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Abstract: We address the issue of modelling quantum gravity effects in the evaporation
of higher dimensional black holes in order to go beyond the usual semi-classical approximation. After reviewing the existing six families of quantum gravity corrected black hole
geometries, we focus our work on non-commutative geometry inspired black holes, which
encode model independent characteristics, are unaffected by the quantum back reaction
and have an analytical form compact enough for numerical simulations. We consider the
higher dimensional, spherically symmetric case and we proceed with a complete analysis
of the brane/bulk emission for scalar fields. The key feature which makes the evaporation of non-commutative black holes so peculiar is the possibility of having a maximum
temperature. Contrary to what happens with classical Schwarzschild black holes, the
emission is dominated by low frequency field modes on the brane. This is a distinctive
and potentially testable signature which might disclose further features about the nature
of quantum gravity.
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Introduction

The possibility for a black hole to emit thermal radiation like a black body, often called
black hole evaporation, is the first and maybe one of the best-known results of the combination of quantum field theory with general relativity. Black hole evaporation is a topic
of primary importance in fundamental physics, since it affects many research areas, spanning thermodynamics, relativity and particle physics. In addition, black hole evaporation
represents the first convincing insight into a possible theory of quantum gravity. However,
despite the fact that the original derivation due to Hawking is dated back to 1975 [1] we
do not yet have direct evidence about the actual observation of this phenomenon. Astrophysical black holes behave like classical objects due to their large mass. On the other
hand, for microscopic black holes the evaporation is expected to be relevant. For black
hole masses around M ∼ 10−11 kg, we have temperatures about T ∼ 1012 K and horizon
radii about rh ∼ 10−16 m. These are typical parameters of primordial black holes, black
holes that might have formed due to the high density fluctuations of the early universe.
Being extremely bright, their detection is expected at the Fermi Gamma-ray Space Telescope [2]. For even smaller sized black holes, we fully enter the regime of particle physics
and we need an increased degree of compression of matter to create a mini black hole.
According to the hoop conjecture, a “particle black hole” would form if its Compton wavelength equals the corresponding horizon radius [3, 4] (see figure 1). This implies that mini
black holes must have masses of the order of the Planck mass, M ∼ MP , and radii of the
order of the Planck length, rh ∼ LP , a fact that creates formidable problems [5, 6]: on
the experimental side the Planck scale is about 15 orders of magnitude higher than the
scale of current high energy physics experiments, while on the theoretical side we do not
have yet a full formulation of quantum gravity which is suitable for efficiently describing
evaporating black holes. This puzzling situation has no concrete ways out unless we make
further hypotheses. If the space-time is endowed with additional spatial dimensions, it is
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3 Hawking emission
3.1 Emission on the brane
3.2 Emission in the bulk
3.3 Comparison of bulk/brane emission

possible to lower the fundamental scale of quantum gravity to an energy scale accessible
to current particle physics experiments, namely M⋆ ∼ 1 TeV [7–9]. A lower fundamental
scale of quantum gravity implies a stronger gravitational interaction which allows the gravitational collapse of matter compressed at distances of the order of 10−4 fermi [10], i.e. the
typical length scales under scrutiny at the LHC [11]. This fascinating opportunity has led
to intensive research activity whose main results can be found in various reviews, see, for
example, [12–20].
Despite these efforts and the large number of papers published in the field, the theoretical scenario is still uncertain. For instance, the lower quantum-gravitational energy
scale requires higher dimensional metrics that in the case of charged rotating black holes
are not known analytically [21]. Even when we have analytic space-time geometries for
describing some phases of the life of a microscopic black hole, the master equations for the
propagation of matter fields can be integrated only via accurate numerical methods (see,
for example, [22–26]). Finally, we ignore the Planck phase, namely the fate of the black
hole in the terminal phase of the evaporation, when its temperature equals the fundamental
scale T ∼ M ∼ M⋆ . We recall that evaporating black holes are conventionally described in
terms of semi-classical gravity, which is valid only if the black hole metric is not modified
by the emitted particles, i.e. if T ≪ M .

In the absence of a viable description of the Planck phase by some quantum theory of
gravity, there have been several attempts to incorporate one or more features we expect
from quantum gravity in the formalism of the evaporation by means of effective theories.
According to the formalism adopted, one has to deal with features like asymptotic freedom,
non-commutative character, minimal area, minimal length, or non-locality, but in the end
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Figure 1. Particle Compton wavelengths (dotted curve) and horizon radii (solid line) as a function
of the mass in Planck units. The intersection of the two curves corresponds to the formation of a
mini black hole.

2

Quantum gravity black holes

For sake of clarity, we shall classify the quantum gravity corrected metrics currently available in the literature into six families, according to the mechanisms used to obtain the
modifications with respect to classical space-times. They include non-local gravity black
holes [41, 42], non-commutative geometry inspired black holes (NCBHs) [43–56], generalized uncertainty principle black holes [57–60], loop quantum black holes (LQBHs) [61–66],
asymptotically safe gravity black holes (ASGBHs) [67–71] and a generic category of short
scale modified metrics [72–78] (for a review of earlier contributions see [79]).
As a first paper in the area, we start our analysis from the most simple case, namely
the neutral, spherically symmetric static black hole, postponing the study of axisymmetric
geometries to the future. As a second point, we will not study all the existing geometries
mentioned above, but just the case of NCBHs. This choice is motivated by the following
reasons. NCBHs are the richest family of quantum gravity improved black hole space-
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the crucial aspect in all cases is the possibility for the space-time to undergo a transition
from a smooth differentiable manifold to a fractal surface, plagued by quantum uncertainty
and the loss of resolution [27–36]. As a result, the corresponding quantum gravity modified
black hole metrics have, in most cases, an equivalent qualitative behavior: the prevalent
scenario is that of short-scale regularized metrics and the possibility of horizon extremization even for the neutral, static case, with a consequent cooling phase towards a zero
temperature remnant as the mass approaches M ∼ M⋆ [37–41]. There is an additional
advantage: since these quantum gravity black holes are significantly colder than the corresponding classical black holes, throughout the evaporation their metrics are not affected
by a significant back-reaction. The metric modifications are already taken into account by
the quantum-gravity corrections to the usual background geometries. As a consequence,
one can safely use quantum field theory in curved space to study the evaporation of these
black holes, without a breakdown of the formalism.
Given this background, it is imperative to study the evaporation of quantum gravity
black holes by performing a detailed analysis of the brane/bulk emission, including the
grey-body factors. This would be the first step in the quest for consistent signatures of
evaporating black holes which are a requirement for starting any study of quantum gravity
phenomenology.
The outline of this paper is as follows. In section 2 we briefly review the existing six
families of quantum gravity corrected black hole geometries, before focussing our attention
on neutral static, spherically symmetric non-commutative black holes. We outline the key
features of the metric and temperature of these black holes, in particular showing that
the back-reaction of quantum fields on these geometries is negligibly small, both for black
holes potentially created at the LHC and in cosmic rays. Hawking radiation of scalar
particles, both on the brane and in the bulk, is studied in detail in section 3. As well as the
conventional fluxes of particles and energy, we also introduce an emission spectrum modified
by non-commutative effects, although the latter does not give significantly different results.
We present our conclusions in section 4.

T0 0 (~x) = −M δ(~x) →

M
(4πθ)

n+3
2

e−~x

2 /4θ

,

(2.1)

where n is the number of extra dimensions and θ the non-commutative parameter with
dimensions of a length squared, that encodes a minimal length in the manifold. This is a
key result which has been derived both within non-commutative geometry [54, 90, 91] and
non-local gravity [41]. Covariant conservation and the additional condition g00 = −1/g11
completely specify the energy momentum tensor, which then generates the solution
ds2 = −h(r) dt2 + h(r)−1 dr 2 + r 2 dΩ2n+2
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where dΩ2n+2 is the metric of the (n + 2) dimensional unit sphere
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times. There exist higher-dimensional static [80], charged [81], rotating [52] and charged
rotating [82] NCBHs, the latter only for low angular momenta as is the case for classical
black holes. Therefore NCBHs are the only ones that can currently provide a complete
scenario and it is worth starting from them in view of future investigations. In addition,
NCBHs have been found to be a sub-class of non-local gravity modified space-times [41, 42].
As a consequence, NCBHs encode features that are common to more than one formulation
and might lead to model-independent results. As a side motivation, the analytic form of
NCBHs is compact enough to implement into numerical simulations, as has already been
done in previous contributions [83] (without studying the details of the Hawking emission),
including in the development of a Monte Carlo event generator [84].
We now proceed by recalling some basic facts about NCBHs. Non-commutative geometry is an old idea, concerning the possibility that co-ordinate operators might fail to
commute in some extreme energy limit [85]. This opened up a vast research area, with a
high degree of mathematical sophistication (for an incomplete list of reviews on the topic
see [86–89]). Despite the huge literature in the field, a formulation of the non-commutative
equivalent of general relativity is still missing. The best one can do is to consider the
average effect of non-commutative fluctuations and study the consequences for the gravity
field equations. As a result, one can incorporate the presence of non-commutative effects
by a non-standard energy-momentum tensor, while keeping the Einstein tensor formally
unchanged. It turns out that for the specific case of a static spherically symmetric source,
the usual point-like profile is no longer physically meaningful and must be replaced by a
Gaussian distribution

is the incomplete Euler gamma function. In the above, the angles are defined as 0 < ϕ < 2π
√
and 0 < ϑi < π, for i = 1, . . . , n + 1, while the minimal length θ is not set a priori.
√
However it is reasonable to have θ ∼ M⋆−1 ∼ 10−4 fermi, where the fundamental scale of
quantum gravity is

 n
LP n+2
MP ∼ 1 TeV,
(2.6)
M⋆ ∼
R
with R the size of the extra dimensions.
The above line element (2.2) approaches the usual higher dimensional Schwarzschild
√
solution for large radii, namely r ≫ θ, where we expect quantum gravity corrections to
√
be negligible. Conversely, for small radii r . θ, the line element (2.2) approaches a local
de Sitter core



n+1 
21−n
1 n+3 2
1
M
√
√
h(r) ≈ 1 −
r .
(2.7)
(n + 2)(n + 3) M⋆ π
M⋆
θ
This is the signature of the regularity of the manifold at short scales. The de Sitter core is
nothing but an effective geometry which accounts for the mean value of quantum gravity
fluctuations and prevents the energy profile from collapsing into a Dirac delta, by means
of a locally repulsive gravitational effect. The gamma function (2.5) provides the smooth
transition between the classical geometry at large radii and the effective quantum geometry
at small radii.
Further features of the line element (2.2) emerge by studying the horizon equation
h(rh ) = 0, a parametric equation depending on the mass parameter M which is the integral
of the energy density:
n+3 Z
∞
2π 2

dr r n+2 T0 0 (r).
(2.8)
M=
Γ n+3
0
2
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Figure 2. Metric function h(r) (2.3) for various eleven-dimensional NCBH solutions (solid curves),
illustrating the possible horizon structures. The dashed curve shows the same function for a higherdimensional Schwarzschild black hole for comparison.

There exists a threshold value M0 for M which lets us distinguish three cases:
1. for M > M0 there exist two horizons, an inner Cauchy horizon r− and an outer event
horizon rh ;
2. for M < M0 there is no solution for h(rh ) = 0 and no horizon occurs;
3. for M = M0 the two horizons coalesce into a single degenerate event horizon r0 .

2

4θ

We see that at large radii we recover the usual result T ∼ (n + 1)/4πrh . However, at
√
r ∼ θ, quantum gravity corrections start to be dominant. As a consequence, in place of
the usual divergent behavior for the temperature at small radii, there is a value at which
the temperature vanishes. If we consider the internal energy of the system, by defining
M ≡ U (rh ) as an implicit function of rh through the horizon equation h(rh ) = 0, we can
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These three possibilities are illustrated for eleven-dimensional black holes in figure 2. The
value of M0 depends on n and can be determined by numerical estimates [40, 80]. The existence of an inner Cauchy horizon for M > M0 opens the potential problem of the classical
instability of the solution. This is a feature that appears also in the case of LQBHs [92, 93]
and has been investigated for NCBHs with controversial results [94, 95]. Even if a Cauchy
horizon is certainly a surface of infinite blue shift where classically unbounded curvatures
might develop, at a quantum level one may think that the same mechanism used to cure the
curvature singularity might be invoked to tame divergent frequency modes in the vicinity
of r− . In any case, we can for now circumvent this problem, as in the case of classical
Reissner-Nordström or Kerr geometries, by saying that the potential instability would not
become manifest within typical evaporation time scales, which have been proven to be
extremely short [83].
The no-horizon case corresponds to a manifold which is regular everywhere, an additional gravitational object, within a plethora of non-perturbative gravitational objects, that
might be produced in super-Planckian collisions [12]. In this class of no-horizon objects
we have to consider also the case of spherically symmetric solutions that can be obtained
by flipping the sign of the radial coordinate r → −r. Since the space-time is locally flat
at the origin, the solution obtained by the r → −r map turns out to be geodesically complete. Therefore negative r solutions are not merely analytic continuations of positive r
space-times, but genuinely new geometries [96]. The parity of the gamma function in (2.3)
implies that only for even n we find distinct geometries by this procedure, which can be
considered as geometries with positive r and negative mass parameter M (for more details
about these geometries see [97]). Finally, the last case, M = M0 , can be fully understood
by studying the thermodynamic properties of the solutions since it is intimately related to
the final configuration of the black hole at the end of the evaporation.
The black hole temperature is given by
"
#


2
2
rh n+3 e−rh /4θ
n+1
√
1−
.
(2.9)
T =
r2 
4πrh
n+1 2 θ
γ n+3 , h

show that it admits a minimum M0 = U (r0 )
n+1
1
dU (rh )
= (n + 1)(n + 2)π 2
drh
8
γ

rhn M⋆n+2


2
n+3 rh
,
2
4θ



1 −

2
n+1



rh
√
2 θ

n+3

2
e−rh /4θ

γ



2
n+3 rh
2 , 4θ



  (2.10)

for the same value of r0 at which the temperature vanishes (for more details see [77]).
This implies that the extremal black hole case M = M0 is actually a zero temperature
configuration. As the temperature is asymptotically vanishing, there should be a maximum
temperature for some rh > r0 , a fact that will have implications for the computation of the
Hawking emission. In conclusion, the temperature follows the usual curve at large radii,
√
but as the black hole shrinks towards distances comparable with θ, it reaches a maximum
temperature before cooling down towards a zero temperature extremal black hole remnant
configuration (see figure 3).
At the maximum temperature, the system undergoes a phase transition from a locally
unstable configuration with negative heat capacity, C < 0 at large radii to a locally stable
configuration at small radii with C > 0. The thermodynamic stability in the final phase
of the evaporation is a feature that appears also in LQBHs and in ASGBHs. It has been
argued that this is a general property of quantum gravity [98]. As a result, our analysis
of Hawking emission could capture general features of the evaporation beyond the present
case of NCBHs. From figure 4 we see that quantum gravity effects become important in
√
a region within ∼ 6 θ from the origin, but are negligible for larger black holes. It is
also clear from figure 4 that the temperature of an NCBH is considerably lower than that

–7–

JHEP11(2011)075

Figure 3. The temperature T (2.9) of NCBHs as a function of event horizon
radius rh , for
√
various values of n, the number of extra dimensions, in units in which M⋆ = θ = 1. For n > 0
this corresponds to energies in the TeV scale, while for n = 0 energies are measured in units of
1016 TeV. The different units are used for the n = 0 case to facilitate comparison with the n > 0
cases. The temperatures increase with increasing n for n > 0, while the cooling phase leads to a
smaller remnant for higher n.

n=0
n=1 n=2 n=3 n=4
n=5
n=6
n=7
16
3
4
4
M0 (TeV) 1.90×10
15.8 102 581 3.02×10 1.48×10 6.91×10 3.13×105
r0 (10−4 fm) 3.02 × 10−16 2.68 2.51 2.41
2.34
2.29
2.26
2.23
Table√1. Minimum masses and minimum radii of NCBHs
for different n. For n = 0 the units are
√ −1
−1
16
M⋆ ∼ θ ∼ 10 TeV. For n 6= 0 the units are M⋆ ∼ θ ∼ 1 TeV.

of a Schwarzschild black hole having the same mass. This will turn out to be the most
important feature of the Hawking emission of NCBHs compared with higher-dimensional
Schwarzschild black holes.
In view of particle physics experiments, we can now display potential values of the
remnant size r0 and mass M0 . In table 1 we see that the minimum mass to have black holes
increases with n, while the corresponding radius slightly decreases. According to the latest
experimental constraints, the tightest and most pessimistic estimate for the size of extra
dimensions comes from the on-shell production of gravitons and sets R . 10−12 m [99, 100].
This limit requires n ≥ 3 to have M⋆ at the terascale. This would imply that the NCBHs are
√
too heavy to be produced at the LHC, at least as long as one assumes θ ∼ 10−4 fermi.1
1

In the present paper we have used the notation of Myers and Perry for the fundamental mass M⋆ [101],
which has also been adopted in [12, 13]. However, alternative definitions of the fundamental mass M⋆ have
appeared in the literature. These lead to different values for the NCBH minimum masses. Our results are
consistent with all previous findings. For instance, Rizzo obtained minimum masses that correspond to
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√
Figure 4. The ratio T /TS as a function of rh , in units in which M⋆ = θ = 1, for various values of
n. Here T is the temperature of an NCBH given by (2.9), and TS is the temperature of a classical
Schwarzschild black hole having the same mass. As n increases, the value of rh for which the
temperature is zero decreases, and the ratio T /TS for large rh also decreases.

Tmax (GeV)
Tmax (1015 K)

n=0
15 × 1016
0.18 × 1016

n=1
30
0.35

n=2
43
0.50

n=3
56
0.65

n=4
67
0.78

n=5
78
0.91

n=6
89
1.0

n=7
98
1.1

√
Table 2. NCBHs maximum temperatures for different values of n with units in which M⋆ θ = 1.
n=0
n=1
n=2
n=3
n=4
n=5
n=6
n=7
T /M < 1×10−2 < 2×10−3 < 4×10−4 < 1×10−4 < 2×10−5 < 5×10−6 < 1×10−6 < 3×10−7
√
Table 3. Quantum back reaction estimates for different n with units in which M⋆ θ = 1.

8πM0 , where M0 is given in table 1 [80]. Gingrich’s minimum masses correspond to 4(2π)1−n M0 [84], while
4Γ( n+3 )

n+1

2
the notation of Spallucci and coworkers leads to masses (n+2)
π − 2 M0 [40, 81]. Despite these different
√
definitions, the conclusion is unique in all cases: if M⋆ θ = 1 minimum masses are not in the energy range
accessible at the LHC for n ≥ 2.
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Alternatively, the possibility of a smaller minimal length has been considered, that is,
√
M⋆ θ < 1, in order to get into the LHC-accessible black hole mass region [80]. This
possibility is based on the fact that in general we ignore the exact nature of the relation
√
between θ and the mass scale ΛNC associated with the appearance of non-commutative
√
effects. In other words, we cannot say anything more than θ ∝ 1/ΛNC and ΛNC ∼ M⋆ . As
√
a consequence, we can proceed by setting the value of M⋆ θ in order to have the minimum
mass in the range 1 TeV . M0 . 10 TeV. From M = U (rh ), we see that M ∼ rhn+1 M⋆n+2 .
√
√
Once the radius rh is expressed in θ units we find that M ∝ (M⋆ θ)n+1 M⋆ . Thus we
√
conclude that for M⋆ θ ≈ 0.27, the NCBH masses would be accessible to current particle
physics experiments for all n > 0. In addition, these threshold masses are compatible with
recent limits established by experimental observations at the CMS detector [11].
√
However, having M⋆ θ < 1 has further repercussions on other parameters characterizing the physics of NCBHs. A smaller length scale not only gives smaller black hole
masses but also smaller horizon radii and therefore higher temperatures. As a result, the
quantum back-reaction which we claimed to be negligible could turn out to be relevant
√
for such a choice of θ. In table 2 we have an estimate of the maximum temperatures
√
in the case M⋆ θ = 1. We see that the temperature can be at most ∼ 100 GeV for
n > 0. Consequently, the back reaction is negligible, since the ratio T /M is always
√
quite small (see table 3). For M⋆ θ ≈ 0.27 maximum temperatures are in the range
210 GeV . Tmax . 360 GeV for n ≥ 3. However the ratio T /M will never exceed
√
Tmax /M0 for all n. Since the latter ratio goes like Tmax /M0 ∝ (M⋆ θ)−(n+2) , we find that
T /M < Tmax /M0 ≤ 0.07 for n ≥ 3. Thus we conclude that the back reaction can be still
considered to be negligible in this regime of parameters.
√
Another potentially serious repercussion of having M⋆ θ < 1 is a decreased minimum
NCBH production cross-section σNCBH ∼ πr02 . A smaller length scale gives smaller remnant
√
radii r0 ∼ (M⋆ θ) 10−4 fermi and therefore a quadratically smaller cross-section. However,
√
even for M⋆ θ = 0.27 we still find a promising value for the cross-section, namely, σ ∼
10−38 m2 ∼ 100 pb. Given the latest peak LHC luminosity L ∼ 3.2 × 1037 m−2 s−1 [102],

3

Hawking emission

Hawking radiation from higher-dimensional black holes has been widely researched, see for
example [12–20] for some reviews. As well as being of intrinsic interest, a detailed quantitative understanding of the Hawking emission is essential for accurate simulations of mini
black hole events at the LHC [103, 104]. For spherically symmetric, higher-dimensional
Schwarzschild black holes the Hawking radiation both on the brane and in the bulk has
been extensively studied (some references are [26, 105–111]), including the graviton emission. More recently, the emission from rotating higher-dimensional black holes has received
attention (an incomplete list of references is [23–25, 112–123]). The emission of massless
particles of spin-zero, spin-one-half and spin-one on the brane, and spin-zero in the bulk,
has been computed in detail and implemented in simulations of black hole events at the
LHC [103, 104]. However, only partial results are available for graviton emission [124, 125].
The most recent work on Hawking radiation from higher-dimensional black holes has focussed on the emission of particles of mass [126–129] or charge [128, 129], or studying more
complicated black hole geometries. Of the latter, we mention only Gauss-Bonnet black
holes [130, 131] which have a lower temperature compared with the usual Schwarzschild
black holes, leading to a longer black hole lifetime [131].
In this paper, we study the Hawking radiation of scalar fields from the black holes (2.2),
both on the brane and in the bulk. We focus on a scalar field because this is the simplest case
and we anticipate that it will display many of the physical features of the emission common
to all particle species. Of course, the emission of particles of higher spin is important for
phenomenology and we plan to return to this in a future publication.
For the moment therefore, we restrict our attention to a massless, minimally coupled
scalar field satisfying the Klein-Gordon equation
∇µ ∇µ Φ = 0,

(3.1)

for comparison with previous results on the emission from Schwarzschild black holes [26].
Since the black hole is non-rotating, and the scalar field uncharged, we are interested
in the fluxes of particles and energy. These fluxes are computed as expectation values of
particle number operator and the component Trt of the stress-energy tensor respectively, the
expectation values being found in the Unruh vacuum [132] which models an evaporating
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roughly a black hole every three seconds would be produced at the CERN laboratories,
an astonishing number which does not differ significantly from that expected for conventional black hole metrics. Such a plentiful production of black holes might seem like a
speculative prediction to a skeptical reader. However, for our primary goal in this paper
(which is to study the differences in Hawking emission from NCBHs compared to classical
√
Schwarzschild black holes), the condition M⋆ θ < 1 is irrelevant. For the rest of this paper
√
we will work with the usual condition M⋆ θ = 1. This implies that our phenomenological
predictions will have particular consequences for the physics of cosmic ray showers. Here
the energy available can reach ∼ 108 TeV, definitely much higher than that needed to
produce NCBHs [12].

black hole. Fortunately we can compute these expectation values without recourse to
curved-space renormalization (see for example [25]).
We recall here that the expectation value of the stess-energy tensor for a quantized
scalar field in a general space-time of arbitrary dimension is given as the limit [133]
hψ |Tµν (x)| ψi = lim′ Dµν (x, x′ ) [−iGF (x, x′ )]
x→x

(3.2)

where GF (x, x′ ) is the Feynman propagator
(3.3)

(here T denotes time ordering), | ψi is a normalized quantum state of Hadamard type and
Dµν (x, x′ ) is a differential operator given, for a massless, minimally coupled scalar field, by
′
′
1
Dµν = gνν ∇µ ∇ν ′ − gµν gρσ ∇ρ ∇σ′
2

(3.4)

where gµν ′ is the bivector of parallel transport from x to x′ . The Feynman propagator is,
by definition, a solution of
∇µ ∇µ GF (x, x′ ) = −[−g(x)−1/2 ] δD (x − x′ )

(3.5)

where D is the number of space-time dimensions. The issue is now to consider short-scale
modifications not only of the gravity sector but of the matter sector too. In other words,
we consider the possibility that the field Φ is affected by the presence of a quantum-gravityinduced minimal length, i.e. a natural ultra-violet cut-off. Since this is the subject of much
research, we consider only the results given in [91] as a preliminary step and we reserve the
analysis of alternative modifications for forthcoming contributions.
The introduction of space-time fluctuations in quantum field theory can be achieved
by considering a modified form of the Green function equation (3.5). By analogy with
what we have seen on the gravity side, we model all the relevant modifications by a nonstandard source term in the Green function equation (3.5). For mathematical convenience,
we temporarily switch to Euclidean signature and we find
1
1
∆GE (x, x′ ) = e 2 θ∆ √ δD (x − x′ ),
g

(3.6)

1

where ∆ = ∇µ ∇µ and the non-local operator e 2 θ∆ smears out any point-like object. We
√
introduce the Euclidean Green function G0 (x, x′ ) corresponding to the usual case θ = 0,
and then one can obtain the following relation between G0 (x, x′ ) and GE (x, x′ ), namely:
1

GE (x, x′ ) = e 2 θ∆ G0 (x, x′ ).

(3.7)

As a consequence, if we want to compute the stress-energy tensor corresponding to
GE (x, x′ ), we need to consider terms emerging from the following non-trivial commutation relation
h 1
i
e 2 θ∆ , Dµν 6= 0.
(3.8)
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GF (x, x′ ) = i ψ T Φ(x)Φ(x′ ) ψ

The above expression will depend on curvature terms. However, given the regularity of our
background metric we make the (brutal) approximation of neglecting these contributions
just to have a flavour of the possible repercussions for the Hawking emission of the presence
of the non-local operator. As a result, we model the effects of an effective ultra-violet cutoff in the frequency ω of the emitted quanta, which modifies the expectation values of the
stress-energy tensor in the following simplified way [83]:
1

hTrt i ∝

modes

2

e− 2 θω ω
(2ℓ + 1) |Aωℓ |2 ,
[exp (ω/T ) − 1]

(3.9)

where ℓ is a quantum number labelling a scalar field mode, T is the Hawking temperature
and Aωℓ is a transmission coefficient which will be defined in the following subsections.
This expression is phenomenologically motivated by the fact that all frequencies higher
√
than 1/ θ become largely suppressed. Setting θ = 0 in (3.9), we recover the standard
Hawking flux. We comment that the above approximation is reasonable: we have neglected
curvature corrections that in the worst case are of order R ∼ 1/θ, corresponding to sub√
√
leading disturbances of frequencies ω ∼ R ∼ 1/ θ.
The particle flux is not computed directly from the Feynman Green’s function, but we
model the effects on the particle flux of the non-local operator described above in the same
way as for expectation values of the stress-energy tensor, namely by inserting a damping
1
2
factor e− 2 θω in the flux to give
1
2
X
dN
e− 2 θω
∝
(2ℓ + 1) |Aωℓ |2 ,
dt
[exp (ω/T ) − 1]

(3.10)

modes

which reduces to the usual Hawking flux when θ = 0. In the following sections, we shall
compare the usual Hawking emission quantities with those originating from the above
stress-energy tensor (3.9) and particle flux. From now on, throughout this section we use
√
units in which the length scale θ and M⋆ are set equal to unity, so that energies are
in units of TeV for n > 0 and 1016 TeV for n = 0. We shall consider scalar field modes
√
of frequency up to ω = 1 in these units (corresponding to frequencies up to 1/ θ), since
frequencies above this value are suppressed in our model.
3.1

Emission on the brane

To compute the emission of brane-localized modes, we consider a four-dimensional “slice”
of the higher-dimensional black hole (2.2) obtained from fixing the co-ordinates ϑi , i > 1
to give the resulting metric

ds2 = −h(r) dt2 + h(r)−1 dr 2 + r 2 dϑ2 + sin2 ϑ dϕ2 ,

(3.11)

−iωt imϕ brane
Φbrane
e
Rωℓ (r)Yℓm (ϑ),
ωℓm (t, r, ϑ, ϕ) = e

(3.12)

where we have set ϑ1 ≡ ϑ. We perform the usual frequency decomposition of the scalar
field Φ and consider field modes of the form
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X

where ω is the frequency of the mode, m the azimuthal quantum number, and Yℓm (ϑ) is a
brane (r) satisfies the equation
scalar spherical harmonic. The radial function Rωℓm


 2 2
brane 
dRωℓ
d
ω r
brane
2
0=
− ℓ (ℓ + 1) Rωℓ
.
(3.13)
r h(r)
+
dr
dr
h(r)

brane,out
Rωℓ

=

(

brane,out iωr∗
brane,in −iωr∗
+ Bωℓ
e
Bωℓ
e

r → rh

r −1 eiωr∗

r→∞

(3.15)

where we have defined the “tortoise” co-ordinate r∗ by
dr∗
1
=
.
dr
h(r)

(3.16)

The conventional particle flux spectrum, the number of particles emitted per unit time
and unit frequency, is
∞

X
2
1
1
d2 N brane
,
=
(2ℓ + 1) Abrane
ωℓ
dt dω
2π exp (ω/T ) − 1

(3.17)

ℓ=0

and the standard power spectrum, the energy emitted per unit time and unit frequency, is
∞

X
2
ω
1
d2 E brane
=
,
(2ℓ + 1) Abrane
ωℓ
dt dω
2π exp (ω/T ) − 1

(3.18)

ℓ=0

2

is the
where T is the black hole temperature (2.9). In (3.17)–(3.18), the quantity Abrane
ωℓ
transmission coefficient for the scalar field mode. If we consider a scalar wave which, near
the event horizon, is out-going, the transmission coefficient is given by the proportion of
the wave which tunnels through the gravitational potential surrounding the black hole and
escapes to infinity. We compute the transmission coefficients numerically from the “in”
modes (3.14) as follows:
Abrane
ωℓ

2

=1−

Abrane,out
ωℓ
Abrane,in
ωℓ

2
2

.

(3.19)

As well as the usual particle and energy fluxes (3.17)–(3.18), we also study the fluxes
discussed at the start of this section, where there is an additional damping term due to the
non-commutativity (3.9)–(3.10) [83]:
1

2

∞

X
2
d2 N brane,NC
e− 2 ω
1
=
,
(2ℓ + 1) Abrane
ωℓ
dt dω
2π [exp (ω/T ) − 1]

(3.20)

.
(2ℓ + 1) Abrane
ωℓ

(3.21)

ℓ=0

d2 E brane,NC
dt dω

=

− 12 ω 2

ωe
1
2π [exp (ω/T ) − 1]
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A suitable basis of linearly independent solutions of the radial equation (3.13) is given by
the “in” and “out” modes:

 e−iωr∗
r → rh
brane,in
i
h
Rωℓ
=
(3.14)
 r −1 Abrane,in e−iωr∗ + Abrane,out eiωr∗
r
→
∞
ωℓ
ωℓ

We also consider the absorption cross-section σ brane (ω), which has the form
σ

brane

∞
2
π X
(ω) = 2
.
(2ℓ + 1) Abrane
ωℓ
ω

(3.22)

ℓ=0

We begin the presentation of our numerical results by considering the transmission
coefficient (3.19) (see figure 5 for the transmission coefficients for the first few modes for an
eleven-dimensional black hole), and comparing them with those for a Schwarzschild black
hole having the same mass. For low frequencies, the transmission coefficient for the NCBH
is smaller than that for the Schwarzschild black hole, but it converges more rapidly to unity
as the frequency increases than in the Schwarzschild case. These differences become more
marked as the quantum number ℓ increases.
This behaviour of the transmission coefficients is reflected in the absorption crosssection (3.22) as a function of frequency ω, see figures 6 and 7. The behaviour of the
absorption cross-section on the brane for NCBHs is qualitatively similar to that observed for
Schwarzschild black holes [26]. As the frequency ω → 0, the absorption cross-section tends
to the area of the event horizon 4πrh2 , as observed for brane emission from Schwarzschild
black holes [26]. For five-dimensional black holes (figure 6), the area of the event horizon
increases as the mass of the black hole increases, leading to the observed increase in the
low-energy absorption cross-section. The difference in low-energy absorption cross-section
between the NCBH with the maximum temperature and the Schwarzschild black hole
with the same mass is due to the latter having a considerably larger event horizon area.
For NCBHs with maximal temperature (figure 7), the event horizon area decreases as
the number of space-time dimensions increases, which gives the observed decrease in the
low-energy absorption cross-section.
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Figure 5. Transmission coefficients (3.19) for a scalar field on the brane as a function of frequency
ω for the first few modes. We consider an eleven-dimensional NCBH. Solid lines are the transmission
coefficients for the NCBH, while dotted lines denote the transmission coefficients for a Schwarzschild
black hole with the same mass. The quantum number ℓ increases from ℓ = 0 to ℓ = 3 going from
left to right. We use units in which M⋆ and θ are set equal to unity, so that energies are in TeV.

As ω increases, the absorption cross-section oscillates about its asymptotic high-energy
value (although the magnitude of the oscillations decreases significantly as the number of
space-time dimensions increases [111]). The high-frequency limiting value (also known as
the geometric optics limit) of the total absorption cross-section corresponds to an effective
absorbing area of radius rc , where rc2 = σ brane (ω → ∞)/π. From figure 6, it can be seen
that rc increases as the mass of the five-dimensional black holes increases, and, furthermore,
that rc is always greater than the event horizon radius rh for these black holes. The
high-frequency absorption cross-sections for the NCBH with maximum temperature and
the Schwarzschild black hole with the same mass are identical, indicating that the highfrequency absorption cross-section depends only on the mass of the black hole and not the
detailed structure of the metric near the event horizon. Looking at figure 7, we observe
that for four- and five-dimensional black holes, the effective high-frequency absorption
area is larger than the black hole event horizon, whilst for black holes in six and more
dimensions, the effective high-frequency absorption area is smaller than the black hole
event horizon area.
For the brane emission of scalar particles from an (n + 4)-dimensional black hole, it
has been found that, for Schwarzschild black holes, rc is related to the event horizon
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Figure 6. Absorption cross-section (3.22) for a scalar field on the brane as a function of frequency.
Five-dimensional NCBHs with varying masses are considered, together with a Schwarzschild black
hole having the same mass as the NCBH with maximum temperature. The dark grey dotted curve
(having the largest low-frequency absorption cross-section) is for the Schwarzschild black hole, the
other curves are for NCBHs, with the mass of the NCBH increasing as the value of the low-frequency
absorption cross-section increases. The blue curve (third from the top in the low-frequency limit)
is the curve for the NCBH having maximum temperature. We use units in which M⋆ and θ are set
equal to unity, corresponding to energies measured in TeV.

radius [134]:
rc =



n+3
2



1
(n+1)

r

n+3
rh .
n+1

(3.23)

For the black holes in figures 6 and 7, we find that σ(ω → ∞) = πrc2 is a good approximation
to the absorption cross-section when ω = 1 if rc is given by (3.23) with rh being the radius
of a Schwarzschild black hole having the same mass as the NCBH. In other words, as far as
high-frequency modes are concerned, the NCBH is mimicking a Schwarzschild black hole
with the same mass.
Next we consider the scalar particle flux (3.17), (3.20), see figures 8 and 9, and scalar
energy flux (3.18), (3.21), see figures 10 and 11. The results for particle and energy emission
are very similar. Looking first at the emission from five-dimensional NCBHs with varying
masses (figures 8 and 10), the flux is much smaller for NCBHs than from the Schwarzschild
black hole having the same mass as the NCBH with maximum temperature. This is due
to the considerably smaller temperature of the the NCBHs. The peak of the emission in
all cases comes from low-frequency modes, which probe more fully the nature of the black
hole geometry near the horizon, for which there are differences in absorption cross-section
(see figure 7) between NCBHs and Schwarzschild black holes. However, the dominant
effect across all frequency ranges is the much lower temperature of NCBHs compared with
Schwarzschild black holes having the same mass. For five-dimensional black holes, the
additional damping due to the non-commutativity makes a negligible difference to the
particle and energy flux at high frequency (recall that ω = 1 in our units corresponds to
the extremely high frequency ω = √1θ , where θ is the minimal length scale).
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Figure 7. Absorption cross-section (3.22) for a scalar field on the brane as a function of frequency.
NCBHs with maximum temperatures are considered for varying numbers of space-time dimensions.
The curves, from top to bottom, are for n = 0 up to n = 7. We use units in which M⋆ and θ are
set equal to unity. For n > 0 this corresponds to energies measured in TeV, but for n = 0 energies
are measured in units of 1016 TeV. The different units are used for the n = 0 case to facilitate
comparison with the n > 0 cases.

Figure 9. Particle fluxes (3.17), (3.20) for scalar field emission on the brane, as a function of
frequency, for NCBHs with maximum temperature and varying numbers of space-time dimensions.
The curves, from bottom to top, are for n = 0 up to n = 7. Solid lines indicate the standard particle
flux (3.17), and dotted lines the particle flux with additional damping due to non-commutative
effects (3.20). We use units in which M⋆ and θ are set equal to unity. For n > 0 this corresponds to
energies measured in TeV, but for n = 0 energies are measured in units of 1016 TeV. The different
units are used for the n = 0 case to facilitate comparison with the n > 0 cases.
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Figure 8. Particle fluxes (3.17), (3.20) for scalar field emission on the brane, as a function of
frequency, for five-dimensional NCBHs with varying masses and a Schwarzschild black hole having
the same mass as the NCBH with maximum temperature. Solid lines indicate the standard particle
flux (3.17), and dotted lines the particle flux with additional damping due to non-commutative
effects (3.20). The top curve (dark grey) is the flux for the Schwarzschild black hole, with the other
curves being for NCBHs with increasing temperature from the bottom black curve to the top purple
curve. We use units in which M⋆ and θ are set equal to unity, corresponding to energies measured
in TeV.

Figure 11. Energy fluxes (3.18), (3.21) for scalar field emission on the brane, as a function of
frequency. The same black holes are considered as in figure 9. The curves, from bottom to top, are
for n = 0 up to n = 7. As in figure 9, solid lines correspond to the standard energy flux (3.18) and
dotted lines the energy flux (3.21) with additional damping due to non-commutative effects. We
use units in which M⋆ and θ are set equal to unity. For n > 0 this corresponds to energies measured
in TeV, but for n = 0 energies are measured in units of 1016 TeV. The different units are used for
the n = 0 case to facilitate comparison with the n > 0 cases.

If we increase the number of space-time dimensions (figures 9 and 11), the maximum
temperature of the NCBHs increases (see figure 3) and we observe a corresponding increase
in the scalar field emission. The peak of the particle and power spectra increase, and the
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Figure 10. Energy fluxes (3.18), (3.21) for scalar field emission on the brane, as a function of
frequency. The same black holes are considered as in figure 8. As in figure 8, solid lines correspond
to the standard energy flux (3.18) and dotted lines the energy flux (3.21) with additional damping
due to non-commutative effects. The top curve (dark grey) is the flux for the Schwarzschild black
hole, with the other curves being for NCBHs with increasing temperature from the bottom black
curve to the top purple curve. We use units in which M⋆ and θ are set equal to unity, corresponding
to energies measured in TeV.

emission remains significant for larger frequencies. However, even for an 11-dimensional
NCBH, the emission is still only of the same order of magnitude as a five-dimensional
Schwarzschild black hole. The increase in brane emission as the number of space-time
dimensions increases is much smaller than for Schwarzschild black holes [26]. The other
feature in figures 9 and 11 is that the additional damping due to non-commutativity (3.21)
becomes more important as the number of space-time dimensions increases and the temperature of the black holes increases.
3.2

Emission in the bulk

−iωt bulk
Φbulk
Rωℓ (r)Yℓj (θi , ϕ),
ωℓj (t, r, θi ) = e

(3.24)

where Yℓj (θi , ϕ) is a scalar hyperspherical harmonic function of θ1 , . . . , θn+1 , ϕ [135]. For
each ℓ (which is the quantum number governing the constant arising in the separation of
the Klein-Gordon equation), there are Nℓ hyperspherical harmonics, which we label by the
index j. The degeneracy factor Nℓ is
Nℓ =

(2ℓ + n + 1) (ℓ + n)!
,
ℓ! (n + 1)!

(3.25)

which reduces to the familiar 2ℓ + 1 when the number of extra dimensions, n, is equal
to zero.
bulk (r) now satisfy the equation
The radial functions Rωℓ


 2 2
bulk 
1 d
ω r
bulk
n+2 dRωℓ
0= n
− ℓ (ℓ + n + 1) Rωℓ
.
h(r)r
+
r dr
dr
h(r)
The “in” and “out” radial functions (3.14)–(3.15) are modified near infinity:

 e−iωr∗
r → rh
bulk,in
i
h
Rωℓ
=
n
 r −1− 2 Abulk,in e−iωr∗ + Abulk,out eiωr∗
r→∞
ωℓ
ωℓ
bulk,out
Rωℓ

=

(

bulk,out iωr∗
bulk,in −iωr∗
+ Bωℓ
e
Bωℓ
e

r

−1− n
2

eiωr∗

r → rh

r→∞

(3.26)

(3.27)

(3.28)

where the “tortoise” co-ordinate r∗ is given in (3.16). The bulk particle and power spectra
are most simply written as
∞

X
2
d2 N bulk
1
1
=
,
Nℓ Abulk
ωℓ
dt dω
2π exp (ω/T ) − 1

(3.29)

,
Nℓ Abulk
ωℓ

(3.30)

ℓ=0

d2 E bulk
dt dω

=

ω
1
2π exp (ω/T ) − 1
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To study the bulk scalar modes, the Klein-Gordon equation (3.1) must be solved on the
full, higher-dimensional space-time (2.2). The scalar field modes now take the form [26]

and we will also consider bulk particle and power spectra with additional damping terms
due to non-commutativity effects:
1

∞

2

X
2
d2 N bulk,NC
e− 2 ω
1
=
Nℓ Abulk
,
ωℓ
dt dω
2π [exp (ω/T ) − 1]

(3.31)

,
Nℓ Abulk
ωℓ

(3.32)

ℓ=0

d2 E bulk,NC
dt dω

=

− 21 ω 2

∞
X

ωe
1
2π [exp (ω/T ) − 1]

ℓ=0

2

Abulk
ωℓ

2

=1−

appears,

2

Abulk,out
ωℓ
Abulk,in
ωℓ

2

2

.

(3.33)

We can also define a bulk absorption cross-section σ bulk (ω) in terms of the transmission
coefficient [26]:
(n+1)

σ bulk (ω) =

2n π 2
ω n+2

(n + 1) Γ



n+1
2

X
∞
ℓ=0

2

.
Nℓ Abulk
ωℓ

(3.34)

We begin our discussion of bulk emission by considering the absorption cross-section
(3.34). The bulk absorption cross-section shares many qualitative features with
that for brane emission. For low-frequency waves, the absorption cross-section tends to the
area of the event horizon, which for higher-dimensional black holes is given by
σ bulk (ω)

(n+1)

2πrhn+2 π 2
 .
Ah =
Γ n+3
2

(3.35)

For five-dimensional black holes (figure 12), the event horizon radius increases as the mass
of the black hole increases (but is always smaller for NCBHs than for Schwarzschild black
holes with the same mass). In figure 13, the area of the event horizon increases dramatically
as the number of extra dimensions increases, and this leads to the large increase in the
absorption cross-section.
As the frequency increases, the absorption cross-section oscillates about its final, highfrequency limit, although the oscillations are of small amplitude for more than two extra
dimensions. In the high-frequency limit, the absorption cross-section tends towards the
projected area of an absorptive body of effective radius rc (3.23). The effective radius rc is
the same for both bulk and brane modes [134], but care is needed in computing the relevant
projected area (for a detailed discussion, see [26]). The expected limiting behaviour of the
absorption cross-section is [26]:
n

2π 1+ 2

σ(ω → ∞) =
(n + 2) Γ n+2
2



n+3
2
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In the above equations (3.29)–(3.32), the bulk transmission coefficient Abulk
ωℓ
and this is computed in the same way as for the brane emission:

Figure 13. Absorption cross-section (3.34) for a scalar field in the bulk as a function of frequency,
for non-commutative black holes with maximum temperatures in varying numbers of space-time
dimensions. The curves, from bottom to top, are for n = 0 up to n = 7. We use units in which
M⋆ and θ are set equal to unity. For n > 0 this corresponds to energies measured in TeV, but for
n = 0 energies are measured in units of 1016 TeV. The different units are used for the n = 0 case to
facilitate comparison with the n > 0 cases.
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Figure 12. Absorption cross-section (3.34) for a scalar field in the bulk as a function of frequency, for five-dimensional non-commutative black holes with varying masses, together with a
Schwarzschild black hole having the same mass as the non-commutative black hole with maximum
temperature. The dark grey curve (having the largest low-frequency absorption cross-section) is for
the Schwarzschild black hole, the other curves are for NCBHs, with the mass of the NCBH increasing as the value of the low-frequency absorption cross-section increases. The blue curve (third from
the top in the low-frequency limit) is the curve for the NCBH having maximum temperature. We
use units in which M⋆ and θ are set equal to unity, corresponding to energies measured in TeV.

Comparing this formula with our numerical results in figures 12 and 13, we find excellent
agreement by taking rh in (3.36) to be the event horizon radius of a Schwarzschild black
hole having the same mass as the NCBH, except for larger numbers of extra dimensions,
where the absorption cross-sections in figure 13 have not yet converged to their asymptotic
limit. Therefore, in the bulk, as on the brane, for high frequency waves the NCBHs are
mimicking Schwarzschild black holes of the same mass.
We now consider the particle and energy fluxes (3.29)–(3.32), see figures 14)–(17.
The results for particle and energy emission are similar. For five-dimensional black holes
(figures 14 and 16), as with the emission on the brane, the emission in the bulk is much
smaller for the NCBHs than it is for Schwarzschild black holes. This dominant effect is
due to the smaller temperature of the NCBHs. The additional damping term present
in (3.31)–(3.32) once again has a negligible effect on the emission.
As we increase the number of extra dimensions (figures 15 and 17), the results are very
different from those obtained for Schwarzschild black holes [26]. In the latter case the bulk
emission increases greatly as the number of space-time dimensions increases, due mostly
to the linear increase of the black hole temperature with n for fixed horizon radius. In our
case, the maximum temperature of the black holes does increase with n, but not so quickly
as for Schwarzschild black holes (see figure 3), and the temperature of the NCBHs is so low
that the peak of the emission of both particles and energy decreases as n increases. The
emission spectrum broadens as n increases, with emission at higher frequencies making a
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Figure 14. Particle fluxes (3.29), (3.31) for scalar field emission in the bulk, as a function of
frequency, for five-dimensional NCBHs with varying masses and a Schwarzschild black hole having
the same mass as the NCBH with maximum temperature. Solid lines indicate the standard particle
flux (3.29), and dotted lines the particle flux with additional damping due to non-commutative
effects (3.31). The top curve (dark grey) is the flux for the Schwarzschild black hole, with the
other curves being for NCBHs with increasing temperature from the bottom black curve to the top
purple curve. We use units in which M⋆ and θ are set equal to unity, corresponding to energies
measured in TeV.

Figure 16. Energy fluxes (3.30), (3.32) for scalar field emission in the bulk, as a function of
frequency. The same black holes are considered as in figure 14. As in figure 14, solid lines correspond
to the standard energy flux (3.30) and dotted lines the energy flux (3.32) with additional damping
due to non-commutative effects. The top curve (dark grey) is the flux for the Schwarzschild black
hole, with the other curves being for NCBHs with increasing temperature from the bottom black
curve to the top purple curve. We use units in which M⋆ and θ are set equal to unity, corresponding
to energies measured in TeV.

more significant contribution to the total. We also observe that the additional damping
term in the spectrum due to non-commutativity (3.31)–(3.32) becomes more important
as n increases, although, even for n = 11 the difference between the spectra with the
additional damping and the spectra without the additional damping is not great, because
of the low temperature of the black holes.
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Figure 15. Particle fluxes (3.29), (3.31) for scalar field emission in the bulk, as a function of
frequency, for NCBHs with maximum temperature and varying numbers of space-time dimensions.
Solid lines indicate the standard particle flux (3.29), and dotted lines the particle flux with additional
damping due to non-commutative effects (3.31). The curves, from top to bottom, are for n = 0 up
to n = 7. We use units in which M⋆ and θ are set equal to unity. For n > 0 this corresponds to
energies measured in TeV, but for n = 0 energies are measured in units of 1016 TeV. The different
units are used for the n = 0 case to facilitate comparison with the n > 0 cases.

Particles (undamped)
Particles (damped)
Power (undamped)
Power (damped)

n=0
1
1
1
1

n=1
3.3
3.3
5.5
5.5

n=2
6.0
6.0
13.1
13.0

n=3
8.5
8.4
21.8
21.5

n=4
10.7
10.6
30.2
30.0

n=5
12.4
12.3
37.6
36.8

n=6
13.8
13.7
44.0
42.9

n=7
15.0
14.8
49.3
48.0

Table 4. Total fluxes of particles and energy on the brane for frequencies up to ω = 1, for
non-commutative black holes with maximum temperature, compared with the emission from a
four-dimensional non-commutative black hole.

3.3

Comparison of bulk/brane emission

We now consider the total emission from the NCBHs and the proportion of this emission
which is in the bulk space-time. We begin by comparing the total emission of particles
and energy, both on the brane and in the bulk, from NCBHs with maximum temperature.
The totals for emission frequencies up to ω = 1 are presented in tables 4 and 5, where the
fluxes have been rescaled so that the flux from a four-dimensional NCBH with maximum
temperature is equal to unity.
From table 4, it is clear that the total emission of particles and energy on the brane
steadily increases as n increases, due to the increased temperature of the black holes with
increasing n. This is also evident from the plots of the brane emission as a function of
frequency in figures 9 and 11. For emission in the bulk, the results are rather different, in
accordance with our earlier discussion of figures 15 and 17. The fluxes of particles decrease
as n increases, however, the flux of energy is larger for n = 1 and n = 2 than it is for n = 0,
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Figure 17. Energy fluxes (3.30), (3.32) for scalar field emission in the bulk, as a function of
frequency. The same black holes are considered as in figure 15. As in figure 15, solid lines correspond
to the standard energy flux (3.30) and dotted lines the energy flux (3.32) with additional damping
due to non-commutative effects. The curves, from top to bottom, are for n = 0 up to n = 7. We
use units in which M⋆ and θ are set equal to unity. For n > 0 this corresponds to energies measured
in TeV, but for n = 0 energies are measured in units of 1016 TeV. The different units are used for
the n = 0 case to facilitate comparison with the n > 0 cases.

n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7
Particles (undamped)
1
0.56 0.24 0.091 0.032 0.011 0.0033 0.0010
Particles (damped)
1
0.56 0.24 0.088 0.030 0.0095 0.0029 0.00083
Power (undamped)
1
1.46 1.08 0.59 0.27
0.11
0.042
0.014
Power (damped)
1
1.45 1.05 0.56 0.25 0.098 0.035
0.012
Table 5. Total fluxes of particles and energy in the bulk for frequencies up to ω = 1, for noncommutative black holes with maximum temperature, compared with the emission from a fourdimensional non-commutative black hole.

but for n ≥ 3 it decreases steadily as n increases. In both table 4 and 5, it can be seen that
the additional damping due to non-commutativity effects makes only a small difference to
the total emission.
The ratio of bulk/brane emission is shown as a function of frequency ω in figure 18. It
can be seen that the bulk emission is greatly suppressed compared to the brane emission
for low frequencies and large n. The bulk/brane ratio increases with frequency for all n,
and for large n becomes greater than unity for large frequencies. The shape of the curves in
figure 18 are qualitatively similar to those in [26] for Schwarzschild black holes, bearing in
mind the different units we are using. However, by comparing the values in table 4 and 5,
the ratio of total bulk emission to total brane emission can be seen to decrease rapidly
as n increases, from about 20% bulk emission compared with brane emission for n = 1
down to about 0.02% bulk emission compared with brane emission for n = 7. This is in
marked contrast to the results for Schwarzschild black holes [26], where the bulk/brane
ratio decreases down to about 22% for n = 3 but then increases as n increases until it
is about 93% for n = 7. The reason why the bulk emission is so suppressed in our case
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Figure 18. Ratio of bulk/brane emission as a function of frequency, for NCBHs with maximum
temperature. The curves, from top to bottom, are for n = 1 to n = 7 (the ratio for n = 0 is unity
for all ω). The ratios are the same for particle and energy fluxes, and independent of whether there
are additional damping terms in the spectra due to non-commutativity.

is that the NCBHs have a very much smaller temperature compared with Schwarzschild
black holes with the same mass. Thus, while the bulk/brane ratio increases quickly with
increasing frequency ω (see figure 18), the low temperature means that there is negligible
emission in high frequencies either on the brane or in the bulk, so that low-frequency
emission dominates and this is mostly on the brane.

4

Conclusions
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In the present paper we have addressed the problem of the Hawking emission from quantum
gravity corrected black hole space-times. One of the motivations for this study is recent
LHC bounds on the fundamental scale of quantum gravity M⋆ , namely M⋆ & 2− 3 TeV [99,
100], which implies that any black holes created at the LHC at energies up to 14 TeV cannot
be adequately modelled as classical objects.
After reviewing the literature on the topic, we chose to start the analysis with the
case of spherically symmetric NCBHs, whose modified thermodynamics encodes effects
which are common to other quantum gravity modified black hole solutions. We continued
with a presentation of NCBHs and with an update about relevant quantities concerning
their possible production in high energy hadron collisions at the LHC. We showed that
NCBHs might be plentifully produced at the LHC or in the showers of cosmic rays hitting
the upper layers of the Earth’s atmosphere. Furthermore, it turned out that NCBHs
are weakly affected by back-reaction effects and that their evaporation can be efficiently
described by means of a semi-classical formalism.
We have performed a detailed study of the emission spectra for scalar fields on the
brane and on the bulk. We showed that the simultaneous inclusion of a minimal length in
both the geometry and the matter sector does not lead to significantly different results with
respect to the case in which non-commutativity is present at the level of the background
geometry only. The key feature which modifies the scenario with respect to the case of
classical Schwarzschild black holes is the possibility of having a maximum temperature and
a smaller horizon size at equivalent black hole mass. As a result we found reduced emission
spectra with respect to the corresponding Schwarzschild black hole metrics. Even if for
now we do not have a rigorous proof, we argue that this reduction is a model independent
result, since it solely depends on the horizon extremization which is common to ASGBHs
and to LQBHs too.
In addition, we found that NCBHs have striking differences in the bulk/brane emission
ratio with respect to the classical metrics: the bulk emission drops to 0.02% of the brane
emission as one increased the number n of extra dimensions, while it increases with n for
the Schwarzschild case. In other words, we find that the emission is dominated by low
frequency modes, mostly on the brane. This is the most phenomenologically interesting
effect. The amount of energy lost in the bulk can be measured as missing energy by an
observer on the brane. Such a missing energy determines the remaining available energy
for emission on the brane in terms of easily detectable standard model particles. We stress
that the observation of such peculiarities would not only confirm our predictions but might
disclose further features about the nature of quantum gravity itself.
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