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Abstract

Contact mechanics of rough surfaces is becoming increasingly important in understanding the
real behaviours of machine elements in contact. Due to the complicated physical, chemical and
mechanical phenomena occurring at surfaces especially in boundary lubrication, a multiphysics
numerical model is essential to capture the behaviour. Boundary Element Method is a well-
known numerical approach to model such a problem because of several advantages. Firstly it
is far faster than Finite Element Method since only the boundaries of the solids are discretised.
In addition, there is no problem of remeshing the contacting bodies due to plastic deformation
and wear. Conventional Boundary Element models simulate movement of contacting surfaces
by shifting matrices of numbers in one direction. In this new proposed approach, the big
matrices of surfaces are cut into small matrices which indicate the part of surfaces that are in
contact. The influence matrix is also cut into a smaller square matrix corresponding to the size
of surface matrices. This approach enables matrix implications in smaller sizes than the original
big surfaces and reduces the computational time.
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1. Introduction

Contact mechanics which explains the behaviour of matamiatsntact is of great importance

since it occurs almost in all mechanical machine elements. In computational mechanics, Finite
Element Method is a widely used approach to solve the contact problem. Robust formulations
for contact and deformation of the solids are big advantages of FEM. Since the contact of solids

is multiscale in nature, a multiscale computational analysis of the contact problem is essential.

Contact mechanics studies go back tt ¢&ntury when Hertz developed a model for a simple elastic
contact). Hertz calculated contact pressure and deformation of an elastic €mmtdgs purpose a

load was applied to surfaces and contact mechanics analysis started. As a l@sdlteaich surface is



deformed byu; (x4, x;). A gap between surfaces was considere¢gEaquiation Jshould be satisfied in

the contact:

Uy (1, %) + up (X1, %2) + g(x1,x2) = 61 + 6 Equation 1

Hertz calculated the contact pressur@(©f;, x,) in the case of satisfying the above equation.

Surfaces are rough in reality and contact of rough surfaces is more complicated than the
Hertzian contact of flat surfaces. Because of the small scale of the roughness of the surfaces in
compare to the bulk of the solids, Finite element Analysis of such a problem becomes
cumbersome. One of the first attempts to mathematically solve the contact of rough surfaces
was the work of Greenwood and WiIIiamsﬁl (2). They used the probabilistic approach to
predict the contact between surface asperities and determined the real area of contact. That
model of contact mechanics was a starting point for understanding the real stochastic behaviour
of surface asperities in contact. Despite the abilities of the model, it had no deterministic

capabilities for measured surface topography.

Deterministic contact mechanics models have been the subject of many studies in the past few
years to consider the true interaction of surface asperities in contact. Attempts were made on
simulating the contact of surfaces using Finite Element Method. Bortolettoﬁt al. (3) simulated
a single ball-ondisc experiment by the finite element method and used Archard’s wear
eguation to simulate wear. They validated the simulation results with experiments and showed
good agreement. qui(4) also used a finite element model to simulate a contact and
implemented Archard’s wear to calculate wear using an updated geometry with different step

sizes.

Hegadekatte et aD(S) developed a miiftie-scale model for wear prediction in micro gear
application. They used commercial codes for determining their contact pressure and
deformations and then used Archard’s wear equation for calculating wear. The problem of

meshing size and remeshing the geometry was addressed in that work especially for the case
of macro component wear calculations. Sellgren I. (6) incorporated random rough surfaces

into Finite Element analysis and calculated the true area of contact. They concluded that Finite



Element method can predict the real area of contact for rough surfaces. This prediction depends

on the amplitude and wavelength properties of the interacting surfaces.

Boundary Element Method is also widely used for simulating the contact mechanics problem

due to its efficiency. Sfantos et fT-g developed boundary element simulations to calculate

wear in sliding wear conditions. They reported that BEM is an efficient method for contact
calculation of surfaces. They also used BEM for simulating the three dimensional sliding wear

and validated the model with an artificial hip joint wear simulator.

llincic et al.|(10-12) used the boundary element method and also a combined boundary-finite

element method to simulate wear in tribometers using localized Archard’s wear. They predicted

the shape of the wear track of a flat surface in a reciprocating pin on disc tribometer using
BEM. Anderson et aI used a wear model and implemented FFT based contact mechanics
simulations to calculate contact pressure and deformations. They simulated a ball on disc wear

experiment and validated their simulation results with experiments.

There are several other works that simulate contact mechanics of rough surfaces using the

Boundary Element Method for predicting wear and micropitting in rolling and rolling-sliding

conditions|(14-1p). All these numerical procedures confirm that BEM is a suitable method for

simulating contact mechanics.

Movement of surfaces are essential parts of any contact mechanics model that simulates
sliding, rolling or sliding-rolling of contacting surfaces. In this work, a new numerical approach
for movement of surfaces in contact mechanics simulations in Boundary Element Method is
introduced. Instead of shifting the matrices containing the surface asperity height values, those
parts of surfaces that come into contact are selected for contact mechanics simulation. The
influence matrix is also modified with respect to the size of the part of the surfaces that are in
contact. This approach helps to have smaller influence matrices and will increase the
computational efficiency by several times. The details of the contact mechanics used in the
Boundary Element simulation are also reported in this work. The contact mechanics model

introduced in this work was used to investigate a boundary lubricated contact and

tribochemistry in other works by the authors G]Q?-and the predicting capability of the model

was tested. In this paper, firstly, the components of the contact mechanics model is introduced

in Sectio The new strategy for the movement of the surfaces based on the new mathematical

algorithm is presented in Sectjon 2.5.1 . Then some examples of the results of the evolution of
the asperity contact pressure is shown in Sn 3.




2. Components of the model

2.1. Rough surface generation

To study the contact of rough surfaces deterministically, digitized surfaces should be used as
inputs into the model. There are two different ways of digitizing surfaces. The first way is to
use surface microscopes such as Atomic Force Microscope (AFM) which can give a 3D
digitized map of the surface topography. Alternatively, surfaces can be generated using
mathematical methods. The method used to generate surfaces is introduced by et al. (20).

For generation of 3 dimensional rough surfaces, a specific autocorrelation factor and also
height distribution should be defined. Two dimensional Digital filters are used for generating
the 3 dimensional surfaces. By using random number generators it is possible to generate the
filter inputs as Gaussian independent random numbers. The output would be obtained through
the filtering operation and will give the sequence with certain autocorrelation function. It is
mathematically proved that if the input numbers are Gaussian random numbers, the distribution

will remain Gaussian after the filtering. The filtering coefficient for generating the rough

surfaces is plotted jn Figurg 1. An example of 3D digitized rough surface is shjown in Figure 2.
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Figure 1 Filter coefficient for a circular digital low passfilter



Figure 2 Three dimensional digital rough surface generated using low passfilter and

random Gaussian numbers

This method enables varying surface roughness for studying the effect of roughness on contact
of surfaces. As discussed before, surface roughness is very important in contact of surfaces in
different scales, therefore this generation method gives the flexibility to generate different

desired surfaces and investigating the surface effects in boundary lubrication.
2.2. Contact of rough surfaces
There have been many attempts at simulating the contact of rough surfaces in contact

mechanic, 10-121-30). The contact mechanics model developed by Tian and Bhushan
) which considers the complementary potential energy will be used in this work. By

applying the Boussinesq methoEI(32) and relating the contact pressures to surface
deformations, the problem would be to solve the contact mechanics only for finding contact
pressures at each node and then the related contact deformations can be calculated. For this
model, surfaces should be discretised into small nodes and it is assumed that the nodes are

small enough and the contact pressure is constant at each node.

The problem is to minimize the complementary potential energy as follows:



1 _ .
V= E.U pu, dxdy — ﬂ- pu; dxdy Equation 2

wherep is the contact pressure avt, , andu} are complementary potential energy, surface

deformation and prescribed displacement respectively.

The Boussinesq solution for relating contact pressure and surface deformation usually

considers only normal forces and the solution is:

(" p(s1,52)
u(x,y) = —; ﬂ == dsids; Equation 3
ME" oo \[(x = 51)% + (y — )2

in which E* is the composite elastic modulus of two surfacesy) and (s,s,) are two
different surface points. It shows the relationship for the deformation of a the surface on point
(x,y) when the load is applied on the paisy, s,).

1 _ (1—1/12) " (1—1/22)

— Equation 4
E* E, E,

1 A+vpA—-2vy) A+vy)(1—-2v,) _

— = - Equation 5
G 2, 2, quat

Here,v,,v,, E; and E, are the Poisson’s ratio and Elastic Modulus of surfaces 1 and 2

respectively.

For solving the double integrals|of Equatiﬂn 3 the surfaces should be discretised into small

nodes. The nodes should be small enough to assume that pressure is constant at each node. It
should be noted that only boundary of solids (surfaces) are meshed in this method which can

help the numerical efficiency.

An example of the surface discretization is shown in Figlure 3.
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Figure 3 Surface discretization in Boundary Element Method (Reprinted from Ref )

N and M are the number of nodes in two dimensions of the surface plane and a and b are the

half length of each element which is the difference between the nodes. For simplicity, a and b

are assumed to be equal and in this work they are set to 0.5um. Therefore the full length of

each element is 1um which is a reasonable length for computational studies of rough surfaces

.

To solve the integral equation for the discretised surfaces the integral equations should first be

discretised.

L L
1 f p(sy,82)ds ds;
0

nE S ) (s — 0% + (5, — )2

@), =

k=1

M M
1 Z jj ds;ds, Z c
= " Py = kiPk
nE V(s1—0)2 + (51 — y)? ]

Equation 6



Cy; is the influence matrix and is calculated by solving the double integral:

c 1 ﬂ“’ ds;ds, £ ion 7
kl = "% quation
ME* J oo [ (x = 5% + (v — 52)?

The solution for the influence matrix in discretised form is as follows:

(y+b) +/(7 +b)2 + (x + a)?
(y —b) +/(y — b)2 + (x + a)?
(x+a) + /O + )2 + (x + a)?]
|(x —a) +/(y + )% + (x — a)?]
-(y—b)+\/(y—b)2 +(x—a)2-
(v +b) + /(¥ + D)2 + (x — a)?] Equation 8
_(x—a) +\/(y—b)2 + (x—a)z_}

((x+a) +/(y —b)? + (x + a)?]

Cor = 1
kl_n.E*

{(x + a)ln

+(+b)In

+(x—a)ln

+(y—b)In

in which a and b are the half-length of each small element and M is the total number of nodes.

Equation 2 describes the potential energy for a frictionless contact and the normal force is the

only force applied on the surfaces. The potential equation for a frictional contact would be

modified to the form below:

1 — .
V= Eﬂ tudxdy — ﬂ tu* dxdy Equation 9

In which t is the full surface stress vector including the in-plane tractions and u is the full

surface deformation.

t =q.ex +qye, +pe, Equation 10
u=u.e,+u,e,+ue, Equation 11
q. andg, are the in-plane traction forces and e, ande, are the Cartesian unit basis vectors.

uy, U, andu, are the surface deformations in x, y and z directions respectively.



By applying the same discretising procedure, the Boussinesq solution for the fully coupled

deformation-traction relationship can be expressed as:
M
e = Y (i @ + G ayu + CEFp)
l=

1
M

tye = D (G Gt + CF ay + CUip)
=1

- Equation 12
M
Uyp = Z(C;?quz + C qy1 + Ci7p)
=1
In the matrix form:
Uy c** C* C*[49x
uy|=|cvx ¢ cr?||ay Equation 13
ul e ¢ c=llp

The elements of the influence matrix can be obtained from the complete solution of the
Boussinesq problem. Then the problem would be minimizing the potential energy for the fully

coupled contact. The solution procedure is the same as frictionless contact and can be carried

out by direct quadratic mathematical solut, 34).

For the case of two identical materials in contact, the equivalent shear modulus of Equation 5

becomes zero and \‘he Equatign 9 reduges to Equ4tion 3.

2.3. Direct quadratic mathematical programming

Because the total complementary potential energy is a quadratic function of the contact

pressure, it can be expressed as quadratic mathematical equations. Hence the energy can be

written in quadratic form ¢f Equation [L4:

1 .
V= EpT' C.p—plu Equation 14

Here p” is the transpose matrix @f, and C and u are influence matrix and gap between

surfaces respectively.



1 Cl,l o Cl,M

C =
nE*

Equation 15

CM,l CM,M

ul = (Uzy, Wpp, oo Wpper oo Ugag) Equation 16
And for the complementary potential energy to have a minimum at thegdpthe solution is

as.

VW(p*)=C.p*—u=0
Equation 17
p*=C"tu

And all the values 1n Equation [L7 should satisfy the restriction crijgria 0. The summation

of all contact pressures must be equal to the applied load on the surfaces and the following

equation should be satisfied:

Z pij =W Equation 18

The elastic deformation is then calculated corresponding to the pressure of contacting asperity
using the equation below:

u==C.p Equation 19

The deformation is then used to check the deformation criteria of the contact problem. It should

be noted that EquatiatB|will be valid for the whole contact. In order to find the true area of

contact and the corresponding contact pressures, Equation/ 18 and Eqyation 20 should be solved

at the same time iteratively.

10



Figure 4 Single asperity model — Schematics of rigid body movement

The rigid body movement (r) is the movement of the bodies in normal direction of contact and

is given by:
r=0U,—Z)+u & p>0 if in contact
r<(Z,—Z)+u & p=0 if not in contact Equation 20

in which (Z, —Z;) = g is the gap between asperities and u is the elastic deformation of

contacting asperities. The above formulations are valid for every single asperities in contact.

Therefore they can be solved for a set of asperites and Figure 4 can be a representative of a

single node in the contact mechanics formulation of the problem explajned in Rigure 3

2.4. Elastic-perfectly plastic contact model

The contact mechanics model used in this work is an elastic-perfectly plastic model. To
consider the plastic part in the simulation, a modelling approach which was reported by Sahlin
et al.) was used in this work. It is assumed that the asperities can undergo pressures between

0 and hardness of the materials:

11



0<p(x,y)<H

Equation 21

The contact pressure of the asperities that experience pressures higher than the hardness of the

materials will be set to H (hardness of the material).

These asperities become plastically deformed. It is assumed that the points with pressures equal

to the hardness of the material will be truncated out of the calculation for elastic deformation

because they can freely float. The steps for elasto plastic contact simulation are explained as

below:

- First step is to guess the initial pressure to satisfy Equatio

n 18.

- Set the negative pressures to zero and the pressures above the hardness to H
- Check the calculated pressures again and compare |t with Equﬂtion 18. If the pressure

is now equal to load, pressures should be shifted up or down

- Truncate the pressurgs= 0 andp = H. Then calculate the elastic deformation of

Equation 19.

- Calculate the body interferences and check if the points of contact will patisfy Equation

20|

- The plastic deformation is then calculated by subtracting the elastic deformation from

the body interferences.

2.5. Movement of the contacting surfaces

The influence matrix ¢f Equation [L5 shows the influence of surface points on deformation of

other points in presence of load. The term g which is a two dimensional matrix of gaps between

single asperities of contacting surfaces, shows the potential

moving surfaces in normal direction of surface planes. In this

of asperity-asperity contact by

possibility of contact to happen.

case Equﬂtion 20 defines the

In most of the tribologically loaded contacts, surfaces have relative movements tangentially,

so this must be taken into account. Conventionally, movement of surfaces are applied by

shifting the matrices that contain the surface asperity height numbers. This is a very simple

way to simulate the movement of surfaces. In this method controlling the shifting speed of both

contacting surfaces is essential for applying the rolling-sliding condition on the tribosystem.

12



The influence matrix does not change in this method and the size {@vstil1) x (N * M)

which in the case of square contacting area becoihesN?2.

2.5.1 New surface movement strategy

It is important to know how the influence matrix works before explaining the new procedure
for moving the surfaces. The elements of an influence matrix correspond to the influence of a

node of surface on other nodes of the surface if the load is applied on that point.

Imagine a surface withV x N nodes. If the load is applied to a point, it influenses N
points on the surfaces including the point itself. Therefore, a matrii of N2 can explain
the influence matrix of the whole surface. Each element of this matrix is responsible for the

influence of a point on another poie 5). If the load is applied on point p it will affect
the deformation on point k.

I 2 e j N-1 N
1
2
r=er=i
O
1 3 *
Lokt 2b
}
N-1
— 2a r——

Figure 5 Discretized surface and influence matrix definition

It can be interpreted from Equation 8 that the elements of this matrix are dependent on the

distance of the points on the surface (distance between points p and k). Therefore, this matrix

would have identical values for the points that have similar distances.

Now imagine two surfaces coming into rolling-sliding contact. One of the surfaces should enter

the contact from one side and will exit the contact on the opposite.

If the upper surface enters the contact from the left, its rightmost part would be in contact with

the leftmost part of the lower surfage (Figure)6Then the contact problem reduces to the

13



contact of two one-dimensional matrices of two surfaces with svzg 1). When the
movement continues, more points of surfaces come into contact. For example two columns of

the rightmost points of upper surface come into contact with two columns of the leftmost points

on the lower surface (Figurgd)- This process continues until the surfaces fully come into

contact and the upper surface exits the contact from the other side. A schematic of this contact

process is shown fin Figure 6.

—-—-—-—J

a) Two surfaces not in contact yet

N

T

b) Start of the contact (rightmost part of a surface in conta
with leftmost part of another surface)

ZZ

7
-

—1

c¢) Two surfaces come into contact by more areas of both surt
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Figure 6 Movement of surfacesin contact. The shaded area shows the area of contact
between two surfaces. Thered dotted lines shows the area of the upper surface that

entersthe contact from the left.

For the beginning of the contact one column of each surface comes into contact. In this case,
the influence matrix needs to cover the contact of N points on one surface with N points on

another surface. Therefore the influence matrix only needs to be th€ #rat matrix of the

big N2 x N2 influence matrix. It is shown fin Figure 7 that how thix N matrix is selected.

The true influence matrix elements should safisfy Equaﬂion 8. As stated before, these elements

are dependent on the distance of the points of the surface so the selection shown in Figure 7 is

valid.

If the movement continues and more points of the surfaces come into contact, the influence
matrix will get bigger and becomesV x 2N, 3N x 3N, ...and N2 x N? at the end when

surfaces are completely in contact.

15
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Figure 7 Influence matrix selection in the case of moving surfaces

The problem of contact becomes faster because the size of matrices of surfaces and influence

matrices are much smaller in this case. The maximum size of the influence matrix is when two

surfaces are in complete contact and it is the same size as conventional shifting of surfaces. It

should be noted that the rigid body movement (r) is set as constant in one entire step of the

contact calculation (from when the surfaces come into the contact up until the surfaces exit the

contact). The average of the surface contact pressures are taken in one step and this value is

used to satisf

y Equation

18. In this case, upper surface is passed relative to the lower surface

and the average of the contact pressure is calculated on surface asperities and the calculation is

iterated until it satisfig

s Equation [L8 and Equation 20.

Then the contact pressures and surface deformations are stored for every step and can be

averaged for one loading cycle. Plastic deformations are applied to the surface asperities and

the geometries of the surfaces are changed for next steps. This process of two rough surfaces

coming into contact is repeated to the end of the simulation. Therefore a rolling sliding motion

can be easily modelled by this contact mechanics simulation. It should be noted that the contact

mechanics model in this work is quasi-static.

3. Results and discussion

Results for influence matrix and contour of contact pressure for movement of surfaces are

reported in th

3.1. Influence

IS section.

matrix

As explained before influence matrixN¢ x N? when the surfaces alex N. An example of

influence matrix for 20 x 20 surface is shown jn Figure 8.

16
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Figure 8 Influence matrix element values

If load is applied to a point of this surface, the deformation on all the other points is shown in

Figure 9.

Figure 9 The deformation of surface dueto load applied in the centre

17



It is noticeable that if a load is applied to a certain point on the surface, the highest deformation
happens at the same point and this deformation decreases as the distance from that point

increases. It is in agreement with the definition of the influence matrix.

Figure 8§ shows the elements of influence matrix and it approves the fact that selection of matrix

elements based pn Figure 7 is valid. By selecting theNisstV matrix of the largeV? x N?

influence matrix, the influence of one point of the surface on the 20 points of the same column

is selected. That is for the case that surfaces are only at the beginning of the contact.

It can be also noted that the influence matrik of Figyre 8 is diagonal which means that the

influence element of all points are the same on themselves and is reduced by the distance of
the points from each other. It is also symmetric diagonally which means that the same distance

between the points results in the same influence value.

3.2. Movement of the surfaces

As explained in sectign 2.5. , matrices of surfaces are selected in a way that movement can be
simulated. An example of this movement is showp in Fi@eThe contour of contact

pressure which shows the asperity-asperity interaction is demonstrated in the figure. The

evolution of contacting asperities in the sliding direction can be noticed from the figure.
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Figure 10 Contour of contact pressure showing the asperity contact pressuresin surface
movement. The upper surface entersthe contact from theleft (a) and exitsfrom the

right (f). The contour isindicating the pressures on the lower body.
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The upper surface comes into contact with lower surface from the left (see Figure 10-a) and

moves towards the sliding direction. Both surfaces are entirely in con[act in Figure 10-d. The

upper surface then exits the contact from the other|side (Fig|fje 10-

The influence matrix is smaller in the beginning of the corftact (Figure 10-a) and increases in

size whilst more surface points come into contact. It gets the size of the original influence

matrix while two surfaces are completely in con[Ect (Figutte 10-d) and then reduces in size as

the upper surface start to exit the contact.

3.3. Application in non-linear contact problems

Non-linear contact problems have been the subject of many studies. Models focused on

incorporating non-linear behavior in finite element methods, boundary element methods and

combination of them two (36-45).

Any contact problem will be no longer a linear one due to yielding of the materials in contact.

The stress can be calculated at any loading increment as the following:
[40] = [Dp]- [4e] Equation 22

Where[4¢] is the strain increment arjd,, | is the elasto-plastic influence matrix. It is shown
numerically that the stress fields and the contact deformations in an elastio-plastic non-linear
problem can be calculated using the influence matrices used for elastic problems with a more
complicated numerical algorith 5). Results show that calculation of non-linear problems
need the influence matrix or the stiffness matrix for pressure/deformation calculations.

However, these numerical results are for the contact of material in a normal loading without

any tangential movements. Therefore, the movement methodology shown in [Sectign 2.5.1 is

applicable for movement of surfaces in the case of non-linear contact problems. The only
change in the numerical approach would be adapting the influence/stiffness matrices to account

for the part of the surfaces that are in contact.

4. Conclusion

Boundary Element Method is an efficient approach for simulating the contact mechanics
especially in the case of rough surfaces. Tribological contacts are dynamic and svefates a
relative motion in contact. These dynamic conditions will result in modification to geometry

and physics of the contacting bodies. Modelling such a problem needs a robust and efficient

19



algorithm for movement of surfaces. A new algorithm for movement of surfaces in Boundary
Element Method was reported in this work. In this approach, parts of the surfaces are selected
out of the bigger real area of contact and the corresponding influence matrix is extracted from
the original influence matrix. A big advantage of this approach is the smaller sizes of influence
matrix for contacts. The computation time of a contact mechanics simulation is directly
proportional to size of the influence matrix. The contact mechanics results shown in this work
are similar to the ones reported in the literature. This approach can be also used for the non-
linear contact problems by adapting the influence/stiffness matrices in a way that only account
for the part of the surface that are in contact. Influence/stiffness matrices can be modified for
each loading increments in the non-linear problem. Smaller matrices can increase the efficiency

of the non-linear problems by several times.
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