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ABSTRACT. Atypical gas sales agreement (GSA), also called a gas swintyact, is an
agreement between a supplier and a purchaser for the detif/gariable daily quantities
of gas, between specified minimum and maximum daily limit&ra certain number of
years at a specified set of contract prices. The main constBsuch an agreement that
makes them difficult to value is that in each gas year therensnémum volume of gas
(termed take-or-pay or minimum bill) for which the buyer Mae charged at the end of
the year (or penalty date), regardless of the actual qyaottigas taken. We propose a
framework for pricing such swing contracts for an undemygas forward price curve that
follows a regime-switching process in order to better cepthe volatility behaviour in
such markets. With the help of a recombining pentanomial tnee are able to efficiently
evaluate the prices of the swing contracts, find optimalydigicisions and optimal yearly
use of both the make-up bank and the carry forward bank ardift regimes. We also
show how the change of regime will affect the decisions.

Keywords: gas sales agreement, swing contract, take-or-pay, makeaugy forward,
forward price curve, regime switching volatility, recombipentanomial tree.

1. INTRODUCTION

In today’s challenging energy business environment, sem@nagement and company
shareholders are demanding ever greater financial scrotiapy assets that offer flexi-
bility of operation, and thus contain embedded value. Innti@iral gas markets, there is
an increasing focus on swing contracts and gas storagesasssburces of hidden, un-
tapped flexibility. This makes their accurate valuationgm@pion, and optimisation more
important than ever before.
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The best practice accountancy and management of flexiblasga$s now require a most
thorough understanding of the underlying gas market fureataiats, and the range of sup-
porting mathematical techniques for the assets’ valuai@hoptimisation. An inadequate
understanding of these issues could result in the sub-apperformance of flexible as-

sets, in both financial and physical terms. In this paper waljnaoncentrate on the

evaluation of the gas swing contracts.

There are a number of papers that discuss the valuation @& geareral swing contracts,
with the earliest being that of Thompson (1995) in which #dat(tree) method is intro-
duced and applied to take-or-pay gas contracts and moHgageed securities. Clewlow,
Strickland & Kaminski (2004&,b) discuss the risk analysis and the properties of the optimal
exercise strategies with the help of a trinomial tree methHbdnez (2004) uses a simu-
lation approach and seeks to determine an approximate alpsitmategy before pricing
swing options by implementing another simulation. Bartesteve et al. (2006) develop

a stochastic programming algorithm to evaluate swing ogtwith penalty. Bardou et al.
(2009) use the so called optimal quantization method teemsvwing options with the spot
price following a mean reverting process.

Most recently, Wahab & Lee (2011) implement a pentanomttitiaapproach to evaluate
swing options in gas markets under the assumption that thiepsjze follows a regime
switching Geometric Brownian Motion where the volatilitgrcswitch between different
values based on the state of a hidden Markov chain. In Wahal® Edirisinghe (2010),
the authors develop a heptanomial lattice approach to pwagg options in the electricity
market with the spot price switching between a mean-revgprocesses and a Geometric
Brownian Motion. Chiarella, Clewlow & Kang (2012) implented a pentanomial tree ap-
proach to price a one year swing contract with penalty inalgidegime switching forward
price curve. However all of the above contributions onlycdss the single year contracts
without make-up and carry forward provisions, which ardeydifferent from the multiple
year GSA that we consider in this paper.

Edoli, Fiorenzani, Ravelli & Vargiolu (2013) discussed ayyge of make-up clause in a gas
swing contract. The authors built an algorithm to price aptinsally manage the make-
up gas allocation among the years and the gas taking in thegssubperiods within the
years: they proved that this problem has a quadratic contpleith respect to the number
of years. The algorithm can be adapted to different ins@pntenake-up clauses as well
as to some forms of carry-forward clauses. However a malijplr gas sales agreement
with penalty is not discussed in the paper.
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Basei, Cesaroni & Vargiolu (2014) characterized the vafigsving contracts in continuous
time as the unique viscosity solution of a Hamilton-Jad8élkman equation with suitable
boundary con- ditions. The authors discussed both the dasentracts with penalties
and the case of contracts with strict constraints in whigdeaapenalty method has been
proposed. In the case of swing contracts with strict comggathe authors characterized
the value function as the unique viscosity solution withypoimial growth of the HIB
equation subject to appropriate boundary conditions. Tdpepalso only discuss a one
year contract without make-up and carry forward provisions

Breslin, Clewlow, Strickland & van der Zee (20@8introduced the definition and ex-
plained many basic features of a typical gas swing contkalsich is an agreement be-
tween a supplier and a purchaser for the delivery of varidhlly quantities of gas - be-
tween specified minimum and maximum daily limits - over a@@rhumber of years at a
specified set of contract prices. While swing contracts Heeen used for many years to
manage the inherent uncertainty of gas supply and demaisdynty in recent years with
the deregulation of energy markets that there has been aresttin understanding and
valuing the optionality contained in these contracts. rtiodel of Breslin et al. (2003
the volatility is a deterministic function of both the cunt¢gime and the time-to-maturity,
however there is a great deal of evidence indicating thathtbevolatility is stochastic in
gas markets and we argue that a regime switching model isrtagtte to capture such
random features. The main contribution of this paper is tduate the multiple year GSA
introduced in Breslin et al. (20@8, but with a regime switching forward price curve and
over multiple years.

The remainder of the paper is structured as follows. In 8e@| we propose a one fac-
tor regime switching model for the gas forward price curvd am build a recombining
pentanomial tree to approximate the gas spot price proeasd from the forward price
curve model. We introduce the basic features and the deétguation procedures of the
multiple year gas sales agreement with make-up and camafdrprovisions in Section 3.
In Section 4, we provide several numerical examples to detnate the properties of both
the decision surfaces and value surfaces of these consnagdtalso show how the change
of regime will affect the decisions. We draw some conclusionSection 5

2. REGIME SWITCHING FORWARD PRICE CURVE AND A TREE

The stochastic or random nature of commodity prices playsréral role in models for
valuing contingent claims on commodities, and in proceslfioe evaluating investments
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to extract or produce the commodity. There are currently &gproaches to modelling

forward price dynamics in the literature. The first startarra stochastic representation
of the energy spot asset and other key variables, such ativerdence yield on the

asset and interest rates (see for example Gibson & Schvi@&®9) and Schwartz (1997)),

and then derives the prices of energy contingent claimsistemsé with the spot process.

However, one of the problems in implementing such modelsasdften the state variables
are unobservable - even the spot price is hard to obtain thathroblem being exacerbated
if the convenience yield has to be jointly estimated.

The second stream of literature models the evolution of diwdrd curve. Forward con-
tracts are widely traded on many exchanges with pricesyealsflerved - often the nearest
maturity forward price is used as a proxy for the spot pricechwonger dated contracts
used to imply the convenience yield. Clewlow & Stricklan®@99a) work in this second
class of models, simultaneously modelling the evolutiothefentire forward curve condi-
tional on the initially observed forward curve and so setupified approach to the pricing
and risk management of a portfolio of energy derivative fpmss. In this paper we follow
the second approach to model the forward curve or the vitydtiinctions of the forward
curve directly.

Since the forward price curve shares similar patterns vativérd interest rate dynam-
ics, in particular the Heath et al. (1992) (HIM) model, mahthese ideas of modelling
the interest rate term structure could potentially work imdwlling forward energy prices.
Clewlow & Strickland (1999b) develop a general frameworkhaa multi-factor model

for the risk management of energy derivatives. This frantévi® designed to be con-
sistent not only with the market observable forward pricevelbut also the volatilities

and correlations of forward prices. Breslin et al. (2008)Har generalize this framework
to accommodate a more general multi-factor, multi-comtyod!FMC) model and also

describe a process for estimating parameters from hisiatata.

The instantaneous forward price volatility is not direahservable. However the observed
implied volatility (obtained from the prices of various dettive contracts) is closely re-
lated to it and indicates that the market is also changinget®f about the instantaneous
volatilities discontinuously. In deterministic volatyyiHIM-type models, such as the one
in Breslin et al. (2008), the volatility curve is fixed and taatility of a specific forward
rate can change deterministically only with maturity. Iderto properly describe the ac-
tual evolution of the volatility curve, one needs a processscsting of both deterministic
factors and random factors. The drawback of diffusion m®dethat they cannot generate
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sudden and sufficiently large shifts of the volatility curvié one augments that feature
by adding traditional type jump processes, for exampledeoigumps, one finds that the
frequency of the jumps is too large while the magnitude ofjtingps is too small.

It seems that the class of piecewise-deterministic presgsovide an appropriate frame-
work for modelling the dynamics of the term structure of wlilées since they allow
volatility to follow an almost deterministic process beamdgwo random jump times. Davis
(1984) claims that this class covers almost all importam-diffusion applications. The
simplest process in this class is the continuous-time hemegus Markov chain with a fi-
nite number of jump times. Modelling with such a process apijpnates the actual jumps
in volatility with jumps over a finite set of values but allowee well-developed stochastic
calculus for continuous Markov chains (Elliott et al. (19@5d Aggoun & Elliott (2005))
to be used.

Vo (2009) use a stochastic volatility model with regime shihg to model the return
series in the crude oil market. The author modeled the Vityadi oil return as a stochastic
volatility process whose mean is subject to shifts in regifrtee shift is governed by a two-
state first-order Markov process. The author found cleatenge of regime-switching in
the oil market. The author also finds that incorporating megswitching into the SV
framework significantly enhances the forecasting powehef3V model.

2.1. Forward pricecurvewith regimeswitching volatility. Deterministic volatility func-
tions cannot capture the complicated movements of the foraarves. Hence we propose
a stochastic volatility model under which we price a muétigear GSA. Volatility of the
forward curve is stochastic due to a hidden Markov Chainc¢hases it to switch between
“high volatility load” and “low volatility load” states. Ghrella et al. (2009) have found
that a regime switching model captures quite well the steibhaature of the volatility
function in the gas market and they implement an MCMC apgréaestimate the param-
eters of the model.

We consider a one factor regime switching forward curve rmode

% =< 0, X; > c(t) - e T Vaw,. (1)
In this paper, the dynamics of the forward price is definecharisk neutral world. We
can certainly define the forward price in the market dynarhidsas we show in the later
sections, the drift term in the stochastic differential &ippn for either futures prices or

spot prices is not used in any way in constructing the lattizepricing the gas sales
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agreement. Instead, we match the level of the pentanontimddo the market forward

price curve. Hence we believe it is proper to assume riskrakdynamics here since the
regime switching volatility function mainly matters in ghpricing context. However we
will introduce the market price of risk associated with threBnian motion and associated
with the Markov Chain if we are more interested in estimatimgdrift of the return.

In Equation (1),F'(¢,T') is the price of the gas forward at timevith a maturity at time/".
W, is a standard Brownian Motion. The time varying term

M

c(t) = c+ Y (d;(1+sin(f; + 2mjt))) (2)

j=1
captures the seasonal effect.

X, is a finite state Markov chain with state spdce= {e;, ey, - - ,ex} ande; is a vector
of length NV and equal td at thei—th position and) elsewhere, that is

e; =(0,...,0,1,0,...,0) € RY (3)

where’ indicates the transpose operatBr= (p;;) nxn is the transition probability matrix
of the Markov ChainX;. Forall: = 1,...,N,j =1,..., N, p;; is the conditional prob-
ability that the Markov ChainX, transits from state; at current timel to statee; at the
next timet + At, that is,

Pij = PI"(Xt+At = €j|Xt = €i)- (4)

In Equation (1),0 = (01,09, - ,0y) are the different values of the volatilities which
evolve following the rule of the Markov ChaiN; and< -, - > denotes the scalar product
inRRY,
N
<o, X >= Zai]l(Xt=8i)§ (5)
i=1
where the indicator function is

thei = .
( : 0, otherwise

This scalar product let the spot volatility of the forwardcgrcurve switch among different
valueso,; randomly depending on the state of the Markov Ch&in
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We also know that fo#'(¢, T') satisfying (1) the spot pric8(t) = F'(t,t) is given by (see
e.g. Breslin et al. (2008)

t
S(t) = F(0,t) - exp (/ <0, X, > c(s) - e 0 qw, — %A?) : (7)
0

WhereA? = fg(< o, Xs > C(S) . e—a(t—s)>2d5.

2.2. Pentanomial tree construction. The spot price dynamicsin (7) is rather complicated
since it involves path dependence of the history of the mddarkov chain, which makes
it hard to construct a recombining discrete grid to appr@tarthe continuous spot price
process. The multiple year GSA that we are trying to evalbhateseveral features and
also can be early exercised multiple times during the lifthefcontract. The complexity
of evaluating these contracts with simulation methods,ristance using that of Ibanez
(2004), is quite high and not really possible for practicaé.u We are also aware that
the Least-Squares Monte Carlo method (LSMC) has been usexhtoate both the gas
storage contract, see e.g. Boogert & Jong (2008) and Car&dnalkovski (2010) and
the gas swing contract without penalty, see Kiesel et alLlg20 However the penalty
at the end of the gas year introduces a discontinuity in tis¢ dierivative of the value
surface not only in the spot price dimension but also in tHame taken dimension and
this aspect the LSMC does not handle well. Furthermore,dhgtexity of this multi-year
swing contract with features such as make-up and carrydahwan not be handled easily
by LSMC because of the additional discontinuities. Holdeale(2011) in their paper
considered the carry forward but not the make-up featurarbtite gas sales agreement
we do have both carry forward and make-up which should bentake account. Also
they considered the contract with a fixed number of swingtsigihd fixed number of carry
forward rights which is different from our contract speation in the gas sales agreement
where we have decisions on a daily basis and the decisionaadnday will depend not
only on the gas price, volume taken but also on both carrydodvand make-up.

We have found that lattice approaches are widely used becdtiseir computational sim-
plicity and flexibility. Bollen (1998) constructed a pentanial lattice to approximate a
regime switching Geometric Brownian Motion. Wahab & Lee{2Pextended the pen-
tanomial lattice to a multinomial tree and studied the patswing options under regime
switching dynamics. However from the contract point of vi¢hose researchers study
a different version of the contract which has multiple eastgrcise opportunities without
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penalty. However the penalty usually will be applied at the ef each gas year for a multi-
year contract and the above mentioned discontinuity intced by the penalty makes the
contract difficult to evaluate.

Wahab & Lee (2011) did discuss pricing a swing option undeginme switching model

but there are two main differences between their paper amsl dtirstly, Wahab & Lee

(2011) proposed a Geometric Brownian Motion process forgtme®line price where the
volatility can switch between different regimes accordtoga Markov chain. However
the mean reverting process in our paper is more appropnatepturing the behavior of
the gas price and the process of building a pentanomial dreg fegime-switching mean
reverting process is different to that for GBM. Moreoverrywanportant feature of the
gas swing contract is that there will be a penalty at the enti@fas year if the volume
taken in the year did not meet the minimal bill, hence bothpgbealty and the volume
taken makes the contracts more complicated to evaluateg\rovall the contracts in the
numerical examples in Wahab & Lee (2011) neither have a penal take the volume
taken into consideration which makes the features of thegacressentially different from
what we have in our paper.

In this paper, in order to construct a discrete lattice tpataximates the spot price process
S(t), we let

t
Y, = / <0, X, > c(s) - e S aw, (8)
0

so that
dY; = —aYdt+ < 0, Xy > c(t)dWy, 9)

and we build a discrete lattice to approximajdfirst. Then at each time step we add an
adjustment term to the nodes on the lattice ¥pso that the lattice obtained for the spot
price is consistent with the observed market forward prigee. (as followed below)

2.2.1. Nodes. We assume that there are only two regini@dé = 2) for the volatility,
instead ofoy, 05, We useos; when X; = L for the low volatility regime andr; when
X; = H for the high volatility regime. In the one stage pentanoririz in Figure 1, each
regime is represented by a trinomial tree with one branahgoghared by both regimes. In
order to minimize the number of nodes in the tree, the noaes both regimes are merged
by setting the step sizes of both regimes at: & ratio which is the only ratio to make the
tree recombine when we have two regimes.

In this paper, we choos®& = 2. However if one chooses more than two states of the
volatility, a recombined multinomial lattice can be budtdapproximate the (multi) regime
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switching forward curve model. Wahab & Lee (2011) has a metaited discussion on
how to build a multinomial lattice with more than two regimasder GBM however the
approach discussed in this paper can be generalised inlarsivaly to build a multinomial
lattice to approximate a mean reverting process with mae tWo volatility regimes. The
ratio1 : 2 should also be adjusted accordingly in this case, also séah\& Lee (2011)
for more details.

Figure 2 demonstrates the recombing feature of the tree.

k+2

k+1

int .
(+1)At

FIGURE 1. One step of a pentanomial tree. The outer two branches to-
gether with the middle branch represent the regime with faajtility and

the inner two branches together with the middle branch sspriethe regime
with low volatility.

The time values represented in the tree are equally spacktdave the form; = jA¢
wherej is a non-negative integer ansk is the time step, usually one day in our context.
The values oft” at timet; are equally spaced and have the farin = £AY whereAY
is the space step aniddetermines the level of the variable in the tree. Any nodéen t
tree can therefore be referenced by a pair of integers,ghhéinode at thg—th time step
andk—th level we refer to as nodg, k). From stability and convergence considerations,
a reasonable choice for the relationship between the spepgd\$” and the time step\¢
suggested by Wahab & Lee (2011) is given by

AV — { o V3AL,  op > %UH, (10)

%O‘H\/@, o < %O‘H.

The trinomial branching process and the associated prigiigare chosen to be consis-
tent with the drift and volatility of the process. The thremlas that can be reached by the
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FIGURE 2. The recombining nature of a pentanomial tree. At time step
the number of nodes it — 3. At each node, two sets (outer and inner)
of transition probabilities are worked out to match the fived moments
implied by the tree and those implied by Eq. (9)

branches emanating from notlek) are(j + 1,1 —1), (j + 1,1), and(j + 1,1+ 1) for the

low volatility regime andj + 1,1 — 2), (j + 1,1), and(j + 1,1 + 2) for the high volatility
regime. Heré is chosen so that the value Bfreached by the middle branch is as close as
possible to the expected valueXfat timet, . From the Euler discretization of equation
(9), the expected value of at timet,; conditional onY” =Y, is Y}, — oY, At.

2.2.2. Transition probabilities. For either regimer = L or H, letp; ; ;. py, ; » @andp ; ;.
define the probabilities associated with the upper, middtelawer branches emanating
from node(j, k) respectively. These probabilities can be calculated d@wsl When the
volatility is in the low regimeg = o, looking at the inner trinomial tree we need to match

E[AY] = —aY;;At, and E[AY?] = o7 c(t;) At + E[AY ]2 (11)
Therefore equating the first and second moment&¥fin the tree with the above values
we obtain
L L L At
Pujp(+1) = k) +pp (= k) +pg (I =1) = k) = —ayj,kﬁ> (12)
and

Pu (0 1) = k)2 4 pr (= K)? + pg (L= 1) = k) = (0Fe(ty) At + (—aYjpAt)?) [AY?,
(13)
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Solving equations (12) and (13) together with conditiora ftj . , + p% ., + pi,, = 1
we obtain

o2 c(tj)At+a?Y?, At? oY
Pha= b [EUEEEEEE -k - A 20— ) - -], 9)

o2 c(t; )At+a2Yﬁk At?

Phyp = 3 [EUERESS 1 (= kR SR 20— k) + (- R, (19)

and

prLrL,j,k =1- pﬁ,j,k - chz,j,k~ (16)

When the volatility is in high regimegy = oy, looking at the outer trinomial tree and
applying a similar procedure, we find that

0'20 1 C|(2 2 2 oy
Pl = 3 [N (- R - SR - 20— k) 20— B, (A7)

o?¢(t; a?Y? At? oY o
Pl = 4 [ SR (- k2 + A2 4 21— ) + 20— K)], (18)

and

H H H
pm,j,k =1- pu,j,k - de”k- (19)

2.2.3. Sate prices for both regimes. Following a similar approach to that in Chapter 7 of
Clewlow & Strickland (2000), we displace the nodes in theva@mplified tree by adding
the driftsa; which are consistent with the observed forward prices.

In fact, since we have two regimes, foe= L, H we define state (or Arrow-Debreu) prices
71, as the present value of a security that payssofff Y = kLAY and X5, = z attime
JAt and zero otherwise. Thgj, are in fact the state prices that accumulate according to

fok =D (Qbuprs + Qupn)ph  BUAL, (j + 1)At), (20)

k/

inLk = Z(le':k’pL,H + th/pH,H)Pg,kB(jAt (J + 1)A?), (21)
k./
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with the initial values for the lower and higher volatilitggimes being@éo =1, Qé{o =0
andQg, = 0, Qfl, = 1, respectively.

In Equations (20) - (21)p, . is the probability the Markov Chain transits from the state
z to the stater’ andpy, , andpy’ , are the probabilities the spot price transits frbhto &

but arriving at low and high volatility regime respectively(jAt, (j + 1)At) denotes the
price at timej At of the pure discount bond maturing at tirffye+ 1) At.

We see that Arrow-Debreu securities are the building bladks| securities; in particular
when we have time steps in the tree, the price tod&y,0), of any European claim with
payoff functionC'(S) at time stepy in the tree is given by

C(0) = (QF,+ QI)C(S;), (22)

whereS;;, is the timet; spot price at levek and the summation takes place across all of
the nodeg: at timej.

In order to use the state prices to match the forward curve seetle special case of
equation (22) that values the initial forward curve, namely

B(0, jALF(0, AL = > (QF) + Q1) S, (23)

k

By the definition ofa; we haveS;, = ¥+, then the termy; is needed to ensure that
the tree correctly returns the observed futures curve sgby

(0, jAt)F(0, jAt)
a; =In (Zk( +QH)6M>. (24)

In fact, insertingS; = ¢*7+*% into equation (23) we have
B(0, JAOF(0, jAL) = Y (Qfy + Q) = e Y (Qf; + Qfl)e" . (25)
k k
Hence we have
B(0, jAt)F(0, jAt)
Zk(Qj k + Qj k)e ik

then equation (24) follows immediately.

aj —

(26)

The upper panel of Figure 3 demonstrates an example of armnial tree which has
been constructed to be consistent with the seasonal gaarbpices shown in the lower
panel of Figure 3.
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FIGURE 3. The evolution of spot price tree constructed by the prosed
described in Section 2.2 (upper panel) fitted to a season&letgas for-
ward price curve (lower panel).

3. MULTIPLE YEAR GAS SALES AGREEMENT WITH MAKE UP AND CARRY
FORWARD PROVISIONS

A gas sales agreement is an agreement between a suppliepanthaser for the delivery
of variable daily quantities of gas, between specified mimmand maximum daily limits,
over a certain number of years at a specified set of contragrThe main features of
these contracts that make them difficult to value and riskagarare the constraints on
the quantity of gas which can be taken. The main constrathgisin each gas year, there
is a minimum volume of gas (termed take-or-pay or minimun fdr which the buyer
will be charged at the end of the year (or penalty date), tigss of the actual quantity
of gas taken. Typically, there is also a maximum annual qiyanhich can be taken. The
minimum bill or take-or-pay level is usually defined as a petage of the notional annual
guantity which is called the annual contract quantity (ACQ)

These agreements usually last for ten or twenty years and #re two more features
embedded in those contracts, namely the make-up and camarid In years where
the gas taken is less than the Minimum Bill the shortfall dofair in the current year) is
added to théviake-Up Bank (M7;). In later years where the gas taken is greater than some
reference level (typically Minimum Bill or ACQ) additionglas can be taken from the
Make-Up Bank and a refund paid.
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In years where the gas taken is greater than some referevale(tigpically ACQ) the
excess gas is added to tBarry Forward Bank (Cr). In later years Carry Forward Bank
gas can be used to reduce the Minimum Bill for that year.

With the help of the pentanomial tree that we have constd,ete are able to evaluate the
prices of the above swing contract. The value of the con&tatiaturity (the final purchase
date) can be computed first. The final decision is simple sthe penalty amount is
known with certainty. Then we step back through the pentaalotree computing the
discounted expectations of the contract value at each rmvdmth low and high volatility
regimes and computing the optimal purchase decision attfehpse dates for both regime
as well. The optimal purchase decision at each node and ¢brvedue of the remaining
volume and for each regime can be computed by searching beerange of possible
purchase volumes for the volume which maximises the sumeodli$tounted expectation
averaged by the transition probabilities of the hidden Mar&€hain on different regimes
and the value of the current purchase.

3.1. Input and Notation. In this section, we introduce some notations for calcugptire

multiple year gas sales agreement with both make-up ang t@mwward provisions. In
the following, we assume that the economy is in regiime L, H at the particular time
depending on the evolution of the hidden Markov chain.

The buy of a multiple year swing contract may face a penaltheend of each year and
both the make-up bank and the carry forward bank will pogstdrt to accumulate from
the end of the first year of the contract. The contract willrspgears and lefl;,i =
1,...,I denote the end of each yearAlso assume that there aveperiods within each
year and usually’ = 365 for daily decisions and transactions.

Let V' () denote the value of the swing contract at dgy7; 1 < t; < T;), given
(17 - J —t;;) periods to maturity ang,,, () (€ [¢umin, ¢max]) denote the amount of gas taken
in periodt;; and the corresponding single period (daily) constraints.

The volume takerd);,; is the cumulative amount of gas taken up to tifyen year7; and

is given byQ;,, = Ef;é ¢, and set)r, = @, which is the total amount of gas taken
during the yeai. M By, is the minimal bill for the yeat, namely the total amount of gas
that should be taken to avoid a penalty at tilethe end of year.

In terms of make-up bank)/r.(x) is the amount of gas available in the make-up bank
within the yearT;(i = 2, ..., I), which is a consequence of both the balance of the previous
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years and the decision of the current yeaf.RL, is the make-up bank recovery limit
which is the maximal amount of gas allowed to be recovereckary

In terms of carry forward bank; By, is the carry forward base for the yeaiThe surplus,

if the volume taken exceeds the carry forward base, will lieddnto the carry forward
bank. This level could equal/ By, or be higher.Cr, (z) is the amount of gas available
in the carry-forward bank within the yeds. It is derived from both the balance of the
previous years and the decision of the current yeaR Ly, is the carry forward bank
recovery limit which is the maximal amount of gas allowed ¢érecovered from the carry
bank in yeati.

Sy, () is the current spot price at timg; and K; is the purchase price in year The
penalty at the end of each year will be witre [0, 1] :

n- min{QT1 - MBT17 O} ' Klv (27)
for the first year and witly; being the percentage usage of the carry forward bafik at
n - min{Qr, — (MBrg, — 5;Cr,),0} - K;, (28)

for later years.

3.2. Decisions. The buyers of the swing contract should take decisions dathle#& to-
tal expected discounted payoffs are maximized. In theotig, we will give a detailed
analysis on the optimal decisions on the last day of the aohtfThen the dynamic pro-
gramming principle will be implemented to work out both thatimal decisions and the
optimal values of the swing contract at each day.

Generally speaking, in the first year of the contract, theebuecides on each possible
trading day whether to exercise one swing right or not, aedathount;,; () taken upon
exercise. From the second year, the buyer makes decisidowify analogous rules

to those in the first year before the last day of the year butt Mmade a joint decision

on exercise, carry forward and make-up on thelast day of that year. In the following
discussiong;(z) andv;(x) are the decisions on the percentage usage of the carry fibrwar
bank and make-up bank at the end of each yegaspectively.

At the last day of each gas year, the buyer should decide sh:Hww much gasy,, (z)) to
buy and then, how much in the carry forward bagK¢) - Cr, (z)) should be used to lower
the minimal bill if possible and finally, how much gas in thekeaup bank{;(z) - Mr,(x))
will be taken free.
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Denote the decision vector attimeby d;;(z) = (qu,, (), Bi(x), vi(x)), Vi, j with 31 (z) =
0 andv;(x) = 0 since both make-up bank and carry forward bank are empty tgeron-
tract initiates. Each decision will depend on the stateaddeis in a given year, namely, the
underlying spot priceq{(z)), the cumulative gas také)(x)), the amount in the carry for-
ward bank C'(z)), the amount in the make-up bank/(z)) and the regime of the economy
(2).
At the end of each year the buyer would face the following possible cash flow: fitlsg,
pay off

G, (%)(St,, (1) — K5) (29)
from the decision to take gas and then, the possible pendgnwhe total gas taken in
yeari is less than the new minimal bill which is adjusted by usirgftlactions;(x) of the
carry forward bank

77Ki min{QtiJ + 4ty ([L’) - (MBTZ' - ﬁ,(l')CTZ(IC)), 0}; (30)

and finally, the possible refund from using the fractigfir) of the make-up bank when
the total gas taken in years more than the adjusted minimal bill which is adjusted by
using the fractiorg;(z) of the carry forward bank

Ki—l mln{’yl(x)MTl(x)v ma’X{QtiJ + Gt;y (IL’) - (MBTL + Bl(x)CTz(x))v 0}} (31)
The evolution of the carry forward bank may be written
Cr(z) = (1 = Bima(2))Cr,_, (2) + max{Qi(z) — CBr,, 0}, (32)

namely, in yeat, the balance of the carry forward bank is the balance in yiearl) plus
the additional gas when the total gas taken in yeatceeds the carry forward base.

The balance in the carry-forward bank can be used to redecaithimal bill
MBY (x) = MBr, = 8i()Cr, ();
after which the evolution of the make-up bank is
Mz, (2) = (1= 5i1(2)) Mz, (¢) + max(M By (¢) = Qr,(2),0),  (33)

namely, in yeat, the balance of the make-up bank is the balance in §iearl) plus the
shortfall, if the total gas taken in years less than the reduced minimal UMB%)(:c).

3.3. The Value of Swing Contract — Objective Functions. The total expected dis-
counted payoff at the end of the contract with, = S, Q.,, = Q. X, = x is given
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1

by

I
‘/I,J(Sv Qv Ca M7 z,q, 57 7) = Z Z 6_Ttithij (Xtij)(stij (Xtu) - KZ)

i=1 |j=0

+ nKi min{Qtu + d;; (Xtu) - (MBTz - (BZCTZ)(X%))> 0} (34)

+ Ki—l mln{(’yZMTl)(Xt”)v ma‘X{QtiJ + qt;, (XtiJ) - (MBTL + (5ZCTZ)(X1§U))7 0}}

I
= [Payoff — Penalty + Refund).
i=1
Hereq = (q:,(X:,)), B = (B:i(Xy,)), v = (7:(Xy,)) and we have foi > 2, with the
evolutions of both carry forward bank and make-up Bank

3.4. The Terminal Condition — the Initial Step. We first consider the decision and the
value of the contract at the last day and then step backwarfiad the decisions and

values at each day of the swing option. We also assume thatdhe no differences in the

decisions and values on the last day between two regimes.

Hence in either regime, the following rule should apply. ¢ tast day of the contract, we
have to decide how much gag-() to take, how much to use from both the carry forward
bank (5;) and the make-up bank(). Since this is the last day of the contract, we should
use as much of the balance in both the make-up bank and cawgrbbank as possible,
hence,

Pr=ar=1

Next we need to compute the optimal quantity for this last:d&ySr, > K, then the
payoff is strictly increasing in the volume purchased arel tieximum quantity of gas
¢max Should be purchased; (it —»n)K; < Sr, < K| then the optimal choice is to purchase
a quantity up to that required to avoid the penalty or the maxn possible, whichever
is smaller. Since the loss on the purchase of the energy ise than compensated by the
reduction in the penalty payment; $f;, < (1 — n)K; then the purchase of zero gas is

lin the following discussions, for the sake of brevity, we uke notation(3;Cr, )(X4,;) instead of
Bi(Xt,,;)Cr, (X4,,), meaning that botl#; andCr, depend onX;, ;.

%Please note that the second term in equation (34) is notivmgience we put a minus- sign in front of
the Penalty term.
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optimal. Summarizing the above, we haye(= ¢;,,) is equal to

Gmax, for STI Z KIJ
q;“f = f(QTlfﬂ MBTI’ MTI’ CT1>7 for (1 - n)KI < ST[ < KI; (35)
0, for 0< ST] < (1 — T])Kh

In fact, when(1 — n)K; < Sy, < K|, after taking into consideration the possible values
of Mz, andCr,, we find the optimal decisiong;, as follows and consequently we know
the detail of the functiorf (Qr,_,, M Br,, Mr,, Cr,).

If M7, = 0, which means that the make-up bank is empty, then the optigasidn will
be to use all carry forward bank to reduce the minimal bill #reh take maximal allowed
to avoid the penalty:g;, = min(max(M By, — Quy5-ny — COrys 0), gmax)- Otherwise if
My, > 0, the make-up bank is not empty, then all carry forward barksiill be used
to lower the minimal bill and if the value taken is greaterrtiihe adjusted minimal bill,
namely,QtI((,fl) — M Br, — Cr, > 0, there are two cases then, one is that the additional
gas is not greater than the make-up bapk,, ,, — M Br, — Cr, < Mr,, then the optimal
decision should be to take up to maximal allowed to reach thmenmal bill adjusted by
both make-up bank and carry forward bank which leadg;to= min(Mry, + M By, +
Cr, — QtI(H) , dmax ); While the other case being that the additional gas is gréladerthe
make-up banth,(H) — M By, — Cr, > Mry,, then the optimal decision will be to take
nothing,q;, = 0.

When the make-up bank is not empty/;;, > 0 but the value taken doesn’t meet the
adjusted minimal biII:QmH) — M By, — Cp, <0, then we have to compare the shortfall
MBy, + Cr, — QtI(H) andqg.... If the shortfall is greater than the maximal daily take,
MBy, + Cp, — QtI(H) > qmax, then the optimal decision will be to take up to maximal
allowed to minimise the shortfally;, = min(max(M By, — Qt;;_1y — Oy, 0), Gmax)-
Otherwise, the shortfall is less than the maximal daily takés;, +Cr, —QmH) < Qmax;
then we have to take into consideration of both contracemitd spot price to compare the
value(M Br, +Cr; —Qt,,_,, ) ¥ K1, / Sty @ndgumay: if (M By, +Cr, —Qy, ;)% K, /S, >
qmax, thengy, = 0; otherwisegy, = gmax-

The terminal payoff for either regime or H including possible penalty is
P<ST17 QT[? CTH MTI) = qi*FI(STz - KI) + T}K[ min{QTz + (JE?I - (MBTI - CT1>7 0}
+ Kl—l min{MTI, max{QTI + q;] - (MBTI + CTI), O}} (36)

In fact, it is a direct consequence of the penalty and refona in equations (30) and (31).
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3.5. The General Step. The objective functiori; ;(S,Q,C, M, z,q, 3,~) at the begin-
ning of the contract can be rewritten as

-1 J
‘/:T,J(Sv Q>C> M7x>Q7677) = Z Z qutu Xt Stij(Xtij) _Kl)
=1 =0

_'_nKi min{Qtij + 4, (Xtij) - (MBTZ - (5ZCT1)( tij))’ O}

+ Ki—y min{ (v; Mz, ) (Xy,;), max{Qy,, + qi,;(Xs,;) — (M Br, + (8iCr,)(X4,,)), 0} }]
J—1
+ Z e_rt” Qm- (thj)(Stjj (Xt1j> - KI) + P<ST17 QTN CTI’ MTI)' (37)

J=0

The value of a swing contradty (S, Q, C, M, z) with both make-up and carry forward
provisions is determined by

‘/IfJ<57Q7 Ca M7 .T) = mé}XE‘/I,J(S7Q7 Ca M,.T,q,ﬁ,’}/), (38)
9,557

wheregq is a sequence of daily decisions ahdnd-~y are sequences of yearly decisions.

3.6. Evaluation using Dynamic Programming. We useV (S, Q,C, M, x,q, 5,7, t;;) to
denote the cost-to-go function of the total pay®uif; (S, Q,C, M, z, q, 3,7), that is the
value of the payoff from time;; onwards up to maturity. Let

V*(S,Q,C, M,z t;) = anﬁa;y(EV(S Q,C,M,z,q,3,7,tij) (39)
denote the optimal cost-to-go value function at tityye Obviously
Vi (S,Q,C, M, z) =V*(S,Q,C, M, x,ty). (40)
With the help of the dynamic programming principle, we arkedb show that at the end
of the contract, the optimal value function for any= L, H follows

V*(S,Q,C, M,z,Ty) = P(S,Q.C, M), (41)

where we recall that the functidf is defined by Equ (36).



20 CARL CHIARELLA, LES CLEWLOW AND BODA KANG

At the end of each gas day within a gas year, we should choesepttimal quantity];j
according to

maX [qt (S K _'_ Z pmm’E (Sti(j+1) ) Q + q, C7 M7 .’,U/, tl(]+1))|StU == Su Xtij - x]] .
/=L

(42)
q*(S7Q7 Ca Myxvtij) =

H
argma)étlj [qti]‘ (S - KZ) + Z p:c:c’E[V*(Sti(jJrl)a Q + Q7 C? M7 ZU,, tl(j+l))|5tu - Sa Xtij - ZE]] .
z'=L
(43)
fori=1,2,---,1,5=0,1,...,J — 1.

Here, both the optimal value and optimal quantity depencherrégimer at a particular
time. In practice, the owner of the contract can work out thelied volatilities from

options on natural gas futures contracts and he or she camuet if the system is in
high or low volatility regime based on the level of those iraglvolatilities.

However, at the last day of each year, we should choose timalmjuantityg’, the fraction
taken from the carry forward banky) and the fraction taken from the make-up bamng)(
according to:

V*(S7 Q? C? M?’Z'? 7—‘7/) =

QisBisYi

Z pmm’E St(z+1)07 Q + q, Tii1o MT+1, H—l )‘ST S’ XTz’ = I‘]]

(¢7, 55, 7)(5,Q, C, M, ., T;) =

Z p:c:c’E St(z+1)07 Q + Qa Tiv1o MT+17 H—l )|ST - S XT - I]]
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fori=1,2,...,1 —1andCr, = C, My, = M. The evolutions of both make-up bank and
carry forward bank follow Equations (32) and (33) respeattiv Also P; is the possible
penalty or refund after taking actions at the end of year

Pi(q,5,Q,C, M, x) = nK; min{Q + q(x) — (M By, — C(z)),0}
+ K;—y min{M(x), max{Q + q(z) — (M Br, + C(z)),0}}. (46)

The nodes and transition probabilities of the pentanomeal tonstructed in the previous
section can be used to calculate the conditional expent&fi¢ |.
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FIGURE 4. A typical gas forward price curve defined in Equ.(47) which
evolves flat within each year but with different levels betweears.

4. NUMERICAL EXAMPLES

In this section, we provide a numerical example to demotestraw we evaluate the mul-
tiple year contracts and how we calculated the optimal dstéson the amount of daily
gas consumption and accumulation from the make-up and fmmard bank.

4.1. Value surfaces and decision surfaces. In the following, we evaluate a six-year gas
sales agreement according to the following parametengsttiAssume that volatilities in
different regimes are;, = 0.5, 0y = 1.0; and mean reversion rateds= 5.
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FIGURE 5. Part of the Pentanomail tree based on the forward priceecur
in Equ.(47) of Figure 4. The tree is constructed based orhéhparameters
given in Section 4.1 and the procedures described in Se2tin

We also assume the interest rate: 0 and the gas forward curve in Figure 4 behaves as:

(

110, 0<+t< 365,

90, 366 <t < 730,

95, 731 <t < 1095,

F(0,t) = (47)
115, 1096 < ¢ < 1460,

85, 1461 <t < 1825,

105, 1826 <t < 2190.

\

In terms of the gas sales agreement, we have the contraet gfic= 100; daily take
limit: gnin = 0 andgua.x = 1; maturity time: 7" = 365 x 6 = 2190; and the minimal
Bill: M B = 365 x 75% = 273. The carry BaseC' B = 365 x 80% = 292; the recovery
limits of the make-up bank and the carry forward bank&r& = 365 x 20% = 73 and
CRL = 365 x 20% = 73, respectively.

We assume the transition matrix of the hidden Markov Chain:

0.99 0.01
pP= . (48)
0.01 0.99

Following the detailed procedures described in Section€puild a pentanomial lattice
part of which is shown in Figure 5. It is consistent with theaard price curve shown in
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FIGURE 6. (a), (b), (c) and (d) are Day 1825 value, decision and make u
and carry forward surfaces with 32 in the make up bank and @4eicarry
forward bank.

Figure 4. In the panels of Figure 6 we select a number of valtfases, decision surfaces,
make-take surfaces and carry take surfaces in both regintetha differences between
two regimes at different days when there are different usitsaining in the make up bank
and carry forward bank. Our algorithm is very efficient; ikea less than 5 minutes to
evaluate such a six-year contract and produce the surfatles optimal values, day take
decisions, decisions on make-up and carry forward takes.

4.2. How the change of regime affect the decisions. In this section, we want to assess
how different regimes affect the decisions on day take ydake and make take and also
the influences of both regimes on the volume taken. We simalgdath of the Brownian
motion first and then for this given path, we simulate a nundfedifferent realizations

of the Markov ChainX; and the corresponding spot prices and then we make decisions
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based on the optimal decision surface we calculated in teeiqus section. Figures 7
and 8 demonstrate how decisions on day take, carry take ake talee change when the
realizations of the Markov Chain are different.

In the first year of the example the forward curve is above trdract price (we refer to
this as in-the-money). Assuming that the spot price folltvesforward curve (we call this
the intrinsic strategy) a simulation of the spot price isresgnted by the second panel in
both Figures 7 and 8 and the optimal strategy would then ekothe maximum possible
(365) and create 73 units of carry forward (365-292). Howetee simulated spot price
in Figure 7 is sometimes below the contract price and so thalated take is 342, which
creates 23 units of carry forward. While in Figure 8, sinaaublatility remains in the high
vol regime for an extended period, there are more spot pbeksv the contract price and
so the simulated take is 265, which even creates 8 (273 - 26&) af make up.

In the second year, the forward curve is below the contracegout-of-the-money) and
so the optimal intrinsic strategy would be to use the caoryvérd bank to reduce the MB
to 273 - 73 = 200 and then take 127 to create a makeup bank di& 3@ximum that can
be recovered). The simulated spot price in Figure 7 is sonestiabove the strike price,
so the simulated take is 207, creating a make-up bank of 35423 - 225). However in

the case of Figure 8, there is zero balance in the carry-farlwank in the previous year,
and the simulated spot price in this case is sometime abev&ttike price as well, so the
simulated take is 221 , creating a make-up bank of 60 (8 + (2Z23}).

The third year is also out-of-the-money, so the intrinsrateggy is to take the MB plus
the amount of gas in the make-up bank that will be free, giangke of 273 + 73 = 346.
With the simulated spot price in Figure 7 the actual stratedgy take 271 and increase the
make-up bank to 37 (35 + (273 - 271)). However there are monelated spot prices in
Figure 8 above the strike price and the actual strategy mski® 285 and use 12 (285-273)
from make-up bank for free and decrease the make-up bank(@04812).

In the fourth year the contract is in-the-money, so the oglimtrinsic strategy is to take
the maximum quantity of gas (365) and create another 73 ohitarry forward. In the
simulation of Figure 7 the spot price is below the contraatefor a few days, so the take
is only 349 and the full 37 units of the make-up bank are taleeineee gas and also create
39 (349 - (273 + 37)) units of the carry-forward bank. Whilermsimulated spot prices
in Figure 8 are above the strike price and the actual strasegytake 363 and the full 48
units of the make-up bank are taken as free gas and also d2363 - (273 + 48)) units
of the carry-forward bank.
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In the fifth year the contract is out-of-the-money, so theimsic strategy would be the
same as that seen in year two. In the simulation in Figurerestays are actually in-the-
money, so the take is 222 and a full 39 units of the carry-foadvnk are taken to lower
the MB to 234 (273 - 39) which creates 12 (234 - 222) units of ena. However in the
simulation in Figure 8 the volatility stays in the lower reg for an extended period, more
days are in-the-money, so the take is 260 and part 13 unitseaofdrry-forward bank are
taken to lower the MB to 260 (273 - 13) and hence there are 29 {8} units left in the
carry-forward bank.

In the final year the contract is in-the-money, so the inicisgrategy would be to take the
maximum possible with 73 units being taken free from the makéank. The simulated
price in Figure 7 is below the contract price for a significpatt of the year, so the simu-
lated optimal strategy is to take 330, of which the 12 in th&enap bank is taken for free
and creates 38 (330 - 292) units of the carry forward bank. éd@wvmost of the spot price
in the simulation in Figure 8 are above the strike price, ahe take is 362 and creates
70 (362 - 292) more units of the carry forward bank which makea 99 (29 + 70) units
in the carry forward bank.

In summary, different realizations of the hidden Markov @haill have a significant
impact on the day take decisions and the evolution of botledhne-bank and make-bank.

S I 11 V[ O O

0 200 400 600 800 1000 1200 1400 1600 1800 2000

T T T ; T . ; T T T T T
Make bank %8
10
0 1 1 1 1 1 1

0 200 400 600 800 1000 1200 1400 1600 1800 2000
t

FIGURE 7. One realization of the Markov Chain and the corresponding
spot prices, optimal day takes, volume taken, the evolutioooth Carry
bank and Make bank.
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FIGURE 8. Another realization of the Markov Chain and the corresibanm
spot prices, optimal day takes, volume taken, the evolutfomoth Carry
bank and Make bank.

5. CONCLUSIONS

In this paper, we have proposed a pentanomial tree framdwopkicing multiple year gas

sales agreements (GSAs) with make-up and carry forwardgpoms for an underlying gas
forward price curve that follows a regime-switching prace$he GSAs are complicated
because the buyers can exercise their rights in a daily nmamiemake decisions on the
make-up bank and carry forward bank on a yearly basis. Hemtteeievaluation we need
to keep track of multi-variables on a daily basis lastingrfaultiple years. Those com-
plexities, along with the regime switching uncertainty lo¢ taily price, require efficient

numerical procedures to value these contracts and havettweemain contribution of this

paper.

With the help of a recombining pentanomial tree, we are ablefficiently evaluate the

prices of the contracts, find optimal daily decisions andnogk yearly use of both the

make-up bank and carry forward bank in different regimes. al¢e demonstrate how
different regimes are able to affect the decisions on magkand carry forward takes.

Breslin et al. (2008) discuss the risks and hedging of swing contracts with théufes
we have discussed in this paper. Hence an important taskwgftesearch will be to find
the risks and the hedging strategies for these contracts thieeunderlying forward curve
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follows regime switching dynamics. The computational saddveloped in this paper may
play an important role in this research.
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