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In Ref. 1 we investigated gravitational perturbations in the background of de Sitter

spacetime in arbitrary dimensions. More specifically, we used a gauge-invariant formalism
to describe the perturbations inside the cosmological horizon, i.e. in the static patch of
de Sitter spacetime. After a gauge-fixed quantization procedure, the two-point function
in the Bunch-Davies-like vacuum state was shown to be infrared finite and invariant
under time translation. In this work, we give details of the calculations to obtain the
graviton two-point function in 3 + 1 dimensions.

Keywords: graviton two-point function; static de Sitter spacetime; infrared behavior.

PACS numbers: 04.60.-m, 04.62.+v, 04.50.-h, 04.25.Nx, 04.60.Gw, 11.25.Db

1. Introduction

Linearized gravity treated as a quantum field propagating in a background space-

time can describe several interesting phenomena. Since observations2,3 indicate an

accelerated rate of the Universe’s expansion, de Sitter spacetime can be regarded as

an accurate model for our Universe, at least in its phases of exponential rate of ex-

pansion. Moreover, linear quantum gravity in the background of de Sitter spacetime

is particularly important for the inflationary cosmology. Linearized gravitons can

induce fluctuations in the cosmic microwave background, for example (See Refs. 4, 5

for the more general setting of Robertson-Walker spacetimes). However, there have

been some controversies about the infrared (IR) properties of the graviton two-point

function. The main source of these controversies is that the graviton mode functions

natural to the Poincaré patch of de Sitter spacetime behave in a manner similar to

those for the minimally-coupled massless scalar field,5 which allows no de Sitter-

invariant vacuum state because of IR divergences.6,7 However, due to the gauge

invariance of linearized gravity, it is important to determine if these IR divergences

1
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are physical.a In Ref. 1, we analyzed the graviton two-point function in the static

patch of de Sitter spacetime and found it to be finite in the infrared. Moreover, it

is, by construction, time-translation invariant. In this paper, we give more details

about the construction of this graviton two-point function in (3 + 1)-dimensional

de Sitter spacetime. In Section 2, we present the gravitational perturbations in the

background of (3+ 1)-dimensional de Sitter spacetime in the static patch. The per-

turbations are related to master variables, as described in Ref. 8. These master

variables satisfy wave-like equations, which are also presented together with their

solutions. In Section 3, we present our main result, that is, a graviton two-point func-

tion finite in the infrared limit. We also write it in a form similar to the two-point

function of the conformally-coupled massless scalar field in de Sitter spacetime.

2. Gravitational Perturbations in Static de Sitter Spacetime

We write M, 4-dimensional de Sitter spacetime in the static patch, locally, as the

product:

M = O × S2 ∋ (ya, x̂i) = (xµ), (1)

where S2 is the 2-sphere and O is the so-called orbit spacetime, a Lorentzian space

given in coordinates t and r. The de Sitter spacetime in the static patch can be

described by the following line element:

ds2 = gµνdx
µdxν = −(1− r2)dt2 +

dr2

1− r2
+ r2dΩ2, (2)

where

dΩ2 = γijdx̂
idx̂j = dθ2 + sin2 θdϕ2 (3)

is the line element on the 2-sphere S2 and 0 ≤ r ≤ 1. We are using units such that

the cosmological horizon is located at r = 1. Thus, we set the Hubble parameter

H = 1. The orbit spacetime has a line element given by

ds2orb = gabdy
adyb = −(1− r2)dt2 +

dr2

1− r2
. (4)

The equations above establish the notation used. Greek indices are spacetime indices

running from 0 to 3. The letters a and b are used as the indices for the t and

r components, while the letters i, j, k, ... are used as the indices for the θ and ϕ

components. We denote the covariant derivatives compatible with the metrics ds2,

ds2orb and dΩ2, respectively, by ∇µ, Da and D̂i.

The metric perturbations can be expanded in terms of harmonic tensors of rank

0, 1 and 2. These are called scalar-, vector- and tensor-type perturbations, respec-

tively. The scalar-type perturbations are expanded in terms of scalar spherical har-

monics S, which satisfy

D̂iD̂
i
S+ l(l + 1)S = 0, l = 0, 1, 2.... (5)

aSee Ref. 1 and references therein for a overview of the discussion.
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The metric perturbations of the scalar-type read

hab = fab(t, r)S, (6)

hai = fa(t, r)Si, (7)

hij = 2r2 [HL(t, r)γijS+HT (t, r)Sij ] , (8)

where Si and Sij are tensors constructed from covariant derivatives of S, that is

Si = − D̂iS
√

l(l + 1)
(9)

and

Sij =
D̂iD̂jS

l(l + 1)
+

1

2
γijS. (10)

We are omitting the labels (l,m) on the harmonic expansion for convenience. But

we point out that all coefficients, which are functions of t and r, can depend only on

the l label. The vector-type perturbations are expanded in terms of divergenceless

harmonic vectors Vi satisfying

D̂jD̂
j
Vi + [l(l + 1)− 1]Vi = 0, D̂iV

i = 0, (11)

with l = 1, 2, .... The vector-type metric perturbations are written as

hai = ga(t, r)Vi, (12)

hij = 2r2GT (t, r)Vij , (13)

where

Vij = − 1
√

l(l + 1)− 1

(

D̂iVj + D̂jVi

)

. (14)

For perturbations of the tensor type we would need harmonic tensors of rank 2,

which are traceless and have zero divergence. However, there are no solutions for

rank-2 harmonic tensors of this type on the unit 2-sphere.9,10 Thus we do not have

perturbations of the tensor type in four dimensions.

It can be shown that these gravitational perturbations in the background de Sit-

ter spacetime can be related to master variables, by writing gauge-invariant quan-

tities for each type of perturbation. Each master variable satisfies, in general, a

distinct wave-like equation.8,11 The usefulness of this method is apparent from the

fact that the perturbations decouple from each other. Moreover, the dynamics is

contained in the master variables, which satisfy 2-dimensional equations in the orbit

spacetime. For the case of 4-dimensional de Sitter spacetime, both the scalar- and

vector-type master variables satisfy the same equation, namely:

�Φ
(l)
P − V (r)

1− r2
Φ

(l)
P = 0, (15)
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where P = S or V stands for scalar- or vector-type perturbations, respectively. The

differential operator � is the d’Alembertian in the orbit spacetime. The effective

potential V (r) in Eq. (15) is given by

V (r) = l(l + 1)
1− r2

r2
. (16)

By using a Fourier decomposition with respect to the time variable, one can write

positive-frequency solutions regular at the origin to Eq. (15) as

Φ
(ωl)
P (t, r) = A

(ωl)
P e−iωtrl+1(1− r2)iω/2

×F

(

1

2
(iω + l + 1),

1

2
(iω + l + 2); l +

3

2
; r2

)

, (17)

where F (α, β; γ; z) is Gauss’s hypergeometric function.12 The A
(ωl)
P are normaliza-

tion constants. The scalar-type gravitational perturbations with l = 0 and l = 1

need to be considered separately.8 The l = 0 mode is a spherically symmetric per-

turbation and, by Birkhoff’s theorem, is locally isometric to the linearized version

of Schwarzschild-de Sitter solution. For a vacuum perturbation, this corresponds

to a change in the background metric by the introduction of a small black hole at

the origin (see Appendix A for more details). The l = 1 mode can always be set

to zero by a gauge transformation. Therefore, we exclude these cases. As for the

vector-type perturbations, the l = 1 modes — there are no l = 0 vector harmonics

— are physicalb only if there is a black hole of nonzero mass at the center and

corresponds to the addition of angular momentum to this black hole. These modes,

l = 0 scalar-type and l = 1 vector-type, are both non-radiative modes. Thus, we

exclude them and consider both mode functions Φ
(ωl)
S and Φ

(ωl)
V starting at l = 2.

3. Graviton Two-point function in static de Sitter spacetime

As we pointed out before, there are no tensor-type modes in 3+ 1 dimensions. The

scalar-type modes will be given in terms of the usual scalar spherical harmonics

Y (l,m)(θ, φ). The relation between the metric perturbations hµν and the master

variables actually depends on the choice of gauge, that is, on some conditions the

metric perturbations are required to satisfy. We have chosen a gaugec such that

bHere, the expression “the modes are physical” means that the modes cannot be eliminated by a
gauge transformation.
cSee Ref. 1 for more details.
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perturbations of the scalar type read

h
(S;ωlm)
ai = 0, (18)

h
(S;ωlm)
tt =

Y (l,m)(θ, φ)

2

[

∂2
t + (1− r2)2∂2

r

]

(rΦ
(ωl)
S ), (19)

h(S;ωlm)
rr =

Y (l,m)(θ, φ)

2

[

∂2
r +

1

(1− r2)2
∂2
t

]

(rΦ
(ωl)
S ), (20)

h
(S;ωlm)
tr = Y (l,m)(θ, φ)

[

∂r∂t +
r

1− r2
∂t

]

(rΦ
(ωl)
S ), (21)

h
(S;ωlm)
ij =

r2Y (l,m)(θ, φ)

2
γij(�+ 2)(rΦ

(ωl)
S ). (22)

Note that we are reinstating the labels l and m. Vector spherical harmonics, which

are divergenceless on S2, can be written as:9,13

Y
(l,m)
i (θ, φ) =

ǫij
√

l(l + 1)
∂jY (l,m)(θ, φ), (23)

where ǫij is the Levi-Civita tensor on S2. In the gauge we have chosen, the vector-

type perturbations are given by

h
(V ;ωlm)
ti = Y

(l,m)
i (θ, φ)(1− r2)∂r

(

rΦ
(ωl)
V

)

, (24)

h
(V ;ωlm)
ri =

Y
(l,m)
i (θ, φ)

1− r2
∂t

(

rΦ
(ωl)
V

)

, (25)

with all other components vanishing.

We expand the graviton field ĥµν(x) as

ĥµν(x) =
∑

P=S,V

∞
∑

l=2

l
∑

m=−l

∞
∫

0

dω
[

â
(lm)
P (ω)h(P ;ωlm)

µν (x) + â
(lm)†
P (ω)h

(P ;ωlm)
µν (x)

]

,

(26)

where the overbar denotes complex conjugation. The h
(P ;ωlm)
µν (x) are gravitational

perturbations given in terms of the classical solutions of Eq. (17), by Eqs. (18)-(22)

and Eqs. (24) and (25). We can write a Lagrangian density for the field hµν in the

background de Sitter geometry, given by

L =
√−g

[

∇µh
µν∇ρhρν − 1

2
∇ρhµν∇ρhµν +

∇µh

2
(∇µh− 2∇ρh

ρµ)

−H2

(

hµνh
µν − h2

2

)]

, (27)

where h = gµνhµν is the trace of the perturbation. We define an inner product

between two solutions h
(m)
µν and h

(n)
µν by

〈h(m), h(n)〉 := −i

∫

Σ

dΣnλ

(

h
(m)
µν p(n)λµν − h(n)

µν p
(m)λµν

)

, (28)
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where Σ is a Cauchy hypersurface in the static patch of de Sitter spacetime and

pλµν is the conjugate momentum defined by

pλµν :=
1√−g

∂L
∂ (∇λhµν)

. (29)

By requiring the field hµν to be normalized with respect to the inner product

above, the normalization constants have to satisfy

|A(ωl)
S |2 =

sinhπω
∣

∣Γ( 12 (iω + l + 2))Γ( 12 (iω + l + 1))
∣

∣

2

2π2(l − 1)l(l + 1)(l + 2)
∣

∣Γ(l + 3
2 )
∣

∣

2 (30)

and

|A(ωl)
V |2 =

sinhπω
∣

∣Γ( 12 (iω + l + 1))Γ( 12 (iω + l + 2))
∣

∣

2

8π2(l − 1)(l + 2)
∣

∣Γ(l + 3
2 )
∣

∣

2 . (31)

Then the operators â
(lm)
P (ω) and â

(lm)†
P (ω) will satisfy the commutation relations:

[

â
(lm)
P (ω), â

(l′m′)†
P ′ (ω′)

]

= δPP ′

δll
′

δmm′

δ(ω − ω′). (32)

In the de Sitter invariant Bunch-Davies vacuum state, which is a thermal state

with temperature H/2π, when probed only in the static region, one can write the

graviton two-point function as

〈

ĥµν(x)ĥµ′ν′(x′)
〉

=
∑

P=S,V

∞
∑

l=2

l
∑

m=−l

∞
∫

0

dω

{

1

e2πω − 1
h
(P ;ωlm)
µν (x)h

(P ;ωlm)
µ′ν′ (x′)

+
1

1− e−2πω
h(P ;ωlm)
µν (x)h

(P ;ωlm)
µ′ν′ (x′)

}

, (33)

in which H = 1 due to our choice of units. Let us analyze the low-ω behavior

of this two-point function. The low-ω behavior of the solutions h
(S;ωlm)
µν (x) and

h
(V ;ωlm)
µν (x) coincides with the behavior of the normalization constants A

(ωl)
S and

A
(ωl)
V , respectively. These constants tend to zero like ω1/2 in the limit ω → 0, which

means that the integrand of the two-point function have the following ω behavior:

integrand of
〈

ĥµν(x)ĥµ′ν′(x′)
〉

∼ ω

e2πω − 1
+

ω

1− e−2πω
, (34)

hence it is finite in the infrared. As a consequence of the fact that the two-point

function is constructed in the static patch using the stationary modes, it is time-

translation invariant as well.

We can simplify the graviton two-point function given by Eq. (33). Let us con-

sider first the contribution to the graviton two-point function from the scalar-type
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modes. We define the following tensor differential operators:

D(S)
tt =

1

2
[∂2

t + (1− r2)2∂2
r ], (35)

D(S)
rr =

1

2

[

∂2
r +

1

(1− r2)2
∂2
t

]

, (36)

D(S)
tr = ∂r∂t +

r

1− r2
∂t, (37)

D(S)
ij =

r2

2
γij(�+ 2), (38)

with all other components vanishing. We choose θ′ = 0 in x′ = (t′, r′, θ′, φ′) without

loss of generality. Then the contribution to the graviton two-point function (33)

reads

∆
(S)
µνµ′ν′(y, y

′) = D(S)
µν D(S)

µ′ν′G(y, y′), (39)

where

G(y, y′) =

∞
∑

l=2

Y (l,0)(0, φ′)Y (l,0)(θ, φ)

∞
∫

0

dω





rΦ
(ωl)
S (t, r)r′Φ

(ωl)
S (t′, r′)

e2πω − 1

+
rΦ

(ωl)
S (t, r)r′Φ

(ωl)
S (t′, r′)

1− e−2πω



 , (40)

since Y (l,m)(θ′ = 0, φ′) = 0, unless m = 0.

We can write the function G(y, y′) in a way similar to the well known14 two-point

function for the conformally-coupled massless scalar field, namely

∆(c)(y, y′) =
1

8π2(1− cosµ(y, y′) + iǫ(t− t′))
, (41)

where µ(y, y′) is the geodesic distance between the two points y = (t, r, θ, φ) and

y′ = (t′, r′, θ′, φ′), if they are spacelike separated. If the separation between these

points is timelike, we make the substitution cosµ(y, y′) → coshµT (y, y
′), where

µT (y, y
′) is the timelike geodesic distance of the two points. The term iǫ(t−t′), where

ǫ is an infinitesimal positive number, indicates how the singularity at µ(y, y′) = 0

is avoided. We can write the two-point function ∆(c)(y, y′) in the static patch as

follows:1

∆(c)(y, y′) =

∞
∑

l=0

l
∑

m=−l

Y (l,m)(θ, φ)Y (l,m)(θ′, φ′)

∞
∫

0

dω|N (ωl)|2Rωl(r)Rωl(r
′)

×
[

eiω(t−t′)

e2πω − 1
+

e−iω(t−t′)

1− e−2πω

]

, (42)
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where

|N (ωl)|2 =
sinhπω

4π2

∣

∣Γ( 12 (iω + l + 1))Γ( 12 (iω + l + 2))
∣

∣

2

∣

∣Γ(l + 3
2 )
∣

∣

2 , (43)

Rωl(r) = rl(1− r2)iω/2F

(

1

2
(iω + l + 1),

1

2
(iω + l + 2); l +

3

2
; r2

)

. (44)

We have used the fact that Rωl(r) and
l
∑

m=−l

Y (l,m)(θ, φ)Y (l,m)(θ′, φ′) are both real.

Notice that by Eq. (30) we have

|A(ωl)
S |2 =

2|N (ωl)|2
(l − 1)l(l + 1)(l + 2)

. (45)

We multiply Eq. (42) by Y (l,0)(θ′, φ′) and integrate over S2. Using Eq. (45) we find

by the orthonormality of the spherical harmonics

rr′

4π2(l − 1)l(l + 1)(l + 2)

∫

S2

dφ′dθ′ sin θ′
Y (l,0)(θ′, φ′)

1− cosµ(y, y′) + iǫ(t− t′)

=

∞
∫

0

dω





Φ
(ωl)
S (t, r)Φ

(ωl)
S (t′, r′)

e2πω − 1
+

Φ
(ωl)
S (t, r)Φ

(ωl)
S (t′, r′)

1− e−2πω



Y (l,0)(θ, φ). (46)

Using the formula

Y (l,0)(θ, φ) =

√

2l + 1

4π
Pl(cos θ), (47)

we obtain

(2l + 1)rr′

16π3(l − 1)l(l + 1)(l + 2)

∫

S2

dφ′dθ′ sin θ′
Pl(cos θ

′)

1− cosµ(y, y′) + iǫ(t− t′)

=

∞
∫

0

dω





Φ
(ωl)
S (t, r)Φ

(ωl)
S (t′, r′)

e2πω − 1
+

Φ
(ωl)
S (t, r)Φ

(ωl)
S (t′, r′)

1− e−2πω



Y (l,0)(0, φ′)Y (l,0)(θ, φ).

(48)

We compare this expression with Eq. (40) to find

G(y, y′) = r2r′2
∫

S2

dφ′dθ′ sin θ′
Q(θ′)

1− cosµ(y, y′) + iǫ(t− t′)
, (49)

where

Q(θ′) =
1

16π3

∞
∑

l=2

2l + 1

(l − 1)l(l + 1)(l + 2)
Pl(cos θ

′). (50)

We have |Pl(cos θ
′)| ≤ 1 as is well known. Hence, this series converges for all θ′

because the coefficient tends to zero like 1/l3 as l → ∞.
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Next, let us examine the contribution of the vector-type modes to the two-

point function. We can show that, for θ′ = 0, the only terms of the vector spherical

harmonics Y
(l,m)
i (and Y

(l,m)
i as well) that will contribute are the ones with |m| = 1.

We note first that
∑

m=±1

Y (l,m)(θ, φ)Y (l,m)(θ′, φ′) =
2l + 1

2πl(l + 1)
P1
l (cos θ)P

1
l (cos θ

′) cos(φ− φ′).

(51)

We choose φ′ = 0. (At the end of the calculation, the result will be independent of

this choice). This means that the θ′-direction and φ′-direction are identified with

the x′- and y′-directions, respectively, in the cartesian coordinates. We denote the

unit vectors in the x′- and y′-directions by ê
(x)
i′ and ê

(y)
i′ , respectively. For small θ′

we have15

P 1
l (cos θ

′) ≈ − l(l + 1)

2
sin θ′. (52)

Then, for θ′ → 0 and φ′ → 0 we find

ǫi′j′∂
j′ [P 1

l (cos θ
′) cos(φ− φ′)] → l(l + 1)

2
e
(φ)
i′ , (53)

where

e
(φ)
i′ = −e

(x)
i′ sinφ+ e

(y)
i′ cosφ. (54)

Hence, by Eq. (23) we obtain
∑

m=±1

Y
(l,m)
i (θ, φ)Y

(l,m)
i′ (0, 0) =

2l + 1

4πl(l + 1)
ǫij∂

j
[

P1
l (cos θ)ê

(φ)
i′

]

=
1

l(l + 1)
ǫij∂

j ∂

∂θ

[

Y (l,0)(θ, φ)Y (l,0)(0, 0)ê
(φ)
i′

]

.

(55)

We now define the following differential operators:

D(V )
t = (1− r2)∂r, (56)

D(V )
r =

1

1− r2
∂t. (57)

Thus, the contribution of the vector-type modes to our graviton two-point function

can be given as

∆
(V )
aia′i′(y, y

′) = D(V )
a D(V )

a′ Fii′(y, y
′) (58)

with all other components vanishing, where

Fii′(y, y
′) =

∞
∑

l=2

∑

m=±1

Y
(l,m)
i (θ, φ)Y

(l,m)
i′ (0, 0)

∞
∫

0

dω





rΦ
(ωl)
V (t, r)r′Φ

(ωl)
V (t′, r′)

e2πω − 1

+
rΦ

(ωl)
V (t, r)r′Φ

(ωl)
V (t′, r′)

1− e−2πω



 . (59)
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We note the relation

Φ
(ωl)
V =

√

l(l + 1)

4
Φ

(ωl)
S . (60)

Using the relation given by Eq. (60) into Eq. (59), using Eq. (55) and then using

the definition (40) of G(y, y′), we obtain

Fii′(y, y
′) =

1

4
ǫij∂

j
[

∂θG(y, y′)ê
(φ)
i′

]

. (61)

By writing Fii′(y, y
′) we find that as a function of the unit vectors e

(x)
i and e

(y)
i

of the cartesian coordinate system, the result does not depend on the particular

choice of φ′. In summary, with the choice θ′ = 0 in y′ = (t′, r′, θ′, φ′) our graviton

two-point function in 3 + 1 dimensions can be written as

∆µνµ′ν′(y, y′) = D(S)
µν D(S)

µ′ν′G(y, y′) + δa{µδ
i
ν}δ

a′

{µ′δi
′

ν′}D(V )
a D(V )

a′ ǫij∂
j
[

∂θG(y, y′)ê
(φ)
i′

]

,

(62)

where {...} indicates symmetrization.

4. Discussion

We have studied the gravitational perturbations in the static patch of (3 + 1)-

dimensional de Sitter spacetime. Expanding the metric perturbations in terms of

harmonic tensors, it is possible to relate them to master variables satisfying the

same wave-like equation. We find an inner product for the metric perturbations

solutions with the gauge degrees of freedom fully fixed. Then, the graviton two-point

function in the de Sitter invariant Bunch-Davies vaccuum state can be constructed

in a straightforward manner. Since the normalized modes h
(P ;ωlm)
µν all behave like

ω1/2 as ω → 0, this two-point function is finite in the infrared. This graviton two-

point function can be written in a way similar to the conformally-coupled scalar field

two-point function. We note also that the graviton two-point function is similar to

the IR divergent two-point function of the minimally coupled scalar field. However,

the graviton two-point function lacks a contribution to the integrand similar to

the l = 0 mode of the minimally coupled scalar field, which diverges like ω−2 as

ω → 0.1 Additionally, the graviton two-point function in the static patch does not

grow as a function of time, due to its time-translation invariance, in contrast to the

IR-divergent two-point function in the Poincaré patch and the IR-finite two-point

function in the global patchd.

dFor the two-point function in the global patch, it grows as a function of time if the two points
are kept at a fixed physical distance.
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Appendix A. Monopole (l = 0) scalar-type mode

We can solve the perturbed Einstein’s equation directly for the l = 0 scalar-type

mode. For l = 0, Si and Sij are not defined and S is just a constant. As is well-

known, linearized gravity is invariant under the gauge transformation hµν → hµν +

∇µΛν +∇νΛµ. Using a gauge vector of the form

Λa = ξa(t, r), Λi = 0, (A.1)

we can set to zero both htr and hij . The only remaining components of the metric

perturbations are htt and hrr, which are functions only of t and r. The vacuum

perturbed Einstein’s equationse are given by

1

2
(∇α∇αhµν −∇α∇µhνα −∇α∇νhµα +∇µ∇νh)

+
1

2
gµν

(

∇α∇βhαβ −∇α∇αh
)

+ 3H2

(

hµν − 1

2
gµνh

)

= 0, (A.3)

eRecall that we are considering a cosmological background. In other words, we take the vacuum

Einstein’s equation to be

Gµν = Rµν −
1

2
(R− 2Λ)gµν = 0, Λ = 3H2. (A.2)
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where we do not set H = 1. We insert the l = 0 scalar-type metric perturbation in

this equation to get the following set of partial differential equations:

∂h2

∂t
= 0, (A.4)

(

1− 5H2r2
)

h2 + r
(

1−H2r2
) ∂h2

∂r
= 0, (A.5)

(1−H2r2)

[

r
∂h0

∂r
+ (1− 4H2r2 + 3H4r4)h2

]

+ 2H2r2h0 = 0, (A.6)

2H2r
[(

2−H2r2
)

h0 − (1−H2r2)(4− 9H2r2 + 5H4r4)h2

]

+(1−H2r2)

[

∂h0

∂r
+ (1−H2r2)(1− 3H2r2 + 2H4r4)

∂h2

∂r

+r(1−H2r2)

(

∂2h0

∂r2
+

∂2h2

∂t2

)]

= 0, (A.7)

where htt = h0(t, r) and hrr = h2(t, r). Solutions to Eqs. (A.4), (A.5) and (A.6)

above are given by

h2(r) =
c

r
(A.8)

and

h0(t, r) =
c

r
+ (1−H2r2)f(t), (A.9)

where c is a constant of integration and f(t) is an arbitrary function. Eq. (A.7)

is identically satisfied by the solutions given above. However, by a further gauge

transformation of the form

Λt = −1

2
(1−H2r2)

∫

f(t)dt, Λr = Λi = 0, (A.10)

we can eliminate f(t). Thus, since we are considering first order perturbations, we

have, for the l = 0 mode,

gtt + htt ≈ −
(

1− c

r
−H2r2

)

, (A.11)

grr + hrr ≈
(

1− c

r
−H2r2

)−1

. (A.12)

Hence, in this approximation, these solutions correspond to the Schwarzschild-de

Sitter family of solutions.
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