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Abstract In this article we provide an intrinsic characterization of the famous Ho-
ward-Bachmann ordinal in terms of a natural well-partial-ordering by showing that
this ordinal can be realized as a maximal order type of a class of generalized trees with
respect to a homeomorphic embeddability relation. We use our calculations to draw
some conclusions about some corresponding subsystems of second order arithmetic.
All these subsystems deal with versions of light-face IT ll-comprehension.
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1 Introduction

The famous Howard-Bachmann ordinal ¢ (which in the literatur is also denoted
by veq1, V€q+t1, 0€q110, deg 1) belongs to the most well-established arsenal of
proof-theoretic ordinals of natural theories for developing significant parts of (im-
predicative) mathematics. Of course 1 is much bigger than &, the proof-theoretic
ordinal of first order Peano arithmetic, and it is also bigger than I, the proof-theoretic
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ordinal of predicative analysis. The ordinal 7 is the proof-theoretic ordinal of the
first order theory ID;, which extends PA by schemes for smallest fixed points of
non-iterated positive inductive definitions. The ordinal 1 is also the proof-theoretic
ordinal of the theory KP® which formalizes an admissible universe containing @,
and 1 is also the proof theoretic ordinal of ACAg + (IT{~CA)~ which formalizes
lightface IT!-comprehension and of the theory RCA( + (BI) which extends RCA( by
a scheme of bar induction.

All these theories are considered to be impredicative. For example the theory
ACA¢ + (H]I—CA)’ allows the formation of new sets of natural numbers by using a
comprehension formula which may contain a set quantifier ranging over the set which
is just defined using the comprehension under consideration. An ordinal analysis for
each of these impredicative theories turned out to be difficult. In technical terms this
is usually reflected by proof calculi with rules where the complexity of the antecedent
is greater than the complexity of the succedent. Typically this is a stumbling block
for cut elimination and only very sophisticated methods like Buchholz’ operator-
controlled derivations can circumvent it. It is important to notice that proof-theoretic
ordinals are more than just shere set-theoretic ordinals. They usually come equipped
with a first order structure with certain built-in functions which generate the ordinal
in question in some natural and perspicuous way. On a more combinatorial level such
an ordinal is then usually represented by a certain primitive recursive set of terms
with a primitive recursive well-ordering relation. A precise description on what the
characteristics of a proof-theoretic ordinal are runs under the “natural well-ordering
problem” which is known to be notoriously difficult. Investigations on proof-theoretic
ordinals have been undertaken by many people. To name a few: Aczel, Arai, Bach-
mann, Bridges, Buchholz, Feferman, Gerben, Girard, Gordeev, Isles, Jiager, Kino,
Levitz, Okada, Pfeiffer, Pohlers, Probst, Rathjen, Schiitte, Setzer, Strahm, Takeuti,
Veblen and Weiermann.

A very important aspect of investigations on proof-theoretic ordinals goes back to
Diana Schmidt who first recognized the connection between these ordinals and order-
theoretic properties of the functions generating them. She characterized completely
the order types which could be generated from the ordinal O by applying a mono-
tonic increasing function. A monotonic increasing binary function generates out of
the singleton set containing the ordinal O no order type larger than &. Functions of
bigger arities produce easily ordinals bigger than Iy and in fact ordinals of size com-
parable to the small Veblen ordinal Q% but by no means an ordinal which is of size
comparable to 7.

Diana Schmidt moreover showed that studying bounds on closure ordinals can
best be achieved by determining maximal order types of well-partial-orderings which
reflect monotonicity properties of the functions in question. With regard to this re-
search program she classified maximal order types for various classes of labelled
trees. The ordinals obtained in this way are all around the small Veblen ordinal 9.Q®
and way below 1 and it was for some time not clear whether 1 can be characterized
in terms of closure ordinals.

In Weiermann [25], it was shown that 1y could indeed be characterized as a clo-
sure ordinal of so-called essentially monotonic increasing functions. Since then it has



An order-theoretic characterization of the Howard-Bachmann-hierarchy 3

been open whether a corresponding order-theoretic characterization in terms of max-
imal order types is possible. Weiermann’s proof made essential use of the linearity of
ordinals and did not generalize to partially ordered structures.

Extending Schmidt’s work in [26], the third author provided in a first step, an
order-theoretic characterization for the large Veblen ordinal 92, Quite recently,
the authors of this paper were able to provide in [23] much more convincing methods
and results which were suitable for being extended to larger ordinals as well. This
recent approach is already far reaching but still misses essential ingredients for a
order-theoretic characterization of 1g. This paper will contribute to this problem.

It should also be noticed that H. Friedman defined in 1985 tree-embeddability
relations with a so-called gap-condition which generated ordinals of size Y2, an
ordinal which is much bigger than 1. So in principal it seemed plausible that it
is possible to single out a natural subordering of Friedman’s ordering which would
match with 1. This paper provides also a positive answer to this challenge: the de-
fined well-partial-order of maximal order type 1) can be seen as a natural subordering
of Friedman’s tree-ordering.

Moreover, we believe that our analysis will be a starting point for classifying the
maximal order types of the full Friedman’s gap-ordering on trees. We expect that
analyzing Friedman’s embeddability relations will be rather hard and difficult and we
hope that the result provided in this paper yields a roadmap for a more general result.
We confine ourselves to 1o since this ordinal is somehow the first serious step into
impredicativity. To elaborate a little bit more on Friedman’s gap-ordering: we believe
that the maximal order type of Friedman’s trees on n labels can be described using
the n'M regular cardinal number £2,,. Hence, the uncountable cardinal numbers play a
very important role in classifying the strength of Friedman’s well-partial-order.

In section 2, we give some preliminaries that are needed for later sections. In
section 4, we yield a well-partial-order of maximal order type 1o, that can be seen as
a natural subordering of Friedman’s tree-ordering. Section 3 is needed to obtain the
results in section 4. In the last two sections, section 5 and 6, results from a pure proof-
theoretical point of view are studied. We determine bounds on the proof-theoretical
ordinals of theories corresponding to our well-partial-orders, from which we obtain
unprovability results concerning the well-partial-orderedness of these partial orders.
All these theories deal with versions of light-face IT 11 -comprehension.

2 Preliminaries
2.1 Well-partial-orderings

Well-partial-orderings are ordered structures that are used in different fields of math-
ematics. For example in Grobnerbases [1] and rewrite theory [24]. Moreover, they
are well-known objects among logicians. Well-partial-orderings can be seen as ge-
neralizations of well-orderings, an important notion used in ordinal analysis [3,15,
16]. They are the underlying concepts of the theorem of Higman [7], the theorem of
Kruskal [12], Fraissé’s order type conjecture [13] and Friedman’s gap-embeddability
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relation on trees [21]. In [17], the second and third author did a complete proof-
theoretical analysis of the theorem of Kruskal.

Definition 1 A well-partial-ordering (hereafter wpo) is a partial ordering (X, <y)
such that for every infinite sequence (x;);=*] of elements in X, there exists two indices
i and j such that i < j and x; <x x;. We denote the wpo (X, <x) by X if the ordering
is clear from the context.

So a wpo is a well-founded partial ordering that does not admit an infinite an-
tichain. Equivalently, it is a partial order such that every extension is well-founded.
In the literature, one is more familiar with the notion of a well-quasi-order. That is a
quasi-order (no antisymmetry) with the same distinctive property. However, by can-
celing out an obvious equivalence relation, one gets a well-partial-order. Therefore,
we can restrict ourselves only to wpo’s. The interested reader can read more about
well-partial-ordering in [11], the most ground-breaking paper on this subject.

Definition 2 The maximal order type of the wpo (X, <y) is defined as

sup{a: < is an extension of <y, < is a well-ordering on X
and otype(X,=) = a}.

We denote this ordinal as o(X,<x) or as o(X) if the ordering on X is clear from the
context.

The maximal order type of a wpo is an important characteristic of that wpo.
E.g. one can use it in determining the exact proof-theoretical strength of the wpo
under consideration. In [11], it is proved that this supremum is actually a maximum,
meaning that every wpo X has at least one maximal linear extension.

Theorem 1 (de Jongh and Parikh [11]) Assume that (X, <x) is a wpo. Then there
exists a well-ordering = on X which is an extension of <x and otype(X,=) =
O(X, Sx)

In this paper, we are interested in studying the maximal order type of specific
wpo’s. The technique of reifications is very useful in obtaining upper bounds [20]
and lower bounds can be acquired from finding linearizations. Our technique will use
the concept of left-sets L(x) and quasi-embeddings. Of course, this is also interwoven
with the previous mentioned techniques.

Definition 3 Let (X, <x) be a partial order and x € X. Define the left set Lx (x) as
the set {y € X : x £x y} and Ix (x) := o(Lx(x)). We skip the subscript X if this is clear
from the context.

Theorem 2 (de Jongh and Parikh [11]) Assume that X is a partial ordering. If L(x)
is a wpo for every x € X, then X is a wpo. (The converse is trivially true.) In this
case, o(X) =sup{l(x)+1:x€X}.
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Using this result, it can be easily seen that the maximal order type is equal to the
height of the root in the tree of finite bad sequences. If one would have that /(x) < «,
for every x € X, then 0(X) < o. Therefore, we are really interested in characterizing
the left-sets of a wpo. This, in combination with the notion of quasi-embeddings, will
be the most important building blocks of the proofs in sections 3 and 4.

Definition 4 Let X and Y two posets. A map e : X — Y is called a quasi-embedding
if for all x,x’ € X with e(x) <y e(x') we have x <y x’.

Lemma 1 [fX andY are posets and e : X — Y is a quasi-embedding and Y is a wpo,
then X is a wpo and o(X) < o(Y).

2.2 Constructions on Well-partial-orderings

If we have a wpo, one can construct plenty of other well-partial-orderings from it.
The two most important examples are disjoint unions and products.

Definition S Let X and X; be two partial orders. Define the disjoint union Xy + X
as the set {(x,0) : x € Xo} U{(y,1) : y € X;} with the following ordering:

(x,i) < (y,j) & i=jand x <x, y.

We notate the element (x,i) as x if it is clear from the context in which set x lies
in. Define the cartesian product X x X as the set {(x,y) : x € Xp,y € X } with the
following ordering:

(x,y) < (¥,y) ex <x, x and y <x y.
With X" we denote the partial ordering X X --- x X, where X occurs n times.

In [7], Higman studied one of the most well-known constructor on well-partial-
orderings. It is in some sense a cornerstone in the theory of wpo’s.

Definition 6 Let (X, <x) be a partial order. Define (X*, <}) as the partial ordering
on the set X* of finite sequences over X ordered by

(X],...,Xn) S;( ()’hn-,)’m)
A< << <m)(Vje{l,...,n})(x; <x yi;).

We notate this partial ordering also as (X*, <*) or even as X*.

In the next theorem, we state the connection of the maximal order type of these
constructors on well-partial-orderings X and the original order type o(X).

Theorem 3 (de Jongh and Parikh[11], Schmidt[18]) If Xy, X| and X are wpo’s,
then Xy + X1, Xo X X1 and X* are still wpo’s, and

O(X() +X1) = O(Xo) @O(Xl),
O(XO X X]) = O(Xo) ®()(X]),



6 J. Van der Meeren, M. Rathjen, A. Weiermann

where @& and ® is the natural sum and product between ordinals, and

X)-1 . o
w0 if o(X) is finite,
X)+1 . . .
o(X*) = " if o(X) = € +n, with € an epsilon number and n < ©,
0™ otherwise.

In section 4, we will prove that a specific ordering 7 (%(-)) is a well-partial-
ordering with order type equal to the Howard-Bachman number. This ordering can
be seen as a subordering of Friedman’s famous ordering on finite trees and it uses the
following constructor on wpo’s.

Definition 7 Let X be a partial order. Define % (X) as the partial order where the
underlying set is the set of the finite structured binary trees with leaf-labels in X and
with the usual embeddability relation between trees. The internal nodes do not have
labels. This means that if a tree B € Z(X) is embeddable in a tree B’ € #(X), then
either B and B’ are trees of one node with label x € X and x’ € X respectively with
x <x x’ or B’ is a binary tree with a left immediate subtree B} and a right immediate
subtree B}, and B is embeddable in B} or B} or B has also a left immediate subtree B)
and a right immediate subtree B, and B; is embeddable in B. for i = 1,2. This implies
that if B is embeddable in B, then the internal nodes of B are mapped on the internal
nodes of B’ and the leaf-nodes of B on the leaf-nodes of B'.

One can prove that this constructs a well-partial-ordering starting from a wpo X.
We are interested in its maximal order type.

Definition 8 Define ¢yf8 as @? and let @, be the enumeration function of the com-
mon fixed points of all ¢, with y < a. This constructs the so-called Veblen hierarchy.

Definition 9 Let o be an ordinal.

o — 1 if «a is finite,
o =< o+ 1if oo = @28 +n with n a natural number,
o otherwise.

For a proof of the following theorem, we refer the reader to [18].

Theorem 4 If X is a wpo, then B(X) is a wpo and o(B(X)) = &y

2.3 Generalized tree-structures

In section 4, we present a wpo of order type 1. This will be a tree-structure that
can be interpreted as a subordering of Friedman’s famous wpo on trees with gap-
condition. In section 3, we give some auxiliary wpo’s with maximal order types
strictly below 1. These wpo’s can also be seen as tree-representations of ordinals
below 1. In this subsection, we give the definitions of these wpo’s. The reader can
also find this kind of wpo’s in [23] and [27]. For the actual proofs of well-partial-
orderedness and the maximal order types, the reader has to wait until sections 3 and
4. Before we present the definition, we elaborate on the definition of theta-functions.
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Definition 10 Let Q denote the first uncountable ordinal. Every ordinal 0 < a <
€041 can be written as Q% ) +---+ Q% f, with §; < Q and & > o) > -+ > 0. De-
fine the set of coefficients recursively as K(a) = {f1,..., B} UK(a1) U--- UK ().
Let K(0) be {0}. Define then k() as the ordinal max(K(a)).

Definition 11 For an ordinal a, define Qy[a] as o and 2, [] as Q%]

Definition 12 Let P denote the set of the additive closed ordinal numbers {®0* : o €
ON}. For every ordinal @ < g1, define ¥ (o) as min{{ € P: k() < { and Vf <
o(k(B) < & — ¥(B) < §)}. The Howard-Bachmann ordinal number is defined as
Mo = ¥(€a+1) = sup, (& (u[1])).

For more information about the theta-function and its connection with Buchholz’
Y-function, we refer the reader to [17]. There, they introduced the ¥-function in a
different way, but one can prove that they coincide with our definition if the argument
is above Q2. It can be shown by an easy cardinality argument that 9 < Q.

o< Bandk(a) < p

L 2 da<if
emma B {ﬁ<aand‘0a§k(ﬁ)'

We need the following two additional lemmas. The proofs are rather straightfor-
ward.

Lemma 3 Suppose o and B are ordinals beneath €g 1. Then

k(o B) < k(o) ®k(P),
k(a@ B) < max{k(a) S k(B), k() @ k(B) ® @},
k(0®) < o),

Furthermore, k(a),k(B) <k(a® ) and k(o) <k(ax® ) if B > 0.

Lemma 4 Suppose o,,...,0q are countable ordinal numbers with o; < 7 for an ep-
silon number y. Then k(o((QR" 0, + -+ Qo + )*)) < 7.

Before we give the definition of the wpo’s that we use in sections 3 and 4, let us
define a specific class of constructors.

Definition 13 Define Map as the least set satisfying the following:

1. - € Map, (- plays the role of a place holder).

2. If X is a countable wipo, then X € Map,

3. If W, W2 € Map, then W) + Wy, Wy x W, Wi and (W) are also elements of
Map.

Every element W of Map can be seen as a mapping from the set of partial order-
ings to the set of partial orderings: W(X) is a partial ordering by putting the par-
tial order X into the -. For example, if W = (%(-) x X)*, then W(X) is the partial
ordering (#(X) x X)*. Furthermore, if X is a wpo, then W(X) is a wpo and if X
is countable, then so is W(X). Every element of W(X) is represented by a term in
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finitely many elements in X. For example in the case W = (Z(-) x X)*, the element
((B(x1,x2),%1), (B(x3,x1),%2)) in W(X) with x1,x2,x3 € X, 21,2 € X and B(a,b) the
binary tree

a b

is represented by a term in x1,xp,x3. By deleting all entries of X, we get the naked
term ((B(-,-),%1),(B(+,-),%2)), which we notate as w(-,-,-,-), where

w(a,b,c,d) = ((B(a,b),%1),(B(c,d),%2)).

Therefore, the element ((B(x1,x2),%1),(B(x3,X1),%2)) can be described using this

naked term w(-,-,-,-) and the elements xj,x2,x3 € X as w(xj,x2,x3,x]). In general,
an element of W (X) is represented as w(xy,...,x,) using a naked term w(,...,-) and
elements xi,...,x, € X. We will call this naked term ‘an element of W”.

Definition 14 Take W € Map. Define 7 (W) as the least set satisfying the following
requirements

1. oe T(W),

2. If w(-,...,-) is an element of W and 11,...,t, € T(W), then w(zy,...,#,) is an
element of W(7(W)) and let o[w(zy,...,5,)] € T(W). We will say that 71,...,1,
have a lower complexity than o[w(zy,...,)].

Let the underlying ordering <y be the least binary reflexive and transitive relation
on 7 (W) such that

1. o <)t for every ¢ in T (W),

2. if s <) t; for acertain j, then s <7y o[w(ty,... 1]
3. if W(t], e ,tn) SW(T(W)ST(W)) W’([i7 e ’t}{ll)’
then o[w(ty, ..., ta)] <gqw) o[W(1],...,1))].

If it is clear from the context, we also notate <7w) as <. Sometimes, we notate
the elements o[w(z1,...,1,)] also as ow(ry,...,t,) if w(ty,...,,) has already enough
brackets in its description.

Notation 1 Suppose t = o[w(t1,...,t,)] is an element of T (W). We denote the ele-
ment w(ty,...,ty) of W(T(W)) also as xt.

Our general conjecture is that for every W € Map, the partial ordering 7 (W) is ac-
tually a wppo and the maximal order type is equal to ¥ (o(W ())) if 23 <o(W(Q)) <
€0.1. In section 3, we prove for specific W € Map that the ordering 7 (W) is indeed
a wpo and ¥ (o(W())) is an upper bound on the maximal order type of 7 (W).
In section 4, we show that 7 (Z#(-)) is also a wpo and ¥(€q4) is exactly equal
to o(T(#(-))). This wpo can be seen as a subordering of Friedman’s famous trees
with gap-embeddability relation [21]. For cases where o(W (2)) > €o 1, some little
adaptations of the general formula o(T (W)) = ¥ (o(W(£))) are needed because the
domain of the theta-function is below £q_ 1. This is however beyond the scope of this
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article and will be treated in latter work. We believe that generalizations will lead to
a full classification of the strength of Friedman’s wpo’s.

The next lemma is a very important lemma for the rest of the article. We will skip
its proof, but one can find some subparts and the general idea of this proof in [23].

Lemma 5 (Lifting Lemma) Assume that W € Map and let q be a quasi-embedding

from the partial ordering Y to the partial ordering Z. Then for all elements y1,...,yn,¥{,-. .,V
inY andw(-,...,),v(:,...,-) inW the inequality w(q(y1),- - -,q(yn)) <wz) v(@(}),---,q())
implies w(y1,---,Yn) <w(y) V015 Vm)-

Before we go further, we want to show that 7 (%(-)) can indeed be seen as a
subordering of Friedman’s wpo with gap-condition. First, we give the definition of
his wpo.

Definition 15 Let T, be the set of finite rooted trees with labels in {0,...,n—1}. An
element of T, is of the form (T,1), where T is a finite rooted tree, which we see as
a partial ordering on a set of nodes, and / is a labeling function, a mapping from 7’
to the set {0,...,n—1}. Define (T1,11) <gqp (T2, 1>) if there exists an injective order-
and infimum-preserving mapping f from 77 to 7> such that

1. VT € T, we have [1 () = L(f(7)).
2. V7 € T and for all immediate successors 7' € T; of T, we have that if T € 75 and

(1) <T < (), then p(T) > L(f(7')) = Li(T)).
In [21], this is the so-called weak gap-embeddability relation.

Definition 16 Define the partial ordering T, as the subset of (T, <,q,) Which con-
sists of all finite rooted trees such that nodes with label 0 have zero or one immediate
successor(s) and nodes with label 1 have exactly two immediate successors. Further-
more, every tree in T has a root with label 0.

Note that the trees in T, are unstructured. The trees in 7 (Z(+)) are structured, so
to see the resemblance between 7 ((+)) and T, we have to restrict T even a little bit
more: we say that every tree in T, is structured, meaning that it has a left-hand side
and a right-hand side and an embedding between two trees preserves these left-right
order.

Lemma 6 The partial-ordering T (%(+)) is order-isomorphic to the partial ordering
T,.

Proof Define g: T (%(-)) — T as follows. Let g(o) be the tree which consists of one
node with label 0. Take r = o[B(ty,...,t,)] with B(ty,...,,) a binary tree with leaf-
labels in the set {71, ...,#,} and assume that g(¢,),...,g(t,) is already defined. Set g(¢)
then as the tree consisting of a root with label 0, that root connected with an edge to
the root of B(r1,...,t,). Give all the internal nodes of B label 1 and plug g(#;) in the
leaves of B(ty,...,t,) with label #; for every i. For example, if t = o[B(o,0[B(0,0)])],
with B(a,b) equal to
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0

It is easy to see that g is surjective. If we can prove that
t <)t & 8(t) <g, &),

we are done. We will prove this by induction on the sum of complexities of ¢ and #'.
If t = o or ¢/ = o, then this is trivial. Assume both ¢ and ¢ are different from o. Let
t= O[B(tl e ,l‘n)] and ¢’ = O[B/(l‘i yeen ,t,/n)]. If ¢ ST(@()) t', then either ¢ ST(%()) ti/
for a certain i or B(t1,...,ta) <1 (2()) B (1], t,)- In both cases, the induction
hypothesis yields g(r) <z, g(t") quite easily. Now assume g(7) <3, g(t"). We know
that the root of g(¢), which has label 0, is mapped on a node with label 0. If it is
not mapped onto the root of g(z'), then it is mapped onto a node with label 0 in
g(t;) for a certain i. Hence g(t) <z, g(t;), s0 t <7(s()) t{ <7(()) t'- Now assume
that the root of g(z) is mapped onto the root of g(¢’). Every internal node a of B
has to be mapped on an internal node of B/, because otherwise the label 0 of the
root of the g(#;) in which the internal node a of B is mapped, gives a contradiction
with the gap-condition. Furthermore, every leaf of B, in which g(;) are plugged in,
has label 0 and is mapped on a node in g(¢') with label 0. We can conclude that
B(g(t1),---,8(t)) <3, B'(g(}),-..,g(t},)). The induction hypothesis yields that g

is a quasi-embedding from the set {t1,....1,,1{,...,1,,} to T,. So the Lifting Lemma
implies B(t1,...,t,) <B(T(#())) B'(t},...,t,,). Hence, <T(®() t.
O

From the previous lemma, one can actually already conclude that 7 (4(-)) is a
wpo. Therefore, one can think that the well-partial-orderedness proof of T (Z%(+))
in Theorem 8 is superfluous. However, this well-partial-orderedness proof does not
need an extra argument: it follows from the calculation of an upper bound of the
maximal order type of 7 (%(-)). Therefore, we do not really waste efforts by stating
it in Theorem 8.
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3 Tree-structures below the Howard-Bachmann ordinal

In section 4, we will show that 7 (4(+)) is a wpo with maximal order type ¥ (€q41).
For obtaining these results, we need to approximate this wpo. This is done from ‘be-
low’ and is treated in this section. The next theorems are generalizations of Theorems
9 and 10 in [23]. The proofs follow the same procedures as in that article, but they
are more involved.

Theorem 5 Suppose Y; ;  and Z; are countable wpo’s for all indices. If

N ki * ki.ni *
W(X):Z Zyi’j’l XXj X X Zyia.ﬁ”i ><Xj XX"”XZ,‘
i=0 j=0 j=0

then T (W) is a wpo and o(T (W)) < 3 (o(W(R2))).

Proof We will prove the theorem by main induction on the ordinal o(W (Q)). If W(X)
is the empty wpo for every X, then the theorem follows easily. We can now assume
without loss of generality that Z;, Y,}km ; are non-empty and k; ; > 0 for all i and
1. If o(W(Q)) < Q, then - does not occur in W. Therefore, n; = m; = 0 for all i.
Hence, W (X) is equal to a wpo S (Z; =: Z. So T(W) = ZU {0}, where 0 is a
new element smaller than every element in Z. This yields that 7 (W) is a wpo and
o(T(W)) <o(Z2) +1 < B(o(2)) = B(o(W(RQ))).

Assume from now on that o(W(Q)) > Q. We will prove that L(¢) is a wpo and
1(t) < 8 (o(W(R))) for every ¢ in 7 (W). Then the theorem follows from Lemma 2.
If t = o, then L(t) is the empty wpo and /(1) =0 < 3 (o(W(£2))). Assume now

t=0((f1,. s 0n), (t15- sty )52)

N *
withz € Z;,t, € T(W) and 7, an element in (ZI;I’Z”O Yy jp % T(W)J) , meaning

with g € Z];l‘z”o Yi,jp X T(W)/. So

P _ P4 Py
1§ = (ypgr (19,-..207))

with g € Yy, p and v, g < kg . Assume 1(1;),1(1;7) < 9(o(W(L))) and L(t;) and
L(t,i’j) are wpo’s. We want to prove that L(r) is a wpo and (1) < 9 (o(W(Q))).

Suppose s is an arbitrary element in 7 (W), different from o. Then

§ = 0((5T,-+»8my )5 (S15- -, 8my )5 2),
5, = (slf,...,sf;)), (1)
sh = (y;’q,(sf’q,...,sﬁfq)) ,
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with
/
zZ € le,

/
Ypa € Y qp-

We see that s € L(¢) iff s; € L(2), sf{’j € L(t) and one of the following holds:
1+,

=17 €Ly (2),

A=1257,7, (t1,.. . stm) £ (sl,...,sml,),

l:l/’ZSZI ZI’ (tlv"'vtm]) < (Sla"'asml/)’ (ﬁa,g) ﬁ (ﬁ?"'v%),

Now if (c.) holds, there must be a minimal index m(s) < m; such that

ao o

tlgsl,...,t() 1<S ﬁs
If (d.) is valid, there must be a minimal index n(s) < ny such that
HSH? at() 1<S ﬁs

By similar arguments,

holds iff we are in one of the next cases

1. t;’(s) £ s?(s) for every i,

2. there exists an index i; such that ") 2 ") for every i < iy, ') < s

ﬁ s; %) for every i > ij,

Fu(s)- there existindices ij <--- <i, 1 such that ti’(s) £ s:’(s) for every i < iy, tf(s)

s('(s) an dt" Y)ﬁs for every ip > i > ij,...

1

<s() B andt, gs
for every i > lrn(sr"
Now,

77 = (Ot (e 8)) 2 (65 )) =50

holds iff one of the following is valid

n(s) 7é Wha(s),j>
/
2. Vn(s) = Wy(s),j and Yp(5).i ﬁy/rvn(vy) ons) Vn(s), 0
B , . S N
3. Va(s)i = Wa(s),j» Yn(s)i 2V, )76 Tn(s).J and there exists a minimal index p; j(s) <

Vin(s),i such that

n(s),i n(s),j n(s),i n(s),j n(s),i n(s),j
h <5 “"tprl,j<s)*1 < Spi,j(s)*l ’tPi.j(S) i sz:,j(s)'
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We just completely characterized L(r). Using this characterization, we define the fol-
lowing constructor W/(X) in Map: let W'(X) be W{(X) + W, (X) with W] (X) equal
to

N ki1 * Kin; *
E E Yiv]ﬂ x X/ X X E Y,’_’j,niXXj XXmiXZi
i=0,i#l Jj=0 j=0
kl.l * kl,nl *

+ ZYZJJ XX/ | x-oox ZY,M, x X/ | xX" xLz,(z)
j=0 j=0

* *
kl.l kl.nl

ny
+Z ZYLIJXXJ X X ZYLLWIXX/
m=1 j=0 j=0

x XM~ LT(W)(tm) X7

and Wj(X) equal to

I { 1 ’ k11 *
E E E Yl,j,l x X/ X X Yl,jlnfl x X/
n=1 g=1 [ Jj=0 Jj=0
kg1 * Ky *

X EYI,,i.nHXXj XX EYz,mXXj XXM x 7,
Jj=0 j=0

ki -1
(Vx| ) < <W2’q<x>>*} |
=0

with
k],n
Wr(X) = D (YijaxX7)
J=0,j#vn,i
Vn,i
+ (LY’“’n_Nz (y"*i) X vai) T Z (Yl,v,,‘i,n x Xt x LT(W)(t;J)) ’
p=1

The three cases separated by the sign + in Wl’ (X) corresponds to the cases (a.), (b.)
and (c.). The index m in the third line of W/ (X) matches with m(s). W;(X) corre-
sponds to case (d.). The index n in W;(X) matches with n(s) and the index g corre-
sponds to the cases 1.-...-r, () in which we are for 7,(5) £ 5,(y)- W, (X) matches with

0 2

; ;s where p in W, (X) corresponds to p; j(s).
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Now, following the here-described characterization of L(¢) thoroughly step-by-
step, one can see that there exists a mapping f from {w(sy,...,s,) € W(T(W)) :

o[w(si,...,sn)] € L(¢)} into W’(T (W)) such that if we have f(w(s1,...,s,)) =w(s],...

then {s},..., 5, } € {s1,...,5,} CL(¢) and if the inequality f(w(s1,...,54)) <wr(7(w))
J(W(5T,...,5)) holds, then w(s, ..., sn) <w(7(w)) W(51,--.,5). We do not explicitly
write out the full details of this argument because in Theorem 8 we will do a similar
proof (written out in full details) and that proof is less messy.

We pinpoint a mapping g from L(¢) into 7 (W'). This mapping will be a quasi-
embedding. We do this by induction on the complexity of the terms in L(z). Let g(o)
be o. Let s be an element of L(¢), defined as in (1). By induction, we can assume that
g(si) and g(s;”) are already defined. We know that s is equal to

/
1,1 nl/"rnl/
o W(Slv sml/vsl gy Sw / )

Ty

for a certain element w(-,...,-) in W. Denote

1.1 Hl/,}’/
f(xs):f(W(Sl,...,Smll,Sl yeresSw "1,/ ))
4

nyy,r,
[/1,1/

as w(s),...,s},) € W/(L(r)) with {s},....,s),} C {sl, sml,,s} L. ,s;,lll ”’/' } De-
"y

fine g(s) as o[w/(g(s}),...,&(s},))]. We want to prove that the mapping g is a quasi-

embedding.

We prove by induction on the sum of the complexities of s and s that the inequality
g(s) <7(wr) §(5) implies s <7y 5. If s or 5 is equal to o, then this is trivial. Now, let
s =o[w(s1,...,s,)] and 5 = o[Ww(s1,...,55)]. Assume that f(w(s1,...,s,)) is equal to
w(s},...,sp,) and f(W(51,...,57)) is W/ (5},...,5=). So we have

oW (g(s1),- - g(s)] = 8(5) S7(wr) 8(5) = oW (8(51),.8(S))]-

Then either g(s) <7(w) g(5,) for a certain g or

w'(8(s1),--,8(s)) <wrirwy W (g(1), -, 8(5m))-

In the first case, s < E’q < 5. In the latter case, the induction hypothesis yields that g is
a quasi-embedding from the set {s},...,s),,5,...,5=} to 7 (W’). Hence, the Lifting
Lemma implies w'(s1,...,s,,) <w/(Tw)) w( ..,5=). So f(xs) < f(x5), hence
xs < x5. From this we can conclude that

So g is a quasi-embedding from L(¢) in ’T(W ). If o(W/(Q)) < 0o(W(Q)), the
main induction hypothesis yields 7 (W’) is a wpo and o(T(W’')) < 3 (o(W'(R2))).
Therefore, using Lemma 1, L(z) is a wpo and o(L(¢)) < & (o(W'())). If additio-
nally k(o(W'(2))) < ¥(o(W(£2))), we can conclude that the inequality o(L(r)) <
B (o(W(£2))) holds, the objective that we want to achieve. Thus if we can prove that
o(W(Q)) < o(W(L)) and k(o(W'(2))) < ¥(o(W(L))), we can end the proof of
this theorem.



An order-theoretic characterization of the Howard-Bachmann-hierarchy 15

1) o(W'(R)) < o(W(R2)).
For notational convenience, we write Y instead of o(Y) for wpo’s Y. Additionally, we
write o* instead of o(a*) for ordinal numbers .

kl n

oWi(@) < P (Vi) (b, 0n) 00" ) 60"
j:O,j#an

<@ V.00, @

We know that (@];’:"0 Yijn® _QJ'> “isa multiplicative closed ordinal. Therefore, in-
equality (2) yields
kl‘n -1 kl,n *
PV | @oW(Q))®- 2oW(2)) < | PYijn® Q!
j=0 J=0

From the assumption that k; , > 0 and Y, , . » 7# 0, we also have

ki n -1
2,0 PV oW (Q)") @ (W, (Q))
j=0
khn *

< @Ylﬁm ®Q/
Jj=0

Because .
k1,1 * kl‘nl

P | o Py, | cQ™
J=0 j=0

is additive closed, we obtain

*
ki1 * ki

o(W3(X)) < @Yl,ﬂ@ﬂj ®-® @Yz_,j,n,ééﬂj ®QM
Jj=0 Jj=0

and
my ki1 * Kiny *
D (@rmoar) oo Buyoar
m=1 Jj=0 j=0

®.Qm171 ®LT(W)(tm)®Zl @O(Wzl(X))

ki1 * ki
<|Pviaee | e-o| PV | com.
j=0 j=0
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Therefore,
o(W'(Q))
N ki1 * zn, *
<6 Py | o @Y,Mé@Q Q" Q7;
i=0,i£l j=0
kl,l * kl.nl *

o| | PYaee | oo PV | 0™al()
Jj=0 j
ki1 * ki, *
Dyaee’ ) ea| Py | oom
Jj=0 =

<o(W(Q)).

2) k(o(W'(2))) < B(o(W(£2))).
We know that o(W(Q)) > Q, hence ¥(o(W(£2))) is an epsilon number. So from

Lemmas 3 and 4 the claim follows if Y j x, Z;, L) (t:) and L1y, (t,i’j ) are all smaller

than 9 (o(W (£2))). We know that this is true for Iy (#;) and L) (z;”), by the sub-
induction hypothesis. Furthermore, we have Y; ; 1, Z; < k(o(W(R2))) < #(o(W(£)))
using Lemma 3. O

Theorem 6 [f W(X) = X**, then T(W) is a wpo and o(T(W)) < 3(o(W(R))) =
9 (@2™).

Proof We show that L(r) is a wpo and [(t) < ¥ (.Qggw) for every ¢ in 7 (W) by
induction on the complexity of 7. The theorem then follows from Theorem 2. If r = o,
then left-set L(¢) is the empty wpo and /() =0 < & (QQQ > Assume now that t =

o((t,....tk s Lk ty,)). From the induction hypothesis, we know that L(t;-)
are wpo’s andl( ) < 19( ( (2))). Assume
§= o((s{,...7s,1nl),...,(sll,...,s£n[)).

Thent <siffr < sé- for certain i and j or

1 1 k k 1 1 ) !
(et ey (0 )< () ey shy )y (5 )

Hence, s € L(r) iff sj- € L(t) for every i and j and one of the following holds
1. (tll,...,t,{l) L* (Sli»~~~75£l,~) for every i,

2. there exists an index /4 such that (¢/,... ) Z* (sh,...,sh,) for every i <1,
[ i .
(t,.... nl) < (sl ;-5 Smy, ) and (t2,... t2 ) £5 (sh,...,s5,) forevery i > Iy,
3. there exist indices /; < I, such that (¢},..., n]) g* ( .., sh,.) for every i <,

i
]a
(tll, . n]) <* (s1 . si,‘[, ), (t2 . nz) st s’m) for every I} < i < Iy,

(815
L .
(tlz, . nz) <* (S‘l . szz) and (tl, . m) £* (s ey mi) for every i > I,
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k. there exist indices /; < -+ < [;_; such that (¢],... ’trh) Z* (s,...,sh,.) for every

i<l (tf,....0) <" (s17 sm,l) (F,....12) £* (sh,...,sh,.) for every I} <
I I e
<l (e ) € (ool e (A A1) <0 (01 ) and

(¢, tk) ﬁ (s],...,sml_) foreveryt>lk_1.

by
Now, (t1,...,1 ) £* (s{,...,sh,) is valid iff one of the following holds

1. sle L(t}) for every r,

2. there exists an index ry’ such that s} € L(t}) for every r < r{’, t} <s’;; and
i
1

sl e L(t}) for every r > r’fj ,

n;. there exist indices ri’j << r _, such that sl e L(tl) for every r < rl’] <
s sle L(#}) for every r2 S r > rl’j, St <s'; ands) € L(i) for every
Tk i

lj’ n,'—l
" nj—1
r> rn 1
Define
ni *
W) =P | PLe) @X@--2XaLt)" | X ...
=1 =1
n; *
X ® | PLE) ©X@- RXRL(t)"
j=1
If s = o((s},...,8p, ) (s],-.., 5, ) is an element in L(r), we can interpret
((sh,..., s,lm),...,(sl],...,sf,”)) as an element of W/(L(z)). Denote this interpreta-

tion as f(xs) =w(st,...,8), with {s1,...,5,} C {s1,... mz} C L(t).

For example assume that case 2. holds, meaning that there exists an index /; such
that (tll, . ”1) L (s ', st ) for every i < I, (tll, 7”I) <* (sl, sﬁ},ll) and
(tlz,...,tnz) S O ) for every i > [;. Then assume that for (¢],. t,ll) «*
(s1,--. 8y, ) subcase 1. holds, but for (¢f,...,40 ) £* (s},...,sh,) with 1 <i <1 sub-
case 2. holds. Additionally, assume that for every i > [; subcase 2. holds if we look

to (3,..., nz) £* (s],...,s5,,)- In this case, f(xs) = w(s1,...,s,) is equal to
1 1 2 2 2 (2 2
<( (Sl,“.’sml)’<<S17“.’sr}‘2_]) srlz,(s 12+1, 7.5",”2)),...7

-1 -1 h=1 -1 -1
((51 )8 - ), RS 1 (s RS -vsmll,l) )
"y

n -1 n +1

!
(3117"'as£11111)7

L+1 L+1 L+1 h+1 I1+1
(((51 7-~~asr2A11+1 1) szzl+1a(szzl+1+ 7~~-7Sm1]+]) yees
P
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where w(-,...,-) is equal to

1 1 2 2 2 2
(( (S15-+5Sm, )5 ((Sl"'"Srll,l)?'»(sr}-%l""’smz)) b

1

-1 -1 -1 I
((511 a~~~asr1|14111_1)a'a(sr111,111+1a~~->snlz,]i]))> )
(‘7"'7')7

I1+1 I1+1 l1+1 l1+1
(((sl ""’S,%’l“,l)"(srf-’lﬂﬂ"”’s’"lﬁl) e

<(SI17...’si‘f"lfl)’.7(Sf‘f'l+17...’s£nl)>)) 3

Using the just-described characterization of the set L(¢), one can see that the in-
equality f(xs) <y 7wy f(xs') yields x5 <y (7w xs forevery s,s" € L(t)\{o}.
A similar, but more detailed, argument can be found in the proof of Theorem 8.

Define now a mapping g from L(¢) into 7 (W’) in the following recursive way.

Let g(o) be o. Assume now that s = o((s{,..., % ),--.. (s}, .. ,sfn])) € L(t) and that

g(s’]) is already defined for every i and j. If f(xs) = w(sq,...,,), let g(s) be the
element o[w(g(s1),...,8(sn))] in T(W’). If 5 is the example as before, then g(s) is
defined as

(et
(6t
(8051, 8(s3,))

L+1 L+1 L+1 L +1 L+1
(((Sl 7-~~asr?ll+17])ag(srf,ll+1)7 (Sr?,11+1+17~~~asm,1+1) ey

I I I I I
((sl, e 7sr%171),g(sr%,), (srf”+1""’s’”l)))> .

Is g a quasi-embedding? We claim that g(s) <7y g(s') implies s <7y s’ by
induction on the sum of the complexities of s and s'. If s’ = o or s = o, then this is
trivial. Let

<(S%7' .. 7S3i.27])3g(5‘31,2)7 (Sfl,2+]a- . 7S3nz)> IRRRS]

1
7"'7Sm1)
1 1
-1

1
1 +1
!

1
- -1 -1 -1 -1
S S - ),8(s 1,1171)a(s Li—1, 200 Smy ,]) )
r - 3 r 1
1

and assume that g(s) < g(s), f(xs) = w(s,...,s,) and f(xs") = w'(s},...,s),).
Then either g(s) < g(s;) for a certain i or xg(s) <y wr) xg(s'). In the for-
mer case, the induction hypothesis yields s < s’; < s'. In the latter case, we have
w(g(s1),---,8(5n)) <w/(rwy) w'(g(s]),...,&(s),)). The induction hypothesis yields
that g is a quasi-embedding from the set {si,...,s,,5],...,s/,} to T(W’). Hence,
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the Lifting Lemma implies f(xs) = w(s1,...,82) <yr(rw)) W (s],---,8,) = f(xs).
From the properties of f, we obtain xs <y (7(w)) xs', hence s <7y 5.

Now, Lemma 1 and Theorem 5 yield that L(¢) is a wpo and
o(L(r)) < o(T (W) < B(o(W'(R2))).

So we can end this proof if we can show that ¥ (o(W'(Q))) < ¥ (Q'ng ) For nota-
tional convenience, we write Y instead of o(Y) and Y* instead of o(Y*) for wpo’s
Y. From the induction hypothesis, we know that [ (t;) <0 (QQQ(D) < £, hence
()22 - 2Q2® l(t;)* < Q" for a certain finite n. Therefore,

Py eee Qi) |+1<Q°
j=1

and

*

Py ees--wesli)y | <.

=1
From this it follows that o(W'(Q)) < Q2% Now
k ni *
owW'@)=P| | Pl ees-wel(l) | e ...
i=1 j=1

*

n;
Qe | Pl ee--0el(l)
j=1

Qo1 g @Qj—l RIH) ®-11) | ...

k nj
—1 j=1

*

o| Peeit) @l
j=1

Using Lemmas 3 and 4, k(o(W'(Q))) < © (99“”’) is valid if
1) @ @1 < © (99“ )

This is true because /(1) < & (.QQQ ) and ¥ (_QQQ ) is an epsilon number. O
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These results can be generalized to the following theorem. We do not give the
proof as it is very technical and it will not provide new insights because it follows the
same procedures as in Theorems 5 and 6.

Theorem 7 Suppose that W € Map consists only of -, +, X, * and countable wpo’s
Xi. Then T (W) is a wpo and o(T (W)) < & (o(W(R2))).

One can also show that ¥ (o(W(£2))) is a lower bound for o(T (W)) if o(W (R2)) >
Q3. However, the purpose of this section is to proof theorems that are needed in
section 4. Therefore, we skip the proof of the lower bound.

4 An order-theoretic approach of the Howard-Bachmann ordinal
The previous section yields

—~—
o(T(F77F)) = ¥(Qa-1[0)).

n

—~ =

Therefore, the tree-structures 7 (+*"***) give rise to representations of countable or-
dinals strictly below the Howard-Bachman ordinal and the ‘limit’ of these structures
will be equal to this famous ordinal. But what do we mean by the ‘limit’ of these
structures? In some sense, the set of binary trees is the limit of an iteration of the *-
operator. Hence, one can expect that o(7 (£(+))) = sup,« », 3 (22, 1[0]) = ¥ (€q+1)-
In this section, we will prove that this is indeed the case. This result yields that the
Howard-Bachmann ordinal can be represented as a tree-structure using binary trees,
or more specifically, as the wpo (T, < sap)-

Theorem 8 7 (%(+)) is a wpo and o(T (A(+))) < ¥(€q+1)-

Proof We prove that L(¢) is a wpo and [(f) < ¥ (€q+1) for every ¢ in T(Z(-)) by
induction on the complexity of ¢. The theorem then follows from Theorem 2. If = o,
then L(¢) is the empty wpo and [(r) =0 < B (€q41).

Let B(t,...,t,) be an element of Z(T (#4(-))). If we write B(t1, ...,1,), we mean
that the leaf-labels are elements of {#,...,z,}. If it is clear from the context, we
sometimes write B instead of B(z1,...,t,). If B(t1,...,t,) is a tree of height zero with
leaf-label ;, define Wp(X) as the partial ordering %(L(4(.)(t;)). Remark that - does
not occur in Wp. If B(ty,...,1,) is a tree with immediate subtrees B and B,, define
Wp(X) = WB([],...,I,,)(X) as

(Wa, (X) +Wa, (X))" x X.

We prove by induction on the height of the tree B that there exists a mapping gp from

Lp:={D(dy,...,dy) € B(T(AB("))) : B(t1,...,tn) ﬁ,@(T(fB(-))) D(dy,...,dy)}
to the partial ordering Wg(7 (4(+))) such that gg is a quasi-embedding and if gg(D) =
w(d},...,d},), withwanelementin Wz and d1,....d,, € T(%(-)), then{d;,....d,,} C

{di,....d}.
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i) height(B) = 0.

Let B(t1,...,t,) be a tree with one node and leaf-label #;. Then D(d,...,d;) € Lp iff
d; € L(t;) for every j. Define then the element gg(D(d1,...,dy)) as D(d1,...,dx) €
B(L () (t:) = We(T(A())). If we write gg(D) as w(dy,...,d,,), then m =0,
hence one can show easily that the desired properties of gp are valid.

ii) height (B) > 0.

Let B(ty,...,t,) be a binary tree with immediate subtrees B} and B;. By the induction
hypothesis, there exist functions gp, and gg, with the wanted properties. Now, Pick an
arbitrary D(dy,...,d;) € B(T(A(-))). Then B(ty,...,t,) g%(T(%())) D(dy,...,dy)
is valid iff one of the following holds
1. D(d,,...,dy) is a binary tree of height 0 with label d,
2. D(dy,...,dy) is a tree of height strictly larger than 0 with immediate subtrees D;
and Dy, B(t1, .- ,tn) £(T(2())) Difori= 1,2 and one of the following occurs

(@) Bi £a(1(#()) D1,

(©) Bi <g(T(s5()) D1 and By Lp(7(5(y)) D2-

Because B(t1,...,tx) £a(7(())) Di for i = 1,2, we can also use the above case-
study for the trees D and D;. This leads us to the following definition. Choose an
arbitrary D(dy,...,dy) € L. Define Ey and Fy as D(d\,...,d;). Assume that we have
E; and F; for a certain i as elements of Z(T (%(+))). If F; is a tree of height strictly
larger than 0, we want to define E; ;1 and F; ;1. Suppose that F! and F? are the im-
mediate subtrees of F;. Then define E; ;| as

{El in case that 2.(a) holds if we look to the condition B £ (7)) Fi

F? in case that 2.(b) holds if we look to the condition B La(T(#)) Fi- )

Letx; be the number j such that E;+; = F/ and let F;;| be ngxi“ , the other imme-
diate subtree of F;. From this definition, we obtain a finite sequence Eo,E,...,E,, F,
with Eg = D and F), a tree of height 0. Therefore, F), consists of only one node with a
label, let us say, s. Note that s is also a leaf-label of the tree D. Define now gg(D) as
follows using the fact that we have gp, and gg,:

gB(D) = ((gB,\-l (El)7""ng1) (EP))7S)'

Note that By, £ E;, which means that E; € Lg, . So gg, (E;) is well-defined, hence
ga(D) € W(T(A(+))). Does g satisfies the desired properties?

First, we already noted that s is a leaf-label of D(d\, ..., dk). Secondly, if gp, (E;)

is equal to w; (s’1 b ,sfﬁ ), then by the induction hypothesis and the fact that E; is a sub-
tree of D, we obtain {s,...,s, } C {d,...,di}. Hence, if gg(D) = w(d},...,d},) €
Wa(T(#(:))), then {d},...,d,,} C {di,...,d;}. Now we want to prove that g is a
quasi-embedding. Let Eo,Ey,...,E,, F; and yy,...,y, be the finite sequences forth-
coming from definition (3), the definitions of x;. and Fj;i, but now starting with
D(dy,...,d;) € Lp. Denote the label of the tree F; of height zero as 5. Assume fur-
thermore that

gs(D)
Swy(T(())) &8(D)

((ngl (El)v“"ngP (EP))vs)

(88, (E1);---,88,, (Eq)),5)- @)
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We show that inequality D(d\,...,d) <z(T(4()) D(dy,...,d;) holds by induction
ong.

From (4), we obtain s <7(#()) S Furthermore, there exist indices 1 <ij < --- <

ip < g such that 8B, (Ej) < 85y, (Ei;). Because the left hand side of this inequality
is in Wp, (T(%( ))) and the rlght hand side in Wp, (T(%())) we obtain x; = y;;

for every j. Furthermore, E; <7 (%(.))) E for every J, because 8By, is a quasi-
embedding.

If ¢ = 0, then also p = 0. Therefore, D is a tree of height zero with leaf-label s and D
is a tree of the same height with leaf-label 5. Hence D < (7 (%(.))) D. Now let g > 0.
By construction,

g8(F1) = ((g,, (E2),---,88,,(Ep)),s),
88(Fiy) = ((88y, ,, (Ei+1);---:88,,(Eq)),5).

1+1

Because gp(D) <y, (7((.) 88(D) and g, (El)lsmappedontoggy (Ej, ), we obtain

(-

28(F1) <wy(T(2()) gs(F;,). Hence, by the sub-induction hypothes1s on g, we have
the inequality Fi <g(1(%(.))) Fi,- We also know that £y <7 () Ei, and x; =
vi,- If x; = 1, then Ej is the left-immediate subtree of Fy = D and E;, is the left-
immediate subtree of F;, _;. Furthermore, F] is the right-immediate subtree of Fo = D
and F;, is the right-immediate subtree of F;, _;. We conclude that D = Fy < »(7(%(.)))
Fi,—1 <y <@B(T(#()) Fy = D. The same argument holds for x; = 2. Therefore, gp is a
quasi-embedding.

Assume t =o[B(ty,...,t,)] € T(A(-)) with B(ty, ... ,t,) a binary tree in the partial
ordering Z(T (#(-))) and assume that L(z;) are wpo’s and /(#;) < ¥(€n1). We want
to prove that L(¢) is a wpo and () < ¥ (€q1).

First of all, we define a quasi-embedding f from L(¢) into 7 (Wp). First note that
d = o[D(dy,...,dy)] € L(¢) iff d; € L(t) and D(dy,...,dy) € Lg. Define f(o) as o.
Suppose d = o[D(d},...,dy)] € L(t) and that f(d;),..., f(dy) are already defined.
If gg(D) = w(di, ,d,’,,) € Wp(T(A(-))) with {d},...,d),} C {d,...,di}, define
f(d) as o[w(f(d}),...,f(d),))] € T(Wg). Now we want to prove that f is a quasi-
embedding.

Assume f(d) <7(w,) f (d). We prove that this implies d <7(#3() d by induction on
the sum of the complexities of d and d. If d or d is equal to o, then this is trivial.
Assume gg(D(dy,...,dv)) = w(dy,...,d},), gg(D(dy,...,d))) = w(d{,...,d,) with
{d},....d,} C{di,....d} and {d},....d)} C{d,,...,d;} and

This implies either f(d) <7, f (d!) for some i or

w(f(di), -, ) Swycrowgy) W), -, f(d]))-
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In the former case, the induction hypothesis yields d <7(z.) d7 <T7(%()) d. In the
latter case, we observe that the induction hypothesis implies that f is a quasi-embedding
from {dy,...,dy,d1,...,d;} to T(Wg). Therefore, the Lifting Lemma brings the in-
equality g8(D) <y, (7(wy)) &8(D). Hence we have D(d\ ..., dx) <gp(1(#()) D(d\,. .. ,d;)
and d <7((.)) d. We conclude that f is a quasi-embedding.

By Lemma 1 and Theorem 7 we obtain that L(¢) is a wpo and
o(L(t)) < o(T (Wg)) < ©(Wp(2)).
So if 3(Wp(Q)) < B(€q+1), we can end this proof. We prove simultaneously by
induction on the height of the tree B that
WB(Q) < Qn[l}v
k(Wa(Q2)) < 9 (2.[1]),

for a certain natural number n. Remark that we write W () instead of o(Wp(€2)) for
notational convenience. From this it follows that & (Wg(2)) < ®(€q+1)-

If the height of the tree B is zero, we defined Wp(X) as (L ((.))(ti)). Because
we assumed that /(1;) < ¥(€q+1), we know that [(f;) < ¥(Qm[1]) < Q for a certain
natural number m > 2. Hence

k(Wp(82)) = k(o(B(L(1i)))) = o(B(L(t)) < €1)+1
< Ep(@u1)+1 = V(2 + 3 (2u[1])) < B(2u+1[1])
and
WB(.Q) < €)1 < Q< .Qm+1[l].

Assume that the height of B is strictly larger than zero such that By and B, are
immediate subtrees of B. Because of the induction hypothesis, we know that there
exists a natural number m such that

W, (Q) < £ m[1],
k(Wp, (2)) < 8(Qu[1]),
W, (2) < Qu[1],
k(Wp,(2)) < 8(Qn[1])-
We defined Wp(X) as (Wp, (X) + W3, (X))* x X, hence
Ws(Q) < 0" o 0 < 0, 1]

for a certain n; large enough. Furthermore, by Lemma 3

V81 (2)5Wa, (2)(£1)

k(Wg(£2)) :k<a) ®.Q) < B (Qu,[1])

for some n, large enough. Taking n = max{n,n,}, we can end this proof. O

Before we prove that the Howard-Bachmann ordinal is a lower bound of the max-
imal order type of T (Z(-)), we give a lemma.
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Lemma 7 Suppose o0 < ¥(€q1) and a € P, the set of additively closed ordinals.
Then o can be uniquely written as

o= (),

with B =0 or
B=nr QPryi 4+ QP <,

suchthat B> By > - > B, and 0 <y, < Q and k(B) < a.

Proof This follows from standard properties of the 1¥-function. A proof of this fact
can be found in an unpublished article of Buchholz. O

If you look closer at the proof of the next theorem, one can see how every ordinal
number below ¥ (€q11) can be represented as an element of 7 (Z(+)). Note that this
proof can be carried out in ACAj if we have a predefined primitive recursive ordinal
notation system for ¥ (€q41).

Theorem 9 o(7(%(-))) > (eq+1)-
Proof Define
g:9(ea+1) = T(A("))

in the following recursive way. Let g(0) be o. Pick an arbitrary ot < ¥(€p) and
assume that g(f8) is already defined for every 8 < a. If ot =cyr ©@* + - -+ @%* with
n > 2, define g(a) as o[B] with B the following binary tree:

g(0) -\/. °

g(o3)
g(m)

g(on)

If a < ¥(€g+1) and @ € P, we can write o as ¥(f3) as in Lemma 7. Because ev-
ery element in K(f3) is strictly smaller than &, we can assume that g(7y) is defined for
every ¥ € K(f3). Define g() as o[f(B)], where we define the binary tree f(f3) in the
following recursive way.

Let £(0) be the binary tree with one node and leaf-label o:

[ ]
@)
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Now, let B = QPiy; ...+ QPry, > By > .- > B, > 0 and assume that f(f;) is
already defined for every i. Then define f(f3) as

Note that all labels in the tree f(B) are elements of g(K(B)U{0}). Additionally,
every element in g(K() U {0}) is a label in the tree ().

Is g a quasi-embedding? We will show by induction on @' that g(a) < g(a') im-
plies o < o’. If o or o' is equal to zero, then this is trivial, hence we may assume
that both o and o' are different from zero. There are now four cases left:

a) g(@% + -+ %) < g(O% +--- + %),
Then either g(a) < g(o) or (g(@1),...,8(tn)) <* (g(0q),...,g(a,)). In both cases
the induction hypothesis yields @* +--- 4+ @% < 0% + -+ %,

b) g(D(B)) < g(0% +---+ @%).
If B =0, then it is trivial. Assume f8 # 0. Then g(9(B)) < g(@% + --- + @%) is
only possible if g(¥(B)) < g(c/) for a certain i. The induction hypothesis yields
B(B) < 0% 4+ + %,

¢) (@ + -+ %) < g(B(B)).
It is impossible that § = 0, because m > 2. If 0 < 8 < Q, then g(J3(f)) is equal to

° g(B)

So g(a)“{ 44 @%) < g(d¥(B)) can only occur ifg(a)o‘i +oo 4 @%) < g(B) be-
cause m > 2. By the induction hypothesis, we obtain that ®% + - + 0% < B <

(B).
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In the case that § > Q, we have that g(coo‘f ot @%) < g(y) for a certain y €
K(B)U{0} or for every o/, there exists a y; € K(f) U{0} such that g(o)) < g(%).
In the former case, we obtain that @% + -+ @% < y < k() < 9(B). In the latter
case, we obtain that of < % < k(B) < ©(P). Because ¥(f) is an epsilon number
(B > Q), we get that ©% + - -+ 0% < ().

d) g(v(B)) < g(v(B"))
If B’ = 0, then B must also be zero, hence ¥() < ¥(B’). Now assume that ' > 0.
g(3(B)) < g(B(B")) is possible if g(¥(B)) < g(y') for a certain ¥ € K(f’) U {0}
or if f(B) < f(B’). In the former case, we obtain by the induction hypothesis that
B(B) < ¥ <k(B') < O(B'). If the latter case occurs, then for every ¥ € K(f3), there
exists a ¥ € K(B’)U{0} such that g(y) < g(¥'). Hence, k(8) < k(B’) < 0(B’). For
ending the proof of ¥ () < ¥(f’), we need to show that § < 3.

We proof by induction on &' that f(§) < f(8’) implies 6 < &' for every & with
K(8) C K(B) and every 6" with K(8') C K(B'). If this is true can conclude that
B<p.

If 8’ =0 or 6 = 0, then this is trivial. Hence we may assume that both § and §' are
different from zero. Assume &' =yp .Q‘sl/)/l 4.+ Q%7 > 0. Then f(§') is equal
to

There are four different subcases:

i) The root of f(8) is mapped into f(5])
Then f(8) < f(5{), hence, by the induction hypothesis § < J] < §'.

ii) The root of f(0) is mapped on b
This is only possible if § = Q% ;. In this case we have that £(8;) < f(8]), hence
0 < 6. This implies § < §'.
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iii) The root of f(8) is mapped into the right immediate subtree of f(8')
If m =1, then § has to be 0, hence 6 < &'. If m > 1, then f(8) < f(&') yields

F(8) < f(Q%Y,+-+Q%Y,). hence § < QY +---+ Q%y, =&

iv) The root of f(8) is mapped on the root of f(8')
Let § = Q% + ... 4 Q%y,. If the immediate left subtree of f(§) is mapped into
£(87), then like in case ii), we obtain that § < &’. So suppose not, then f(8;) < f(J)
and g(71) < g(7;).- Hence 8 < 8 and y; < 7. If §; < §{, then § < &'. Assume
0y =0{.If yy <y, then 6 < &'. Hence assume y; = ;. If m =1, then § = &§'. So
assume m > 1. There are two cases:

-n=1
We obtain easily that § < §'.

-n>2
Then f(Q%2p + .-+ Q%y,) < f(_Q‘%/z + -+ Q%79 ). Hence the induction hy-
pothesis yields Q%27 4 -+ Q% y, < .(255}/2 4+ Q% hence § < §'. |

5 Bounds on the proof-theoretical ordinals of RCA, + (IT} (I1{)-CAy)~ and
RCAG + (T} (IT3)~CAo)~

In the last section, we show some independence and provability results about the al-
ready studied wppo’s. To obtain such results, we need bounds on the proof-theoretical
ordinals of theories with light-face Hll -comprehension, which are obtained in this
intermediate section. More specifically, we calculate the proof-theoretical ordinal of
RCAg + (HII—CAO)’. As a side question, we were wondering what would happen
with the ordinal if we replace RCA( by RCA;. We could not pinpoint down the exact
strength of these theories, but we could do it for restricted versions. These restricted
theories are fortunately strong enough to obtain the independence and provability
results that we want.

Definition 17 Let n < @. A IT} (I1?)-formula is a formula of the form VXB(X),
where B(X) is IT0. B can contain set and numerical parameters. Note that a IT)
formula is the same as an arithmetical formula, hence a IT! (IT3) is a standard IT}-
formula. A (IT} (I1?)) ~-formula is a formula of the form VXB(X), where B(X) is IT?
and VX B(X) contains no free set parameters. It is allowed that B contains numerical
parameters.

Definition 18 Let (.#Z—-CAyp) be the following well-known comprehension scheme
3ZVn(n € Z + A(n)),

where A(n) is a formula in the class Z. If F = (IT}(IT?)) ", we denote (F—-CAy)
by (IT} (I10)-CAo)~

We show the following results.

Theorem 10
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1. |[RCAy + (IT}(ITY)~CAp) | = H(Q®),
2. |RCAy+ (ITHITY)~CAg) ™| > o0 = H(Q - ).

For clarity, we give the definition of ACAp, RCA¢ and RCA;

Definition 19 Both ACAy and RCA( are theories in the language of second order
arithmetic L,. The axioms of ACA are the basic axioms in second order arithmetic
and the induction axiom for sets together with comprehension for arithmetical for-
mulas. RCA consists of the basic axioms, Z?-induction and A?-comprehension. Let
L, (exp) be the language L, augmented by a binary operation symbol exp that denotes
the exponential function. Define RCA( as the L, (exp)-theory consisting of the basic
axioms, the exponentiation axioms, 28-induction and A?-comprehension.

From more information on reverse mathematics and theories in second order
arithmetic, we refer the reader to [22].

5.1 Lower bounds

These proofs and definitions follow the procedure as in [17], but they need some re-
finements. Firstly, we give a primitive recursive ordinal notation system for ¥(€q1)
which is suitable for using in ACAg + (:#-CAy). Then, we introduce an notation
system without @-exponentiation which is suitable to use in RCAg + (F#—-CAp) and
RCAj+ (F-CAy).

Definition 20 Define inductively a set OT () of ordinals and a natural number G
for oo € OT (V) as follows:
1. 0€ OT(¥) and Gy(0) :=0,
2. if(X:.Qalﬁ1+“'+Qa"Bn withn>1, 01 >--- > o, and Q >ﬁ1,...,ﬁn>0,
then
(@ if(n>1oray >0)and ay,...,0,B1,...,Bs € OT (), then o € OT (¢¥) and
Gyoa :=max{Gy(ay),...,Gy(t;),Gs(B1),...,Go(Bn) } + 1,
(b) ifn=1,ay=0and & = 0% + -+ ©% > § > - > §, with m > 2 and
Ol,...,0m € OT(9), then a € OT (¥) and
Gyo :=max{Gy(61),...,G(6n)} +1,
3. ifa=9P and B € OT(¥), then & € OT (¥) and Gy := Gy + 1.

Because 9 is always additively closed and ¥ is injective, the function Gy is
well-defined. Remark that Q € OT (), because Q = Q' -1 and 1 = ¥(0).

Lemma 8 [f& € OT (9), then K(&) C OT (V). Furthermore, G (k(&)) < Gy (&) for
all & in OT (0).

Proof We proof this by induction on Gy (&). If & = 0, then this trivially holds. If
& = 0(&'), then K(&) = {&}, hence this also trivially holds. Assume & = Q% f; +
e+ QFB, withn>1,E > > & and 2 > &,...,E, >0.Ifn=1and & =0,
then also K(§) = {&}, hence the proof is valid. Let now n > 1 or & > 0. Then
K(&)={Bi,...,Bs} UK(E)U---UK(&,). The induction hypothesis yields K(&) C
OT (¥9). Furthermore, Gy (k(&;)) < Gy (&) < Gy(&). Therefore, the strict inequality
Gy(k(§)) = Gy (max;{k(&;), B;}) < Gy(&) holds. O
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Each ordinal o € OT (¢¥) has a unique normal form using the symbols 0, ®, 2, +,
. The relation & < B can expressed using the ordinals appearing in their normal
form (by Lemma 2), which have strictly smaller Gy-values by the previous Lemma
8. Hence, the following lemma holds.

Lemma 9 [f we use a specific coding of (OT (¥),<or(s)) in the natural numbers,
then (OT (V) N Q,<or(9)) can be interpreted as a primitive recursive ordinal no-
tation system for the ordinal O(€q1). Furthermore, one can choose this coding in
such a way that V& € K(o) (€ <y a).

This is the ordinal notation system that we will use if we work in the theory
ACAg+ (F-CAp). However, in the theory RCA( + (.#—CAg) and RCAj+ (#—-CAy),
we use a different ordinal notation system OT’(¥) without w-exponentiation.

Definition 21 Define inductively a set OT" (%) of ordinals and a natural number G’y ot
for o € OT'(9) as follows:
1. 0 € OT’(®) and G, (0) := 0,
2. if o= Q"B +---+ Q°By, with @ > B, >0and > Py,..., Bu_1, then
(a) ifn>0and fo,...,B, € OT' (), then @ € OT'(¥) and
Glyo :=max{G(Bo),...,Gy(Bn)} +1,
(b) if n=0and @ =yF 6 + -+ &, with m > 2 and 6y,...,8, € OT'(¥), then
a € OT'(9¥) and Gy := max{G'y(81),...,Gly(6n)} + 1,
3. ifa=9p and B € OT'(¥), then @ € OT' () and Gyt := Gy B + 1.

NF stands for normal form.
Also in this ordinal notation system, G’19 is well-defined.

Lemma 10 If§ € OT'(9), then K(§) C OT'(). Furthermore, G'y(k(§)) < Gy (&)
forall & in OT'(9).

Proof If & = 0, then this trivially holds. If & = ©(&’), then K(&) = {&}, hence this
also trivially holds. Assume & = Q"E, 4+ --- 4+ Q% with Q > &, > 0 and Q >
&r,...,& 1. If n =0, then also K (&) = {&}, hence the proof is valid. Let now n > 0.
Then K(&) C {n,...,0,&,...,&,}. We know &,...,&, € OT’'(¥). Additionally, it
is trivial to show {n,...,0} C OT'(¥). Hence, K(&) C OT’(9). It is also trivial to
show that G'y(m) < 2 for all natural numbers m. Therefore, G (n) < G’ (&) because

Gy (&n) = 1. Also, Gy (&) < Gy (&). Hence Gy (k(§)) = Gy (maxi{n, &}) < Gy (&).
O

Like for the first ordinal notation system, we have to following lemma.

Lemma 11 If we use a specific coding of (OT'(9), <or/(s)) in the natural numbers,
(OT'(9) N, <or/(9)) can be interpreted as a primitive recursive ordinal notation
system for the ordinal O (Q%). Furthermore, one can choose this coding in such a
way thatVE € K(a)(& <y o).

From now on, we fix primitive recursive ordinal notation systems OT () N2 and
OT'(¥) N Q. If we mention ACA in the beginning of a theorem, then we assume that
we work in OT (9). Similarly, if we mention RCAg or RCAjj in the beginning of a
theorem, we assume that we work in OT"(1).
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Definition 22

Prog(<,F) :=Vx(Vy(y <x = F(y)) = F(x)),
TI(<,F):= Prog(<,F) — VxF(x),
WF(=<):=VXTI(<,X),
where the formula Prog(<,F) stands for progressiveness, 71(<,F) for transfinite
induction and WF (<) for well-foundedness. F(x) is an arbitrary L, (exp)-formula
if we work in RCA( or an arbitrary Lp-formula if we work in RCAg or ACAg. For
an element o € OT (¥), the formula WF (o) stands for ‘<,p(y) restricted to {8 €
OT (%) : B < a} is well-founded’. We sometimes also denote this as WF(<| ).
Similarly for OT' ().
Definition 23 1. Acc:={a < Q :WF (<] a)},
2. M:={a:K(a)C Acc},
Ja<oBeafeMra<p.

The next lemma shows that Acc, M and <g can be expressed by a (IT} (ITY)) -
formula.

Lemma 12 Acc, M and < g are expressible by a (I1} (I1)) ~ -formula.
Proof The proof is the same for the ordinal notation system OT (©) and OT' ().

WF(a) =VX (Vx(Vy(y <x—>y€eX) >xeX) = Vx(x X)),
where < is <[ . It is easy to see that the prenex normal form of the formula WF ()
is (IT{ (ITY)) ~, hence Acc can be expressed by such a formula. M can be represented
by the formula V& <y a(& € K(a) — & € Acc). Because & € K(a) is elementary
recursive, both M and < g are also expressible by a (IT} (I1)) ~-formula. O
Lemma 13 (RCA{) o, B € Acc = o+ 3 € Acc.
Proof Obvious. O
Lemma 14 (ACAg) o € Acc = 0% € Acc.
Proof A proof of this lemma goes back to Gentzen. See [15, 19]. O
Definition 24 Let Progg (X) be the formula

NVaeM)[(VB <qg a)(feX)— acX].

Let Accq be the set {a € M : (o) € Acc}.

Lemma 15 (RCA{)) Progo(Accg).
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Proof We work in OT’(8). Assume o € M and (V < o)(9(B) € Acc). We want
to proof that ¥ (at) € Acc. We show that (V& < ¥ (a))(& € Acc) by induction on G &,
from which the theorem follows. If & = 0, then this trivially holds. So assume & > 0.

a) Assume & ¢ P
Because & < Q,wehave E =yr & +---+ &, > & > - > &, (n > 2). The induction
hypothesis yields & € Acc. Hence from Lemma 13, we obtain & € Acc.

b) Assume & = 9 (&')
From ¥(&’) < ¥(a), we obtain either &' < o and k(&) < V() or ¥(&') <k(ax).In
the former case, G (k(£')) < G5 (&) < G4 (&) and the induction hypothesis implies
k(&') € Acc, hence K(&') C Acc. So &’ € M, from which it follows &' <o «, hence
B (&’) € Acc. In the latter case, we know that k(at) € Acc, because o € M. Therefore,
B(&') € Acc. O

We actually do not need the following lemma, because we already know the
proof-theoretical ordinal of ACAg + (T, 1' —CAp)~ . However, just for the completeness,
we mention it here.

Lemma 16 (ACAo) Progo(Accg).

Proof The proof uses OT () and follows the same procedure as Lemma 15. The
only difference is the usage of Lemma 14. O

Lemma 17 Let A(a) be a (I} (I19)) ™ -formula. Define Ay as
Vo[V <@ a)A(B) = (VB <o a+Q)A(B)].
Then RCAo + (IT} (IT))— CA¢) ~ proves Progq ({€ : A(&)}) — Ar.

Proof We will prove that by outer induction on k. First note that A(a) can be ex-
pressed by a set in RCAg + (IT} (ITY)~ CAp) . Assume that Progo ({& : A(§)}) and
pick an arbitrary & such that (VB <q a)A(B). If o ¢ M, the assertion trivially fol-
lows. Assume a € M. If k = 0, the proofs follows easily from Progo({& : A(§)}).
Assume k = [+ 1 en suppose (VB <o a)A(B). We want to prove that (Vf <g
a+ QF1A(B). Take an arbitrary B <o a4+ Q/F!. RCA( proves that there exists
a & € Acc such that B <o a + Q' (by induction on the construction of B in OT (%),
one can show that one can take & = k(f8) + 1. Let B({) be

(VB <@ a+R'0A(B).

B({)isa H?-formula in A. It is known (Lemma 6 in [9]) that RCAp - VX (WO (X) —
TIx (y)) for all IT)-formulas y. Because & € Acc, we have that & + 1 is well-ordered,
hence we know that 71 | (B) is true. This means

Vx < EVy < &(y<x— B(y)) = B(x)] = Vx < EB(x).

The theorem follows from B(&), hence we only have to prove the progressiveness of
Balong & +1.
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Assume that x < €. Then x € Acc. If x =0, then B(0) follows from the assumption.
Assume that x is a limit. If B <q o + Q'x, then there exists a y < x such that § <
a + Q'y. Because B(y) is valid, one obtains A(f). Assume that x = x’ 4 1 € Acc.
From ¥’ < x, one obtains (V3 <o a+Q'x')A(B). Because A is valid, we get (V3 <q
a+ Q'Y +QNA(B), hence (VB <q a+Q!'(x' +1))A(B) = B(x). O

Theorem 11 |RCA + (IT} (IT?)~ CAp) ~ | > 9(2°).

Proof This follows from Lemmas 15, 17 and the fact that Accg is expressible by a
(IT}(I1Y))) ~ -formula. O

Lemma 18 Let A(a) be a (I} (I19)) ™ -formula. Define Ay as

(VB <o L2-Kk)A(B).
Then RCA}+ (IT} (ITY)— CAg) ~ proves Progq ({& : A(&)}) — Ax.

Proof We will prove that by outer induction on k. First note that A(a) can be ex-
pressed by a set in RCAjj+ (IT} (I1Y)— CAp)~. It is easy to see that the case k = 0
holds. Assume k =1+ 1 and Progo ({& : A(§)}). Then we know (Vf <o Q2-1)A(B).
Pick an arbitrary f <o Q- (I +1). If B < Q -1, we obtain A(f8). Hence assume that
B > Q-1 There exists a £ < Q such that § = Q-1+ &. Let B({) be A(Q -1+ ().
B({) is a ITY-formula in A. We prove by induction on  that (V§ € Acc)B({) is true.
From this, the theorem follows.

If £ =0, then B({) is true because (Vf <o 2 -1)A(B) and Progo ({& : A(&)}) imply
A(Q-1). Assume § € Acc is a limit and assume (V' <g §)B(&). From Progg ({& :
A(&)}), we obtain B({). Let § = {'+ 1 € Acc. Then B({) follows from B({’) and

Proga({& : A(S)}). O
Theorem 12 |RCA}+ (IT} (IT))-CAp) ~| > (2 - ®) = ¢wO0.

Proof This follows from Lemmas 15, 18 and the fact that Accg is expressible by a
(I1}(11Y)) ™ -formula. 0

5.2 Upper bounds

In this subsection, we give an upper bound for [RCAg + (IT{ (IT{)~CA)~|. For this,
we use the fact that |[IT)-Bly| = 9(Q®) (see [17]).

Lemma 19 For every arithmetical formula B(X ) with all free set variables indicated,
there is a Ag-formula R(x,X, f) such that

1. ACAo - B(X) — 3fVxR(x,X, f)
2. If T is a theory with RCAg C T and .7 (x,y) is an arbitrary formula,

T EVx3WyT (x,y) AVx3z(lh(z) = x AVi < x.F (i, (2)i)),

then T - VxR(x,X, #) — B(X), where R(x,X, %) results from R(x,X, f) by re-
placing subformulae of the form f(t) = s by Z (t,s).
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Proof This proof is a little adaptation of the normal form theorem V.1.4 in [22]. We
can assume that B(X) is in prenex normal form

B(X) =Vx13y1 ...V, 3y S(x1, 015« oy Xy Y X)),
with S quantifier-free. Then over ACAq, we have

B(X) <> 3fiVxixa3ys ... S(x1, fi(x1),%2,¥2, -, X, ¥, X)
< i3y .. S, fi(xn), X2, 2 (X1,22), X3, 3, -y Xy Vi, X)

<—>3f1...f,Vx1.. (th]( ),)Cz,fz(x ) xr,fr(xh ,xr)7X)
HHfoS((x)u(f)l(( )5 (), () ()15, (0)r), X)),

(
where (f)i((x)1,...,(x)x) = f({k, (x)1,...,(x))) and (...} is some primitive recur-
sive tupel coding. Now let R(x, X, f) := S(( )1, (f)1((x)1),-..,X). Note that the right-
to-left directions are provable in RCA, so that part 2. follows from reading the equiv-
alences from bottom to top. O

By adapting the previous lemma, we get the following corollary.
Corollary 1 Ifin addition to the conditions of Lemma 19(2.), T also satisfies
T EVx3Aly9 (x,y) AVx3z(lh(z) = x AVi < x4 (i, (2)i)),

then T EVxR(x, 9, F) — B(¥), where R(x,4 ,.F) results from R(x,X,.% ) by replac-
ingt €X by ¥(t,0).

Lemma 20 Assuming that the conditions for % and 4 from Lemma 19 and Corol-
lary 1 are satisfied, then there exists a A?-formula P such that

T EVxR(x,9,.F) < VxP(Zx], F[x])
Proof By induction on the build-up of R. O
Theorem 13 Assume that B(X,n) is a I1)-formula, then
I —Bly - Vn|[VA € Rec((IT})")B(A(-),n) ++ (VX C ®)B(X,n)],
where B(A(-),n) results from B(X,n) by replacing t € X by A(r).
Proof Pick an arbitrary natural number ng. Assume that we have
(34 € Rec((IT}) 7)) ~B(A(-),no).

In [10] it is proven that Zj-a)-model reflection holds in HZI—BIO. Therefore, there
exists an @-model M such that no € M and M |= ACAy + —~B(A,np). Define X as
the set {m € w : M |=A(m)}. This set exists by arithmetical comprehension. Hence,
—B(X,np) is valid.

For the reverse implication, assume (3X C ®)—-B(X,ng). Using Lemmas 19 and
20 on the formula —B(X, ng), we have IX3fVxP (X [x], f[x]), thus FaVxP(ho[x], k1 [x]).
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Define I(0) as 3h(c C hAVxP(ho[x],h1[x])). Define a class function 5% by 7 (0) =
() and A (n+1) = A (n)~ (uk-I1(H(n)" (k))). Note that 57 has a X1-graph. As
HZI—BIO proves 221 -induction on the naturals, one can prove that ¢ (n) is always
defined by 3hVxP(ho[x], 1 [x]). Also note that 5 is recursive in /. We can show that
1 is recursive in a (IT])~-formula. This because / is recursive in W, the set of all
recursive well-founded trees, which is (IT])~-complete. Therefore, we obtain that
' € Rec((IT})™). We also have VxP(#[x],.#[x]) by this construction. Letting
¢ = Hp and F = S in Lemma 20, we get VxR(x,¥,.F#). By Corollary 1 we get

—B(¥,no). O
Corollary 2 |RCA( + (IT} (IT)-CAg) ~| = ¥(2?).
Proof Follows from Theorems 11, 13 and the fact that |IT}—BIy| = 9(Q®). O

In a similar way, one could also show the following lemma.
Lemma 21 Assume that B(X,n) is a I1)-formula, then
I1'-Bly - Vn|[VA € Rec((IT}))B(A(-),n) < (VX C 0)B(X,n)].

Therefore, |IT}~BIy| = ¢®0 yields that the ordinal of RCA} + (IT} (I19)-CAg)~
is bounded above by ¢@®0. Actually one can prove that the ordinal of the theory
RCA} + (IT} (ITY)~CAp)~ is even much lower. Using WKLy and the normal form
theorem I1.2.7 in [22], one can prove that every (IT} (I1)))~-formula is equivalent
with a (Hg )~ -formula (and if the original formula has extra parameters, then the
equivalent one will also have those parameters). The intuitive idea behind this is that
WKLy proves that the projection of closed set is a closed set, meaning that 3XVx...
can be reduced to Vz... (a closed set can be seen in some sense as a Hlo-formula).
Furthermore, one can proof the following lemmas.

Lemma 22 Let F be (IT}(IT°))~ or (I1O)~. Then the first order part of the theory
WKL+ F—-CAy is the same as that of RCAy + F—CAy.

Proof Can be proved easily by little adaptations of paragraph IX.2 in [22]. a

In a similar way,
Lemma 23 The first order part of RCAg + (I)) " —IND is 1Z5.
Proof Can be proved by adaptations of paragraph IX.1 in [22]. O

Hence, |RCAq + (IT} (I1))~CAg) ~| = |IZ5] = ©®”" . In a similar but more tech-
nical way, one could prove that RCAj + (IT} (I1))~ is ILs-conservative over IX,.
Hence, |[RCA} + (IT} (I1)))~| = @®°. We want to thank Leszek Kotodziejczyk, who
reminded us of these facts.

There are still some open questions left, for example what is the ordinal of RCAg +
—CAgp) or 0+ —CAg)  etc. We state the following conjectures
I} (IT1))-CA RCA¢ + (IT{-CA W he following conj

Conjecture 1

1. |RCAy+ (ITH(ITY)~CAg) ™| = @O,
2. |[RCA} + (IT}-CAp) ™| = 90,

3. |RCAg + (IT}=CAg)~| = B (Q?).
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6 Independence results
6.1 Independence results for ACAg + (IT}~CAp)~

It is well-known that [ACAg + (IT{—CAg) ™| = ¥ (€q 1) (for example see [2]). Now,
Theorem 14 ACAgF “T(A(:)) is a wpo' — WF (3 (€a11)).

Proof Theorem 9 can be carried out in ACA if we use the primitive recursive ordinal
notation system OT () N2 for ¥(€q41). O

Therefore, one has the following theorem,

Theorem 15 ACAg + (IT}-CAo)~ I/ “T(2#(-)) is a wpo’.

n

~ =
The wpo 7 (4(+)) can be seen as the limit of 7 (-*"***), because a binary tree can
be seen as an iteration of the *-operator. For example, one can interpret an element of
{a}™ as a binary tree which goes only one time to the left and every node has label a.

——
So, it would be interesting if ACAg + (IT}—CAp)~ F “T(-*"*"*) is a wpo’ for every
natural number n because this theory does not prove the ‘limit’.

The maximal order type of 7 (-*"*) is strictly below the proof-theoretical ordinal
of ACAy + (Hll—CAo)_. Therefore, one can really expect this provability assertion.
However, in the proof of the upper bound of the maximal order type of 7 (-*"*) one
uses several induction schemes and it is not immediately clear that the proof goes
through in ACAg + (IT!~CAp)~. Theorem 16 shows that this is indeed possible and
uses the so-called minimal bad sequence argument. For more information about the
minimal bad sequence argument and its reverse mathematical strength, we refer the
reader to [14].

Lemma 24 Over RCAy, the following are equivalent

1. ACAy,
2. Higman’s theorem, i.e. VX (X is a wpo — X* is a wpo).
3. VX (X is a well-quasi-order — X* is a well-quasi-order).

Proof 1t is trivial to show that (2.) and (3.) are equivalent. In [6] and [8], the reader
finds a proof of the fact that ACA is equivalent over RCA( with Va(a is a well-order
— 2% is a well-order). One can prove that the latter is equivalent with Higman’s
theorem. For a detailed version see [5]. O

n

~
Theorem 16 For all n, ACAy + (HII—CA())’ BT (¥ %) is a wpo'.
Proof Fix a natural number n. We reason in ACAg + (Hll—CAo)_. Code the elements
/-/n\\
of T(-*"""*) as natural numbers such that o has code 0 and the code of #; is strictly

smaller than the code of t = o[w(ty,...,,...,t,)]. This coding can be done primitive
recursively. We say that the leaves of o[w(ty,...,t,...,t,)] are {t1,...,t,} and we
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assume that there is a primitive recursive relation ‘...is a leaf of ... . If o decodes a
finite sequence, then this sequence is equal to ((6)o, - -, (0)(o)—1), Where lh(0) is
the length and (0); is the i-th element of the sequence. An infinite sequence (0;);<w
is decoded as aset {(i,0;) : i < w}. ({(i,0;) : i < w}), stands for the element o;. Note
that one can recursively construct the set {(0y,...,0;) : i < @} from the original set
{(i,0;) 1 i < @}, where (0y,...,0;) is decoded as a natural number. Furthermore, if
one has the set {(0y,...,0;) : i < @}, one can reconstruct the original set {(i,0;) : i <
o} from it in a recursive way.

Now, assume that 7 (-*"*) is not a well-partial-order. Then there exists an infinite
sequence (#;)i<e in 7 (-*"*) such that Vi, j(i < j — t; £ t;). Define x (o) as

o is a finite sequence of elements in 7 (-*")
and 3Z(Z is an infinite bad sequence in 7 (-*"*) AVi < lh(o)((0); = (Z),)),

and y(0o) as

o is a finite sequence of elements in 7 (-*")
and VY [(Y is an infinite bad sequence in 7 (-*"*))

Note that (0); < (Y); is interpreted as the inequality relation between natural numbers
and not between elements of 7 (-*"*). Using (IT}~CAp)~, there exists a set S such
that o € S <+ x(0) A y(0). Choose now two arbitrary elements s, s’ in S. We want to
prove that either s is an initial segment of s’ or s’ an initial segment of 5. Assume there
is an index i < min{lh(s),lh(s")} such that (s); < (s'); and Vk < i, (s)r = (5'). The
case (s); > (s'); can be handled in a similar way. Note that (s); < (s); is seen as an
inequality between natural numbers and not between elements of 7 (-*"*). Because
sisin S, s can be extended to an infinite bad sequence Y in 7 (-*"*). This, however,
contradicts y(s") because (Y); = (s)x = (s')x for all k < i, but (Y); = (s5); < ().
If s € S, one can show by minimization in RCAy, that there is a z € T (-*"*) such that
$7(z) € S. Therefore, there exists an infinite sequence (s;)i<e in 7 (-*"*) such that
S={(s0,...,8) i< @}.

Now, define subS as the set of all pairs (i,¢) such that 7 is a leaf of s;. Remark that
subS is definable in RCA(, because

(i,t) € subS < Jo(o € Sand [h(o) =i+ 1 and ¢ is a leave of o;)
< Vo((o €Sand lh(o)=i+1) —tis aleave of ;).

On subS, we define the following ordering: (i,) < (j,t') <t <7 () t'. With this
ordering subS is a quasi-order. We want to prove that it is a well-quasi-order.

Assume that this is not true. This implies the existence of an infinite bad sequence
((ni,s}))ico in subS. This implies s; < s,, for all i. Construct now an infinite subse-
quence H such that (n;);< is strictly increasing and the first element of H is (no, s,).
So H = {(i,(nj;,s})) : i < o} with jo = 0. This is possible in RCAo, because the
number of leaves of an element in 7 (-*"*) is finite.
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Construct now recursively a set §" such that all elements that lie in S’ have the form

(00,--.,0;) such that if i < ng, the element o; is equal to s; and if i > ng, then o; is

equal to s}_ . The existence of S’ is however in contradiction with the definition of
I*HO

S. This is because Y((so,.-.,5x,)) s}o = 5( < S, as a natural number and (0;);< is
an infinite bad sequence. Take for example k < [ < @. If k < [ < ngy, then o) £ o;
follows from s; £ s;. If ng < k < [, then o} £ o follows from s’jk_n0 £ s}l_no. Assume

k < ng <. Then o; £ o; follows from the fact that otherwise s; < s/jl < Snj,
7"0 *IZO
with k <ngp =nj, <n Jionge @ contradiction. So we conclude that subS is indeed a

well-quasi-order.

By Lemma 24, we obtain that (subS)*"* is a well-quasi-ordering. Now, look at
the infinite sequence (s;)i<e in 7 (-*"*). Rewrite every element xs; to an element in

(subS)** and call it 5;. For example, if s; = o ((s{, L0 I (s’f, .. ,sﬁk>), then

19ny
5; is equal to (((i,s{),...,(i,s}ll)) . ((i,s’f),...,(i,s’,jk)». Because we know that
(subS)* " is a well-quasi-order, there exist two indices i < j such that 5; < (gp5)=+ 5.
Therefore, s; <7(.«-+) s;, a contradiction. O

Remark that the previous proof can actually be simplified. We wrote it however
in this way, so that the reader can see what is needed to prove the well-partial-
orderedness of 7 (W): the proof can be carried out in RCAg + (IT} (I19)-CAo)~ +
VX (X is a wpo — X* is a wpo). This theory is the same as ACAg + (IT}-~CA¢)~. A
general guideline is that for a natural theory T O RCAo with RCAgF T + VX(X is a
wpo — W(X) is a wpo), the following holds

T + (IT} (ITY)-CAg) ™ F T(W) is a wpo

and
T + (IT} (ITY)-CAg) ™ / T(W') is a wpo,

where W’ is the ‘limit” of W. The notion ‘limit’ is of course very vague. For example
a binary tree in %(X) can be seen in some sense as an element of X*** and a finite
sequence in X* can be seen as an element of X”. Therefore, Z(-) is the limit of -**
and -* is the limit of -". We do not give a specific definition of the notion ‘limit’ as
this is only a guideline and not a real theorem.

6.2 Independence results for RCAg + (IT} (IT19)~CAg)~

We know that [RCAg + (IT} (ITY)~CAg) | = 9(Q®). Furthermore, one can easily
show as in Theorem 9 that RCAp - T (X™) is a wpo — WF((R2?)). Therefore,
RCAo + (IT} (ITY)~ CAp) ™ I “T(X*) is a wpo’.

Again, as in the ACAy-case, one can search for provability results: 7 (X*) can be
seen as the limit of 7(X"). Therefore, it would be interesting if RCAq + (IT} (I19)-
CAp)~ F “T(X") is a wpo’. However, the theory RCA( does not prove VX (‘X is a
wpo’ — ‘X" is a wpo’) (see [4] for more information). The theorem VX (‘X is a wpo’
— ‘X" is a wpo’) is however provable in RCAg + CAC, where CAC is the principle
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saying that every infinite sequence in a partial order has a subsequence that is either
a chain or an antichain. This implies that RCAg + CAC + (IT} (ITY)- CA¢) ™ F *T (X")
is a wpo’.
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