the vector Himp|1/) on |m,s) s states. This gives

NS Hip[9) =Y atr o (m.s1Sim’ ' )aa. (A6
where
S=THEI-2)"'T. (A7)

Equation (A6) can be interpreted as the projection of the vector
Himp(I¥) & + [¥)o0) on the state |m,s), where Hiy, is the
graphene-only Hamiltonian:

I:Iimp = Z Z S(m,x),(m’,x’)QL,s Qm’,s’~

m,s m',s’

(A8)

Tracing H,q out hence consists in replacing Hiyp by I:Iimp in
the full Hamiltonian H.

We now derive a single-electron tight-binding Hamiltonian
H,q describing an [-orbital adatom either in the hollow or
top position, thereby generalizing a result of Ref. [15] for
p orbitals. We start with an ansatz Hamiltonian H,q that
manifestly conserves the total angular momentum,

Zemd dn + ng’;d}n

m=—I[ m=—I[

+ Z AL sedpir +d s_dy).

m=—I

(A9)

This Hamiltonian is invariant under rotation by m/3, so
that choosing energies €,, A%, and AY, such that Hy is
time-reversal invariant and symmetric under R, : x > —x

reflection, makes it suitable for describing both hollow- and
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top-position /-orbital adatoms, / = p.d, f. Since in spheri-
cal coordinates (9,¢|d,L|0) = Y/"(0,¢), where Y;"(0,¢) are
conventional spherical harmonics, d,, transforms into s,d_,,
under R, which sends ¢ to w — ¢. Enforcing R, symmetry
thus requires €, = €_,, A" = —AL, and A" = Al
Moreover, time-reversal symmetry requires €,,, AL, and A”’
to be real. We end up with

Z €pmd! dy, +Z}\ ! s.dy —d',,5.d_p)

m=—I

SO’

+ ZA ! sydpir+d',_sid_n+He), (A10)

which describes the adatom Hamiltonian for both the hollow
and top positions. However, hybridization terms V differ
in the hollow- and top-position cases. We first treat the
hollow-position situation, in which total angular momentum
conservation constrains V to take the form

2 2
Vhollow = Z tmd,LQm + Z dejnSsz

m=—2 m=-2
2
+ > (W) sy Qu + V) 5-Q) + He
m=-2

(Al1)

Since 2, — 5,Q_,, under R, we must have t,, = t_,,, T,, =
—T_p, and W7 = V™. Enforcing time-reversal symmetry
requires fy, Ty, and W to read t, = iy, Ty = i"Vjm)s
and W = i"w,,, where u,, v}, and w,, are real. Finally,

2
-lm +
Vhollow = E ll lu\m\dylnszm

m=-=2

+ Zl l)|m|( m SZQ—m)

2
+ > " wa(d) 5 R +dL,5-Q) + Hee

m=-—2

(A12)

A similar treatment allows us to derive V for top-position
adatoms. Enforcing symmetry under R, time-reversal sym-
metry, and total angular momentum conservation, we obtain

1

Vmp= Z

m=—1

+ Y Mgom(d) sy T +d s Ty
m=0,1

Q‘m‘d | +I'C(d1S7F1 —d!s,I'_y)

+ Lyo(d! s co+dls_co) + ydjco + He.,  (A13)

where 6, T, lso.m» Lso, and y are real. We can now derive
graphene-only Hamiltonians for adatoms in the hollow or top
position using Egs. (A7) and (A8). We write the Z matrix,
similar for both hollow- and top-position adatoms in a basis B,
of 2(21 + 1) states |m,s),q arranged in ascending total angular
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momentum J = m + s order:

By = {l-1,{)aa, | =1, M) aas | =1 + 1, )ads
|_l + 1’T>ada .o 7|l’\L>ada|l9T>ad}'

In basis /3, the Z matrix is simply block-diagonal and reads

(A14)

Z, 0 0 0
0 2,1 -+ 0 0
Z= : : : : . (A15)
0 0 2, 0
0 0 0 e+

where 2;,,% = 2,+% =€ + A If[J| #1+ 1, then Z; are
2 x2 matrices acting on total-angular momentum J subspace:

2, = Ef A , (A16)
A, Ej
. 1 1
where ET = €08 T s T A = A sy = J/1J1,

and 19 = 0. Using basis B, of hexagonal states in ascending-
J order,

BQ = {|_2»\L)N1|_2’T>N7|_1wl/)./\/s
|_1’T>/\/7 .. ’|27\L>N7|2’T>N}a

the “hybridization” matrix 7~ for a hollow-position adatom is
also a sparse matrix. Its only nonzero elements are in 2x2 and
1x2 blocks 7; connecting subspaces of hexagonal and adatom
orbital states of same total angular momentum J. The 2x2 7
blocks read

aju ;_1 V1 w1
7; — il < JU = F Vg J+3 )
- F—2J+1 : ’
i W_gpt by vy

(A18)

(A17)

where a; = iV=31=/+3 and b, = iV*317/+3 while 1x2
blocks are appropriate submatrices of the 2x2 blocks shown
in Eq. (A18). As a result, the S matrix is block-diagonal and,
for instance, the f-orbital adatom graphene-only Hamiltonian
reads

l
) .
Fhotow = > (2112011 )840 (Q T), (A19)

m——I m+1]

with
Sy =THEL- 2,77, (A20)

Similar results are straightforwardly obtained for p- and
d-orbital adatoms. The connection with the Hamiltonian of
Eq. (2) is easily made, as

N vi 4+ iA
Sm+;=<m m . m_ )

. (A21)
—iAp Vint+1 = Y+l

We now write the “hybridization” matrix ’f}op for top-position
adatoms, using a basis B, of states arranged in ascending-J
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order:
Bup = {T'1, ,10).T7, 110).T§ ,[0).c} ,10).

ch 41018 1100, T] 10),T] 110} (A22)

Unlike Bg, Biop comprises six states of total angular momen-
tum £1/2 due to the presence of central states c(TM ;,10) in
addition to triangular states F(Tm ;,10). Correspondingly, the

only nonzero elements of ’fmp are in blocks ’ZAZOP, J connecting
states of total angular momentum J. Irrespective of the
adatom’s valence orbital—p, d, or f—we have

A i0_1+it lwo Lo
71, = ’ s A23
©p-—3 ( ilso,l ) Y ) ( )
A 14 0o ilso,1
7 = ’ . A24
op.3 (Lso lso,O i0; — iT) ( )

Other blocks ﬁop, 7 depend on the adatom’s valence orbital,
but are appropriate subarrays of

ES _ilso —1

T 3= - s A25
top.—3 (i91 + ir> (A25)
A l91 —+ iT

Zop,% = <_ilso,—l) : (A26)

The S matrix for top-position adatoms is block-diagonal,

Sop—3 0 0 0
. 0 Sep1 O
Siop = IR . (A27
top 0 0 &, 0 (A27)
0 0 0 S

with Sps =70 J(ET — 2,)"Top,s as in Eq. (A20). The
graphene-only top-position Hamiltonian thus reads

7 8 i S i
Hiop = Stop,fgr—],ir—lvi + Stop,%rl,TFl,T

Ty
+@ T8 eh DSep 1 | Tou
o,
0,1
+(C$,T’F(§,T’F]1L,¢)‘§top,% Lop (A28)
Iy

This is exactly the Hamiltonian of Eq. (9) with the following
correspondence:

Siop—3 = Sips = Ay + A, (A29)
Ay —A_ —it —ip

Sop_t=| it i v, (A30)

in Vs Vo
and

Vo Vs in

Spt=| V2 W it (A31)
—ip =it AL —A_
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