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Higher-dimensional solitons and black holes with a non-minimally coupled scalar field
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School of Mathematics and Statistics, The University of Sheffield,
Hicks Building, Hounsfield Road, Sheffield. S8 TRH United Kingdom

We study higher-dimensional soliton and hairy black hole solutions of the Einstein equations
non-minimally coupled to a scalar field. The scalar field has no self-interaction potential but a
cosmological constant is included. Non-trivial solutions exist only when the cosmological constant
is negative and the constant governing the coupling of the scalar field to the Ricci scalar curvature
is positive. At least some of these solutions are stable when this coupling constant is not too large.

I. INTRODUCTION

The existence and uniqueness of black hole solutions
of the Einstein equations with various types of matter
has been a rich avenue of research for many years. The
classic “no-hair” theorems (see, for example, [1] for a
review) proved the uniqueness of the Kerr-Newman fam-
ily of metrics describing four-dimensional, asymptotically
flat, black hole solutions of the Einstein equations with
an electromagnetic field or in a vacuum. More recently,
there has been an explosion of interest in the general-
ization of these uniqueness results to higher-dimensional
black holes, and particular, in the non-uniqueness of
higher-dimensional rotating black holes (see, for exam-
ple, [2).

Black hole solutions of the Einstein-scalar field sys-
tem have been studied for almost as long as those of the
Einstein-Maxwell system (see [1] for a detailed review,
and [3] for a summary). The case of a minimally cou-
pled scalar field has been the most extensively studied,
with a number of “no-hair” results proved, in asymptot-
ically flat space, particularly for static, spherically sym-
metric black holes |4]. These results depend on some
assumptions about the form of the self-interaction po-
tential, typically that it is positive semi-definite. When
these assumptions are not satisfied, asymptotically flat
black hole and soliton solutions of the field equations can
be constructed, some numerically with a particular choice
of self-interaction potential [3], and there are also analytic
solutions (often with unusual potentials) 6], which can
be generated from vacuum solutions in the static case [7].

Including a cosmological constant changes the picture
for minimally coupled scalar fields, providing the self-
interaction potential is non-zero [, [9]. When the cos-
mological constant is positive, numerical [8] and ana-
lytic [10] black hole solutions have been found when the
self-interaction potential is non-convex [11], although at
least some of these solutions are unstable [8]. On the
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other hand, with a negative cosmological constant, sta-
ble black holes with minimally coupled scalar field hair
have been found numerically [9], and there are also some
analytic solutions [12-14]. Such asymptotically anti-de
Sitter (adS) solutions have attracted much recent inter-
est in the literature due to their interpretation via the
adS/CFT (conformal field theory) correspondence (some
works on this topic include |14, |15]), particularly for black
holes with scalar hair in supergravity theories |16], al-
though the latter are unstable [17].

When non-minimal coupling of the scalar field to the
Ricci scalar curvature is included in the model, the case of
conformal coupling has been of particular interest. The
BBMB solution |18] is the unique [19] static, asymptoti-
cally flat, black hole solution of the field equations in four
space-time dimensions, when the self-interaction poten-
tial is zero, but is unstable [20]. Furthermore, the scalar
field diverges on the event horizon. An analytic solu-
tion has been found in asymptotically flat space when the
scalar field self-interaction potential is non-zero |21]. The
analogue of the BBMB solution in four dimensions when
there is a positive cosmological constant has a quartic
self interaction potential |22]. Although the scalar field
does not suffer from the divergences of the BBMB black
hole, it is still unstable [23]. As for minimal coupling,
in the presence of a negative cosmological constant, four-
dimensional stable solitons [24] and black holes [25] have
been found when the self-interaction potential is either
zero or quadratic.

The case of non-minimal coupling which is not con-
formal coupling has received less attention in the liter-
ature. In four-dimensional, asymptotically flat, space-
time, various black hole “no-hair” theorems have been
proved |26, 27). With a zero self-interaction potential,
four-dimensional black holes are studied in [28]. Tt is
found that non-minimally- and non-conformally-coupled
scalar field hair can be supported by the black hole only
when there is a negative cosmological constant, in agree-
ment with numerical work [29]. Furthermore, the hair
is stable only when the constant governing the coupling
between the scalar field and the Ricci scalar curvature is
such that the Breitenlohner-Freedman bound [30] on the
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“effective mass” is satisfied.

Most of the above work is concerned with static, spher-
ically symmetric black holes in four space-time dimen-
sions. In asymptotically adS space, as well as spherically
symmetric black holes, the well-known topological black
holes exist (see, for example, [31]). Topological black
holes with scalar field hair have not been widely studied,
apart from an analytic solution in the minimally coupled
case |32], and numerical solutions in the conformally cou-
pled case [24].

Solitons and black holes with scalar hair in more than
four space-time dimensions have received more attention
in the literature in recent years, particularly in asymp-
totically adS space [13, |16, 24]. The techniques for gen-
erating minimally coupled scalar solutions from solutions
of the vacuum Einstein equations have been generalized
[33], yielding new analytic solutions. For conformally
coupled scalar fields, there is no higher-dimensional ana-
logue of the asymptotically flat BBMB black hole [34],
although the corresponding analytic solution in three-
dimensional, asymptotically adS space does exist [35],
and there are numerical soliton and black hole solutions
in adS in higher dimensions [24], all with vanishing self-
interaction potential. A set of analytic solutions in vari-
ous dimensions with a non-zero self-interaction potential
and a cosmological constant has also been considered re-
cently in the conformally coupled case [36]. For other
non-minimal coupling, Saa |27] has proved a no-hair the-
orem in the asymptotically flat case, although for certain
values of the coupling constant assumptions on the mag-
nitude of the scalar field are required.

Our purpose in this paper is to consider non-minimal,
non-conformal coupling, extending the analysis of |28] to
solitons, higher-dimensional black holes, and topological
black holes in asymptotically adS space. The structure of
this paper is as follows. In Sec. [[Il we describe our scalar
field model, the field equations and boundary conditions

to be satisfied by soliton and black hole solutions, and
the conformal map which transforms our non-minimally
coupled scalar field system to one with a minimally cou-
pled scalar field and a non-zero self-interaction potential.
For most of the parameter space, we are able to prove
that non-trivial solutions cannot exist, and these non-
existence results are presented in Sec. [TIl Non-trivial so-
lutions exist in the remainder of the parameter space,
and in Sec. [V] we present our numerical solutions and
study their thermodynamics and stability. Finally our
conclusions are presented in Sec. [V1

II. THE MODEL
A. Field equations

We consider the following action, describing a scalar
field ¢ with non-minimal coupling to gravity in n space-
time dimensions:

=5 [ @av=g[(R-20) - (Vo) - re] . (1)

where R is the Ricci scalar curvature, and we have in-
cluded a cosmological constant A. Here and throughout
this paper, the metric has signature (—, 4+, +, +) and we
use units in which ¢ = A = 87G = kg = 1. The constant
& governs the coupling between the scalar field and the
Ricci scalar curvature. Two values of £ are particularly
important: minimal coupling £ = 0, and conformal cou-
pling £ = &. = (n—2)/[4(n—1)]. In the action () we have
set any self-interaction potential to zero, for simplicity.

Varying the action () with respect to the field vari-
ables, we obtain the Einstein equations

(1 - §¢2) Guu + guuA = (1 - 25) vu(bvu(b + (25 - %) guu (v¢)2 - 2§¢vuvu¢ + 2€gulf¢v2¢; (2)

and scalar field equation
V2¢ —ERg = 0. 3)

Taking the trace of the Einstein equations (2)) gives the
Ricci scalar curvature

2(=1) (€= &) (V9)® —nA
5—14+2(n—-1)8(€—&)¢?
We are interested in static, spherically symmetric, soli-

tons and black holes for all values of the cosmological con-
stant A; and static topological black holes when A < 0.

R =

(4)

We therefore use the following ansatz for the metric, in
the usual Schwarzschild-like co-ordinates:

ds? = —H(r)e® ™ dt? + H(r) "t dr® + 12 do? 5, (5)
where
d072172,k =dy® + fi(¥) A (6)

denotes the line element of an (n — 2)-dimensional space
Y with constant curvature. The discrete parameter k
takes the values 1,0, —1, for which we have the following



forms of the function fi(¢)): negative curvature, and when k = 0, the hypersurface

Yo is an (n — 2)-dimensional Euclidean space (see [31]

siny, for k=1, for further details). It is convenient to introduce a new
fel@) =1 ¥, for k=0, (7)  metric function m(r) by
sinhv, for k= —1.
2m(r) 2A72
_ . . . Hr) =k — _ ' 8
The value k = 1 gives the usual spherically symmetric (r) T 2= (8)

metric, with the hypersurface ¥; equal to an (n — 2)-
sphere; when £ = —1, the hypersurface ¥_; has constant

With the ansatz (), and assuming that the scalar field ¢ depends only on the radial co-ordinate r, the field equations
@ B) take the form:

0 = n{f(l - £0%) [H B n_?’(k—H)] - (25— %) He™ + £6¢/ (H' + 2H0') = 266V + A;
0 = P21 ) - (1 20007 2056 — 0"
0= Ho" +¢ (H6’+H’+HHT_2) — {1 ®)

We now summarize the discussion of Sec. [l namely what is known about the existence of soliton and black hole
solutions of these field equations, for various values of the cosmological constant A and coupling constant £. Firstly,
we bring together in one table the known results for solitons and black holes in four space-time dimensions:

n=a e<0 | e=0 Jo<e<e | £=¢ | e>e |
A>0 no black no black no black no black no black
hole hair [28]|hole hair [8, 11]|hole hair [28] hole hair [25] hole hair [28]
A=0 no black no black no black unstable black no black
hole hair [26]| hole hair [4] |hole hair [26] hole hair [18] hole hair [26]
A<O no black no black stable black stable solitons unstable black
hole hair [28]| hole hair [9] |hole hair [28]|and black holes [24, 25]| hole hair [28]

TABLE I: Summary of existence and non-existence of soliton and black hole solutions in four space-time dimensions.

It can be seen that the existence of hair for spherically symmetric black holes has been studied for all values of the
cosmological constant A and coupling constant £&. However, to date solitons and topological black holes have been
considered only when the scalar field is conformally coupled, £ = &..

A similar table for n > 4 reveals that the parameter space has been much less widely explored:

[n>4] £<0 =0 o0<e<e ] £=& | £> &
A>0
A = 0|[no black hole hair [27] no black hole hair [27] no black hole hair [34] no black hole hair [27]

A<O

stable solitons and black holes [24]

TABLE II: Summary of existence and non-existence of soliton and black hole solutions in more than four space-time dimensions.

It should be emphasized that the results in Tabs. [l and [[1l are only for zero self-interaction potential, as many of the
solutions which have been found in more than four space-time dimensions have a non-zero potential V' [13, |16, 136].
The aim of the present paper is to complete table [l

@ B) we need to specify the boundary conditions at the
origin (for solitons), black hole event horizon (if there is
one) and at infinity.

B. Boundary conditions

Before we can investigate the existence (or otherwise)

of black hole and soliton solutions of the field equations Firstly, regular soliton solutions can exist only when



k = 1. Near the origin, the field variables have the ex-
pansions [24]:

2 (A — 2663 Ro)

_ 2 4y,
=1t e oeq - o)
_ £ ¢3 Ro 2 4y,
= Nt Ty O
6 = ot o+ O (10)
where
Ro ni (11)

T LT 42(n— DE(E - &) @R

is the value of the Ricci scalar curvature at the origin.
We note that the constants dg and ¢y are arbitrary; the
value of §p will be fixed by the boundary conditions at
infinity.

For black holes with a regular, non-extremal event
horizon at r = rp, we assume that all the variables have
regular Taylor series expansions in a neighbourhood of
the event horizon:

H(r) = H'(rp)(r —ra) + O (r —r)?;
8(r) = 0+ 08 (ra)(r —r) + O (r—m)?;
$(r) = dn+ &' (r)(r =) + O (r—m)*; (12)
where [24]
k 27‘h(A - 52 iRh) .

Him) = =3) e et — 1)
W) = G (13)
and
Ry ni (14)

T n/2—1+2(n— DEE - )47

is the value of the Ricci scalar curvature on the event
horizon. We computed ¢'(rp) directly (without using
¢"(rn) as in [24]), but the expression so obtained is too
lengthy to reproduce here. Since the field equations do
not involve §, but only its derivatives, the constant ¢y, is
arbitrary, and will be fixed by the boundary conditions
at infinity. The constant ¢ is also arbitrary. Similar
expressions to (12 [[3) hold at the cosmological horizon
in the case A > 0.

We also require the behaviour of the field variables as
r — o0o. To ensure consistency between the Einstein
equations ([@) and the form of the Ricci scalar (), since
the self-interaction potential is zero, we will assume that
the scalar field vanishes as r — oco.

Considering firstly the asymptotically flat case A = 0,
the field variables have the following behaviour:

o(r) = T:ig + 0 (r_n+2) :
H(r) = 1+0( "),

5(r) = O (r*2<n*3>) : (15)

4

and the Ricci scalar curvature is R ~ O(r=2("=2)), The
asymptotic form (I5) means that the metric function
m(r) ) tends to a constant as r — oo, namely the
mass of the solution.

For asymptotically anti-de Sitter solutions with A < 0,
the boundary conditions near infinity for a massive, min-
imally coupled, scalar field have been studied in depth
[37). In our non-minimally coupled case, with A # 0, we
define a constant p such that the behaviour of the scalar
field as r — oo is

o(r) = =+ 0(r D), (16)

then from the scalar field equation (@) we find

n—1 in
p—( 5 )(1j: 1 n—1§>' (17)
The value of p in ([I7) has the appropriate limits when
& =2¢&: [24] or n =4 [28]. If £ < 0, then one of the values
of p is negative, leading to a scalar field which diverges as
r — 0o. We wish to rule this out and therefore choose the
positive sign in (7)) in this case. If 0 < & < (n—1)/(4n),
both roots for p are positive, and the dominant behaviour
of ¢ will be given by the smaller root, which has the
negative sign in (IT). If £ > (n —1)/(4n), the constant p
has a non-zero imaginary part, which leads us to expect
oscillatory behaviour in the function ¢ as r — oo, as was
observed in the four-dimensional case |2§].
The behaviour of the metric function d(r) as r — oo is
readily found, from the second equation in (@), to be

01

r2p

o(r) = +O(r 271, (18)

while the leading order behaviour of the metric function
H(r) is found, from the first equation in ([@)):

2A72

HO) =k = = gm—1)

+ O(r—2r=1), (19)

The behaviour ([I8) and ([I9) ensures that the metric (B
approaches adS or de Sitter space as r — co.
The behaviour of the metric function H(r) (I9) has

interesting consequences for the metric function m(r) (g]).
We find

m(r) =M+ % +O(r—171), (20)

where

4n

—p+1l-—n=+4(n—1)/1—-
q=2p+1l-n==%n-1) —

£, (21)

and M and M; are constants. When ¢ < 0, the plus sign
in (2I)) is relevant and ¢ is real and positive, so that m(r)
converges as r — 00. When 0 < & < (n — 1)/(4n), the
negative sign in (2I]) will be the dominant behaviour, so
g isreal and ¢ < 0. When & > (n—1)/(4n), we have that



q is purely imaginary. Thus the function m(r) diverges
as r — oo for 0 < £ < (n —1)/(4n) and is oscillatory
(with no decay in the oscillations) for & > (n —1)/(4n).
Therefore, although the metric (B) approaches pure adS
or de Sitter as r — oo, the function m(r) has no finite
limit. We expect that the definition of the total mass
of the soliton or black hole, using the conserved charges
approach of |37], will have a contribution from the scalar
field as well as from the metric function m(r). We will
not examine this further in this paper, leaving open the
question of how a finite mass for the configurations is
defined.

However, it is not immediately apparent from (20} 2T])
how a finite limit for m(r) arises in the case of conformal
coupling [24], ¢ = & = (n—2)/[4(n — 1)], when ¢ = -1
@I). To see this, we need to consider the constant Mj.
By comparing the form of the Ricci scalar expressed in
terms of the scalar field ) with that computed directly
from the metric (@), we find the following equation for
Mli

3
—q(q — 1)c§—AM1

2
=n(n—-1)%¢-¢&) n2_§2 - (n— 1?571 — 2)”}

[p(1 — 4¢) — 2¢]. (22)

(2p —n)——
From the expression for p it is straightforward to show
that the right-hand-side of (22) vanishes for all n when
& = ., while the coefficients multiplying M; are non-zero
in this case. Therefore it must be the case that M; = 0
for £ = &, which means that the leading order term in

m(r) as 7 — oo becomes the constant M, in agreement
with [24].

C. Conformal transformation

As in four space-time dimensions |28], we will find it
useful at various points in our analysis to employ a con-
formal transformation |18, [38] which maps the Einstein-
non-minimally-coupled-scalar field system to the mathe-
matically simpler Einstein-minimally-coupled-scalar field
system (see [39] for related works on the conformal trans-
formation).

The conformal transformation is defined by the follow-
ing [38],

—_ _2
g,uv = Qnizgulﬁ (23)

where Q = 1 — £¢?. This is only valid for © # 0, which
is always true for £ < 0 but bounds the scalar field when
& > 0. With this transformation, the action () becomes

§_/d"x\/—_g[% (}_%—2A)—%(V<I>)2—U(<IJ) ,

(24)

(4h)

-10 -5 0 5

¢ 10

FIG. 1: The minimally coupled scalar field ® (25]) as a func-
tion of the non-minimally coupled scalar field ¢ for n = 6 and
two values of the coupling constant £. Similar behaviour is
observed for different values of n and &.

where a bar denotes quantities calculated using the trans-
formed metric ([23]), and the cosmological constant A is
unchanged by the transformation. As in [38], we define
a new scalar field ® by

- 2)Q 4 (n— 1)(4€2?)
‘b‘/d‘f’[ (n—2)022 ’

1
2

(25)

choosing the constant of integration so that ® = 0 when
¢ = 0. The integral 25) can be performed analytically,
however the expression is very long except in the confor-
mally coupled case [24]. The new scalar field ¢ (28] is a
single-valued function of ¢ as long as the quantity under
the square root is positive, which places a further con-
straint on the values of ¢. The scalar field ® is plotted
as a function of ¢ in Fig. [ for n = 6 and two particular
values of the coupling constant £&. When ¢ < 0, the func-
tion ® is defined for all values of ¢, but when & > 0, the
function @ is defined only for those values of ¢ such that
the integrand in (28]) is real, which gives a finite range of
values of ¢ centred on the origin.

The transformed potential U(®) can be written implic-
itly in terms of ¢ [38]:

U=A[Q 7= —1]. (26)

As in |24, 128], the presence of a cosmological constant
means that the potential U(®) for the minimally coupled
scalar field @ is non-zero although the potential for the
non-minimally coupled scalar field ¢ vanishes. It should
be emphasized that the potential U(®) is not physical,
which means that we can circumvent the conditions on
the potential in the “no-hair” theorems in the minimally
coupled case [4] and have non-trivial solutions. Examples
of the shape of the potential U(®) can be seen in Fig.
For ¢ < 0, the potential is defined for all values of ®
and we find that U(®)/A is negative for all ®, with a
maximum at ® = 0. For £ > 0, the range of values of



U(dD)/A
o

-6 -4 -2 0 2 4 O 6

FIG. 2: The potential U(®)/A (26) as a function of the min-
imally coupled scalar field ® for n = 6 and two values of the
coupling constant &. Similar behaviour is observed for other
values of n and €.

® is finite and we find that U(®)/A is positive, with a
minimum at ® = 0.

The main advantage of the conformal transformation
is that it simplifies the field equations (@) considerably. If
we assume that the transformed metric (23)) is spherically
symmetric, we may write it in the form

ds® = ~H(r)eP D dt? + H(r) "L dr? + 7 do?_, ,, (27)
where we have introduced a new radial co-ordinate 7 by

F=Qn2r, (28)
and the new metric functions H (7) and §(F) are given by:

200’ 1%
(n—2)9} ’

o 260¢'r \
o (1 - m)

We note that H = 0 whenever H = 0 so the horizon
structure of the space-time is preserved by the conformal
transformation. With the metric ansatz (27)), the field
equations for the transformed system take the form

-]t ()

AF) = H(r) [1 -

=g
—~

=3
~

|

§(r) +1In -(29)

0 — n—2 [dﬁ n—

o%F |dr T
+U(P) + A;
o - n—2ds ()T
7 dar \dr )’
—d%® dP d5 dH —n-—2
0 dF2+d_< T )
AU (D)
_ , 30

IIT. NON-EXISTENCE OF SOLUTIONS

In this section we generalize the simple results in [28§]
to higher dimensions and solitons. As in [28], we em-
phasize that our method can only be used to show non-
existence of solutions for which the scalar field remains
regular everywhere, including at the origin, infinity and
on any event or cosmological horizon. Therefore our re-
sults are evaded by the BBMB black hole 18] as in that
case the scalar field diverges on the event horizon. We be-
gin with non-existence results which can be proven sim-
ply from the scalar field equation (B before turning to
results where we need to use the conformal transforma-
tion of section ILCl

A. Simple non-existence results

Starting with the scalar field equation (@), we multiply
both sides by ¢r™~2e% and integrate from r = x to r = v,
where x = 0 for soliton solutions and x = rj, the event
horizon, for black hole solutions; and where y = r,, the
radius of the cosmological horizon, for A > 0 and y = oo
for A < 0. This gives the equation

0 = /ydT [§R¢2Tn_265—¢(H¢I n—2 5):|
_ [¢H¢/ n—2 6]
+ / dr "€’ (ERY* + Ho'?) (31)

where we have integrated by parts in the second line.
We now need to consider carefully the behaviour of
the boundary term in [BI) at each of the four possible
boundary points (r = 0, r = 7, 7 = r. and r = 00),
using the boundary conditions derived in Sec. [TBE

r = 0: At the origin, from (I0), we have H, ¢ and ¢ all
O(1), while ¢’ = O(r). Therefore the boundary
term is O(r"~1) and vanishes as r — 0.

r = rp and r = r.: Since H = 0 at either an event or
cosmological horizon, the boundary term vanishes
providing that all the other variables remain finite
there.

r = oo: These are the most complicated boundary con-
ditions and we need to consider the asymptotically
flat and asymptotically adS cases separately.

Firstly, if A = 0, from (I5) we have ¢ = O(r—(*=3))

and ¢ = O(r=("=2)), with H.,e% — 1, so that the
boundary term is O(r~("~3)) and vanishes as r —
0.

Secondly, if A < 0, we have H = O(r?), and, from
[@6), we have ¢ = O(r~?), ¢’ = O(r—P=1), so the
boundary term is O(r=2PT"=1) = O(r=7) where ¢ is
given by (21I)). Following the discussion in Sec. I
the boundary term therefore vanishes only when
& < 0 in this case.



Assuming that the boundary term vanishes (as will be
the case in the rest of this section), substituting in for
the form of the Ricci scalar using {l) we can write (3I))

as:
0= /: dr r"2ed [g] , (32)

where
F o= H§® (5 - 1) + Ao
G = 2%* -1+ (5-1). (33

We now apply [B2) to various cases where we have empty
spaces in Tab. [[Il In many of these cases the argument
is a simple generalization of the corresponding result in
[28].

1. A<Oandé<0

In this case the boundary term at infinity vanishes, as
well as at the origin or black hole event horizon. For
these parameter values the function G > 0 and finite
everywhere inside the integration range. It is straight-
forward to see that F is a sum of positive terms, and
therefore the only way the integral (82)) can vanish is if
F = 0 everywhere inside the integration range. This is
only possible if ¢ = 0 everywhere.

2. A>0and& > &

The non-existence proof in this case follows the argu-
ment in Sec. [ITAT] except that here we consider only
the region inside the cosmological horizon. Again G > 0
and finite everywhere within the integration range. Also,
the function F is again a sum of positive terms so the
only solution is again ¢ = 0.

3. A>0and0< €< &

Here the argument is slightly more complicated as G
could have a zero somewhere in the integration range.
However, at such a point the Ricci scalar curvature would
be infinite unless F also has a zero at that point. Now
F is a sum of positive terms, so if F = 0 at a point, each
term must be zero at that point, meaning that ¢ = 0
at that point. Substituting ¢ = 0 into G gives G # 0,
which is a contradiction, so G cannot have any zeros in
the region of integration. As F is always positive and
G is of constant sign, the only way the integral ([82]) can
be zero is if F = 0 everywhere, which again gives us the
trivial solution ¢ = 0.

4. A=0,£<0and &> ¢,

When £ < 0 or £ > & it is the case that G > 0. With
A =0, the function F simplifies to give a single positive
term. Therefore, as in previous subsections, ¢’ = 0, and
the condition that ¢ — 0 as r — oo means that ¢ = 0
everywhere. These results are in agreement with those
derived in [27] by using the conformal transformation of

Sec. [TCl

5. £€=0

The minimally coupled case is very straightforward:
the function G = § — 1 > 0 everywhere. Once again F
reduces to a single positive term, and as in Sec. [TTA 4]
it must be the case that ¢’ = 0, and hence ¢ = 0.

6. £€=¢ and A >0

In the conformally coupled case, the function G =
% —1 > 0, exactly as in Sec. [ITASl The same argu-
ment holds about F being sum of positive terms so only
possible solution is the trivial one where ¢ = 0.

7. Summary

At this stage it is useful to update Tab. [[Il to incorporate our new results. In Tab. [T, we have highlighted new

ln>4] ¢<o | e=0 |

0<ée<é |

£=¢ | e>e |

A > 0|| see Sec. [IIBl|no solutions

no solutions

no solutions no solutions

A = 0||no solutions|no solutions|no solutions [27]

no solutions no solutions

A < 0||no solutions|no solutions

stable solutions [24]

TABLE III: Summary of existence and non-existence of soliton and black hole solutions in more than four space-time dimensions.

results in bold, and emphasize that our results rule out both soliton and black hole solutions, including topological
black holes. We are not able to use our simple approach in this section to say anything about the case A = 0,
0 < € < &, which was considered in |27] using the conformal transformation of Sec. [LICl We are so far unable to say
anything about the cases A > 0,£ < 0; A < 0,0 <€ <& and A < 0,€ > &. The first of these will be dealt with in



the next section.

B. Non-existence result for A >0 and £ <0

The non-existence of black hole solutions in this case
was shown in four space-time dimensions in [28]. That
result extends trivially to higher-dimensions and solitons,
so we only provide a very brief outline.

Since £ < 0, the conformal transformation ([23)) is valid
providing all field variables remain finite. The trans-
formed scalar field equation [B0) gives, at the cosmologi-
cal horizon r = r,

Ao dH  dU(®)
ar dr ~ do

(34)

Now H > 0 inside the cosmological horizon, and H <

0 outside the cosmological horizon, so % < 0 on the

cosmological horizon. We then have two cases: % > 0,

d%g) < 0 and vice versa.

The argument is the same for both cases so we only

consider % > 0, d%g) < 0. With A > 0 and ¢ <
0, the potential U(®) is everywhere negative and has a
maximum at ® = 0 (see Fig. ). Therefore @ is positive
and increasing on the horizon. In order to satisfy the
boundary condition on the original scalar field, namely
¢ — 0 at infinity, it must be the case that ® — 0 at
infinity, and hence ® must have a maximum somewhere
outside the cosmological horizon. At such a maximum

42 — 0 and the field equation (B0) gives:

—d?®  dU(®)
ar*  d®
However, since we are outside the cosmological horizon,
it is the case that H < 0 and so equation (B5) gives
‘227? > 0 which is a contraction. Therefore there can be
no non-trivial solutions in this case.
The conformal transformation can also be applied to
the case A =0, 0 < £ < &, when the transformed poten-
tial U(®) = 0 28] [27].

<0. (35)

IV. NON-TRIVIAL SOLUTIONS

In the previous section, we were able to rule out
non-trivial higher-dimensional soliton or black hole so-
lutions of the field equations (@) except when A < 0 and
0 <& <& or& > &, solutions with A < 0 and £ = &,
having already been found [24]. It is no surprise that we
find non-trivial solutions for these other values of £. In
four dimensions, spherically symmetric black hole solu-
tions were found in [28]. We find solutions which gener-
alize these to higher dimensions, as well as solitons and
topological black holes in four and more space-time di-
mensions. In this section we first discuss the properties
of the numerical solutions, before studying their thermo-
dynamics and stability.

1.5

Soliton: n=5,¢=1
£=0.15,¢9,=14

1.0 1

0.5 1

1.0 ; . )

0.01 0.1 1 10 100 1000

r

FIG. 3: Example of a five-dimensional soliton solution with
{=1,£=0.15 and ¢o = 1.4. In this case the scalar field ¢ is
monotonic and has no zeros.

A. Numerical solutions

Using a standard ordinary differential equation solver,
we integrate the field equations (@), starting close to
either the origin or black hole event horizon, as ap-
plicable, and integrating towards r — oo. Since the
field equations (@) are invariant under the transforma-
tion ¢ — —¢, we only consider positive values of ¢ at the
origin or event horizon. Without loss of generality, we
set A = —(n—1)(n—2)/2, so that the length scale set by
the cosmological constant, 2 = —(n—2)(n—1)/(2A) =1
(this can be achieved by a rescaling of the co-ordinates
and metric function m).

We find soliton, spherically symmetric (k = 1) black
holes and topological black holes (k # 1) for any number
of space-time dimensions, n > 4, and any value of the
coupling constant £ > 0. Our numerical work indicates
that solutions exist for any value of ¢ at the origin or
event horizon such that 0 < ¢ < £-1/2,

Two typical solutions are illustrated in Figs. B and [l
In Fig. Bl a typical five-dimensional soliton solution is
shown, for £ = 0.15. This value of £ is less than (n —
1)/(4n) = 0.20, and, as predicted in Sec. [TB] the scalar
field ¢ is monotonic and has no zeros. In Fig. @ we plot
a typical six-dimensional black hole solution with & =
0.2501. Since this value of £ is greater than (n—1)/(4n) =
5/24, in this case we find that the scalar field ¢ oscillates
as it tends to zero as r — oo, as predicted in Sec. [IB]
although the magnitude of the oscillations is too small to
see in Fig. [

This change in the behaviour of the scalar field as r —
oo on varying the coupling constant & is the same as
found for the four-dimensional solutions [2§], although
typically the oscillations in ¢ for £ > (n — 1)/(4n) have



Black hole, n =6,
¢=1,k=-1,1 =1,

£=02501, ¢, = 1.4

-0.2 . .
0.001  0.01 0.1 1 10 100 1000

r-r,

FIG. 4: Example of a six-dimensional topological black hole
solution with k = —1, £ =1, £ = 0.2501 and ¢9 = 1.4. In
this case we find that the scalar field ¢ oscillates as it tends
to zero as r — o0, although the magnitude of the oscillations
is too small to see on the graph.

Solitons: n=4,¢=1, ¢,= 1.7

0.2 T T :
0.1 1 10 100

1000 - 10000

FIG. 5: The effect of varying £ is shown for four-dimensional
soliton solutions with £ = 1 and ¢o = 1.7. As discussed in
Sec.[[TB] for ¢ < (n—1)/(4n), the scalar field ¢ monotonically
decreases to zero as r — oo and has no zeros, but for £ > (n—
1)/(4n), the scalar field oscillates as it tends to zero, although
the magnitude of the oscillations is very small. Apart from
this, varying £ does not have a great effect on the form of

the scalar field ¢. For higher dimensions, the effect on ¢ of
varying & is even less.

only a small magnitude. Apart from these oscillations,
the values of the function ¢ do not seem to change very
much as £ varies, as shown in Fig.

Varying the coupling constant £ has a much more sig-
nificant effect on the metric functions § and m, as shown
in Figs.[6H8 The effect on the metric function ¢ is shown
in Fig. [6] for some four-dimensional soliton solutions. In
four dimensions, the value of £ at which the oscillatory
behaviour of the scalar field begins is £ = 3/16 = 0.1875.

Solitons: n=4,¢=1, ¢, = 1.7

- 0.30
7o)
| §,
w 025 FoN_
f e J
0.20 /
!
0.15 4 § Eeeee e
0.10
0.05 1
0.00 . ;
100 1000 10000
r
E=0.15<¢,
———E=E,=1/6
—— £=0.18>¢,
——ee £=025>E,

FIG. 6: The effect on the metric function ¢ of varying & is
shown for four-dimensional soliton solutions with ¢ = 1 and
¢o = 1.7. The function § has the limit § — 0 as r — o0, so
we have plotted § — do in order to make the behaviour of the
functions easier to visualize.

2 %
£ | Solitons:n=7, e ]
o
1 ¢=1,9,=17 /"//
A %
L A
0 e en AN
-1 A
=2 . . '
o 1 10 . 100
£=0.19<&,
— §:§C=5/24
_______ £=02085>¢
. §:0,25>&_C

FIG. 7:  The effect on the metric function m of varying & is
shown for seven-dimensional soliton solutions with £ = 1 and
¢o = 1.7.
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FIG. 8 The effect on the metric function m of varying & is
shown for four-dimensional black hole solutions with £ = 1,
rp=1, k= —1and ¢, = 1.5.

It can be seen from Fig. [6] that for values of ¢ below
0.1875, the function ¢ is monotonically increasing with
r, although its value at the origin is decreasing as & in-
creases (recall that 6 — 0 as r — oo, although in Fig.
we have plotted § — dg rather than § to make the graph
easier to read). However, for values of £ greater than
0.1875, the function § has a maximum before decreasing
monotonically to its value at infinity.

As discussed in Sec. [IB] the effect of & on the be-
haviour of the metric function m is even more dra-
matic, and shown in Figs. [l and B When £ < & =
(n—2)/[4(n—1)], the metric function m diverges to —oo
as 7 — oo. Only for £ = £, does the metric function m
converge as r — 00, as observed in [24]. The function
m diverges to +0o as r — oo for values of £ between
(n—2)/[4(n —1)] and (n —1)/(4n), a shrinking interval
as n increases. For £ > (n—1)/(4n), the metric function
m oscillates about a non-zero value as r — co.

For black hole solutions, there is an additional param-
eter to vary, namely the constant k € {0,1,—1}, which
governs the topology of the event horizon. The effect
on the scalar field ¢ and metric function ¢ of varying
k is shown in Figs. [@ and [IQ respectively. Varying the
constant k£ does not significantly change the scalar field
¢, as seen in Fig. [ in agreement with the observations
in the conformally coupled case |24]. However, we find
more significant differences in the magnitude of the func-
tion § in the non-conformally coupled case than in the
conformally coupled case (compare Fig. [0 and [24]).

When the scalar field is conformally coupled and the

10

1.8
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1.0 1
0.8 1
0.6 1
0.4 4
0.2 4
0.0 4

0.001

FIG. 9:

0.01 0.1 1

10 100 1000

r-r,

The effect on the scalar field ¢ of varying the con-

stant k is shown for some six-dimensional black holes with
{=1,r,=1,£ =0.18 and ¢, = 1.7. The functions ¢ for the
different values of k do not differ significantly.

Black holes: n=6,¢=1,r,=1,£=0.18, ¢, = 1.7

< 0.20

| 018 1
0.16 -
0.14 1
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0.00 =t i : : :
0.001 001 0.1 1 10 100
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FIG. 10: The effect on the metric function § of varying the
constant k is shown for the same black hole solutions as in
Fig. The function 6 has the limit 6 — 0 as r — oo, so
we have plotted § — d;, in order to make the behaviour of the
functions easier to visualize.

metric function m converges to a finite limit as r — oo,
it was observed in [24] that varying k had a significant
impact on the properties of the metric function m (see,
Fig. 3 in [24]). For non-conformal coupling, when the
metric function m either diverges or oscillates as r — oo,
we find that varying k& does not alter these dominant be-
haviours very much, as illustrated in Figs. 1] and
When the metric function m diverges, as seen in Fig. [[T],
the rate of divergence of the function m as r — oo does
not change as k varies, but the coefficient M7 multiplying
the dominant divergent term in the behaviour of m (20)
does vary (see Eq. (22) - the constant M; depends on
the constant ¢y in the expansion of the scalar field ¢ at
infinity (I6)), which varies as k varies). When the metric
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ics of black holes with a conformally coupled scalar field
= 136, 140]. Given the difficulties, outlined in Sec. [TBl of
0 —_— defining a mass for our non-minimally coupled solutions,
e \\\'\.\ we do not attempt a full thermodynamical analysis here.
-1x108 1 Blﬁclk D(?)_Izslg o 6’_51_71’ NN Instead we just make some brief remarks about the tem-
h=1,5=0.18,¢,=1. \ X perature and entropy of the black holes.
- [ . . .
210 ‘\ The temperature is given by the usual Hawking for-
\
3108 | | —— k=-1 \ mula:
A
6 T =1 “\ T = 1 o Oh. 36
axtos | | e 1 ‘. = 1 (rn)e’s (36)
-5x108 T T . . . o
10 100 1000 10000 while the entropy is modified by the non-minimally cou-
- pled scalar field [41]:
h
_ n—2 _ 2
FIG. 11: The effect on the metric function m of varying the §=27Vry [1 g(bh} ’ (37)
constant k is shown for the same black hole solutions as in

Fig. where V is the volume of the maximally symmetric space

with metric doj,—2 1 (@).
Black holes: n=6,¢=1,1,=1,£=0.25, ¢, =12

25 1.0
— .= N N\ .
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k=0 // \ // v 08 | n=5¢=1, M= 1
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FIG. 12: The effect on the metric function m of varying the

constant k is shown for the some six-dimensional black hole FIG. 13:

Temperature-entropy relation for some five-
solutions with £ =1, r, = 1, £ = 0.25 and ¢, = 1.2.

dimensional black holes with fixed horizon radius r, = 1,
and £ = 1. For each value of k, we have plotted curves for five

values of &: 0.15, 0.1875, 0.225, 0.2625 and 0.3, and varied
function m oscillates as r — oo, the effect of varying k the value of the scalar field on the horizon ¢, such that both

can be seen in Fig. In accordance with the analysis S and T' are positive.
of Sec. [[TBl it can be seen that changing k does not af-
fect the period of the oscillations, but does affect their
magnitude and phase. In particular, the magnitude of
the oscillations increases as k increases.

In Fig. @3] we have plotted the relationship be-
tween temperature T and entropy S/V for some five-

dimensional black holes with 7, = 1, varying k£ and,
for each value of k, considering five values of the cou-
pling constant £. For each curve, we computed the
B. Thermodynamics

temperature and entropy for all values of ¢ such that
0 < ¢p < 1/4/€. Tt can be seen from Fig. [[3 that vary-
ing k and ¢ makes little difference to the relationship
between temperature and entropy, particularly for k£ = 0

and k = 1 (in the latter case the curves for different &
are indistinguishable).

The thermodynamics of black holes with minimally
coupled scalar field hair has recently attracted attention
in relation to the adS/CFT correspondence |14, [15, [17],
and a number of authors have studied the thermodynam-

In Fig. [4 we fix kK = 1 and £ = 1/6 and consider the effect of changing the event horizon radius r, on the
temperature and entropy of some five-dimensional black holes. From Fig. 4] it can be seen that for small values of
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Black holes: n=06,¢=1,£=1/6, k=1
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FIG. 14: Temperature-entropy relations for some values of the event horizon radius r, for five-dimensional black holes with
k=1,4=1and £ = 1/6. For each value of 7, considered, we vary ¢n.

the event horizon radius rj, we have two branches of solutions, one with a low entropy and one with a much higher
entropy. Above about 7, ~ 0.35, we have just one branch of solutions.

C. Stability of solutions

We now investigate the key question of whether our
solitons and black holes with a non-minimally coupled
scalar field are stable. We consider spherically symmetric
perturbations of the metric and scalar field. The algebra
rapidly becomes somewhat unwieldy, even with a com-
puter algebra package, so to simplify matters we follow
the approach of |24, I28] and use the conformal trans-
formation, described in Sec. [Tl to derive the perturba-
tion equations with a minimally coupled scalar field, then
transforming back to the frame with a non-minimally
coupled scalar field.

As usual, the metric perturbations can be eliminated
to yield a single perturbation equation for the quantity W,
which is defined in terms of the scalar field perturbation
0¢ as follows:

U =220 38354, (38)

where Q = 1 — £¢? as in Sec. [ITCland

4(n—1
B:Q+JE—J§&. (39)
n—2
The perturbation equation for time-periodic perturba-
tions W(t,r) = €W (r) takes the standard Schrodinger

form

2

d
2
U=——U R
o ) + UV,

(40)

*

where we have introduced the usual ‘tortoise’ co-ordinate
rs by

dr. 1
& H 4D

and the perturbation potential I/ takes the lengthy form
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He? 492 k 2enA  8&%n(n —1)
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4 (TL ) 8(” ) ¢/2A72B _ (TL 1 ) T2QIA¢/2A2B} , (42)
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= Solitons: n =4, =
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T o 0
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I >
o % -50
o
0.1 1 10 r 100 -100 T
0.1 1 r 1o
—— £=015<¢,
——-5=5.=1/6 FIG. 16: Perturbation potential U ([@2]) plotted as a function
sars £=0.18>¢ of r for some six-dimensional soliton solutions with ¢ = 1,
B :c ¢o = 1.5 and three different values of the coupling constant &.
e LN DA 5L, In this case the potential diverges at the origin, as expected

FIG. 15: Perturbation potential U ([42) plotted as a function
of r for some four-dimensional soliton solutions with £ = 1,
¢o = 1.5 and four different values of the coupling constant &.
In this case the potential is finite at the origin. The behaviour
of the potential at infinity is in accordance with (5.

with © and B defined above and
A= cod — %Q (43)

When n = 4, the perturbation potential ([@2)) reduces to
that in 28], as expected.

It is helpful to derive the behaviour of the perturbation
potential at r = 0, r = r;, and as r — oo. Near the origin,
using the boundary conditions ([IQ)), we have

e?% [(n —2)(n —3)
2

U=—

—1|+0(1).  (44)

r

This means that the perturbation potential i/ diverges
to +00 at the origin unless n = 4, as can be seen by
comparing the potentials in Figs. [[H and

At the event horizon, H(ry) = 0 and all other quan-
tities are finite, so it is straightforward to see that the
potential U vanishes there, as illustrated in Fig. 7

from equation ([@]). The behaviour of the potential at infinity
is as predicted in (45]).

As r — oo, using the boundary conditions (I6] 18] I3,
we find

2nA2r?
U = m[(”—?’)—%(”—l)]
2kA 9 B
e D) e =]
+0 (r7?). (45)

Therefore the potential U diverges as r — oo unless £ =
(n —3) /[2(n — 1)], which corresponds to £ = & = 1/6
when n = 4. This is confirmed by the example potentials
plotted in Figs. I5HIT

As in [24], we find that in general the perturbation
potential has a complex dependence on n, ¢y or ¢ as
applicable, 7, k and & (see particularly Fig. [7). In
some cases, the perturbation potential ¢/ is positive ev-
erywhere and we can immediately deduce that the so-
lutions are stable. From (&), this is only possible for
§< (n—=3)/2(n—1)].

To study the stability of the solutions for which the
perturbation potential I/ is not everywhere positive, we
follow the approach of [24, 128], and consider the zero
mode perturbation ¥q, that is, the solution of the per-
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Black holes: n=6,¢=1,

40 -

Perturbation potential

FIG. 17: Perturbation potential U ([42) plotted as a function
of r for some six-dimensional black hole solutions with £ =1,
rn, = 1 and ¢, = 1.4. For each value of k, we plot the potential
for £ = 0.2, 0.3 and 0.4. The potential vanishes at the event
horizon, and the behaviour at infinity is governed by (@3).
The potentials for £ = 0.2 diverge to oo as r — oo, those for
& = 0.3 converge to a finite limit as » — oo, while those for
& = 0.4 diverge to —oo as r — o0.

turbation equation {@0) with ¢ = 0. Near r = 0, from
the differential equation ({0), we find that ¥y = O(r®),
where

1 1

and we chose the positive sign so that ¥y is regular at the
origin. Near r = ry, we simply require ¥ = O(r — rp,),
and as r — oo, we have Wo = O(r~#), where

B:%:I:%\/1+2n(n—3)—4n(n—1)§. (47)
The behaviour of ¥y as r — oo is therefore complicated.
For € < [1+2n(n—3)]/[4n(n—1)], the constant § is real,
and the dominant behaviour of ¥y will be from taking
the negative sign in [#7)). This value of 8 will be positive
(corresponding to ¥y — 0 as r — o0) as long as & >
(n —3)/[2(n — 1)], but is negative (corresponding to ¥y
diverging as r — oo) for £ < (n —3)/[2(n — 1)]. For £ >
[14-2n(n—3)]/[4n(n—1)], the constant 3 is complex, with
positive real part. In this case ¥y — 0 as r — oo, but
U, is oscillating as r — oco. Integrating the perturbation
equation (40]) over the original radial co-ordinate r, from
r = 0 or r = rp, as applicable, gives examples of the
typical behaviour of the zero modes, which are shown in
Figs. [8H20
For 0 < & < &, we find that the zero mode ¥ has
no zeros, and from this we can deduce that there can
be no negative eigenvalues 02 < 0 of the perturbation
equation (0], in other words, the solutions are stable.
For £ > [14 2n(n — 3)]/[4n(n —1)], we find, as expected,
that the zero mode Wy oscillates many times as r — oo,
leading us to conclude that there is at least one negative
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FIG. 18: Zero mode Yy plotted as a function of r for some
four-dimensional soliton solutions with ¢ = 1, ¢9 = 1.5 and
four different values of the coupling constant &.
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FIG. 19: Zero mode Y, plotted as a function of r for some
six-dimensional soliton solutions with ¢ = 1, ¢9 = 1.5 and
four different values of the coupling constant &.

eigenvalue 02 < 0 of the perturbation equation (@0), and
the solutions are unstable. For & < & < [1 + 2n(n —
3)]/[4n(n — 1)], the situation is more complicated. We
find for some solutions that the zero mode ¥, has no
zeros, indicating the stability of the solutions; but for
others it has at least one zero and we conclude that the
solutions are unstable.

As discussed in Sec. [IBl the equilibrium scalar field
oscillates as r — oo if £ > (n — 1)/(4n) (IT). Inter-
estingly, this coincides with the value of £ coming from
the Breitenlohner-Freedman bound in n dimensions [30],
which states that scalar fields in pure anti-de Sitter space
are stable if their mass satisfies the inequality

Aln-1)

S (48)

In our case the “effective” mass of the scalar field is
given by ¢ multiplied by the value of the Ricci scalar
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FIG. 20: Zero mode Yy plotted as a function of r for some
six-dimensional black hole solutions with £ = 1, r;, = 1 and
¢n = 1.4. For each value of k, we plot the zero mode for
& =0.1, 0.3 and 0.4. The zero modes for £ = 0.1 diverge to
400 as r — o0; those for £ = 0.3 have a single zero; and those
for £ = 0.4 oscillate about 0 as r — oo.
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FIG. 21: The key values of the coupling constant & discussed
in the text, as functions of the number of dimensions n.

curvature at infinity, which is 2An/(n — 2). Bearing
in mind that A is negative, the inequality (@8] then
becomes £ < (n — 1)/(4n). For any n > 4, this
value of £ is always greater than &., as can be seen
in Fig. Il but the gap between £. and the value of
¢ coming from the Breitenlohner-Freedman bound nar-
rows as n gets large. From the Breitenlohner-Freedman
bound, we therefore might expect that any non-trivial
solutions with £ > (n — 1)/(4n) are unstable. We find
that for £ > (n — 3)/[2(n — 1)], the perturbation po-
tential U diverges to —oo as r — oo. Analysis of the
zero mode ¥y reveals that it oscillates as r — oo only
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if € > [1+2n(n—3)]/[4n(n — 1)]. These latter two val-
ues of £ are also shown in Fig. 21l The value of £ at
which the potential diverges to —oo at infinity is equal
to & only when n = 4, and for n > 4 it is considerably
larger than both &. and the value of £ coming from the
Breitenlohner-Freedman bound. The value of € at which
the zero mode oscillates equals the value of £ coming from
the Breitenlohner-Freedman bound when n = 4, but for
all n > 4 it is greater than the value of ¢ at which the
perturbation potential diverges to —oo.

For n > 4, we therefore have a complicated picture.
For all the solutions we have studied, we find that they
are stable when 0 < & < &, in accordance with the results
n [28] for n = 4. All the solutions we have studied are
unstable for £ > [1+ 2n(n — 3)] /[4n(n — 1)]. However,
while the Breitenlohner-Freedman bound would lead us
to expect that all the solutions with £ > (n — 1)/(4n)
would be unstable, in practice we are unable to reach
any general conclusions about the stability of solutions
when (n —1)/(4n) < & < [1+2n(n —3)]/[4n(n — 1)],
with some solutions being stable and some unstable.

V. CONCLUSIONS

In this paper we have studied the existence of soli-
ton and black hole solutions of the Einstein equations
in the presence of a cosmological constant and a non-
minimally coupled scalar field with zero self-interaction
potential. We have considered all space-time dimensions
greater than or equal to four, and topological black holes
as well as the usual spherically symmetric solitons and
black holes, covering all the possibilities not previously
considered in the literature [24, 12]].

Since we have a zero self-interaction potential, we
are able to use elementary arguments to show the non-
existence of soliton or black hole solutions, except when
the cosmological constant is negative and the coupling
constant £ (which governs the coupling between the
scalar field and the Ricci scalar curvature) is positive,
when we find non-trivial soliton and hairy black hole so-
lutions. The field equations are highly complex and so
we have only considered numerical solutions in this pa-
per. It is likely that solution generating techniques [33]
could be used to give analytic solutions, but only with
non-zero self-interaction potentials.

The behaviour of the solutions as £ varies is rather
more complex in more than four dimensions than it was
in four space-time dimensions [28]. If £ > 0 but less than
the value for conformal coupling, for all the numerical
solutions we studied, the scalar field was monotonically
decreasing to zero from its value at the origin or the black
hole event horizon, as applicable, and, furthermore, all
such solutions that we studied were stable. We should
emphasize that we have only considered spherically sym-
metric perturbations in this paper, and that while these
solutions are stable under such perturbations, it is pos-
sible that there exist non-spherically symmetric unstable



modes.

For values of ¢ greater than that for conformal cou-
pling, the picture is less straightforward. The scalar
field is oscillating for & > (n — 1)/(4n), in accordance
with the Breitenlohner-Freedman [30] bound for scalar
fields in pure anti-de Sitter space. This would lead
us to expect that all solutions for & > (n — 1)/(4n)
would be unstable. However, while all the solutions
we have studied with & > [1+ 2n(n — 3)] /[4n(n — 1)]
have been unstable, we have found conflicting results for
(n—1)/(4n) < & < [1+2n(n—3)]/[4n(n — 1)], with
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some solutions being stable and some unstable.

The oscillatory nature of the scalar field for & >
(n—1)/(4n) also leads to oscillations in the metric func-
tion m(r), whose limit as r — oo one would normally
take as a measure of the mass of the solution. We leave
the question of how to define the mass when m(r) is os-
cillating for future work. In the absence of an appropri-
ate definition of mass, we have been unable to perform a
complete thermodynamic analysis of our solutions, which
would perhaps help to resolve the stability issue outlined
above. We hope to return to these questions.

Our results are summarized in the updated Tab. [[V], where the new results in this paper are highlighted in bold.

ln>4] e<o | e=0 | o<e<e

| £ =& | &> &

A > 0||no solutions|no solutions| no solutions

no solutions

no solutions

A = 0||no solutions|no solutions| no solutions [27]

no solutions

no solutions

A < 0||no solutions|no solutions|stable solutions

stable solutions [24]

mostly unstable solutions

TABLE IV: Summary of existence and non-existence of soliton and black hole solutions in more than four space-time dimensions.
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