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Abstract

Heat transfer in a plane laminar shear flow configuration consisting of two infinitely
long plates orientated parallel to each other is investigated theoretically. The upper
plate, which is planar, drives the flow; the lower one, which is fixed, has a regular
sinusoidally varying profile. A closed form analytical solution for velocity, based on
lubrication theory, together with a semi–analytic one for temperature, from appli-
cation of Ritz’s direct method, is derived for creeping flow. In addition, detailed
numerical solutions are obtained from a finite element formulation of the weak form
of the governing equations for mass, momentum and energy (temperature) conser-
vation, enabling the effects of inertia to be explored. It is shown that changes in the
mean plate separation, that is the geometry, and the level of inertia present affect
the local hydrodynamic flow structure in the form of kinematically and inertially
induced eddies, respectively. These in turn impact on the local ”laminar thermal
mixing”, and consequently enhance the global heat transfer. Results are reported
for a wide range of Peclét, Reynolds and Nusselt numbers with agreement between
the two methods of solution, for the case of creeping flow, found to be extremely
good. The key flow features that emerge are:

(i) For creeping flow and varying Peclét number, the thermal field is asymmetric
for all values of the Peclét number other than the limiting conditions of zero
and infinity, at which extremes the corresponding thermal field is symmetric.
In the limit of infinite Peclét number the eddy becomes a basin of fluid at
uniform temperature.

(ii) Global heat transfer in the case of creeping flow, expressed in terms of the Nus-
selt number, for a given Peclét number increases as the mean plate separation
decreases, that is as the local kinematically induced eddy structure becomes
more pronounced.
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(iii) There exists a subtle inter–play between variations in the mean plate separa-
tion and the level of inertia imposed, in that both influence the presence or
otherwise of eddies. Starting from a creeping flow condition the introduction
of inertia can in addition both enlarge and skew an existing eddy. When this
information is condensed to a series of Nusselt number curves the indication
is that it should be possible, from a practical standpoint, to find a critical
mean plate separation, for a given Peclét number, for which local inertially
influenced eddy effects on the global heat transfer are at a minimum.

Key words: Flow structure, thermal mixing, heat transfer, shear flow, topography
PACS: 44

1 Introduction

Simple laminar shear flow in a fluid confined between two rigid surfaces moving
relative to one another remains of fundamental interest in fluid dynamics. With
the case of Couette flow between two perfectly planar walls of infinite extent
separated by a small distance and aligned parallel to each other and that
of Taylor–Couette flow in the small gap formed between two concentrically
aligned cylinders, being arguably the classical examples most often quoted.
Even for this very small class of problems the associated literature is vast; for
the interested reader the essential features are, however, adequately reported
in most standard text books on fluid mechanics — see for example Tritton
(1988), Panton (1996).

In practice, laminar shear flows arise across a broad swathe of engineering
science where the confining surfaces involved are rarely completely parallel
and/or they exhibit additional complicating features such as well defined ir-
regularities in the form of sharp steps or trenches, or smoothly varying cor-
rugations resulting from nature or as a consequence of a particular manufac-
turing process. The basis for the mathematical modelling of these and many
other thin film flow problems remains the application of Reynolds’ lubrica-
tion approximation, Reynolds (1886). In that, if the ratio of the cross–wise
to stream–wise length scale is sufficiently small, the governing hydrodynamic
equations reduce to a single equation, namely the Reynolds’ equation, Spurk
and Aksel (2008). It is possible to quote numerous such examples but the
obvious ones encompass: the analysis of the load carrying capacity of thrust-
bearings, journal bearings and gears, Dowson and Higginson (1966), Spurk and
Aksel (2008), Szeri (1998), and associated thermal effects; the performance of
replacement artificial joints, Jin et al. (2006); the stable operating windows of
roll coating flows, (Kistler and Schweitzer (1997), Gaskell et al. (2001)).

The over arching problem of interest is that of laminar shear flow between

2



two horizontally aligned plates; the planar upper one moving with constant
velocity and at a higher temperature than the lower one which is fixed and has
a regular sinusoidally varying profile. Unlike Serifi et al. (2004), who consider
the interplay between waves and heat transfer in free surface film flows, focus
is directed at the interaction between eddies and heat transfer in Couette flows
within the stable regime.

In the the case of isothermal laminar shear flows numerous examples exist
were exploration of the effects of local flow structure on the global picture has
proved extremely informative — see for example Gaskell et al. (1997), Wilson
et al. (2005), Perry and Chang (1987), Jeffrey and Sherwood (1980), Scholle
et al. (2006). What unifies all of these problems is that, even in the absence
of inertia, the irregular confining geometry is a catalyst for eddy formation.
Such a presence of eddies is of considerable practical interest in relation to the
use of regular surface patterning to improve the performance of tribological
components; since the onset of recirculating flow can significantly enhance
load carrying capacity and reduce frictional drag in lubricated contacts, Sahlin
et al. (2005), as well as reducing component wear due to wear debris becoming
trapped in eddies, Etsion (2005). Of particular interest here is whether eddies –
their size, shape and presence – enhance or otherwise the global heat transfer
due to associated local ”laminar thermal mixing”; not just in the creeping
flow limit as the mean plate separation is varied but as inertia effects become
important. Investigation of the current problem along such lines is motivated
by the fact that in the case of creeping flow:

• it has been shown that a lower plate with a regular sinusoidally varying
profile leads, under isothermal conditions, to kinematically induced eddies
(Pozrikidis (1987), Scholle et al. (2004), Scholle (2004), Scholle (2007), Male-
vich et al. (2008)) as a consequence of the confining geometry;

• if the lower plate were flat as opposed to sinusoidally varying and at a
temperature which is less than that of the planar upper one, the solution
to this simple non–isothermal flow is trivial, White (2006). Convection is
completely absent from the problem and the temperature field has a simple
linear profile that is decoupled from the corresponding flow field which is
devoid of eddies.

The problem as presented above is formulated in Section 2, followed by a
description of the methods of solution in Section 3. The latter includes a com-
prehensive description of the semi–analytical approach adopted, based on lu-
brication theory and Ritz’s direct method, for the case of creeping flow, and an
outline of the finite element methodology used to solve the coupled set of gov-
erning equations of mass, momentum and energy (temperature) conservation
enabling inertia effects to be investigated accurately. A corresponding compre-
hensive set of results is provided in Section 4 which includes, for creeping flow,
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consideration of the temperature transition between the Peclét number limits
of zero and infinity, thermal feedback in relation to ”laminar thermal mixing”
as a consequence of the underlying hydrodynamic flow structure as influenced
by the mean plate separation, and hence the global heat transfer in the from
of variation in the associated Nusselt number. The latter is also considered
in detail from the standpoint of the additional influence of increasing inertia.
Conclusions are drawn in Section 5.

2 Problem Formulation

Consider, as illustrated in Figure 1, the case of steady, two–dimensional Cou-
ette flow of an incompressible fluid confined between two infinite, horizontally
aligned plates, with the moving upper flat plate, temperature T0, separated
by a small mean distance from the stationary lower one which has a regular
sinusoidally varying profile and is at temperature T1, (T1 > T0). The fluid
properties are taken as those for silcon oil, as used Wierschem et al. (2003) in
the investigation of the corresponding isothermal flow problem. Accordingly
Tropea et al. (2007), Lide (1998), the thermal conductivity, λ, and specific
heat, cp, are assumed constant, while the mass density, ̺, and viscosity, η
have the form

̺ (T ) = ̺0 [1 − βT ] , (1)

η (T ) = η0 [1 − η∗T ] , (2)

with the non–dimensional constants β and η∗ denoting the coefficients of ther-
mal expansion and thermoviscosity, respectively.

2.1 Governing Equations

The corresponding governing equations for the velocity field, ~u, the pressure,
p̃, and the temperature field, T̃ , are the continuity equation

∇ · [̺~u] = 0 , (3)

the Navier–Stokes equations

̺ (~u · ∇) ~u = −∇p̃+ ̺~g + ∇ ·
[

2ηD̃
]

, (4)
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and temperature equation

̺cp (~u · ∇) T̃ −∇ ·
[

λ∇T̃
]

= β̃T̃ (~u · ∇) p̃+ Φ̃, (5)

with

D̃ :=
1

2

[

∇⊗ ~u+ (∇⊗ ~u)T
]

, (6)

Φ̃ := 2η tr
(

D̃
2
)

, (7)

denoting the shear rate tensor and dissipation function, respectively.

With reference to Figure 1 the flow geometry is characterised by two non–
dimensional parameters, namely the dimensionless mean plate separation, h,
and amplitude, a of the lower plate; the coordinates x, z are scaled by Λ/2π,
where Λ is the wavelength of the lower plate, and the corresponding velocity
components by U , the velocity of the upper plate. If, in addition, the pressure
and temperature are scaled as follows

p̃ = 2πη0

U

Λ
p ; T :=

T̃ − T0

T1 − T0

, 1 ≤ T ≤ 0, (8)

the Navier–Stokes equations (4) take the following non–dimensional form

(1 − βT )Re

[

u
∂u

∂x
+ w

∂u

∂z

]

= −∂p
∂x

+ 2
∂

∂x

[

(1 − η∗T )
∂u

∂x

]

+
∂

∂z

[

(1 − η∗T )

(

∂u

∂z
+
∂w

∂x

)]

, (9)

(1 − βT )Re

[

u
∂w

∂x
+ w

∂w

∂z

]

= −∂p
∂z

+ 2
∂

∂z

[

(1 − η∗T )
∂w

∂z

]

− Re

Fr 2
+

Re

Fr 2
βT +

∂

∂x

[

(1 − η∗T )

(

∂u

∂z
+
∂w

∂x

)]

, (10)

with the Reynolds number, Re, and Froude number, Fr , given by

Re :=
̺0UΛ

2πη0

, Fr :=

√

2πU2

gΛ
, (11)

respectively.

By taking Λ to be sufficiently small the system can be defined in such a way
as to make Re arbitrarily small while Fr remains large. In such cases the com-
bination ReFr−2 becomes small and hence the buoyancy term, ReFr−2βT , on
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Fig. 1. Schematic of the flow geometry.

the right hand side of equation (10) can be neglected. With regard to stability
against natural convection, if the buoyancy term is written alternatively as

Re

Fr 2
βT = Ra

8π3λU3

̺0cpg2h3Λ3
, (12)

with the Rayleigh number, Ra, given by

Ra :=
̺2cpgβh

3Λ3

8π3ηλ
, (13)

then, with a proper choice of parameters, Ra can be guaranteed to be below
the critical stability limit of Rac ≈ 1700 for natural convection, Chandrasekhar
(1981).

Within the framework of the Boussinesq approximation the continuity equa-
tion (3) in non–dimensional form simplifies to

∂u

∂x
+
∂w

∂z
= 0 , (14)

and with thermal expansion playing no part in the flow, terms involving βT
can be neglected in the Navier–Stokes equations (9, 10) and in the temperature
equation (5), reducing the latter to the following non–dimensional form

Pe

[

u
∂T

∂x
+ w

∂T

∂z

]

−
[

∂2T

∂x2
+
∂2T

∂z2

]

= PrEc



4

(

∂u

∂x

)2

+

(

∂u

∂z
+
∂w

∂x

)2


 , (15)

with the Peclét, Eckert and the Prandtl numbers given, Spurk and Aksel
(2008), by
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Pe :=
ΛU̺0cp

2πλ
, Ec :=

U2

cp(T1 − T0)
, Pr :=

cpη

λ
, (16)

respectively.

The product PrEc characterizes the ratio between dissipation and heat con-
duction. Accordingly, if PrEc ≪ 1 dissipation can be assumed negligible and
the term on the right hand side of equation (15) with PrEc as a prefactor
neglected, Spurk and Aksel (2008). For completeness, an estimation of the im-
portance of heat production by dissipation is provided in Appendix B which
supports this assumption.

Based on the above assumptions the full set of field equations underpinning
the subsequent analyses reads:

∂u

∂x
+
∂w

∂z
= 0, (17)

− ∂p

∂x
+ 2

∂

∂x

[

(1−η∗T )
∂u

∂x

]

+
∂

∂z

[

(1−η∗T )

(

∂u

∂z
+
∂w

∂x

)]

=Re

[

u
∂u

∂x
+w

∂u

∂z

]

, (18)

− ∂p

∂z
+ 2

∂

∂z

[

(1−η∗T )
∂w

∂z

]

+
∂

∂x

[

(1−η∗T )

(

∂u

∂z
+
∂w

∂x

)]

=Re

[

u
∂w

∂x
+w

∂w

∂z

]

, (19)

Pe

[

u
∂T

∂x
+ w

∂T

∂z

]

−
[

∂2T

∂x2
+
∂2T

∂z2

]

= 0 . (20)

2.2 Boundary Conditions

In non–dimensional form the spatial locations of the lower and the upper
plates are given by z = −a cos x and z = h, respectively, along which a no–
slip condition is applied

u (x,−a cos x) = 0, (21)

w (x,−a cos x) = 0, (22)

u (x, h) = 1, (23)

w (x, h) = 0. (24)

For the temperature field the corresponding upper and lower plate conditions
are the Dirichlet ones, namely

T (x,−a cos x) = 1 , (25)

T (x, h) = 0 . (26)
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The above are supplemented by periodic boundary conditions for all fields to
the left and right of the flow domain.

3 Method of Solution

The equation set (17–20), which contains a full bilateral coupling between ve-
locity, pressure and temperature is solved in one of two ways: semi–analytically
in the limit of creeping flow; numerically for both creeping and finite Reynolds
number flows.

3.1 Semi–analytical approach

As a means of simplification the problem is approached analytically by neglect-
ing the thermoviscous coupling terms involving η∗, leading to the following
unilaterally coupled (for velocity and pressure) set of equations for creeping
flow, Re → 0:

∂u

∂x
+
∂w

∂z
= 0 , (27)

−∂p
∂x

+
∂2u

∂x2
+
∂2u

∂z2
= 0 , (28)

−∂p
∂z

+
∂2w

∂x2
+
∂2w

∂z2
= 0 , (29)

Pe

[

u
∂T

∂x
+ w

∂T

∂z

]

− ∂2T

∂x2
− ∂2T

∂z2
= 0 , (30)

enabling the hydrodynamic field to be solved separately from the temperature
field, as described below.

3.1.1 Hydrodynamic field

Invoking the lubrication approximation, Spurk and Aksel (2008), reduces the
hydrodynamic problem (27)–(29), to the Reynolds’ equation, a single ordinary
differential equation. Its closed form analytic solution Scholle (2004) ,Scholle
(2007) leads to the following explicit expression for the streamfunction ψ,

ψ = hZ2

[

h2 − 4a2 + 3a2Z

2h2 + a2
+
a

h
(Z − 1) cos(x)

]

, (31)
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with

Z :=
z + a cos x

h+ a cos x
. (32)

The corresponding velocity field is given by u = ∂ψ/∂z and w = −∂ψ/∂x.

3.1.2 Temperature field

Using the expression for Z given by (32) as a new coordinate, the lubrication
solution (31) can be written as a non–orthogonal series expansion

ψ (x, Z) =
+1
∑

n=−1

ψn (Z) exp(−inx) , (33)

with

ψ0(Z) :=
h(h2 − 4a2)Z2 + 3ha2Z3

2h2 + a2
, ψ±1(Z) := −a

2
Z2(1 − Z) . (34)

The essence of the analysis is the construction of an analogous series repre-
sentation for temperature, i.e.

T (x, Z) =
+M
∑

n=−M

Tn (Z) exp(−inx), (35)

with M ∈ N, and to determine the solution of the temperature equation (30)
by means of a variational formulation as follows.

It is shown in Appendix A that equation (30) results from variation of the
nonlocal functional

I :=

+π
∫

−π

h
∫

−a cosx

[−Pe T (x, z) (~u ·∇)T (−x, z) + ∇T (x, z) ·∇T (−x, z)] dz dx, (36)

with respect to the temperature, provided that the velocity field is symmetric
as per equations (A.6, A.7). For isothermal flow given by (31) these conditions
are fulfilled. Use of the above variational formulation is advantageous since
Ritz’s direct method can be applied which represents an efficient means of
solution.
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After expressing ψ and T as truncated series via (33) and (35), substituting
for Z according to (32) and integrating with respect to x, the functional (36)
takes the form

I = 2π

1
∫

0

L (Tk, T
′
k, Z) dZ, (37)

with ’Lagrangian’

L =
+M
∑

n,m=−M

T ′
n [Fn−m T

′
m + iPe (ψn−m + ψm−n)mTm] (38)

+
+M
∑

m=−M

mTm

{

mhTm + a
[

m+1

2
Tm+1 +

m−1

2
Tm−1 − (1−Z)

(

T ′
m+1 − T ′

m−1

)

]}

,

where

Fk :=
(−A)|k|√
h2 − a2

+ (1 − Z)2

[

hδ0k −
a

2
(δ1k + δ−1k) −

√
h2 − a2 (−A)|k|

]

, (39)

A :=
a

h+
√
h2 − a2

, (40)

and ψk = 0 for |k| ≥ 2.

Ritz’s direct method proceeds by applying an approximation of the coefficient
functions as linear combinations of N ∈ N independent basis functions ϕk(Z)
according to

Tn(Z) = Tinh,n(Z) +
N
∑

n=1

Tnkϕk(Z), (41)

with ϕk(0) = ϕk(1) = 0 and arbitrary functions Tinh,n(Z) fulfilling the bound-
ary conditions. In the present case the boundary conditions

Tn(0) = δ0n, (42)

Tn(1) = 0, (43)

of Dirichlet–type, result from expressions (25) and (26) and the form of (35);
by virtue of the fact that

Tinh,n(Z) = (1 − Z)δ0n, (44)
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the boundary conditions are indeed fulfilled. For ϕk(Z) a set of functions are
chosen which allow for a proper approximation of arbitrary steady functions
on the interval [0, 1] with vanishing values at the boundaries. We make use
of linear combinations of shifted Chebyshev polynomials fulfilling the require-
ment that ϕk(0) = ϕk(1) = 0, the main reason being that these allow for fast
calculation when computer algebra Maple (2006) is used. Proceeding in this
way results in a quadratic expression for the coefficients Tnk. Finally, varia-
tion with respect to Tnk produces a linear algebraic set of equations for the
coefficients Tnk which is again solved within MAPLE.

3.2 Finite element approach

The weak form of equations (17) to (20) were solved numerically using the
commercially available finite element package, COMSOL (2005). The finite
element method as a means of solving incompressible fluid flow problems is
well established and as such much of the underlying detail can be omitted
— see for example Zienkiewicz et al. (2005). Suffice it to say a non-uniform
mesh comprised of triangular elements clustered towards the lower plate was
used to discretise the flow domain, employing second order interpolation func-
tions for velocities and temperature and first order interpolation for pressure.
The resulting system of equations was solved iteratively using a form of the
damped Newton method as described in Deuflhar (1974). The problem was
programmed in the MATLAB environment to allow for the flexible control of
geometric and fluid parameters.

A variety of mesh densities was examined to establish the number and distri-
bution of elements required to guarantee mesh independent solutions for the
parameter range investigated. For a typical flow geometry with a = 1/2 and
h = 3/4 the number of elements required to ensure mesh independence was
found to be 275710.

4 Results and Discussion

Results for creeping flow and flow with inertia are presented independently of
each other.
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Pe → 0

Pe = 10

Pe = 100

Pe = 300

Pe = 1000

Fig. 2. Flow structure (streamlines) and corresponding temperature field (isotherms)
transition with increasing Pe, obtained semi–analytically (left) and numerically
(right), for the case a = 1/2, h = 3/4.

4.1 Creeping Flow

4.1.1 Temperature field transition

Representative results for the transition experienced by the temperature field
with increasing Peclét number are presented, see Figure 2, for the case a = 1/2
and a mean plate separation of h = 3/4. These were obtained: (i) using the
semi–analytical approach, with M = 4 modes for the series (35) and N =
2 · 4 + 1 = 9 for the expansion (41); (ii) numerically as described above.

Agreement between the two sets of results is seen to be remarkably close,
with the streamline plots showing that the geometry as specified results in
the presence of a large symmetric eddy while the nature of the corresponding
temperature field is Peclét number dependent. When Pe → 0 the problem is
one of pure heat conduction and the temperature field is symmetric as shown.
Symmetry is, however, soon lost due to the presence of convection as demon-
strated for the case Pe = 10. As Pe, is increased further a point is soon
reached, when for sufficiently large values, see for example the case Pe = 100,
the asymmetry present becomes pronounced as warmer fluid is transported
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upwards on the left side of the domain with a corresponding downward move-
ment of colder fluid on the right. For Peclét numbers of approximately 300
and greater, the isotherms mimick the corresponding streamline pattern with
”laminar thermal mixing” occurring.

4.1.2 Temperature field limit cases

Consider the limit case of very large Peclét numbers, that is Pe → ∞. Al-
though this rules out completely the possibility of obtaining a numerical solu-
tion to equations (17)–(20) while the semi–analytic solution to equation (30)
becomes singular at this limit, it is possible to explore the limit case analyti-
cally, since at Pe → ∞ equation (30) degenerates to the following first order
PDE:

∂ψ

∂z

∂T

∂x
− ∂ψ

∂x

∂T

∂z
= 0 , (45)

having the general solution

T = F (ψ) , (46)

with an unknown function F , and with the predicted isotherms considered
identical to the predicted streamlines. However, the associated boundary con-
ditions T (x,−a cos x) = 1, T (x, h) = 0 do not allow for the direct determina-
tion of the unknown function F .

Alternatively, a reasonable approximation for the function F in (46) can be
obtained by considering the case when both upper and lower plates are planer,
that is a = 0, for which streamfunction and temperature field are given by the
closed analytic expressions

ψ=
z2

2h
=
h

2
Z2 , (47)

T = 1 − z

h
= 1 − Z , (48)

respectively. By eliminating the coordinate Z, the following relationship

T = 1 −
√

ψ

ψs
, (49)

between streamfunction and temperature results, where ψs := ψ(x, h) denotes
the value of the streamfunction at the upper plate. Since equation (49) is valid
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for arbitrary Peclét number, it holds for the temperature field when Pe → ∞
for the case a = 0.

If it is further assumed that F , in a general sense, is only weakly dependent
on a (and h) it is reasonable to expect that (49) will remain valid in the limit
Pe → ∞ for a > 0, at least within that part of the flow region with ψ ≥ 0, that
is outside the core of any eddy present. Inside such an eddy the streamlines
and therefore the isotherms are closed, with thermodynamical equilibrium
requiring a constant temperature inside the eddy. Since such eddies are in
contact with the lower plate, this constant temperature is T = 1.

Summarizing the above considerations as

T∞ ≈











1 −
√

ψ

ψs

, ψ ≥ 0

1 , ψ < 0











= 1 −ℜ
√

ψ

ψs
, (50)

a good approximation for the temperature field exists where ℜ denotes the real
part of a complex number. Using the explicit form (31) of the streamfunction
leads to

T∞ ≈ 1 − Zℜ
√

√

√

√1 − 3ha2 + a (2h2 + a2) cos x

h (h2 − a2)
(1 − Z), (51)

as an appropriate analytic approximation for the temperature field at very
large Peclét numbers.

Figure 3 depicts the temperature field and associated streamline pattern, that
is flow structure, when a = 1/2, h = 1, for the two limit cases. The solution
of equation (51) for the limit case Pe → ∞, Figure 3b, shows that: outside
of the eddy the temperature field and streamlines follow each other; within
the eddy a basin of fluid at a uniform temperature equal to that of the lower
plate is formed. Note that the same flow and temperature field is established
irrespective of whether the upper plate is hotter than the lower one or vice
versa. Contrasting this with the solution of Figure 3a, for the limiting case
of pure heat conduction when Pe → 0, it can be seen that at this extreme
the temperture field and steamlines do not follow each other, and that in
particular within the eddy itself the streamlines cross different values of the
temperature field.

An interesting feature of the temperature field in terms of the Pe is the sym-
metry it exhibits at both extremes, while for any finite Pe it is asymmetric,
which can be explained as follows. For Pe → 0 and Pe → ∞ equation (30)
simplifies to the Laplace equation having even parity and equation (45) having
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(a) (b)

Fig. 3. Flow structure (streamlines) and corresponding temperature field for the
limit cases (a) Pe → 0 and (b) Pe → ∞, when a = 1/2, h = 1.

odd parity, respectively, with respect to the operation x→ −x. In contrast to
this, equation (30) has broken parity for any finite Pe which, therefore, always
leads to an asymmetric temperature field.

The above considerations imply that a maximum asymmetry must arise at a
specific value of the Peclét number, an adequate quantitative measure of which
can be determined with reference to the series representation (35), which can
be written alternatively as

T (x, Z) = T0 (Z) + 2
M
∑

n=1

[ℜTn (Z) cos(nx) + ℑTn (Z) sin(nx)] , (52)

where ℜ and ℑ denote real and imaginary parts. In the above ℑT1(Z) sin x
appears as the leading term which is responsible for the asymmetry, the imagi-
nary part of which provides a quantitative means of measuring the asymmetry.
For a flow geometry defined by h = 3/4 and a = 1/2, the asymmetry reaches
a maximum at a Pe ≈ 100.

4.1.3 Global heat transport

A measure for the global heat transport is provided by the Nusselt number Nu
which is found from the temperature field as

Nu = − h

2π

+π
∫

−π

∂T

∂z

∣

∣

∣

∣

∣

z=h

dx . (53)

It represents the non–dimensional global heat flux, scaled with the correspond-
ing heat flux λ(T1 − T0)/h for Couette flow between parallel flat plates fixed
at the same reference temperatures and in which case Nu = 1. In terms of
the semi–analytical approach described in Section 3.1, the series representa-
tion (35) for the temperature can be inserted into expression (53) directly,
such that Nusselt number is given by

Nu =− h

2π

+π
∫

−π

+M
∑

n=−M

T ′
n (1)

exp(−inx)

h+ a cos x
dx (54)
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Fig. 4. Global heat transport depicted as plots of Nusselt number vs. Peclét number
for the case of a lower plate with amplitude a = 1/2 and four different mean plate
separations. For h = 3/5 and h = 3/4 the upper curves represent those obtained
semi–analytical (M = 3, N = 14), the lower ones those obtained numerically. For
h = 1 and h = 7/4 both sets of results are indistinguishable. The streamline plots
to the right show the underlying flow structure in each case.

=−
+M
∑

n=−M

T ′
n (1)

h

2π

+π
∫

−π

exp(−inx)

h+ a cos x
dx = −h

+M
∑

n=−M

(−A)|n|T ′
n (1)√

h2 − a2
.

The Nusselt number was calculated both semi–analytically and numerically
for the case of a bottom plate with amplitude a = 1/2 and for different mean
plate separations, the results of which are plotted against Peclét number in
Figure 4. Values of h were chosen in such a way that four qualitatively different
cases could be investigated: one without an eddy present (h = 7/4), a second
exhibiting a small eddy (h = 1), the third with a large eddy present (h = 3/4),
and a forth case in which the flow has all but degenerated to that of a driven–
cavity like flow consisting almost entirely of a large single eddy (h = 3/5). In
all cases the analytical and numerical results are in very good agreement with
each other.

Compared to the case of parallel plates (Nu = 1), it can be seen that there is
already an improvement in the global heat transport for Pe → 0; that is, even
in the case of pure heat conduction it is observed that Nu > 1 as a consequence
of the geometry. This purely geometric effect can be estimated from a simple
one–dimensional model for conduction assuming that the direction of the heat
flux is nearly vertical, which is justifiable especially for small amplitudes, a.
This leads to a local Nusselt number of the form h/(h+ a cosx) and therefore
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to a global one according to

Nu(0) ≈ h

2π

+π
∫

−π

dx

h+ a cos x
=

1
√

1 −
(

a
h

)2
(55)

According to Table 1, which draws comparisons to exact values of Nu(0), the
above simple formula (55) delivers a reasonable estimate of the enhancement
of heat transport due to geometry for the moderate amplitude case, a = 1/2,
considered.

mean plate separation h 7/4 1 3/4 3/5

Nu(0), 1D model 1.043 1.155 1.342 1.809

Nu(0), exact 1.076 1.190 1.376 1.837

Table 1
Comparison of Nusselt number predictions, exact vs. one-dimensional conduction
model results, for different mean plate separations in the limit Pe → 0, for the case
a = 1/2.

For Pe > 0 an additional increase in Nu, due to convection, is apparent. This
effect, however, depends significantly on the eddy size: for the case h = 7/4,
one without an eddy, only a tiny improvement in the heat flux is observed,
whereas the curve corresponding to the flow containing a small eddy (h =
1) reveals a distinct gradual increase of the Nusselt number with increasing
Pe. This effect becomes even more pronounced the larger the eddy (h =
3/4) and especially so in the case of a driven–cavity like flow (h = 3/5). In
order to separate out the eddy effect from that of the geometry it is useful to
consider a kind of ”weighted Nusselt number”, Nu(Pe)/Nu(0), by which the
enhancement of heat transport relative to that of heat transport due to pure
conduction is given. The corresponding plots are shown in Figure 5.

In order to estimate the upper limit of the four monotonically increasing
curves shown in Figure 4, the asymptotic case Pe → ∞ is also considered
by calculating the Nusselt numbers corresponding to the approximation for
the temperature field for very large Peclét numbers discussed above: the ana-
lytic approximation (51) leads, according to (53), to the simple expression

Nu∞ ≈ 2h2 + a2

2(h2 − a2)
. (56)

Results, corresponding to the same four geometries as in Figure 4, are provided
in Table 2.
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Fig. 5. Weighted Nusselt number Nu(Pe)/Nu(0) vs. Peclét number as per Fig. 4.

mean plate separation h 7/4 1 3/4 3/5

Nu(∞) 1.13 1.50 2.20 4.41

Table 2
Analytically obtained Nusselt numbers for different mean plate separations in the
limit Pe → ∞, when a = 1/2.

4.1.4 Thermal feedback to the flow

Thermal feedback due to thermoviscosity η = η(T ) is investigated numerically,
with buoyancy and thermal expansion effects due to ̺ = ̺(T ) neglected, as
discussed in Section 2.1.

In Figure 6 results are shown for the case a = 1/2, h = 3/4, a Peclét num-
ber Pe = 100 and a thermoviscous coupling with η∗ = 1/3 corresponding to a
temperature–dependent viscosity given by

η(T ) = η0

[

1 − T

3

]

. (57)

Note that this choice of temperature dependence leads to a fluid viscosity
that is 50% larger at the colder plate than at the warmer one. Hence, a strong
thermoviscous coupling is implicit in the calculations. For comparison purposes
streamlines and isotherms are shown for the case of constant viscosity. Shown
also is the constant viscosity case when the temperatures of the plates are
reversed — that is, the top plate is hotter than the bottom one.

The surprising result which emerges from this figure is that, even in the case
of strong thermoviscous coupling, the feedback effect of the temperature on
the flow is negligibly small. Moreover, by comparing the resulting temperature
fields there is no discernible difference, even in the case when the temperatures
of the upper and lower plates are reversed. Accordingly, this result supports
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(a)

(b)

(c)

Fig. 6. Numerically calculated streamlines (left) and corresponding isotherms (right)
for a flow geometry with a = 1/2 and h = 3/4, and Pe = 100: (a) constant viscosity;
(b) viscosity according to equation (57); (c) as (a) but with the upper and lower
plate temperatures reversed.

the a priori assumption made when formulating the semi–analytical method
of solution that the flow and temperature fields can be decoupled.

4.2 Flow with finite Reynolds number

4.2.1 Effect of increasing inertia

Numerical solutions were obtained, see Figure 7, for Stokes flow and at Reynolds
number Re = 100 for the case a = 1/2 and the same four mean plate separa-
tions as considered in Figure 4, and with Pe = 100. The streamline plots to
the left, for Stokes flow, show the influence of the mean plate separation, that
is the geometry, on the eddy structure present; those on the right, for the case
Re = 100, reveal that the presence of inertia can lead to both eddy generation
and to increased asymmetry of an existing eddy structure. The shift in the
vortex core, in the case of the latter, has consequences for the corresponding
temperature field: in that the area where the heat transport due to convection
is significant is also shifted to the right.

4.2.2 Global heat transport

Using equation (53) the Nusselt number was calculated for the case of a lower
plate with amplitude a = 1/2, for the same four mean plate separations. This
was done at three different Reynolds numbers Re = 10, 100, 300 for Peclét
numbers between 0 and 350. The resulting curves of Nu versus Pe are shown in
Figure 8. Compare these with those in Figure 4 for the corresponding creeping
flow problem.
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(d)

(c)

(b)

(a)

Re → 0 Re = 100

Fig. 7. Comparison of streamline plots of the flow structure for the case of a lower
plate with amplitude a = 1/2, and mean plate separations of: (a) h = 7/4; (b)
h = 1; (c) h = 3/4; (d) h = 3/5; Pe = 100. Creeping flow conditions (left);
Reynolds number 100 (right).

The effect of inertia is qualitatively different for the four geometries consid-
ered: in the two cases (d) and (c) commensurate with a smaller mean plate
separation, h = 3/5 and h = 3/4 respectively, the global heat transport is
reduced with increasing inertia, whereas in the two cases (b) and (a) with a
larger mean plate separation, h = 1 and h = 7/4 respectively, the opposite oc-
curs and it is enhanced. The explanation for this qualitative difference is found
by examining the underlying flow structures. In the case h = 3/4, for instance,
the corresponding velocity field shown in Figure 7 reveals a shift to the right
of the vortex core. Therefore, the area over which convective heat transport
is relevant is reduced. The same qualitative effect is found for h = 3/5, since
in this case too there is a large eddy in the flow. In contrast, for h = 1 there
is only a small eddy present, while for h = 7/4 there is no eddy present at all
in the creeping flow case. In the latter two cases an existing eddy is enlarged
and eddy is created, respectively, due to inertia, assisting the transport of heat
which shows as a corresponding increase in the Nusselt number.

Consequently, there should be a geometry a = 1/2, h = hc with a critical
mean plate distance hc for which the competing interplay between kinetic and
inertially induced eddy effects cancel each other out, such that a curve results
which is relatively insensitive to Reynolds number effects.
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Fig. 8. Global heat transport depicted as plots of Nusselt number vs. Peclét number,
at three different Reynolds numbers, for a lower plate with amplitude a = 1/2 and
the four mean plate separations (a)–(d) used in Figure 7.

5 Conclusions

The subtle interplay that exists between the global transfer of heat and the
underlying flow structure and hence local ”laminar thermal mixing” in the case
of shear flow between two rigid surfaces at different fixed temperatures — the
hot, upper one, planar; the lower, cooler one, varying sinusoidally — a small
mean distance apart, has been explored both analytically and numerically.

For creeping flow conditions and varying Peclét number, the thermal field is
found to be asymmetric for all values of the Peclét number other than the
limiting conditions of zero and infinity, at which extremes the corresponding
thermal field is symmetric. The latter limiting condition (Pe → ∞) is of
particular note since in this case the isotherms representing the temperature
field and streamlines depicting the underlying flow structure are found to
follow each other, with the additional feature that within an eddy a basin of
fluid at a uniform temperature equal to that of the lower plate is established.
This feature has interesting possibilities in relation to using local, surface–
contour dependent thermal mixing to control and establish basins of constant
temperature for fixed thermal boundary conditions. Examples of where this
type of global flow structure could prove usefull is for the: trapping of living
organisms in basins of constant temperature over a large surface area for
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use as local incubators before releasing the organisms again into the main
flow; cooling of neutrally buoyant micro- and nano–particles as one stage in a
particular process.

Global heat transport, in the form of plots of Nusselt number against Peclét
number, is investigated with agreement between predictions from analysis and
ones obtained numerically seen to be extremely good, particularly for higher
values of mean plate separation. It is found that compared to the case when
both top and bottom plates are flat there is an improvement to be seen in
global heat transport as a consequence of the geometry, even for the case of
pure heat conduction (Pe → 0), but which depends significantly on the size of
the underlying eddy structure present as the Peclét number is increased and
convection plays a more significant role. In addition, the case Pe → 0 lends
itself conveniently to a simple one-dimensional analysis of heat conduction,
enabling a reasonable estimate of global heat transport due to geometry alone
to be obtained. For completeness, a simple analytical expression in terms of the
amplitude of the lower plate and mean plate separation is derived to determine
the Nusselt number limit as the Peclét number tends to infinity.

In the case of non–creeping flow, the effect of increasing inertia on both the
temperature field and global heat transport is revealed, the obvious one being
to skew the underlying eddy structure — for moderate Reynolds numbers,
Re = 100, this takes the form of a shift to the right of the vortex core. The
consequence for the corresponding temperature fields is that the region where
heat transfer due to convection is significant is also skewed in the same direc-
tion. The results obtained for global heat transfer expose the interrelationship
between eddies induced kinematically and due to inertia, in that inertia can
result in the creation of an eddy or enlarge an existing eddy, for a given lower
plate profile and mean plate separation, that is fixed flow geometry. Indeed
the present work suggests that for a given sinusoidal variation of the lower
plate it should be possible, from a practical standpoint, to find a critical mean
plate separation for which Reynolds number effects on the global heat transfer
are minimised.
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Appendices

A Variational formulation for heat conduction with convection

The equation for heat conduction with convection is a parabolic PDE and
therefore not self–adjoint. For heat conduction in a rigid body Anthony (2001)
proposes a variational formulation which in terms of non–dimensional quanti-
ties reads

I1 =

t2
∫

t1

∫

A

{−Pe T∂t[ϕ− ϕ0(T, t)] + ∇[ϕ− ϕ0(T, t)] · ∇T} dx dz dt , (A.1)

for two–dimensional problems, that is T = T (x, z, t) and ϕ = ϕ(x, z, t), with
A denoting the area of the system. An additional total time derivative has
been neglected in the integrand.

For steady flows, equation (A.1) is modified by replacing the time deriva-
tive ∂t by the material time derivative ~u · ∇, substituting ϕ̃ := ϕ − ϕ0(T, t)
and skipping the integration with respect to time. Then free variation of the
functional

I2 =
∫

A

{−Pe T~u · ∇ϕ̃+ ∇ϕ̃ · ∇T} dx dz , (A.2)

with respect to ϕ̃ yields the heat conduction equation with convection

Pe (~u · ∇)T − ∆T = 0 ; (A.3)

whereas variation with respect to T yields

−Pe (~u · ∇) ϕ̃− ∆ϕ̃ = 0 , (A.4)

as the field equation for ϕ̃. The meaning of the additional field ϕ̃ is not obvi-
ous. Anthony (2001), interprets (A.1) as the truncated part of an extended ac-
tion functional which takes non–equilibrium aspects of thermodynamics into
account. In this context ϕ̃ becomes a measure for the deviation from local
equilibrium.

An alternative approach is motivated by the early work of Bateman (1931). By
finding a non–vanishing particular solution of (A.4) and inserting this solution
in the functional (A.2), the additional field ϕ̃ can be eliminated following the
line of Sievers and Anthony (1996) as follows.
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The parity operator P̂ is introduced which substitutes x for −x. Then, con-
sidering the symmetry of the velocity field ~u, by

ϕ̃(x, z) = P̂T (x, z) = T (−x, z) (A.5)

a non–trivial particular solution of (A.4) is given, provided that the velocity
field is symmetric, i.e

P̂u=u , (A.6)

P̂w=−w . (A.7)

Hence, the functional (A.2) results in the nonlocal form

I =
∫

A

{

−Pe T (~u · ∇)P̂T + ∇T · ∇P̂T
}

dx dz , (A.8)

which for the geometry of interest here results in (36). The temperature T
enters the functional (A.8) as the only field to be varied. Note that the velocity
field ~u is a control parameter. Variation

T (x, z) → T (x, z) + δT (x, z) (A.9)

of the temperature with δT = 0 for (x, z) ∈ ∂A gives:

δI =
∫

A

[

−Pe(T + δT )(~u · ∇)P̂(T + δT ) + ∇(T + δT ) · ∇P̂(T + δT )
]

dx dz

−
∫

A

[

−Pe T (~u · ∇)P̂T + ∇T · ∇P̂T
]

dx dz ,

=
∫

A

[

−Pe δT (~u · ∇)P̂T + ∇δT · ∇P̂T
]

dx dz

+
∫

A

[

−Pe T (~u · ∇)P̂δT + ∇T · ∇P̂δT
]

dx dz + O(δT 2) .

By considering P̂2T = T , ∂xP̂T = −P̂∂xT , ∂zP̂T = P̂∂zT and

∫

A

[· · ·] dx dz = −
∫

P̂A

P̂ [· · ·] dx dz = +
∫

A

P̂ [· · ·] dx dz ,

the first integral in the above formula can be transformed into
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∫

A

[

−Pe δT (~u · ∇)P̂T + ∇δT · ∇P̂T
]

dx dz

=
∫

A

[

+Pe P̂δT (~u · ∇)T + ∇P̂δT · ∇T
]

dx dz ,

and hence, considering that δT vanishes on the boundary ∂A, the variation of
the functional (A.8) reads

δI =
∫

A

[

Pe
(

P̂δT (~u · ∇)T − T (~u · ∇)P̂δT
)

+ 2∇T · ∇P̂δT
]

dx dz + O(δT 2) ,

= 2
∫

A

P̂δT [Pe (~u · ∇)T − ∆T ] dx dz +
∫

∂A

P̂δT [∇T − Pe T~u] · ~ndS + O(δT 2) ,

= 2
∫

A

P̂δT [Pe (~u · ∇)T − ∆T ] dx dz + O(δT 2) .

Since the variation of the temperature is for arbitrary δT , the above equation
finally yields the field equation (A.3) for conduction with convection.

B Heat production by dissipation

The effect of heat production by dissipation according to the right hand side of
the temperature equation (15) is considered. Since this equation is linear, the
effect can be treated separately without considering the heat transfer imposed
by a temperature difference between the two plates. It is therefore convenient
to make use of the rescaling

T ∗ :=
T

PrEc
=
λ
(

T̃ − T0

)

η0U2
, (B.1)

in order to eliminate the dimensionless parameter PrEc from the problem.
Equation (15) then reads

Pe

[

u
∂T ∗

∂x
+ w

∂T ∗

∂z

]

−
[

∂2T ∗

∂x2
+
∂2T ∗

∂z2

]

= 4

(

∂u

∂x

)2

+

(

∂u

∂z
+
∂w

∂x

)2

.(B.2)

This field equation is subject to the following Dirichlet boundary conditions

T (x,−a cos x) = 0 , (B.3)

T (x, h) = 0 , (B.4)
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(a) (b)

(c) (d)

Fig. B.1. Resultant temperature field for the case of a lower plate with ampli-
tude a = 1/2 and mean plate separations of h = 1 for (a) and (b), and h = 3/4 for
(c) and (d): Peclét number Pe = 300 (left); Pe = 1000 (right).

which correspond to a constant temperature T0 on both upper and lower plate.

Equation (B.2) is solved semi–analytically subject to the above boundary con-
ditions using the Ritz direct method described in Section 3.1.2. Once again, a
nonlocal variational formulation is employed, the corresponding functional of
which is given by adding the term

− [T (−x, z) + T (x, z)]



4

(

∂u

∂x

)2

+

(

∂u

∂z
+
∂w

∂x

)2


 , (B.5)

to the integrand in equation (36). Subsequent steps are performed in full
accordance with the procedure described in Section 3.1.2. Skipping such detail,
the predicted temperature fields due to viscous heating for a lower plate with
amplitude a = 1/2 and mean plate separations of h = 1 and h = 3/4 for two
different Peclét numbers are shown in Figure B.1. In each case it is apparent
that due to convection the dissipation heat is effectively spread throughout the
flow domain, rather than remaining in the region where it is mainly produced,
namely in the vicinity of the small gap where the local plate distance has
a minimum and where the velocity gradient has a maximum. For a Peclét
number of 1000, Figure B.1(b) and (d), the temperature maximum is actually
found to lie inside the eddy far away from the narrowest point between the
plates. Because of this very efficient spreading of dissipation heat, it is only to
be expected that effects due to viscous heating should be negligible compared
to those due to the imposed vertical temperature gradient: this can be verified
as follows.

By considering both the temperature difference T1 − T0 between lower and
upper plate and dissipation in combination, the resulting temperature field is
given by superposition according to

Tcombined = T + PrEcT ∗ , (B.6)
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Fig. B.2. Profiles of averaged temperature, T ∗
average vs. Peclét number for the case

of a flow geometry with a lower plate amplitude of a = 1/2, for four different mean
plate separations, h = 3/5, 3/4, 1, 7/4.

with the temperature T being that resulting from the analysis given in Sec-
tion 3.1.2. A rough estimate of the importance of the second term in (B.6)
can be obtained by calculating the area averaged value of T ∗ for the case
of a lower plate with amplitude a = 1/2, four different mean plate separa-
tions h = 3/5, 3/4, 1, 7/4, and various Peclét numbers; the results of which
are plotted in Figure B.2. In all cases, T ∗

average is less than 0.2 and hence for
a small dimensionless number PrEc ≪ 1 dissipation effects are negligible, as
expected.

Note that in the above verification the effect of the dissipation heat produced
on the viscosity is not considered. In practice, such feedback would lead to a
reduction in the viscosity and consequently to a reduction of dissipation heat;
meaning that the effect of the latter would in fact be even smaller. Accordingly,
the argument presented above can be thought of as a ’worst case estimation’
for neglecting, as is done throughout the paper, the influence of dissipation.
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