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The split property for quantum field theories
in flat and curved spacetimes

Christopher J. Fewster*!

' Department of Mathematics, University of York, Heslington, York YO10 5DD, United Kingdom.

March 3, 2016

Abstract

The split property expresses a strong form of independence of spacelike separated re-
gions in algebraic quantum field theory. In Minkowski spacetime, it can be proved under
hypotheses of nuclearity. An expository account is given of nuclearity and the split prop-
erty, and connections are drawn to the theory of quantum energy inequalities. In addition, a
recent proof of the split property for quantum field theory in curved spacetimes is outlined,
emphasising the essential ideas.

Dedicated to the memory of Rudolf Haag

1 Introduction

Special relativity entails that information and influences propagate at speeds no greater than that
of light, in order that causes precede effects according to all inertial clocks. Laboratories in space-
like separated spacetime regions should therefore function independently. The split property is
an expression of this independence in the algebraic formulation of quantum field theory [35] that
is considerably deeper than the assumption of Einstein causality (commutation of spacelike sep-
arated observables). One aim of this paper is to present a short account of a recent extension of
the split property to locally covariant quantum field theories in curved spacetimes [27]. However,
it is also intended to give an expository account of the split property and its consequences, and
also of the hypotheses of nuclearity under which the split property was first proved in a general
setting [10]]. This serves both to make apparent the significance of the split property, and also the
physical circumstances in which it holds. Although much of the material in Sections [2|and |3| re-
views other works, the discussion of links between nuclearity and Quantum Energy Inequalities
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Figure 1: Three spacetime regions in Minkowski space. Time runs up the page, and rays trav-
elling at the speed of light have unit gradient. Thus there is no possibility of communication
between regions O, and O3.

is based on results proved here for the first time. The proof of our main results in curved space-
time (Section[d)) is a streamlined and extended version of arguments going back to Verch [53}54].
In fact, it provides a proof strategy for a number of other results, including the Reeh—Schlieder
property [48]] and modular nuclearity [41]], and is therefore of independent interest.

2 The split property in Minkowski space

To begin, let us consider a configuration of three spacetime regions in Minkowski spacetime,
displayed in Fig.[I] Region O is contained within region O,, which is spacelike separated from
region O3. All three regions are supposed to be open and relatively compact. Spacelike separa-
tion means that there are no causal curves with one endpoint in O, and the other in O3; in other
words, there is no possibility of communication between them, if we assume the basic precepts
of special relativity, and it should be possible for experiments in O3 to take place independently
of those in region O;.

In a theory of local quantum physics [35.16] , each of these regions O; (and indeed, every open
relatively compact set) has a corresponding unital x-algebra 93(0;) whose self-adjoint elements
correspond to observables that can, in principle, be measured by experiments conducted within
O;. For our present discussion, the 93(0;) will be von Neumann algebras, concretely represented
on a Hilbert space .7, and sharing the Hilbert space identity operator as their common unit. For
the moment, .7 will not be assumed separable. As any experiment conducted within O; is a
fortiori conducted within O;, we require R(01) C 2R(0;). This property is known as isotony.

How is the ‘experimental independence’ of regions O, and O3 to be expressed mathemati-
cally? This question is much more subtle and has many more potential answers than one might
first think (see [S1)152)'46[]). A starting point is the requirement that measurements can be made
independently in O, and O3. In elementary quantum mechanics one learns that observables are
independently measureable (commensurable) if and only if they commute, so one should cer-
tainly require that the algebras for regions O, and O3 commute elementwise,

[R(02),R(03)] =0, (1)



which is sometimes called Einstein causality However, experiments not only concern mea-
surements, but also involve a stage of preparation (corresponding to a choice of a state); what we
need, then, is a way of describing the possibility for experimenters in spacelike separated regions
to make both preparations and measurements independently.

This is where the split property enters. It turns out to be important to ensure that the regions in
question do not touch at their boundaries, and therefore we switch attention to the independence
of regions Oy, surrounded by a ‘collar region’ provided by O;, and O3. We describe the inclusion
R(0)) CR(0,) as split if there is a type I von Neumann factor D such that

9%(01) cNnc %(02). (2)

Here, M is a factor if TN = C1, where the prime denotes the commutant, and the designation
as a ‘type I factor’ means that 9% is isomorphic as a von Neumann algebra to the algebra Z(.%")
of bounded operators on a [not necessarily separable] Hilbert space #". The split property re-
quires that whenever O; € O3, i.e., that the closure of O; is compactly contained in O, then the
inclusion R(0}) C R(0,) is split in this way. Returning to our configuration in Fig. (1} the split
property has the important consequence that 93(0;) and R(03) are W *-statistically independent:
for all normal state ¢ and @3 on these algebras there is a normal state ¢ on the von Neumann
algebra R(0;) VR (03) they generate so that

P(AB) = @1(A)p3(B) A €NR(01),B € R03). 3)

This asserts that any pair of preparations made by the experimenters in regions O and O3 can be
subsumed into a preparation of the system as a whole.

The proof of this statement is straightforward and illuminates some related issues. Because )
is a type I factor, there is a Hilbert space isomorphism U : 7 — # ® %" such that UNU ! =
B(A )@ 1y (see, e.g., [2, TI.1.5.3]). Owing to the inclusion R(0O;) C N and the fact that
R(03) C R(Oy)', one finds

URONU ' C B(A) D1y,
UNU = B() @1 4,
URO)NU 1l 0 B(X"). (4)
We now have faithful normal representations 7; of R(0;) with 7; acting on ¢ and 73 on ¥,

so that
mM(A) @1y =UAU', 1, @m(B)=UBU"!

for A € R1(0), B € R(03). The unitary U clearly implements a spatial isomorphism of R(0) V
2 (03) with the spatial tensor product 71 (93(01))@m3(9R(03)) and, in particular, the map AB —
A ® B extends to an isomorphism of von Neumann algebras

R(01) VR(03) =R(01)2R(03). (5)

!Fermi fields, of course, anticommute at spacelike separation, and are excluded from the algebra of observables,
though operators constructed from products of even numbers of Fermi fields qualify as observables.

2 A normal state on a von Neumann algebra can be defined abstractly in terms of its continuity properties; how-
ever, when the von Neumann algebra acts on a Hilbert space, the normal states are precisely those that can be
represented by density matrix states on the Hilbert space [S, Thm 2.4.21].



(In the converse direction, we note that if an isomorphism of this form exists and is spatial, then
the inclusion JR(0;) C R(03)' is split: simply define DN using the second line of (@).)

Returning to the question of W*-statistical independence and representing the normal states
@; by density matrices p; so that @;(X) = Trp;X, (X € R(0;)), we obtain density matrices p; on
PB(A) and p3 on B( ") by the partial traces

Trp1K =TrpiU HK@ 1)U,  TrpsK =TrpsU (1 y @ K')U (6)

for K € (%), K' € B(#"). Then the desired product state is @(C) = TrpC with density
martrix

p=U"(prep)U. (7)
For, taking A € R(01) and B € R(03), and writing UAU ' =A® 1 ,»+, UBU' =1, ® B,

TrpAB =TrU ' (p1® p3) UAB = Tr (p1 @ p3) A® B = (Trp1A) (Trp3B)
= (Trp1A) (TrpsB) . (3)

The idea that suitable inclusions of local algebras should split is due to Borchers, but the first
proof of the split property (already described as “an old conjecture of Borchers) was given in
1974 by Buchholz, in the particular case of the massive free scalar field [9]. There matters rested
for some time — an extension to the observable algebras for the Dirac and Maxwell fields, as well
as the massless scalar, was given five years later in [37], and a related result for the field algebras
of the massive free fermion fields was given by Summers [50] in 1982@ There were then two
breakthroughs. First, the theory of split inclusions were studied in a deep paper of Doplicher
and Longo [22]], showing that the split property has numerous important consequences, some of
which will be discussed below; second, the development of nuclearity criteria [16] permitted the
proof of the split property for general models with sufficiently good nuclearity properties [[10].
This was a significant step, because nuclearity is closely related to questions of thermodynamic
stability [116, 112} 13] and so it became apparent that — in keeping with Borchers’ conjecture — the
split property should indeed be a feature of suitably well-behaved quantum field theory models.

The nuclearity criterion used in [[10] is defined as follows. First, let us recall that a linear map
between Banach spaces & : X' — ) is said to be nuclear if there is a countable decomposition
E() = Y le(-)yr where y; € Y and £, € X', such that the sum Y ||yl ||¢k]| is convergent.
Under these circumstances, the nuclearity index ||Z||; is defined as the infimum of the value of
this sum over all possible decompositions.

Now let O be a nonempty open and bounded region of Minkowski spacetime, with associated
von Neumann algebra 93(0). Denote the vacuum state vector by Q € .7 and the Hamiltonian,
generating time translations, by H, so that U(7) = €'/ satisfies

U(t)R(0)U(1)~' =R(0x), 9)

3Einstein causality must be modified for field algebras of fermionic systems. If O, and O3 are spacelike sep-
arated, the corresponding field algebras §(O;) obey a graded commutation relation in place of (I); however, by
introducing a suitable unitary twist map Z on ., and defining the twisted algebra §(03) = ZF(03)Z~', Ein-
stein causality can be reformulated as [§(03),5"(03)] = 0. Then the relevant form of the split property is that the
inclusion F(01) C §*(03)’ splits.



where Oy is the translation of O under (¢,x) — (¢ 4 7,x). The nuclearity criterion of [10] is that
for every O and 8 > 0, each map E, g : :3(0) — S given by

Eop(d) =ePTAQ (10)
is nuclear and has nuclearity index obeying
1Z06l1 < ePo/B)" (11)

as B — 0+, where the constants n > 0 and 3y > 0 may depend on O (but not ). The physical
understanding of these criteria is that ||Eoﬁ |l1 plays the role of a local partition function and
probes the state space available on given distance and energy scales; see Section |3| for other
aspects of the interpretation. Note that there is a variety of nuclearity conditions (see [14] for
discussion) some of which should be used with care [30]. Given this definition, one has:

Theorem 2.1 ([10]). Suppose that the net of von Neumann algebras O — R(O) obeys isotony,
that the Hamiltonian is nonnegative, with zero eigenspace spanned by €, and that the above

nuclearity criterion holds. Then for any open bounded regions with Oy € O,, the inclusion
R(01) CR(0,) is split.

Let us now turn to the theory of standard split inclusions [22]. Consider von Neumann
algebras PR and R, acting on a Hilbert space 7. A triple (R,R,,Q), where Q € 7, is said to
be a standard split inclusion if 931 C R, is split, and Q is cyclic and separating for each of Ry,
R, and Ry A 9%’1 (and hence for their commutants). In the case where € is the vacuum vector of
a quantum field theory, the latter assumptions are met as a consequence of the Reeh—Schlieder
theorem [47]. A number of remarkable results are proved in [22]]. For instance (setting aside
a trivial case Ry = C11) one finds that both the von Neumann algebras and the Hilbert space
are substantially constrained: the {R; are properly infinite and have separable preduals, while the
Hilbert space 7" must be separable.

There is also a canonical choice of type I factor: because R; C R; is split, there is (cf. (B))) a
von Neumann algebra isomorphism

O R \/9%/2 — R 1QNR,
AB ' A®B. (12)

As Q is cyclic and separating for 2R} VR and Q ® Q is cyclic and separating for R @R, acting
on 7 ® ¢, there is, by Tomita—Takesaki theory, a natural choice of unitary U : 5 — 5 ® 7
implementing ¢, UAB'U~! = A® B’ for all A € Ry, B’ € 5. Thus we have

URU ' =R @1 4,
URU ' =1 09%R),
UR U™ = B(#) 2R, (13)

and Nt = U~ (% () @ 11 4)U is the canonical choice of an intermediate type I factor.
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An important physical application arises as follows. Suppose that there is a unitary group
representation G > g — V(g) on #, acting so that V(g)R;V(g)~! = R, foreachi=1,2,g € G.
Then, defining W(g) = U~'(V(g) ® 1)U, we have a new unitary representation of G acting on
elements R; VR, by

W(g)ABW(g) ™' =U'(V(g) @ 1)(A®B)(V(3) '@ U =V (g)AV(g) 'B"  (14)

for A € Ry, B’ € Ry. Moreover, W(g) € U1 (#(#) @ 1)U C R,. In the context of a quantum
field theory obeying the split property, this corresponds immediately to the situation in which
G is a group of global gauge transformations, implemented by V(g). Given any nested pair
O; € O, one may then obtain a localised representation W(g) € 9R(0,) which agrees with V(g)
on R(01) but acts trivially on R(0;)’. This again emphasises the way in which the split property
permits the physics of the inner region to be isolated from that of the causal complement of the
outer region. The generators of W(g) can be interpreted as suitable smearings of a conserved
local current associated to the global symmetry, thus providing an abstract version of Noether’s
theorem (note that there is no assumption that the theory derives from a Lagrangian) [21].

There is an interesting result in the converse direction. Suppose R| C R, and that the flip
automorphism ¢ : A® B — B® A of R; ® R is inner with respect to Ry ® R, —1.e., O agrees
on R @R with AdU for some unitary U € PR, ® R,. Then one has

UlABYU ' =Uu(leA U 'UeB)U '=A2B (15)

for A € Ry, B’ € R, where we use the fact that AdU implements the flip on 23| ® RR| and (as
U € Ry ®NRy) acts trivially on 1 @ B’ € 9%’2 & 9%’2. This establishes a von Neumann algebra
isomorphism 9R; VR, — R QMR extending AB' — A ® B'. If, in addition, there is a cyclic and
separating vector for 2R} AR, then one can establish a spatial isomorphism between 9; \V R}
and m (R)®@m(MR7), where the m; are faithful normal representations of the QR; with cyclic
and separating vectors. It follows that the inclusion 9R; C fR; is split (moreover, under these
circumstances, if the inclusion is split, then the flip is inner with respect to SR, ® Ry) [20, 22]].
Clearly, the essential point here is that 6(1 ® A) = A® 1, and the argument works for more
general automorphisms than just the flip.

D’ Antoni and Longo used this idea in an ingenious proof of the split property for the free
scalar field. Let O — 2R(O) be the net of von Neumann algebras of the free massive scalar field
on Minkowski space in the vacuum representation. Then O — R(O)®MR(0) is the theory of
two independent massive scalar fields, and has an internal SO(2) symmetry group that rotates
the doublet of fields, with a rotation through 7 /2 precisely inducing 1 ® A — A ® 1. The gauge
symmetry is associated with a Noether current, and it is then shown that suitable local smearings
of these currents in a region O; generate a local implementation of the gauge symmetry on a
smaller region O; € O, and acting trivially on 2R(0,)’. The vacuum provides the cyclic and
separating vector to permit the deduction that 3(0;) C PR(0;) is split. A similar idea has been
employed recently [42] to make a more explicit local implementation of the generators of gauge
symmetries — actually, a family of possible implementations are constructed, with the ‘canonical’
implementation described above included as a special case. With appropriate modifications, local
implementations of geometric symmetries can also be constructed [11, [17].
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One of the most striking results to emerge from the body of work on the split property con-
cerns the type of the local von Neumann algebras [10]. In 1985, Fredenhagen showed that, under
the hypothesis of a scaling limit, local algebras are of type IIl; (for brevity, we assume here
for that the local algebras are factors). Combining this with the split property and the Reeh—
Schlieder theorem, and the assumption that any 93(0) may be generated as R(0) = \/, R(Ox)
for some increasing chain of nested sets Oy € Oy 1, one then has R(0) = \/; N, for a sequence
of nested type I factors. As the Hilbert space is separable, this leads to the conclusion that each
R (0) is a hyperfinite type III; factor, thus fixing it uniquely up to isomorphism [36]. This is
a remarkable achievement, demonstrating that the distinction between different quantum field
theories lies in the relationships between local algebras, rather than the content of those algebras
per se. The timing of the results is also remarkable, with progress on the QFT side at exactly the
moment that the structural results on von Neumann algebras appeared.

Finally, let us note that the split property plays a key role in the construction of certain
integrable quantum field models — see [40] for a review, and that the interpretative framework of
models described by funnels of type I factors has been investigated in [[15].

3 Nuclearity and Quantum Energy Inequalities

The nuclearity criterion, while being physically well-motivated, is rather technical. In this sec-
tion we explain more about its physical status and draw some links to the theory of quantum
energy inequalities. For the purposes of illustration, we consider a class of theories, consisting of
countably many independent free scalar fields with masses m, (r € N) in 4 spacetime dimensions
— this may also be related to a particular generalised free field [22]. For simplicity, we assume
that m, form a nondecreasing sequence and that there is a mass gap, i.e., m; > 0.

The models are constructed as follows. Each individual field has a Hilbert space .%, which is
a copy of the symmetric Fock space over % = L*(R3,d%k/(2x)?), with vacuum vector €,. The
annihilation and creation operators obey

ar(u),ar(] =0,  [ar(u),a;(W)]=(u[V)lz,  (4,yvel) (16)
and a,(u)Q, = 0 for all u € 7#. The smeared quantum field is

D, (f) = ar(Krf> +a,(Krf), (17)

where K, : C(R*) — 7 is defined by (K,.f) (k) = (2w,)~'/2 f(w,(k), k), with the Fourier trans-
form f(k) = [d*xe™**f(x) and o, (k) = (||k||> +m?)"/2. Here k is a 4-vector, and the - denotes
the Lorentz contraction in the + — —— signature. For real-valued f, the operators ®,(f) are
essentially self-adjoint on a domain of finite particle vectors and we use ®,(f) also to denote
the closure. The local von Neumann algebras $3(O,) are then generated by the Weyl operators
exp(i®,(f)) as f runs over real-valued elements of C3’(O). The combined theory lives on the
incomplete tensor product . = ®,.%, relative to Q = ®,Q, and the overall local algebras R(O)
are formed by taking the weak closure in .% of the algebraic tensor product ®,R,(0).
For these models, we may give necessary and sufficient criteria for nuclearity.
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Proposition 3.1. Consider the theory of countably many scalar fields with mass gap.
(a) A necessary condition for the theory to obey the nuclearity criterion is that

€_4ﬁm’
F(B):=}).

r

18
2 (18)
should be finite for all B > 0, with log F(B) growing at most polynomially in B~ as B — 0+.
(b) A sufficient condition for the theory to obey the nuclearity criterion is that

)i=Y e P/ (19)

should be finite for all B > 0 and grows only polynomially in B~ as B — 0+.

Outline of the proof. To begin, let us develop a lower bound on the nuclearity index follow-
ing [14, §2]. Suppose E g is nuclear with a decomposition of the form Y £;(-)w;, and note
that the operator norm obeys [|Z¢ g|| < 1 by (I0). Suppose further that one can find a sequence
A, € R(0) so that the E( g(A,) are orthogonal in .%, assuming without loss that [|A,|| < 1. Then

2 2

Y IZ05(A0)I* = ZZ& )(Zop(Ar) | Vi)

r

2
< (ZHEk“ ||llfk||> (20)
%

using orthogonality and noting that By := Y, {;(A,) ||3073( AlIHZE B(Ar))(E0 g(A;) | hasnorm
|B]| < ||4k||, given our assumptions on the norms of A, and & g. Considering all possible de-
compositions, this shows that

ZHHOB AI* < 120411 1)

Fixing O, Buchholz and Porrmann [[14] construct a sequence A, in 23(0), built from Weyl
operators, so that the £y g(A,) are orthogonal in .7 and [|Z¢ g(A,) |4 > Ce=*Bmr /m? for suffi-
ciently large r. This establishes part (a).

On the other hand, we note that in the full theory the nuclear maps E¢ g are simply tensor
products of the maps for each m,, and that the nuclearity index of the combined theory is therefore
bounded above by the product of the nuclearity indices of the individual theory. An involved
computation (see [[16, §5] for the original version in a slightly different formulation of nuclearity,
or [1, §17.3] in the present version) furnishes an upper bound

. R? Bm
1204 Sexp{cﬁzmg(l—e p f/2>|} )

if O is a diamond whose base is a ball of radius R > mfl, and where ¢ > 0 is a numerical
constant independent of r, 8,m,. Using the fact that sup, . oxe*/2|log(1 — e )| < oo, this bound
can be estimated above to give

R} Bm
120l Sexp{cmlﬁie ’ ’/“} 23)

and part (b) is thereby proved. [




In particular, one sees that the mass spectrum
m, = (2dy) ' log(r+1) (24)

for fixed dy > 0 is inconsistent with nuclearity, because F(f) is infinite for < %do, while a
mass spectrum m, = rm; is easily seen to satisfy the sufficient condition for nuclearity.
More insight is obtained by defining the counting function

N(u) =Y 8(u—m,) (25)
of fields with mass below u, for we have
G(B) = / e PN (u) = g / e PUAN () du. (26)
0 0

Thus by a direct computation, polynomial boundedness of N(u) as u — oo is sufficient for nu-
clearity. Note that the example given by (24) corresponds to an exponentially growing count-
ing function. On the other hand, if nuclearity holds then we have Zre_ﬁ’"’/ 2/m? < ePo/B)" ag
B — 0+ (we have absorbed some constants into fy, but the value of n is as in the nuclearity
criterion (11))). Thus

—ﬁmr/Z A
—Pm, —Bm,/2€ n
Ze Brmy :Zm%e B r/Zm—% < Ee(ﬁo/ﬁ) (27)
as B — 0+ for some A > 0 and therefore
m A "y gy
NG) < Zeﬁ(v r) < pe(ﬁo/ﬁ) +B (28)

for any v, > 0. We are free to optimise the right-hand side by choice of ﬁﬂ An exact
minimisation of the right-hand side over 8 is awkward, but we may certainly substitute 8 =

By /int]) (n/v)"/("+1) [which minimises the exponential factor] yielding

n/(n+1)

N(v) < B2/ (1) (29)

for positive constants B and C. Therefore, nuclearity implies a sub-exponential growth in N, and
is implied by polynomial growth.

It is important to understand that the criteria just given are correlated with physical properties.
For example, Buchholz and Junglas [[12] showed that convergence of the sum ), e Bmn/2 is suf-
ficient for the thermal equilibrium state g at inverse temperature f3 to be locally normalﬂ to the

vacuum state; on the other hand, if g is locally normal, then Y, e 2Bmn converges. Therefore,

“This is a well-known technique in the theory of Tauberian estimates of sums and integrals, see e.g., [44].
SThat is, its restriction to any local von Neumann algebra (in the vacuum representation) of a relatively compact
region is normal.



local normality for all B > 0 is equivalent to finiteness of F(f3), which indicates a link between
nuclearity criteria and the good thermodynamic behaviour. This suggestion was made precise in
the general context, also by Buchholz and Junglas [13].

Theories in which F(f3) diverges for sufficiently small 8 have interesting behaviour relative
to the split property. For example, the mass spectrum (24)) produces a theory in which one
has split inclusions of 3(0;) C R(0;) only when O; is sufficiently larger than O;: the so-
called distal split property. To be precise, consider the case where O; (i = 1,2) are Cauchy
developments of concentric open balls with radii r; lying in a common spacelike hyperplane.
Then one defines a splitting distance d(ry) to be the infimum of r > 0 for which (2)) holds with
rp = r+ry. In the model (24) it can be shown [18, Thm 4.3] that the splitting distance obeys
do < d(r) < 2dy for all r > 0. Thus the inverse splitting distance is d(r)~! of the same order as
the maximum temperature for which locally normal equilibrium states exist.

A second (and more quantitative) illustration of the significance of nuclearity criteria is pro-
vided by quantum energy inequalities (QEIs). In classical field theory, the models typically stud-
ied have everywhere nonnegative energy densities according to inertial observers. By contrast,
no quantum field theory obeying the standard assumptions can admit an energy density with
nonnegative expectation values in all physical states (and vanishing in the vacuum state) [23]].
However, as first suggested by Ford [33], the extent to which energy densities can remain neg-
ative turns out to be constrained by bounds — the quantum energy inequalities — in a number of
models (see [25,26]] for reviews). For instance, the (Wick ordered) energy density p,, for a single
free scalar field of mass m obeys a lower bound

(o]

[ 1 pne2)®)lg)Pdr = ~C [ u|g(u) P (30)
for all normalised Hadamard vector states W, where g € C5’(R) and the constant C depends on the
spacetime dimension d, but not on m, g or W [28, 24]@ The convergence of the integral follows
because g(u) decays faster than any inverse power. Therefore, the combined energy density p of
the theory with countably many fields obeys

J(®1p0®)le(e)Par = —C [ N30 du 31)

where N is defined in (23) and W is any state in the space & of finite linear combinations of tensor
product states ); y; in which all but finitely many of the y; are in the vacuum state (for mass
m;) and so that the y; are all Hadamard. Thus a theory in which N has polynomial growth (hence
obeying nuclearity) produces a well-behaved QEI, with a finite lower bound for any g € C;’(R).
On the other hand, if N grows exponentially (so the theory fails to obey nuclearity) then the bound
is divergent for every nontrivial g € C;’ (R) ﬂ Moreover, specialising to d = 4, the following result
is proved in the Appendix.

®Much more general results are obtained in [24]. The Fourier transform is defined here by g(u) = [dte ™ g(t).
7If the transform ¢ decays exponentially then g extends to an analytic function in a neighbourhood of the real
axis; as g is compactly supported, it would then follow that g = 0.

10



Theorem 3.2. Let mg > 0 be fixed. Suppose that f € Cy(R) is nonnegative, even, and has a
Fourier transform (which is necessarily real and even) that is also nonnegative and bounded
from below on [myg, o)

Fw) > o(|u)), (32)

where @ : [mg,) — RT is monotone decreasing. Then the Klein-Gordon field of mass m > my
admits a Hadamard state, given by a normalised Fock-space vector ¥, such that

[ | put.0)2) £(6)dr < ~Ti* 923/ 2m), (33)

with a constant I" > 0 that depends neither on m nor @.

Returning to our model of countably many fields, we deduce that

inf [ (¥]p(t,0)¥)f(t)dt < -TY mje(2v2m,)?, (34)
Ve -

[¥]=1
assuming for simplicity that m; > mg. Noting that the rescaled function f; (1) = A~ f(t/2)
obeys (32) with ¢(|u|) replaced by @(A|u|) and mg by mgy/A, the existence of a QEI for this
model then implies the convergence of ¥, m*@(2v/2Am,)?* for all 1 > 0.

This observation produces a link between QEIs, thermal stability and nuclearity. To do this,
we first construct some test functions obeying the hypotheses of Theorem Observe that if
X € C5'(R) is even and nonnegative, then the convolution 1 = x x ¥ is even, nonnegative and has
nonnegative Fourier transform. Choose fy > 0 and define

Pon (1)
t) = , 35
assuming without loss that [ f(¢)dt = 1. Then, for any u > 0,

A “ du Brlu—u —Bou O du', u'
flu) = 3 En(u/)e Bolu='| > o=Bo 3 En(“/)eﬁo (36)

so—as f is even—we conclude that f(u) > xe~Polul for some positive constant k.

Theorem 3.3. Let f € C5(R) be a fixed test function obeying the hypotheses of Theorem
with @(u) = ke P (for some x, By > 0) and define f;(t) = A~ f(t/A). Consider the vacuum
representation of the theory of countably many independent scalar fields with a mass gap and
suppose it satisfies a QEI bound

”ﬁgg [ @ o) i) dr = ~0(2) >~ (37)
=1

for all A > 0. Then the thermal equilibrium states of the theory are locally normal at all tem-
peratures. Furthermore, if Q obeys a polynomial scaling bound Q(A) < CA™" for some C,n > 0
then the theory fulfils the nuclearity criterion and hence has the split property.
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Proof. The existence of a QEI for this model implies the convergence of ), m‘,‘e*“ﬂﬁmr, and

hence Zre*“ﬂﬁm’, for all B > 0; moreover, the scaling bound on Q(A) as A — 0+ immedi-
ately implies an inverse polynomial scaling bound on the function G(f) as § — 0. Thus, the
nuclearity criterion holds and the split property follows by Theorem 2.1} [

We remark that this result uses only rather minimal information on the mass spectrum derived
from the existence of QEIs for test functions decaying more slowly than exponentially. One may
also construct compactly supported test functions with more finely controlled decay: moderately
explicit examples of smooth, even, everywhere positive functions of compact support f with
transforms obeying

—ylu|®
fu)=xe " 10 <L> , (38)

on u # 0, where k,7 > 0 and 0 < a < 1 are given in [29, §II]; an older but less explicit con-
struction of such functions appears in [38]. For the theory to obey a finite QEI for all such test
functions, it is necessary that ), m‘,‘e’(ﬁm’)a <coforall f>0and 0 < o < 1.

Connections between QEIs and thermal stability have been studied before. Indeed, arguments
based on the second law of thermodynamics underlay Ford’s original intuition that QFT might
obey QEI-type bounds [33]. In an abstract setting [31], it was shown that the existence of QEIs
entailed the existence of passive states, thereby proving that the second law of thermodynamics
holds. The fact that QEIs with polynomial scaling implies nuclearity was stated without proof
in [25]. By way of a converse, we give the following:

Theorem 3.4. If the theory of countably many scalar fields with mass gap satisfies the nuclearity
criterion (I1)) then one has a QEI bound of the form (31)) for all g € Cy(R) such that §(u) =
O(e~ %) for any o > n/(n+1) and y > 0 (or with ot = n/(n+ 1) and sufficiently large 7).

Proof. We have already shown that N(v) < B2/ (1) O g positive constants B and C.
Substituting into (31), the QEI bound is finite for all g € Ci’(IR) meeting the hypotheses. O

Note that the conditions on ¢ become more stringent as n increases (as one would expect),
but nonetheless, the result is nonempty for any n > 0. As the upper bound (29) on N(u) arising
from nuclearity is rather weak, it seems reasonable to conjecture that nuclearity for such models
implies the existence of a QEI for a wide class of test functions, with scaling behaviour not much
worse than polynomial.

Do all theories obeying nuclearity satisfy QEIs (or, even more, QEIs with good scaling be-
haviour)? One problem with this is that there are arguments suggesting that QEIs do not hold
for general interacting theories in the form we have stated [45]. Allowing for a lower bound
that depends on the overall energy scale of the state (but less strongly than any possible upper
bound) then one can establish results analogous to QEIs for ‘classically positive’ observables in
a model independent setting [4]. One drawback to those results, however, is that it has not yet
been possible to show that the energy density is classically positive in general theories.

Summarising this section: we have explained how nuclearity criteria are related both to good
thermodynamic behaviour and also to the QEIs. The connection with QEIs is currently restricted
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to models consisting of countably many independent free fields; however the circumstantial evi-
dence for a more general result seems strong.

4 The split property in curved spacetime

The previous sections have described the split property, and the related nuclearity criterion, in
flat spacetime. Here, we turn to the question of what can be said in curved spacetimes. While the
split property can be stated in much the same way in curved spacetimes as in flat, the same is not
true of nuclearity because general curved spacetimes do not admit time-translation symmetries
and therefore possess no Hamiltonian.

In the first instance, then, we restrict to ultrastatic spacetimes. Let (X,/) be a complete
Riemannian metric space, assumed connected. Then the manifold R x X equipped with Lorentz-
signature metric

g=dt®dt—prsh (39)

and time-orientation chosen so that ¢ increases to the future, is by definition an ultrastatic space-
time. Moreover, the spacetime is globally hyperbolic [39, Prop. 5.2]: it admits no closed timelike
curves, and every set of the form J* (p) NJ~(g) is compact, where J*/~(p) is the set of points
that can be reached by future/past-directed smooth causal curves starting from p.

Let us assume that a net of local von Neumann algebras, acting on a Hilbert space .7, has
been associated to this spacetime, and that the geometrical time-translation symmetry (¢,0) +—
(t 4+ 7,0) is implemented by a unitary group U(7) = ¢/ where the generator H is a positive
unbounded operator with a one-dimensional kernel spanned by a vector Q. In this setting, one
can formulate nuclearity criteria just as in Minkowski space, and derive the split property as a
consequence by [, Prop. 17.1.4] (which is an abstract version of [10]). This strategy was adopted
by Verch [54] in the case of the free Klein—Gordon field on ultrastatic spacetimes, and somewhat
later by D’ Antoni and Hollands for Dirac fields [19].

As already mentioned, one cannot pursue this strategy in general spacetimes. Instead one
proceeds indirectly by deforming spacetimes in which the split property is known to hold into
others, in such a way that the split property is preserved. This approach was used by Verch
in [54] for the specific case of the Klein—Gordon field, but has even older antecedents in other
contexts [34].

We will present a modern, general and streamlined version of this argument, based on [27],
to which the reader is referred for the full details. The general framework used is that of locally
covariant quantum field theory [8] (see [32] for a recent expository review). The geometric
aspects are as follows. Fixing a spacetime dimension d > 2, we define a category of spacetimes
Loc, whose objects are globally hyperbolic spacetimes of dimension d, equipped with orientation
and time-orientation and typically denoted M, N etc. The morphisms in this category are smooth
isometric embeddings, preserving orientation and time-orientation and having causally convex
images — that is, every causal curve joining points in the image lies entirely within it. If the image
of y: M — N contains a Cauchy surface of N, y is called a Cauchy morphism.

We also introduce the following terminology:
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Figure 2: Regular Cauchy pairs with (S1,71) <a (S2,2).

Definition 4.1. A regular Cauchy pair (S,7) in M € Loc is an ordered pair of nonempty, open,
relatively compact subsets of a common smooth spacelike Cauchy surface in which T has nonempty
complement, and so that S C T. There is a preorder on regular Cauchy pairs in M defined so
that (S],T]) <M (Sz,Tz) ifand only isz C DM(S1) and T\ C DM(TQ).

Here, Dp(S) is the Cauchy development of S in M — all points p in M such that every
inextendible piecewise-smooth causal curve through p intersects S. The preordering is illustrated
in Fig.[2]

Regular Cauchy pairs have important stability properties [27, Lem. 2.4]: if v : M — N is
Cauchy, then (S, 7) is a regular Cauchy pair in M if and only if (y/(S), w(T)) is a regular Cauchy
pair in N and y(T) C y(M). Furthermore, in all ‘sufficiently nearby’ Cauchy surfaces to one
containing (S,7), there are regular Cauchy pairs preceding and preceded by (S,T) in the pre-
order. (See [27, Lem. 2.6] for the precise details and more general statements.)

Locally covariant QFT provides an axiomatic framework for quantum field theory on curved
spacetimes and has led to a number of interesting developments, as described in [32]. The first
assumption is:

Functoriality A theory is a covariant functor <7 : Loc — C*-Alg from Loc to the category
C*-Alg of unital C*-algebras and injective unit-preserving x-homomorphisms.

Thus, to each spacetime M there is an object /(M) of C*-Alg and to every morphism be-
tween spacetimes Yy : M — N there is a C*-Alg-morphism </ (y) : &/ (M) — </ (N) such that
A (idy) = id g (m) and (P o y) = 7 () o o7 (y). Given this, we may define a kinematic net in
each M € Loc indexed by nonempty open causally convex subsets,

0 — " (M;0) = o/ (1) (/' (M)0)). (40)

Here M| is the region O, equipped with the causal structures inherited from M, and regarded as
a spacetime (i.e., an object of Loc) in its own right, and 1y is the inclusion map, which becomes
a morphism 1p : M|p — M (see Fig. . The kinematic net is automatically isotonous, owing to
the functorial nature of . if O1 C O3 then 10, factors through 19, and hence &/ kin(M:0;) C
/%" (M; 0,). The other assumptions we make can now be stated.
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Figure 3: Illustration of the objects involved in defining the kinematic net

Einstein Causality If O; C M are spacelike separated then

(/¥ (M;0,), /" (M;0,)] = 0. 41)

Timeslice .o/ maps Cauchy morphisms to C*-Alg-isomorphisms.

The split property The algebras produced by o7 are abstract C*-algebras. However, any
state @ on /(M) induces a corresponding GNS representation (.77, m,Q) such that w(A) =
(Q| m(A)Q) for all A € o7 (M). Passing to the representation and taking weak closures, we ob-
tain a net of von Neumann algebras O — 7(.27X"(M;0))" associated to <7, M and ®. This is
the setting in which the split property may be defined.

Definition 4.2. Let <7 : Loc — C*-Alg be a locally covariant QFT and M € Loc. A state ®
on </ (M) has the split property for a regular Cauchy pair (S,T) if, in its GNS representation
(A, 7, Q), there is a type-I factor N such that

%SCWC%T, 42)
where Ry = nt(Z/*"(M; Dy (U)))" for U =S, T.

Apart from the use of regions based on regular Cauchy pairs, this is essentially the same
formulation as used in Minkowski space. The present approach allows us to establish a key
inheritance property [27, Remark 3.2]. Suppose that @ is split for (S, 7). Then if (S, T) is some
other Cauchy pair in M with (S,T) <y (S,T), we have S C Dy (S), T C Dy (T), so also

Dy(S) C Dy(S),  Dm(T) C Dy(T). (43)
Hence by isotony, Rs C Mg C N C Ry C Ry, so o is split for (S,7). Moreover, the split
property is also stable under Cauchy morphisms:

Lemma 4.3. Suppose y : M — N is a Cauchy morphism and let @y, @y be a states on <7/ (M),
</ (N). Then wy is split for (y(S),y(T)) if and only if <7 (y)* @y is split for (S,T). Conse-
quently, as <7 () is an isomorphism, Wy is split for (S,T) if and only if (<7 (w)~1)* @y is split
Jor (w(S), w(T)).
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Proof. @y and <7 (y)* wy have unitarily equivalent GNS representations and the split inclusion
is preserved because the type-I property and factor properties are stable. ]

The main result is:

Theorem 4.4 (Rigidity of the split property [27, Thm 3.4]). Suppose that <7 is a locally covariant
QFT, M, N € Loc have oriented-diffeomorphic Cauchy surfaces, and oy is a state on <7 (N) that
is split for all regular Cauchy pairs in N.

Given any regular Cauchy pair (Sy, Tpg) in M, there is a chain of Cauchy morphisms between
M and N inducing an isomorphism v : of (M) — <7 (N) such that v*wy has the split property
for (S M, TM).

Outline proof. First, because M and N have Cauchy surfaces related by an orientation-preserving
diffeomorphism, we may assume without loss that both spacetimes have common underlying
manifold R x X, with the tangent vector to the first factor being future-directed timelike, and so
that £y = {Tpr} x X for some 7 € R. The next step is to construct a globally hyperbolic metric
on R x X that interpolates between that of M, with which it agrees on (—oo, 7;) X X and that of
N, with which it agrees on (7,0) x X, where Ty < T; < 7. This also has to be arranged so that
for some 7. € (71,72) and Ty > 7, there are regular Cauchy pairs (S, 7.) and (Sy,7y) lying in
X, ={1} xXand Ly = {tn} x X respectively, so that

(SN,TN) <1 (S*,T*) <1 (SM,TM), 44)

where I is the spacetime defined by the interpolating metric. Defining P = M |(_°0’T1)X2 and
F=N |(T27m)xz, it is clear that the obvious inclusions induce a chain of Cauchy mophisms as
illustrated in Fig. 4]
The inheritance and timeslice properties now allows us to pass the split property along the

chain, as follows: @y is split for (Sy, Ty ), so therefore:

e by timeslice wp = &7 (6)* wy is split for (Sy, Ty) (regarded as a regular Cauchy pair in

F)

e by timeslice @y = (7 (y)~')*wf is split for (Sy, Ty) in I

e by inheritance, @y is split for (S, 7.) and hence (Sps, Ty) in I

e by timeslice wp = <7 (f)* @y is split for (Sps, Tpy) in P

e by timeslice my = (o7 (&) ~")* wp is split for (Spr, Tyy) in M,
and the theorem is proved with v = &7 (8).«7(y) "'« (B)«/ (o) L. O

Now consider an arbitrary globally hyperbolic spacetime M € Loc. Choose any smooth
spacelike Cauchy surface X of M with an induced orientation o (so that t A o is positively oriented
for any future-pointed timelike one-form t), and endow X with a complete Riemannian metric
h [43]. Then one obtains an ultrastatic spacetime N with metric (39) that is also an object of
Loc and clearly has smooth spacelike Cauchy surfaces oriented-diffeomorphic to those of M.
Together with Theorem 4.4 this shows that the problem of establishing a split property in M [in
the sense that, for any regular Cauchy pair, there exists a state for which the inclusion is split]
can be reduced to the ultrastatic case, for which nuclearity criteria can be employed (and have
been proved in certain models [54, [19]]).
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Figure 4: The chain of Cauchy morphisms in the proof of Theorem 4.4

Theorem[.4]can be extended in various ways. For example, one may construct states that are
split for finitely many regular Cauchy pairs lying in a common Cauchy surface. Again, suppose
that the theory has a state space .7 obeying the timeslice property; that is, an assignment to each
M €< Loc of a subset . (M) of states on <7 (M) subject to the contravariance requirement

o (y)" /' (N)C 7 (N) (45)

for each morphism y : M — N, with equality if y is Cauchy, and also the requirement that
each . (M) be closed under convex combinations and operations induced by <7 (M). Suppose
further that .”(N) contains a state @y that is split for all regular Cauchy pairs. Then the state
wp constructed by the theorem belongs to . (M) because V is formed from Cauchy morphisms.
Furthermore, if . obeys a condition of local quasiequivalence, one may deduce in addition that
every state in . (M) is split for all regular Cauchy pairs in M and also for any pair of regions
O; € O(M) such that

01 C Dy(S) Dy (T) C O, (46)

for a regular Cauchy pair (S, 7). Details appear in [27].

(Partial) Reeh—Schlieder property It should be clear that the proof of Theorem {.4] depends
on only a few ideas: the formulation in terms of regular Cauchy pairs, and the inheritance and
timeslice properties. Similar arguments apply to other properties of quantum field theory (a key
theme of [32] is the utility of this and related rigidity arguments). In particular, one obtains a
streamlined version of Sanders’ results on Reeh—Schlieder properties [48]].

Definition 4.5. Let <7 : Loc — C*-Alg be a locally covariant QFT and M € Loc. A state ®
on </ (M) has the Reeh—Schlieder property for a regular Cauchy pair (S,T) if, in the GNS
representation (€, m,Q), Q is cyclic for Rg and separating for Rr.

That is, vectors of the form AQ (A € fRyg) are dense in .77, and no B € Ry can annihilate
Q. Note that the state is not assumed to be cyclic for all local algebras, so one might refer
to this as a partial Reeh—Schlieder property, by comparison with the original Minkowski-space
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result [47]. Our definition obeys an inheritance rule like that of the split property, but with a
reversed ordering: if @ is Reeh—Schlieder for (S,7") in M, then it is also Reeh—Schlieder for
every (S, T) with

(8,T) <m (S,T) (47)

simply because the separating property is inherited by subalgebras and cyclicity by algebras
containing the given one. One can also prove that our definition is stable with respect to the
timeslice condition, and this easily establishes:

Theorem 4.6 (Rigidity of Reeh—Schlieder [27, Thm 3.11], cf. [48]). Suppose that < is a locally
covariant QFT, M,N € Loc have oriented-diffeomorphic Cauchy surfaces, and @y is a state on
</ (N) that is Reeh—Schlieder for all regular Cauchy pairs.

Given any regular Cauchy pair (Sy, Ty ) in M, there is a chain of Cauchy morphisms between
M and N inducing an isomorphism v : o/ (M) — <f (N) such that v* @y has the Reeh—Schlieder

property for (Sp, Ty )-
Proof. Invert the argument for the split property, replacing < by >. O]

As with the split property, the above Reeh—Schlieder property in general spacetimes can now
be traced to the ultrastatic case. Here, one can give a tube condition (satisfied in general Wight-
man theories in Minkowski space [3]] and in particular linear models in curved spacetimes [49]])
that implies that ground states obey the full Reeh—Schlieder property. Thus the (partial) Reeh—
Schlieder property becomes a reasonable expectation in general locally covariant theories. Our
result admits various extensions, of which the most important is that the proofs of the split and
Reeh—Schlieder results may be combined to yield states that are both Reeh—Schlieder and split
for (finitely many) regular Cauchy pairs in a common Cauchy surface. Consequently, given any
regular Cauchy pair (S,7) one may find a state @ with GNS vector Q so that (g, R7,Q) is
a standard split inclusion, leading to applications analogous to those described in section [2} Fi-
nally, let us mention that a slightly different definition of the split property has been studied in [7]]
and used to discuss the tensorial structure of locally covariant theories.

Distal split Suppose we have a locally covariant theory .«7 with state space .. In d-dimensional
Minkowski spacetime M, we define the splitting distance of S C R?~! by

d(S) =inf{p > 0: (S,B(S,p)) is split for some state in . (M)}, (48)

where B(S, p) is the open Euclidean ball of radius p about S. If d(S) is finite but nonzero we say
that the distal split property holds. It is of interest to understand what happens to such models
in the locally covariant setting, assuming that the state space obeys local quasiequivalence. Sup-
pressing some €’s (see [27, §3.4] for the precise statements and proof) one has the following. If
f € Diff(R?~1) with uniformly bounded derivatives, and r > d(f(S)), then

d(§) <inf{p > 0:B(f(S),r) C f(B(S,p))} (49)

and hence
d(S) < kd(f(S)), (50)
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where k is the supremum of the norm of the derivative ||D(f~1)|| over B(f(S),r) \ f(S).

As a first example, taking f(x) =x/A implies that d(AS) < Ad(S) and hence the existence of
a uniform splitting distance (d(S) = dp > 0 for all S) actually implies the split property (dy = 0).
Of course, what this means is that models such as that of [18, Thm 4.3] given in (24) cannot be
compatible with all the hypotheses required — one might well suspect that local quasiequivalence
and/or the timeslice property become problematic.

For a second example, let S be an open ball and design f € Diff(]Rd_l) with the properties
that £(S) = S and B(S,d(S)) C f(B(S,3d(S))), and so that f acts trivially outside a compact set.
Then (again suppressing €’s) one obtains

d(S) < =d(9), 51)
and hence the only possible splitting distances are 0 or . This proves a stronger result that the
distal split property implies the split property (at least for sets diffeomorphic to balls), given our
other hypotheses.

The proof of (@9) takes its inspiration from cosmological inflation (see Fig. [5). Let S; be
an open bounded subset in a constant time hypersurface and let 71 = B(Sy,r) where r > d(S)),
so that some state is split for (S»,75). Then we may infer that the state is split for suitable
regular Cauchy pairs lying in a constant time hypersurface to the past. In the left-hand half
of Fig. [5] we illustrate the situation in Minkowski space: S, is has a smaller diameter than S
while 7, has a larger diameter than 77, so this argument (not very helpfully) gives an upper
bound on d(S,) that is larger than d(S;). In the right-half of the figure, however, we imagine
that the metric undergoes a period of inflation between the regions around the two hypersurfaces
and outside the Minkowski D(S7)). If we arrange matters so that 75 fits within a ball of radius
krdiam(S,)/diam(S;) for k¥ < 1 then we obtain a tighter bound on d(S,) than r is on d(S;). The
€’s suppressed in our discussion relate to the spreading of lightcones (at the Minkowski speed of
light) which can be made arbitrarily small by considering nearby hypersurfaces.

Actually, there is some physics to go alongside what would otherwise appear to be a geomet-
ric trick. As described earlier, nonzero splitting distances are associated with the existence of a
critical temperature, above which the thermal equilibrium states are no longer locally quasiequiv-
alent to the vacuum. On the other hand, inflation cools temperature (to the future); conversely,
one could expect that some states of subcritical temperature near the later hypersurface have su-
percritical temperatures at the earlier one. This leads to a contradiction between the assumptions
of the timeslice axiom and local quasiequivalence.

5 Concluding remarks

It is hoped that this paper has explained the physical significance of the split and nuclearity
properties, and also explained — in the context of the split and Reeh—Schlieder properties — a
general proof strategy for establishing structural properties of locally covariant quantum field
theories. As a further example, we mention that Lechner and Sanders have recently applied the
machinery of regular Cauchy pairs in their proof of modular nuclearity [41]. We have sketched
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Figure 5: Illustration of the ‘inflationary’ proof of the distal split bound.

links with the theory of QEIs, which require further investigation. At first sight, the split and
nuclearity properties might not seem to have much in common with each other, or with the QEIs.
But in fact, all three can be viewed as expressions of the uncertainty principle: this is most
obvious in the case of the QEIs, which provide rigorous time-energy inequalities, but it is also
true of the split property (the need for a collar region to guarantee independence indicating a loss
of sharp localisation) and nuclearity (understood as a constraint on the number of states per unit
volume in phase space). They therefore occupy a fascinating position at the nexus of relativity
and quantum theory.
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A Proof of Theorem 3.2

Recall that mg > 0 has been fixed and that f € CB"(]R) is nonnegative, even, with unit integral,
and has a Fourier transform that is real, even, nonnegative and bounded from below by

Fw) > o(|ul) (52)
on [mg, ), where @ : [mg, o) — RT is monotone decreasing. Note that nonnegativity of f and f
implies that f(mp) < f(0) = 1 and hence ¢@(u) < 1 for all u > my.
Consider a single Klein—Gordon field of mass m > mg on the symmetric Fock space .# over
L*(R3,d%k/(27)3), and define the usual annihilation operators a(k) by

(a(k)P) M (ky,... . ky) = Vn+ 19D (k ky, ... k), (53)

where for ¥ € ., ¥(") denotes its n-particle component Writing a' (k) for the adjoint of a(k)
as a quadratic form, the canonical commutation relations are

la(k),a(k)] =0, [a(k),a’ (k)] = 27)’6(k—K)1, (54)

8The annihilation operators used in Sectionare a(u) = [d’k/(2x)a(k)u(k).

20



and the quantum field is given by

_ dsk —ikgx? ikgx?
0= [ Gz (R W) (59

in which k* = (@, k) with © = (||k||? +m?)'/2.
The energy density (with respect to the standard time coordinate) is a sum of Wick squares

3
Pm(x) = ;( Vod(x))%:+ Y (Vv 2 4 m2d(x)? ) (56)

i=1

s0, again in a quadratic form sense,

&Pk PK 1 )
pul) = | G a0 kK e Rya(k)

(00 + kK — mz)e_i(k+k/)'xa(k)a(k')} +HC., (57)

where H.C. denotes the hermitian conjugate.
Next, choose any smooth, symmetric, nonnegative function B : R3 x R3 — R, with compact
support obeying

suppB C {(u,u') : |lull, ]| € [3,1); [0 (u,0)] < 7/3}, (58)

where 6(u,u’) is the angle between the vectors u, ', and normalised so that

dPu dPu
——5Buu')=1. 59
| G on) ap i W) (59)
The function C: R3 xR3 - R
d3u”
C(u,u’) :/WB(u”,u)B(u”,u’) (60)

is then pointwise nonnegative with support obeying
suppC C {(u,u) : [lul|, ||| € [5,1]}. (61)
We now define, for A > 0, the vacuum-plus-two-particle superposition

d’k d3k’ , .
W, am[mf/ b(kK)a () K)2 ©2)

where Q € .7 is the Fock vacuum vector, .4, - 3 is a normalisation constant and

(2\/_ m) o

b(k,k') = B(k/m,k' /m). (63)
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That is, ¥° ))L =M1 ‘P( ) 5 (k, k") = A, 3 Ab(k. k') and all other components of W, ; vanish.
Asbis compactly supported each ¥, ; is a Hadamard state. The normalisation constant is

—-1/2 _
Ha = (1+229(2V2m)TrC) 75 (1422m0) 2, (64)

where we have used ¢ < 1 and employed the short-hand notation
du
TrC = /WC(M,M) . (65)
Using the general formulae (Q | a(k)a(k)¥) = v2¥?) (k, k') and
3.0
<\If | a 2/ d k k// k) (2)(k//,k/), (66)

for vacuum-plus-two-particle superpositions ¥, the expected normal ordered energy density is

3 3/
i | P ) = A PRe [ 35 S (Rl (@0 4K et
_\if (k,K') (00 +k -k — >‘i(k+k’)'x>v (67)

where \/_
el ) = P2V ). (68)

As ¥, , is Hadamard, the expectation value is smooth in x and we can therefore average against
f(1), using the fact that f is real, to find

3 3/
/<1P’”v’”pm(t’0)‘1’m,x>f()df | Amal? / = 6;;‘)3 /_1
x (A%c (k,k’)(wa) +k'k/+m2)f(a)’—a))
A

A / / 2\ F /
\/ib(k,k)(wa) +k-k—m )f(a)+a))>. (69)

We now seek an upper bound on this last quantity. First note that, for (k,k’) € suppc, we
have @, @' € [v/5m/2,+/2m] and

1 , ;o 4m? 8m
oo +k-k+m) < = —, 70
0o’ ( ) Vsm/2 /5 70
while if (k,k’) € suppb we have
1 1 2 3
m(ww’juk-k’—mz)zm(m?jtk-k’) 28—'”2. (71)



Second, because f and f are positive, (@' — ®) < f(0) = 1; furthermore, for (k,k’) € suppb
(and so, in particular, mg < \/§m0 <o+ < 2\/§mo) we have

flo+o') > e(o+a) > e2V2m). (72)
Accordingly, as A and the functions b and c are positive, we obtain the bound

Pk Ak 8 23
L.H.S. of (69) < |L/1§n7,1|2/(27>3w (/’ch(k,k)%—kb(k,k)l—? (2\/§m)>, (73)

the right-hand side of which can be written as —| .4, 1 |*P(A)m*@(2v/2m)?, where

3 8 [ du d’W
PA)=—A—A>— ———C(u,u’ 74
) =16*=*"75 ] @rp @rp W) 74)
as follows on inserting the definitions (63)), (68) of b(k,k’) and c(k,k’) and using the normalisa-
tion (59) of B. Now the quadratic P(A) has a positive maximum at some Ay > 0 (note that P and
Ay are independent of m). Defining ¥, = ¥,, »,, we therefore obtain

[ (| pult,00,) £ (6)dr < ~Ti* 923/ 2m)?, (75)
where P(XO)
T A2TEC (70

depends only on the function B (and not on m or ¢). This completes the proof of Theorem 3.2}
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