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Abstract

We obtain uniform consistency results for kernel-weighted sample covariances in a nonstationary
multiple regression framework that allows for both fixed design and random design coefficient
variation. In the fixed design case these nonparametric sample covariances have different uniform
asymptotic rates depending on direction, a result that differs fundamentally from the random design
and stationary cases. The uniform asymptotic rates derived exceed the corresponding rates in the
stationary case and confirm the existence of uniform super-consistency. The modelling framework
and convergence rates allow for endogeneity and thus broaden the practical econometric import
of these results. As a specific application, we establish uniform consistency of nonparametric
kernel estimators of the coefficient functions in nonlinear cointegration models with time varying
coefficients or functional coefficients, and provide sharp convergence rates. For the fixed design
models, in particular, there are two uniform convergence rates that apply in two different directions,

both rates exceeding the usual rate in the stationary case.
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1 Introduction

Uniform consistency results with convergence rates for nonparametric kernel estimators have
been extensively studied in the existing literature. These results are important in many
kernel-based applications such as semiparametric estimation with first-stage kernel smooth-
ing, kernel-based specification testing, and cross-validation bandwidth selection. Existing
studies mainly focus on obtaining uniform consistency results for independent and iden-
tically distributed (i.i.d.) data or time series that satisfy certain stationarity and mixing
conditions. Early statistical studies include Mack and Silverman (1982), Roussas (1990),
Liebscher (1996), Masry (1996) and Bosq (1998). Later developments and econometric ap-
plications can be found in Hansen (2008), Kristensen (2009) and Li et al (2012).

Recent years have witnessed a growing literature on nonparametric kernel smoothing in
a nonstationary framework. This work is of practical importance because the stationarity
condition is restrictive and unrealistic in many empirical applications as discussed in the
literature. Among others, see Phillips and Park (1998), Karlsen and Tjgstheim (2001),
Karlsen et al (2007), Cai et al (2009), Wang and Phillips (2009a, 2009b), Xiao (2009), Chen
et al (2010), Chen et al (2012), and Gao and Phillips (2013a, 2013b). Most recently, there has
been interest in obtaining uniform consistency results for nonparametric kernel smoothing
under nonstationarity (notably, Chan and Wang, 2012; Duffy, 2013; Wang and Wang, 2013;
Wang and Chan, 2014; Gao et al, 2015). This work confirms that uniform convergence rates
of kernel-based estimates in nonstationary cases are slower than those in the stationary case.
Just as in pointwise convergence, the slower convergence rate is explained by the random
wandering character of nonstationary time series (such as those arising in unit root or null
recurrent Markov frameworks) so that the amount of time spent by the series in the vicinity
of any particular point is of smaller order than the stationary case, thereby reducing the

effective sample size in estimation.

This paper develops uniform consistency results for potentially multivariate kernel-weighted

sample covariance functions of the following form

Qn(z) = éK (Zth_ Z) Xees (1.1)

after appropriate normalization, where K(-) is a kernel function, h = h,, is a bandwidth

which tends to zero as n tends to infinity, X, is a nonstationary I(1) process with dimension
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d > 1, and e, is stationary. Detailed properties of the time series X; and e, are provided
in Section 2. Quantities such as the weighted sample covariance (1.1) play a central role in
kernel regression and are fundamental in determining the limit theory of such regressions.
For example, when X; and e; are stationary and Z; follows an i.72.d. random design, the
standardized quantity Q,(2)/[ > j_; K(%:=2)] estimates the conditional covariance between
X; and ¢; for given Z; = z. When X; is integrated, a similar quantity arises in nonpara-
metric functional coefficient cointegrating regression. Section 4 shows that the limit theory
for @, (2) is useful in deriving asymptotics for kernel estimation of coefficient functions in
nonlinear cointegration models with varying coefficients. This paper focuses on two cases of
particular interest: (i) Z, = £, corresponding to a fixed design structure; and (ii) Z, is i.7.d.,

corresponding to a random design framework. Asymptotic rates for ),,(z) will be developed

uniformly in z for these two cases.

For case (ii) with random design Z;, we show that the uniform asymptotic rate of (1.1)
is Op(ny/hlogn), which exceeds the Op(y/nhlogn) rate that holds when both X; and e; are
stationary. This result can be used to derive a uniform convergence rate for nonparametric
kernel-based estimation of the functional coefficients in nonlinear cointegration models where
super-consistency exists. In contrast, case (i) with fixed design Z; is much more complicated
because kernel weighting produces degeneracy in the signal matrix defined later on the left
hand side of (2.3) when X; has dimension d > 1. This degeneracy introduces a major
challenge in developing the asymptotic estimation theory as shown in other recent work
(Phillips et al, 2013). This phenomenon of kernel degenerate asymptotics is new and will be
discussed in Section 2 where we show how the limit theory may be developed to accommodate
the degeneracy. Theorem 2.1 and Corollary 2.1 below show that the uniform rates for the
quantity @,(z) depends on a certain random direction, yielding two different rates both of

which exceed the Op(y/nhlogn) rate that applies in the stationary case.

These results are used to derive uniform consistency for nonparametric kernel esti-
mates in nonlinear cointegration models with varying coefficients, accommodating the super-
consistency rates of kernel convergence. Our approach allows for endogeneity between the
regressor X; and the error e;, which enhances the practical relevance of the results in coin-
tegration analysis: case (i) with the fixed design framework Z, = % relates particularly to
cointegration models with time-varying coefficients (Park and Hahn, 1999; Phillips et al,

2013); and case (ii) with random design Z, relates to cointegration models with functional
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coefficients (Cai et al, 2009; Xiao, 2009; Gao and Phillips 2013b). In addition, the uni-
form consistency results with sharp convergence rates that are obtained in this paper are
of some independent interest with other potential applications, such as to semiparametric

cointegration models with partially-varying coefficients.

The remainder of the paper is organised as follows. Uniform consistency results for the
fixed design case are given in Section 2. Those for the random design case are given in
Section 3. Applications of the main results to nonlinear cointegration models with varying
coefficients are provided in Section 4. Section 5 concludes the paper. Proofs of the main

results are given in the Appendix.

2 Uniform rates with a fixed design covariate

This section establishes uniform asymptotic rates for Q,(z) defined in (1.1) with Z, = L.

The random design case is discussed in Section 3. We start with regularity conditions that
characterize the multivariate nonstationary time series X; and the scalar stationary process
e;. Let X; be a unit root process with generating mechanism X; = X;_| 4+ v, initial value

Xo = Op(1) and innovations determined by the linear process
Vs = q)(ﬁ)gt = Z (Pjgt—j» (21)
§=0

where ®(L) = 77 ®;L7, ®; is a sequence of d x d matrices, L is the lag operator and {e;}

is a sequence of i.i.d. innovation vectors with dimension d.

ASSUMPTION 1. (i) Let {&;} be i.i.d. d-dimensional random vectors with Ele,] = 0, A; =
E e} positive definite, and E[|e.||*"] < oo for 8y > 0. The linear process coefficient
matrices in (2.1) satisfy that 372 j|| ;]| < oo and Q. = ®A. P’ is positive definite with
®=>"7",®;#0, where || - || denotes the Euclidean norm.

(i1) Let {e:} be generated by the linear process e; = > = -, where {n} is an i.i.d.
sequence with B[] = 0, 02 = E[pf] > 0, E[p|*"™] < o0, ¢ = Y0 ®i # 0, and
>0 dléil < oo In addition, (n;,e;) is independent of {(ns,€}) s <t — 1}, but 1, may be

correlated with ;.

Assumption 1(i) ensures that a functional law holds for X; upon standardization. In
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particular, from Phillips and Solo (1992) we have for ¢t = [nz| and 0 < z < 1,
|na)

%:%sz ;_ fZQHOP ) = B, (), (2.2)

where B.(€2.) is a d-dimensional Brownian motion with variance matrix €2, and the floor
function |-| denotes integer part. In a more specialized setting, Assumption 1(ii) might
be replaced by a martingale difference structure with E[et|gt_1} = 0 a.s., where G, =
o(ep, -+ ,€e1,6041,6t, -+ ), and the uniform consistency results developed in this paper still
hold. Instead, we allow for a more general linear dependence structure and joint contem-
poraneous correlation between the innovations 7; and &; which builds endogeneity into the
regression equation. Moreover, the limit theory developed in this paper continues to hold
with some modification of the proofs when e; and v; are jointly determined by a multivariate

linear process of the form
(1, v}) = ®*(L)e} = Y ®er ),
=0
where ®*(L) = Y77 ®;L7 with ®7 a sequence of (d+ 1) x (d + 1) coefficient matrices and

{e;} is a sequence of i.i.d. random vectors of dimension d + 1.
We impose some mild conditions on the kernel function K(-) and the bandwidth h.

ASSUMPTION 2. (i) The kernel function K(-) is continuous, positive, symmetric and has

compact support [—1,1] with py = f K(u)du = 1.
(ii) The bandwidth h satisfies h — 0 and nh — oo as n — 0.

A recent paper by Phillips et al (2013) shows that for 0 < z < 1,

—7 ZXtXK(

where W, (Q.) = B,(2.)B.(Q2.) and “=" denotes weak convergence. However, the d x d
limiting Wishart matrix W,(£2.) on the right hand side of (2.3) is an outer product of

) W.(0.) (2.3)

the Gaussian variate B,(£2.) and hence is singular with rank unity when d > 1. In other
words, the limit Wishart variate W,(£2.) has a single degree of freedom and is a singu-

lar distribution when d > 1. It follows from (2.3) that the kernel-weighted signal matrix

(1/n?h) >0 Xi X|K (t "Z) is asymptotically singular whenever the dimension of the regres-

sor X; exceeds unity. This phenomenon of kernel degeneracy leads to asymptotic singularity
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in the limit distribution and variance matrix of the corresponding kernel-weighted sample

covariance ﬁ@n(z) when Z, is a fixed design structure.

The reason for this kernel degeneracy in the limit of the weighted signal matrix is that
kernel regression concentrates attention on some time coordinate (say zg), thereby fixing
attention on a particular coordinate of the limit process of the regressor, say X|,.,|. In
the multivariate case with d > 1, this focus on a single time coordinate produces a limit

signal matrix (corresponding to the limit of the outer product %X Inzo] X | ) that is of

nzo
deficient rank unity. Moreover, the zero eigenspace of this limit matrix (Liepends on the
(random vector) value of the limit process at that time coordinate. To address this type
of kernel degeneracy, Phillips et al (2013) develop a coordinate transformation to isolate
the random direction of singularity and use the associated coordinate rotation to obtain the
limit distribution theory. We extend this technique in the present paper to derive uniform

asymptotic rates for @, (2). For z > h, define the quantities 7,(z) = [n(z — h)],

by (s b 1
Qyn(z) = n(2) = b , and b X

72 () = =X (2)-

Let qw be an orthogonal complement of ¢, (. constructed so that

D, (2)'D,(z) =1; with D,(z) = [q%(z),q#n(z)}, (2.4)

and introduce the normalization matrix
R, = diag {n\/ﬁ, (nh)Id_l} , (2.5)

where I, is the r x r identity matrix. The transformation matrix D, (z) is random, path
dependent, and localized to the coordinate of concentration at 7,(z). Within this trans-
formation matrix, the component vector ¢, ;) and complementary submatrix qil ) provide

random directions localized according to 7, (z).
The following result gives uniform asymptotic orders for @, (z).

THEOREM 2.1. Suppose that Assumptions 1 and 2 are satisfied. Let
5074h50+12
r_r 00, (2.6)
(log n)%
where dg > 4 is defined as in Assumption 1(i). Then, we have

sup  ||R;,'Dy(2)'Qn(2)|| = Op(v/logn), (2.7)

E*SZﬁl—e*



where €, > 0 can be arbitrarily small.

In the limit result (2.7), we take the suprema over the closed interval [e,, 1 — €,] and the
upper limit can be extended from 1 —¢, to 1 with minor modification of the proofs. However,
we may not extend the lower limit from €, to 0. For example, when z = h, we have 7,, (2) =0
which indicates that b, .y = 0 and thus ¢, (. is undefined. The condition (2.6) indicates
the trade-off between the moment condition and bandwidth restriction. In particular, when
both 7, and ¢, are Gaussian, the value of Jy can be arbitrarily large, the condition (2.6)
would be close to the commonly-used one of nh — co. From the above theorem, we find
that the existence of correlation between X, and e; does not affect the uniform rate of the
kernel-weighted sample covariance. This robustness to endogeneity in the present case arises
because the induced asymptotic bias arising from the non-zero mean of @,(z) turns out
to be a “second order” bias effect as in the linear parametric case (Phillips and Durlauf,
1986; Phillips and Hansen, 1990). Furthermore, from the definitions of D, (z) and R, it
is apparent that two different rates are obtained for the two directions determined by g, )

and q#n () which are stated in the following corollary.

COROLLARY 2.1. Let the assumptions in Theorem 2.1 hold. Then, we have

sup ’quﬂ(z)Qn(ZM = Op(ny/hlogn) (2.8)

€+ <z<l—eéx4
and
<Sl<1p H q%(z) 'Qn(z H = Op(nhy/logn). (2.9)

The above results are used in Section 4 to derive uniform convergence rates for nonpara-
metric kernel-based estimators of the time-varying coefficients in nonlinear cointegration
models. Although the uniform rates are different in the two directions, both rates exceed
the usual rate Op (v/nhlogn) for kernel estimators that applies in stationary models. A
detailed discussion of this phenomenon in the point-wise kernel regression case is given in

Phillips et al (2013). We provide the following example to illustrate the above results.

EXAMPLE 2.1. Let Xt = <X1t7X2t>,7 X’it = X,L'ytfl + Vit fori =1and 2, Vit = PiVit—1 +<it, and
e; = pey_1 + ny, where (g4,m;) = (e14,€26,m) ~iia N (0, V) with V > 0. If —1 < p;, p < 1, it is
easy to verify that Assumption 1 above is satisfied. With this model structure, we can write

out the specific form of the transformation matrix, from which the two random directions
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can be determined. Let 7,(z) be defined as before,

Xi9.(2) Xoyu(z) 7/ .
Gy (2) = n , n = |q1n(2), gon(z)| with b, oy = —=X, (.
) = [ e, ol Vil = | ) i) = 7K

and

!

Qﬁ(z) = [pm(z)mzn(z)}/ = [Q2n(2)’ —Chn(z)] or qun(z) = [— QQn(z)a(hn(z)}/a

so that the orthogonality condition in (2.4) is satisfied. By Theorem 2.1, when Z; has fixed
design, the uniform rate of Q,(z) is Op(ny/hlogn) in the direction determined by g, (»),
whereas the uniform rate of @, (z) is Op(nhy/logn) in the direction orthogonal to g, ().
Both directions are random and are determined by 7, (z) = |n(z — h)]. The uniform rate
Op(ny/hlogn) can be understood as Op(y/n2hlogn), which indicates that the effective
sample size used to derive the uniform rate of Q,(z) in the direction g¢,, ) is of order (n*h).
In contrast, the effective sample size used to derive the uniform rate of @, (2) in the direction
qvln (») 1s of order (nh)?, which is smaller than that in the direction g.,,(,) and thus leads to a
smaller uniform rate for @,(2) in the direction orthogonal to ¢,, (). Hence, the signal (and
convergence rate) of the kernel weighted sample covariance @,,(z) is strongest in the direction

@4, (), which spans the direction of the dominating range space of the (asymptotically signal)
signal matrix (1/n?h) Y7 X, X/K (=7%), and this rate is uniformly Op(y/n2hlogn).

3 Uniform rates with a random design covariate

This section develops uniform asymptotic rates for the sample covariance @, (z) when Z; is
generated by i.i.d. random variables, and compares this result with those of the fixed design
case studied in the previous section. For the stationary case, it is well known that the same
uniform rates hold for @, (z) irrespective of whether 7, is a random design or fixed design
variate. In contrast to Section 2, there is no kernel degeneracy in the random design case
and a common uniform convergence rate applies which is the same as that given in (2.8).
The next assumption is used in the derivation of the uniform consistency result in Theorem
3.1 below.

ASSUMPTION 3. Let {(Zi,ni,€})} be a sequence of i.i.d. random vectors with continuous

density function f(-,-,-), and let Z; be independent of n, and have compact support, say
[0,1].



Much of the existing literature on the limit theory of @Q,(-) for the random design case
imposes a martingale difference structure on e;, which excludes the possibility of correlation
between X; and e; (c.f., Cai et al, 2009; Li et al, 2014). However, for consistency with
the framework of Section 2, we follow the same structure as Assumption 1 to generate the
unit root process X; and the stationary process e;, thereby allowing for possible correlation
between X; and e;. Hence, the result below has wider applicability than currently available

theory.
The uniform asymptotic order for @, (z) in the random design case is given as follows.

THEOREM 3.1. Suppose that Assumptions 1-3 are satisfied. Let

n2-+00 pA+30
where &g is defined in Assumption 1(i). Then, we have

sup [|@n(2)[| = Op(ny/hlogn). (3-2)

0<z<L1

This theorem shows that the uniform rate (3.2) is exactly the same as (2.8) and therefore
exceeds the stationary rate Op(y/nhlogn). This rate is also common across coordinates
unlike the different rates that apply in the fixed design model. The reason for this com-
mon uniform rate is that there is no particular direction of dominance (such as g, (. in
the fixed design case) because the random components Z; are independently distributed
with continuous density. The result is used in Section 4 to derive a uniform convergence
rate for nonparametric kernel-based estimation of the functional coefficients in nonlinear

cointegration models.

4 Cointegration models with varying coefficients

In this section we use the results developed earlier to derive the uniform consistency rate
results for nonparametric kernel estimators in a nonlinear cointegration model with varying

coefficients. The model has the form
K:Xt/ﬁ(zt)—i—@t, t:17 ,n, (41)

where X; and e; satisfy Assumption 1, 5(-) is a d-dimensional coefficient function, and Z;

is either a fixed design or random design variate. In the fixed design case, model (4.1) is a
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cointegration model with time-varying coefficients, which has been studied in Park and Hahn
(1999) and Phillips et al (2013). The model can then be regarded as an extension of the
locally stationary models used in Robinson (1989) and Cai (2007) where the regressors are
stationary. In the random design case, model (4.1) is a cointegration model with functional
coefficients of the type studied in Cai et al (2009), Xiao (2009) and Gao and Phillips (2013b).
These studies provide nonstationary extensions of the models considered in Fan and Zhang
(1999) and Cai et al (2000). The existing literature in these cases focuses on the development
of pointwise asymptotic theory for nonparametric estimators of the coefficient function S(-)
(c.f., Cai et al, 2009; Phillips et al, 2013). Uniform consistency results and associated
convergence rates in the nonstationary case have so far not been considered due to the
technical difficulties involved in the presence of nonstationary regressors. This section aims

to fill this gap in the literature.

Under a smoothness condition on 5(-) and for some fixed z, we have the local approxi-
mation [ (Z;) ~ [(z) when Z, is in a small neighborhood of z. The kernel-weighted local

level regression estimator of the coefficient 5(z) at z has the following form

Ba(2) [ZXtXK (2= ] [thyt )} (4.2)

where AT denotes the Moore-Penrose inverse of A, and as in the previous sections, K(-) is a

kernel function and A is a bandwidth. We provide below a uniform consistency rate result for
the estimator Bn(z) over a range of values of z. Other kernel-based approaches such as local
polynomial regression are also applicable to estimate the coefficient functions, and similar
uniform consistency results as those given here can be obtained with some modification of

the proofs.

To establish the limit theory for an(), we impose the following commonly used smooth-

ness condition on f(-) (c.f., Wang and Phillips, 2009a; Phillips et al, 2013).
ASSUMPTION 4. The coefficient function [(-) is continuous with ||B(z1) — B(22)] = O(|z1 —
29]?0) for 1/2 < ap < 1 and any 2z, 29 € (0,1).

We start with the fixed design case where Z; = £ for t = 1,--- ,n. Let B, ,(€.) be an
independent copy of the d-dimensional Brownian motion B,(£2.) which is defined as in (2.2).
Define b, = B.(€Q.) and g, = b./||b.||, and let g* be the d x (d — 1) orthogonal complement
matrix such that

D(2)'D(z) =1; with D(2) = [q.,3;],
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which can be seen as the limiting version of (2.4). Define

AZ _ Al (Z) AQ(Z) 7 (43)
As(z) As(z)

and

A5(2) = 2(g) { / 1 Br;l,*me)BTy,*(ﬂE)'K(r)dr} 7

1
Letting R,, and D,,(2) be defined as in Section 2, Proposition A.1 in Phillips et al (2013)

shows that the standardized denominator matrix of (4.2) converges weakly to the limit:

R.ID,( [ZXtX K( ;:z)}Dn(z)R,;l = A

t=1

on which we make the following assumption.

ASSUMPTION 5. The limit matriz A, is non-singular with probability 1 for any z € [e,, 1 —

€], where 0 < €, < 1/2 can be arbitrarily small.

We provide the following discussion to justify this assumption. Using the technique of
the triangular representation (Phillips, 1991), we may left transform A, by the nonsingular

matrix

where W(2) = Ao(2)/Ai(2) = V3 (B;Ez)_l/ i @) { I, Bess (@)K (r)dr }, giving the

following matrix

A*

z

where
83) =20 { [ Begs (0B @K - [ [ By (@K [ [ By (@K ()]

in which we use the notation f = f_ll . Note that A;(z) is positive with probability 1 if z > ..
Hence, if [ Bra () Brir () K(r)dr — | [ Beny (Qo)K(r)dr][ [ Brss ,(Q)'K(r)dr] is

i )k
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non-singular with probability 1, A* is non-singular for any z € [e,, 1 — €], which justifies
Assumption 5.

Based on Theorem 2.1 and Corollary 2.1, we obtain the following uniform consistency

rate results for the kernel estimator 3,(z).

THEOREM 4.1. Suppose that the assumptions in Theorem 2.1 and Assumptions 4 and 5 are

satisfied. Then, we have as n — oo

sup gl [Bu(2) — B | = Op (o 1 /251 (4.4

€o<z<l—¢€s n2h

and

Z)}H = OP(hO‘O + m),

sup ||(¢5,.)' [Ba(2) — nh

€o<z<1l—€o

where €, is defined in Assumption 5.

Note that

Bul) - [th s [th ) - BENR(AE)] +

S O] [ w2

The order Op(h®°) is contributed by the first term on the right hand side of (4.6), which

—)]. (4.6)

measures the bias effect of the nonparametric estimator Bn(z) This order can be improved
to Op(h?) if the local linear method (c.f., Fan and Gijbels, 1996) is used to estimate 3(-).
We next discuss the twin uniform convergence rates contributed by the second term on the
right hand side of (4.6). Theorem 4.1 above gives different uniform convergence rates in
the two directions determined by the kernel degeneracy, just as in Corollary 2.1. In the

direction g, (), we have the uniform convergence rate O p(\ / log") which we call the type 1

n2h

uniform convergence rate. This rate is faster than the rate Op <V og "> that applies in the

other direction (c.f. (4.5)) as well as the usual rate Op(1/'%™) that applies in the stationary

vlogn

o ) is slower than the type

case. In the direction q#n(z), the uniform convergence rate Op(

I uniform convergence rate of (4.4), but is still faster than the stationary rate. The rate

OP(\/@

o ) is called the type II uniform convergence rate.

Next consider the random design case where the covariate Z; is i.i.d., as discussed in

Section 3. Define .
A= 12A) [ BB dr
0

12



where f7(-) is the density function of Z;. Similar to the argument in the proof of Proposition

A.lin Li et al (2014), it is easy to show that
1 ~ ’ Zt —Z
%ZXtXtK < - ) = A,
=1

for 0 < 2z < 1, and A, is non-singular if fz(-) is strictly positive by using Lemma A2 in

Phillips and Hansen (1990). Hence, there is no kernel degeneracy issue for this case. Using
Theorem 3.1 we derive a uniform convergence rate for En( -) in the following theorem, which
shows that a common type I uniform convergence rate is attained in all directions in the

random design case.

THEOREM 4.2. Suppose that the assumptions in Theorem 3.1 and Assumption 4 are satisfied.

Let the density function fz(z) be bounded away from zero and infinity for all z € [0, 1]. Then,

~ @ logn
s 1Ba(z) = Bl = Op (e 4/ S50 (4.7)

This uniform consistency result gives a sharp rate of convergence for estimation of non-

we have as n — 00

linear cointegration models with functional coefficients and complements the pointwise limit

theory developed by Cai et al (2009), Xiao (2009) and Gao and Phillips (2013b).

5 Conclusions

This paper has derived uniform consistency results for nonparametric kernel-weighted sample
covariances and regressions in a nonstationary data framework. This framework has practical
applications in varying coefficient regressions with coefficient covariates that follow either
fixed or random designs. In the fixed design case, two different uniform asymptotic rates
have been obtained, depending on a certain covariate-sensitive random direction, a result
that is quite different from the random design case where a common uniform asymptotic
rate applies. Both results are shown to be robust to endogeneity of the regressors.

A regression application of these results has confirmed the uniform super-consistency of
nonparametric kernel estimates of the coefficient functions in nonlinear cointegration models
with varying coefficients and gives sharp convergence rates in this regression case. In the
fixed design framework, two types of uniform convergence rates again have been established

in the covariate sensitive random directions and both rates are faster than the rate in the
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stationary case. In the random design framework, there is a common uniform convergence
rate, which is also faster than that of the stationary case. These uniform consistency results
are relevant in estimating semiparametric cointegration models with partially-varying coef-
ficients, long run variance estimation in such models, kernel-based specification testing of
nonlinear cointegration models, and the theory for the optimal bandwidth selection in the

nonparametric kernel-smoothing under nonstationarity.
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A Proofs of the main results

This appendix provides proofs of the main results in Sections 2—4. To simplify notation, in the
sequel we let ¢, = g, (2), — q#n ()7 and use C for a positive constant whose value may change

according to its position.
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PROOF OF THEOREM 2.1. For ¢, < z <1 — ¢,, define

Qn(z,1) =

Qn(za2) - WZK( ;lh )Xtet.

Note that
t - nz = t—nz
Qn(z,1) = X, 0 Z Jer +- K( ) (Xt — X, (0))ets (A.1)
f h — nh
where v, (2) is defined in Section 2, and
Qn Z 2 qz Z Xt X n(z ))6t, (AZ)

as ¢ is orthogonal to Xon(z) by (2.4) in Section 2. By continuous mapping (e.g. Billingsley, 1968),

it is easy to show that

sup  (Ilgzll + llaz [1) = Op(1). (A.3)

€x SZSl—E*

Then, by (A.1)-(A.3), it is sufficient to show that

¢t| = Op(+/logn), (A.4)

- t
su B K
E*stli)—ﬁ* h/ ; (
and
su iiK(t—nz)(X—X Jee|| = Op(\/logn) (A.5)
e*gzgll)fe* nh — nh t wm(z))€t|| = UP gn), )

which we now prove in turn.

Proof of (A.4). Using the so-called Beveridge-Nelson (BN) decomposition approach (c.f., Phillips
and Solo, 1992):

Z‘b]ﬁj Z ¢;—(1—L) Z 53‘0 =¢—(1- 5)5(5)
=0

with gb] Pl ~j+1 Pk, we have

e =€ + (gt,1 — gt); (Aﬁ)
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where &, = (ZJO-’;O ¢j)m = ¢my and & = >0 $j77t—j- By (A.6), we have

n n

t—nz _ t—nz " - t—nz " - t—nz
ZQK( nh ) - ZetK( nh )+Z€t71K( nh )—ZetK( nh )

t=1 t=1 t=1 t=1

~ t—1—-nz
oo KOS - K ()
t=1
n? t—nz " t—nz t—1—nz
= e (S e o k() - k()
t=1 t=1
~ —Zy 1-=2
ak(72) -k (1)
By virtue of Assumption 2(i) and (ii),
ak(S5) = ek () =0 (AT

with probability 1 for any €, < z < 1 — €, which indicates that

_ — n _ —1-
S ek () =S ek () + 3 6 [K(t ) k() (A8)
t=1 t=1 t=1

uniformly for €, < z <1 —¢,.

Define S = {s}(k: —Dnrp,+1<s<knr,} fork=12--- R, and S, 41 = {s‘nran +1<
s < n}, where R, = |}, m, = n~12n3/210g/?(n). Let sj, be the smallest number in the set Sy,

fork=1,---,Ry,, Ry, + 1, and R}, = R,, + 1. By standard arguments, we have for n large enough,

n n

_ t—nz ) _ t—s B t — sg
L DoaKCGE) s may s D (K () — K]+
" _ t— sk
B, [ 2w ()

Noting that

t—sy . t—s — Sk M _ -1

SSSI; K( nh) K( nh ) SCSSSSIZ nh =C nh = Crah
and [e;] = Op(1), we deduce that

max sup zn:ét K(t_s) —K(t_sk) =n-0p(r,h™1) :Op(%) :OP(\/nhlogn).
LSKSRY sesy, | nh nh " h

(A.9)
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Noting that € = ¢, we next prove

Znt t—Sk

by the truncation technique and using the Bernstein inequality. Let

= Op(y/nhlogn) (A.10)

max
1<k<R*

1/2
Ny ="ne- I(’??t! < ((nh)

~ _ (nh)'/?
1ogn)1/2) and Ty = — 7 =m0t (\m\ > 1 )

logn)1/2/’

where I(+) is an indicator function. Note that

(nh)Y/? >]

(log n) (3+§O)/2
\Ut\1<\77t\ > (logn)1/2

440
)@z B ],

IN

E [Jm]] =

which indicates that

(log n)(3+60)/2
- <<nh)<l+6>/2 = op(vnhlogn).
Hence, in order to prove

max
1<k<R:

= op(y/nhlogn), (A.11)

1

we need only to show that

max
1<k<Rx

= op(y/nhlogn). (A.12)

n~ t—Sk
;THK( h )

Notice that if |7 <1 nh)!/ A holds for all ¢ = 1, -+, n, we have 7 = 0 and thus | Y7 7K (S38) | =

)
(nh)'/?
)| # 0} {Igﬁx [me| > (logn)l/g}

O0forany k=1, -- ,Rn, which indicates that

s, (27
{1§k§R* n

Using the above fact and noting that

1/2 (4+60)/2
(nh) } <C. n(logn) —o(l)

P{f?f‘é" > Gognyi72 (nh)@+50)/2

n2+50 h4+50
(log n)**20

On the other hand, note that {n:} is a sequence of i.i.d. random variables, and the number

as — 00, we can complete the proof of (A.12).

of non-zero summands in Y ;" 7, K ( n;’“) is of order (nh) as the compact support of the kernel
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function is [-1,1]. Let c¢x be a positive constant which is the upper bound for the kernel function

K(-). Letting ¢o be some positive constant such that

- t— Sk sknh t— sk
132)1(%; Var (; 7K ( " )) = 1&12}}22 Var Z ﬁtK(W) < conh,

t=sk—nh

and by using a Bernstein type inequality (e.g., Lemma 2.2.9 in van der Vaart and Wellner, 1996),

we have

> (- B K (=)

> M\/nhlogn}

> ~Em) K (%)

AN
|[¢j£
s}
——

> M\/nhlogn}

k=1 t=1
R*
- Mznhlogn S JE
< 2 . _ o
B kz:l exp{ (200+4CKM/3)nh} o (Tn n ) o(1),

where M is chosen such that

dexg M
M3 > % + 2co, i VM = o(1),

n

which are possible when M is sufficiently large. The above calculation indicates that

— Op (\/W) . (A.13)

max
1<k<R%

= _ _ t — Sk
Z (77t - E[m])K(W)
t=1
Then, by (A.11) and (A.13), we can prove (A.10), which together with (A.9), leads to

— Op (W) . (A.14)

n
étK(
t=1

t—nz
nh )

sup
€x<z<l—e€4

Noting that ‘K(%) - K(t*;i}:"z)’ < CL and g = op((nh)*) uniformly in t = 1,--- ,n,

by a standard derivation, we can also show that

sup tzn;'e;_l [K(t e ”Z)} '

€x<z<l—e€4
n(zth) 42 t—nz t—1—nz
- e*gilglll)—e* Z -1 [K( nh ) - K( nh )]

t=|n(z—h)]
. _1 . >,
< (2|nh| +2)-C(nh) 11;1%Xn]et|
= op (\/nhlog n) , (A.15)

which together with (A.7), (A.8) and (A.14), leads to (A.4).
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Proof of (A.5). Using the BN decomposition again, we have

t t
Xo=Xom= Y, vs= Y, Tl -l
s=m(E) L s=a(2)+l

where 7; = <Z;’io <I>j> e = Pey and U = Z;’io éjet_j with ;Iv>j = Zzozjﬂ ®,.. Hence, in order to
prove (A.5), we need only prove that
n
> ( v
t=1  s=yn(2)+1

_ = t—
Uz D etk ( n;;z) = op (nh\/@) : (A.17)
t=1

ZﬁtetK(t ;:Z) =op (nh@) , (A.18)

t=1

t

)etK(t :ﬂjz) — Op (m@) , (A.16)

uniformly for e, < z <1 —¢,.

Note that both v; and e; are well defined stationary linear processes, and the numbers of non-

zero summands in both Y7 | vre K (72) and Y1 e, K (=72) are of order (nh). We can thus

prove (A.17) and (A.18) by arguments similar to those in the proof of (A.4) above. This leaves
(A.16), which will be proved next.

In order to prove (A.16) we proceed as follows. Let T(z) = ZZ:%(Z)_H s and Ti(z) = 0 if

t < vn(z) + 1. Using the BN decomposition (A.6) and some basic algebra, we have

n n

Suek () = Y wEak () + Y weE K () -

t=1 t=1 t=1

n

Z@t(z)'étK(t ;:Z)
t=1

t—nz i t—nz
= v K ( )+ Y vii(2)EK ( )+
tzl nh tzl nh

;vt_l(z)gt_l |:K(t ;:Z) — K(t_fii}:m) _

o l— ~_ t—
Tn(2)en K ( hz)+2®tet,1K( n;;z)
t=1

Similar to the proof of (A.15), noting that !K(%) - K(t*hi;m)‘ < C2 and|g| = op ((nh)1/4)
and [7,(z)| = op ((nh)**) uniformly in €, < 2 < 1—¢, and n(z — h) <t < n(z+h), by a standard
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derivation we may show that

o [$r s 5 -2

€x<z<1l—e€4
n(zth)]+2 t—nz t—1—nz
= LY e K K ()

t=|n(z—h)]

< (2|nh) +2) - C(nh)™! - max <|Et sup ]vt_l(z)|>

1<i<n €x<2<1l—éx

= op (nh@) . (A.19)

Note that
- t—nz n t— na
su v K <  su ve — Eve]} K +
E*SZﬁll)—E* ; tt ( nh ) e*SzSIf—e* ;{ o [ ¢ t]} ( nh )
= t—nz
sup E[vie] K ( ; )
€x<z<l—e€4 —1 n

By Assumptions 1 and 2, we then have

sup
€x<z<l—ex

> Bl K ()

=0 (nh)=o0 (nh@) : (A.20)

On the other hand, noting that {v;e; — E[v:e;]} is a sequence of i.i.d. random vectors with mean

zero, and following the proof of (A.10), we can similarly prove that

n
t—nz
su ey — Elvge |} K
et ;{ @ = B} K (—5)

‘ — Op (W) — op (nh\/@) . (A21)

Then, a combination of (A.20) and (A.21) leads to

n
> wEK(
t=1

sup
€+ <z<1l—e€4

t—nz
nh )

=op (nh@) . (A.22)

Noting that K(lgz) =0 for €, < z <1 — €, we have that

1—=2
—)

sup
€x SZSl—E*

Tn(2)€n K (

‘ — op (nhy/logn) (A.23)

By Assumption 1(ii), 7y is independent of é;_1, which implies that {Etgt,lK(t;ZZ) ct=1,--- ,n}

forms an array of martingale differences. Following the arguments in the proof of (A.10) with
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some modifications (e.g. replacing the i.i.d. Bernstein inequality by the exponential inequality for

martingale differences in de la Pena, 1999), it follows that

n
Z ﬁtgtflK(
t=1

t—nz
sup s )

€x SZS]-_G«

‘ =op (nh@) . (A.24)

y (A.19) and (A.22)—(A.24), in order to complete the proof of (A.16), we need only prove that

n

t —
Zm_l(z)étf(( nz
t=1

)

sup
€+ <z<1—e€y4

‘ — 0p (nhy/Togn). (A.25)

Let Si and si be defined as in the proof of (A.4) with r,, R, and R} replaced by 7, =
n~'h%*logn, R, = |F,;'] and R, = R, + 1, respectively. By standard arguments, we have

n n
t—nz t—s t — sk
sup Ti_1(2)e K < max sup Vi—1,x(8)e [K - K ] +
exSzsl-e ; R nh )| 1<k<R}, s€Sy, ; (%) ( nh ) ( nh )
& t—s
_ _ — - Sk
max sup Ui—1,4(8) — V1,5 (sk)| € I +
e, sup 5 [7e-1.(5) (s ek (— %)

max
1<k<R

t —
th 1 (s1)e K ( nhSk)

Hnl +E =n2 + =n3,

)

where Tt «(s) = U¢(s/n). In order to prove (A.25), we need to show that

= - _ t—s t — Sk _
Ho1 = 1<Hlii)](% Ss;g;z Zlvt_L*(s)q {K( — ) — K( — )} =0Op (nh@) , (A.26)
n t -
Zn2 = max sup Z:: Tp14(8) — Tp—1u(s8)] &K ( n}f’“) = Op (nh\/@) (A.27)
and
Eng = 13;3); th 1 ( sk)etK( — ) =Op (nh\/logn). (A.28)

We next provide the proof of (A.28). By the definition of &;, we may prove (A.28) with € in
Ens replaced by n:. Let wi(sg) = Up—1(sk)me, Fr = {(ns,€%) : s < t}, and

(nh)3/4 (nh)1/4

g 71" 1 S ogay7a)r low) = we(se) = Tl

Di(s) = wilsr) - 1171 (s0)]| <
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Note that

[E[@y(sk)[Fea]l = ||E

B ~ nh 3/4 nh 1/4
Ut 1,%(Sk)7e - I(H”tfl,*(sk)u > (l(ogr)z)l/4 or [m| > (1(01/4>‘]:t 1

~ B nh 3/4
< [0l > (ffM)] Ellnl
nh 1/4
o5l - E {1 (] > (”)/4)]
= Va(sk) + Via(sk).
As
(nh)1/4 (log n)(3+50)/4 s
< 0
E [|77t|1<77t > (10gn)1/4> = (nh)(3+50 /4 |:|77t| ]
and ||U;—1«(sk)|| = op ((nh)3/4) uniformly in k = 1,--- , R, and s, — nh < t < s, + nh, we have
— sk (nh)7/4(10g n)(3+6o)/4 B
12;?}(2 ZVZQ skp) K o ) ‘ ( ()G a0/ =op <nh\/log n) ) (A.29)

On the other hand, as % — 00, note that

nh)3/4
IP’{ max max !\Ut—l,*(sk)HI(H@—L*(%)H = L) ~ 0}

1<k<R’ sk—nh<t<sp+nh (logn)l/4
h 3/4
< P max max 1Te—1.4(sk) || > nh)"
1<k<R; sk—nh<t<sp+nh (logn)l/4

nR, (logn)+o)/4
< : (nh) /T = o(1), (A.30)

and

]P’{ max max lwe(sk)]| > O}

1§k§R; sp—nh<t<sp+nh

B (nh)3/4 (nh)1/4
< S A— —_ 7
= P{123);;%—71;2?%%4-7111Hvt_l’*(sk)u > Qogmy/a [ TE | 1 Il > g0y
o 1 (4+50)/4 1 (4+50)/4
¢ M (logn) + . Mlosn) = o(1). (A.31)
(nh)(“-+80)/4 (nh)(4+60)/4

Then, following the arguments in the proof of (A.12) and by (A.30) and (A.31), it follows that

t_
Zth si) K }jk)

max
1<k:<R

‘ =op <nh\/@) (A.32)
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and

max
1<k<R,

Z ﬁt(sk)K(t ;Ijk)
t=1

Hence, by virtue of (A.29), (A.32) and (A.33),

| =op (nh@) . (A.33)

n

S (k) — Bl (s) | For)) K ()

max
nh
t=1

1<k<R,,

‘ =op (nh@) : (A.34)

On the other hand, note that {(w¢(sg), Ft) : t > 1} is a sequence of martingale differences. Let

c1 be some positive constant such that

n

Var(Z (we(sk) — E[@t(sk)‘]:t_l])K(t ;}jk)>

t=1

max
1<k<R,

< c1(nh)?.

Then, by the exponential inequality for martingale differences (c.f., Theorem 1.2A in de la Pena,

1999), we have

t_
P<{ max wt(sk)].;’-'t_l])K( Sk) > Minhy/logn
1<k<R 1 nh
2, "~ t—s
_ — Sk
< _
< kEZI]P’{ ;1 wy(sg) — E[we(sg)|F 1])K( — ) >M1nh\/logn}
E, MZ(nh)?logn
< ) ex 1
61 nh) + QCKMl(nh)Q]

k=1
< O (?gln*m> = o(1),

where M is chosen such that
Mf’/g > 2¢1 4+ 4eg My and 7, 'nm VM = o(1).

This indicates that

S @ilon) — Elw(si)lFioa]) K (%)
1

max
1<k<R,

‘ — 0p (nh\/@) . (A.35)

Then, by (A.34) and (A.35), result (A.28) follows.

For =,1, noting that

t—s
nh)_

sup
SESK

E(




|Tt_1.+(5)|| = op((nh)?/*) uniformly in s € S for k = 1,--- , R, and s, —nh < t < s + nh, and

|| = Op(1), we have
- t—s

th_l,*(s)ét [K( o)~ K(t;’jk)] H

=1

= op (n(nh)3/4?nh_1) =op (nh@) ,

which completes the proof of (A.26). For E,, noting that K(-) is bounded, |&;| = Op(1) and

Z,1 = max sup
1<k<R}, s€S

max_ sup [[Ti—1.-(5) = i—1.4(58) | = Op (V)

1<k<R SESK

for any s — nh <t < s+ nh, we then have
" t— Sk)
nh

Zp2 = max sup

[Ut—l,*(s) — Wt—l,*(sk)] EtK(
1<k‘<R SESK

=1

= Op(n nFn) =0Op (nh\/@) , (A.36)

which completes the proof of (A.27). Thus, (A.25) and then (A.16) have been proved. We have
finally completed the proof of (A.5), and Theorem 2.1 then follows. O

PrROOF OF THEOREM 3.1. Note that

Z —
Qu(z) = (%5~
t=1

= Qs >+czn2< ). (A.37)

)Utet

First consider @,1(z), which is the leading term of Q,(z). Decompose Q,1(z) as

Qni(z) = ZE[K Zt )] Xi- 1€t+Z{ Zt_z E[K(Zth_z)]}thet
t—1

Noting that by Assumptions 2 and 3,

|x ) -

uniformly for 0 < z < 1, and by using the functional limit theorem for the partial sum of the linear

process (Phillips and Solo, 1992) and Theorem 3.1 in Ibragimov and Phillips (2008), we have

Z thlet == Op(n)
t=1

)dz1 = h/K 29)fz(z + 22h)dzy = hfz(2)po + O(h?),

We deduce that
sup ||@Qn3(2)|| = Op(nh) = op(ny/hlogn). (A.39)

0<2z<1
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For Qna(z), it is easy to check that {(u (K, 2)Xi—1e4, F;)} is a sequence of martingale differences,

where
2% —Z

. )—E[K(Zt_z

w (K, z) = K( )] , Ff =0 {1, (Zs,ms,e5) 1 s < t}.

The following proof is similar to the proof of (A.25) with some modifications. We cover the
interval [0, 1] by a finite number of disjoint intervals Zj with centre point z; and radius r,, defined
in the proof of Theorem 2.1, and the number of these intervals is N,, = O(r,!). By some standard
arguments, we have

Zut(K, 2) X 1€y
t=1

ZXt—let [ut(K, z) — ui (K, 2)]
=1

sup
0<z<1

< max sup +

1<k<Nn zez,

n
Zut(Kv 2) Xi—1e4

max :
1<k<N,
t=1
Noting that by Assumption 2(i)
Ly —z Zy—z _
Jue(K, 2) — us(K, 2,)] < 2 ‘K( )~ K(5) = 0p (rah ™).

and maxi<i<y || X¢|| = Op(y/n), we have

n

Z Xi—rer [u(K, 2) — ue(K 2]
=1

max sup
1<k<Nn z¢7,,

‘ =Op (n?’/?rnh’l) =O0p (nm) . (A.40)

We next prove that

max

n
u (K, z) X e
1<k<N,, ; t( ) k) t—16¢

= Op (m/hlog n) . (A.41)

As n2+80 pa+so

ogm) 50— 00 there exists a positive function /(n) such that

n2+5o h4+50

l(n) > o and I(n)(log n)i %

— 00. (A.42)

Let Wy(zx) = (K, 1) Xi—1e0, L(n) = [I(n)] 7% , and

- nh
Wi(zk) = Wilzr) -1 (”thH < VnL(n),led] < L(n)logn

) L Wilzk) = Wilzg) — Wilz).

From the definition of Wt(zk), it is easy to see that if the two events { | Xi—1|| < /nLl(n),t=1,---, n}
and {]et\ < ,/#ﬁ)gn,t =1,--- ,n} hold simultaneously, [|> /", Wt(zk)H =0forany 1 <k < N,,.
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In other words, if HZ?:I Wi(zi) ‘ > 0, we must have either {HXt,1|| > «/nL(n)} for at least one
1<t<n,or {]et\ > ,/Wi’ogn} for at least one 1 < ¢ < n. Hence, we have for any ¢ > 0,

> Wilzr)

P<{ max
1<k<N, || £

nh
P {ﬁlﬁg{n | Xe—1| > \/nL(n)} +P {112‘/a<xn les| > L}

(n)logn

> en\/hlogn}

IN

n[L(n)logn](4+d0)/2
_ 0(1)+0< [L((;hl)(igo)/z >20(1), (A.43)

by (A.42), and (A.43) leads to

max
1<k<Np

Zn: Wi(z)|| = op (n\/@) . (A.44)
t=1

Let ¢ be some positive constant such that

max < con’h.

1<k<Np

Var( ZWt(Zk))

t=1

Then, by the exponential inequality for martingale differences again (c.f., Theorem 1.2A in de la

Pena, 1999), we have

n Nnp, n
P{lgngg)ﬁn ;Wt(zk) > Mgn\/hlogn} < ;]P’{ ;Wt(zk) > Mgn\/hlogn}
N,
~ M2n2hlogn ERRNG v
< — — 2) = o(1
< ;exp{ 2(canh + 205 Mon2h) O (rn n > o(1),

where My is chosen such that

M§/2 > 29 + deg My, rin VM2 = o(1).

n

This indicates that

n

S Wilz)| = Op (n\/@) . (A.45)
t=1

In view of (A.44) and (A.45), we can complete the proof of (A.41), which together with (A.40),

max
1<k<N,

indicates that

sup || Qna(2)]| = Op (n\/h log n) . (A.46)

0<z<L1
Then, by (A.39) and (A.46), we deduce that

sup [|@Qni(2)]| = sup [|Qn3(2)|| + sup ||Qna(2)]| :Op(n\/hlogn). (A.47)
0<2<1 0<2<1 0<2<1
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We next consider Q,,2(z), which is relatively simpler. Let vy = Z;io Djcy_; = 5H—Z§i1 P =
g+ Uy and e; = E;’io Gine—j = + Z]O’;l ¢jni—j = ¢ + €. Note that
n n
Iy — 2 Ly — 2\ .
Qn2(z) = ZK( th )Etnt+ZK( th )Utnt+
t=1

t=1

n n
;K(Zth_ Nedit Y K(A e

t=1

8
D Qui(2). (A.48)
k=5

We next prove that

sup || Qui(2)|| = op (n\/hlog n) , k=5,6,7,8. (A.49)

0<2<1

For k = 8, note the decompositions:

Qns(z) = éﬂi[K(Zth_z)]ﬁtaﬁ—g;{lf(zth_z)—E[K(Zth_z)}}@a.

By the fact that E [K(%)] = hfz(2)po + O(h?) uniformly in 0 < z < 1 and {;&;} is a sequence

of stationary random vectors, and using the ergodic theorem, we have

n

2&——2

sup
0<z<1

E [K(

)] o

= Op (nh) = op (nm) . (A.50)

t=1

On the other hand, note that {(u:(K,z)vier, Ff)} is a sequence of martingale differences, where
w (K, z) = K(%) —E [K(%)] and F;' = o {nmit+1,(Zs,ns,€5) : s < t} are defined as above.

Then following the argument in the proof of (A.46) with some modification, we can prove that

R

By (A.50) and (A.51), we have completed the proof of (A.49) with k = 8. The proof for other cases
of k =5,6,7 is analogous and thus the details are omitted here. Then, by (A.49), we have

sup
0<2z<1

=op (nm) . (A.51)

8
sup [|Quz(=) < Y- sup [|Qui()]l = op (ny/hlogn). (A.52)
0<2<1 k:50§z§1

By (A.37), (A.47) and (A.52), we can prove (3.2). Then, the proof of Theorem 3.1 can be completed.
(]
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PrOOF OF THEOREM 4.1. Note that

Bul2) = B(2) = [ZXtXt — ] {thxt[ Z) - Bz >] K(t;;fz)}+
> x
t=1 t=1

= I (z) + ya(z). (A.53)

We first prove that the matrix

) [Zn: X, X/K t nz)] Dn(z)Rﬁl
t=1

is asymptotically non-singular for all z € [e,, 1 — €], where €, is defined in Assumption 5. This can
be proved by combining Proposition A.1 and Lemma B.4 in Phillips et al (2013). In order to keep
the paper self-contained, we outline the proof. Recall that ¢. = ¢, (.) and qj = #n ()’ and observe
that

) [Z XXK(S) | Da)R;!

_ n
q, |: p Z XtXt ( nh ):| 4z Q,/z |:n2f13/2 t; XtXéK(thZ)] qu

n
(QZ) [nzhg,/z t;XtXt ( nh ) qz (Q;)/ [nzlhz t;XtthK(tnzz)] QZL

(A.54)

For A,1(z), following the argument in the proof of Proposition A.1 in Phillips et al (2013) and

using the definitions of b, () and ¢., we can claim that

1 O , o t—nz 1 1 t - nz
w2 XK () = (ﬁXm) (ﬁm)f) [nh S K( Top(1)
= by +or() = by, ) I*a=dl + op(1) (A.55)

uniformly in z. Then, by Assumption 1(i), the BN decomposition, and the strong approximation

result (e.g. Csorg6 and Révész, 1981), there exists B,(€2.) such that

sup |l¢z —q,|| + sup Hbz —BZH = op(1), (A.56)

€0<z<es (SRS AN
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where b, = B,(Q.) and g, = b./||b.||. Then, by (A.55), (A.56) and the definition of A,1(z), we
can prove that
sup [An(2) — Ay(2)] = op(1), (A.57)

€o<z<es
where Aj(z) is defined in Section 4.
For A,2(z), following the argument in the proof of Proposition A.1 in Phillips et al (2013) again
and using the orthogonality condition (2.4), the asymptotic leading term of Aj2(2) is:

1 t—nz
qzqz! S/th/Qth K(— )] @ (A.58)

where T;(z) is defined in the proof of (A.5) and independent of ¢, and g+. Then, by Assumption
1(i) and the strong approximation result again, there exists B, ,(€2.) (which is also independent of

¢. and ¢F) such that

1
sup sup 0¢(2) — Bo(r) () || = op(1), A.59
coSz<eo Y (2)<t<ym(2)+2nh || V2Rh &) () (02) M ( :
where m(t, z) = ,Ez) Then, by (A.56), (A.58) and (A.59), we have
iug |An2(2) — Ag(2)] = op(1), (A.60)

where Ay(z) is defined in Section 4. By an analogous argument and using the orthogonality
condition (2.4), we can also show that

sup |Ans(z) — As(2)| = op(1), (A.61)

€0<z<¢€s

where A3(z) is defined in Section 4. Then, by the asymptotic non-singularity of A, in Assumption
5, (A57), (A.60) and (A.61), we can prove that R, 'D,(2) [X1 XiX/K (532)] Du(2)R,?

asymptotically non-singular for all ¢, < z < €,, which together with Theorem 2.1, implies that

sup HR D, ( H = Op(+/logn). (A.62)

eo<z<eo

The above convergence result leads to
logn logn
=0 — |, =0 . A.63
T N B (e R (63

By Assumption 4, we can show that

HB(Z) - B(2)

< h. (A.64)



Following the argument above and using (A.64), we can prove that the asymptotic order of

R;Lan(Z)I {ZXtXt{ [IB(:L) - /B(Z):| K(t ;:Z)} Dn(Z)R;Ll
t=1

is Op(h®), which together with the fact that R, "Dy, (2)' [Yj; Xe X[ K (=72)] Dy(2)R

— is asymp-

-1
n

totically non-singular, implies that

sup I (2)[| = Op(h™°). (A.65)

eo<z<eo

The proof of Theorem 4.1 can be completed in view of (A.53), (A.63), and (A.65) in conjunction
with the definitions of R,, and D, (z). O

PROOF OF THEOREM 4.2. The proof is similar to the proof of Theorem 4.1 above. As in (A.45),

we have

n + n
Bu(2) — Bl2) = [thng(Zth‘z)] {thxé [5(Zt)_5(z)]K(thl_z)}+

Z&X{K(Zth_ z)] [iXtetK(Zth_ z)]

3

Following the proof of Proposition A.1 in Li et al (2014), we can show that the random denominator

ﬁ Yo Xi X(K (Zth_ 2) is non-singular with probability 1 for all z € [0, 1]. We next give an outline
of this proof. Note that

1 < 7 — 1 < 7 — Zy —
o X (Z) = thXtXtI{K( g Z)_E[K( g Z)H+
t=1 t=1

1 i Zt —Z
LS xxE {K( )]
n2h ; h

HnS(Z) + Hnﬁ(z)- (A67)

By the fact that E [K (%)] = hfz(2)uo + o(h?) and using continuous mapping, it follows that
uniformly for z € [0, 1],

n / 1
6(z) = fzf) ; j/(% : f/(% +0p(h) = fz(2) /0 B, (92.)B,(2.) dr. (A.68)

On the other hand, following the technical argument in Li et al (2014), we can prove that

sup |5 (2)]| = op(1), (A.69)
0<2z<1
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which together with (A.67) and (A.68), implies that

1 « - 1 ,
th;XtXtK( th Z) :>fZ(z)/O B, (Q.)B,(Q.)'dr (A.70)

uniformly for z € [0,1]. As info<.<1 fz(z) > 0 and using the fact that fol B (2)B, () dr is
positive definite with probability 1 by Lemma A2 in Phillips and Hansen (1990), we can claim
that nTlh Yo Xe X[ K (%) is asymptotically non-singular over z € [0, 1], which together with

logn
11, =0 — |- ATl
S [T (2)] = Or (\/ nzh) (A7)

On the other hand, by Assumption 4 and following the proof of (A.65), it follows easily that

Theorem 3.1, implies that

sup |[II3(2)|| = Op (R™). (A.72)
0<z<1

Then, (4.7) can be proved by using (A.66), (A.71) and (A.72) and the proof of Theorem 4.2 is thus
completed. O
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