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ABSTRACT
Magnetic dissipation is frequently invoked as a way of powering the observed emission of
relativistic flows in Gamma-ray bursts and active galactic nuclei. Pulsar Wind Nebulae provide
closer to home cosmic laboratories which can be used to test the hypothesis. To this end,
we reanalyze the observational data on the spindown power of the Crab pulsar, energetics of
the Crab nebula and its magnetic field. We show that unless the magnetic inclination angle of
the Crab pulsar is very close to 90 degrees the overall magnetization of the striped wind after
total dissipation of its stripes is significantly higher than that deduced in the Kennel–Coroniti
model and recent axisymmetric simulations of Pulsar Wind Nebulae. On the other hand, higher
wind magnetization is in conflict with the observed low magnetic field of the Crab nebula,
unless it is subject to efficient dissipation inside the nebula as well. For the likely inclination
angle of 45 degrees the data require magnetic dissipation on the time-scale of about 80 years,
which is short compared to the lifetime of the nebula but long compared to the time-scale of
Crab’s gamma-ray flares.

Key words: magnetic fields – MHD – radiation mechanisms: non-thermal – pulsars: individ-
ual: Crab – ISM: supernova remnants.

1 IN T RO D U C T I O N

Magnetic fields are often invoked in models of the relativistic jet
production by central engines of active galactic nuclei (AGN) and
Gamma-ray bursts (GRB). In these theories the jets are Poynting-
dominated at the origin, with the magnetization parameter σ =
B2/4πρc2 � 1. This is different from the earlier essentially hy-
drodynamic, low σ , models of relativistic jets in one important as-
pect. Even strong, high Mach number shocks, in high σ plasma are
weakly dissipative compared to their low σ counterparts (e.g. Ken-
nel & Coroniti 1984a; Komissarov 2012). Moreover, particle-in-cell
(PIC) simulations show that the acceleration of non-thermal parti-
cles may also be problematic at such shocks (Sironi & Spitkovsky
2009, 2011a). This suggests that either the Poynting flux is first
converted into the bulk motion kinetic energy via ideal magneto-
hydrodynamic (MHD) mechanism (e.g. Vlahakis & Königl 2004;
Komissarov et al. 2009; Lyubarsky 2010), which is then dissipated
at shocks, or the magnetic energy is converted directly into the
energy of emitting particles via magnetic dissipation, which ac-
companies magnetic reconnection events (e.g. Drenkhahn & Spruit
2002; Lyutikov & Blandford 2003; Giannios 2011; Zhang & Yan
2011; McKinney & Uzdensky 2012). In fact, the magnetic dissipa-
tion can facilitate bulk acceleration of jets as well (e.g. Drenkhahn
& Spruit 2002).

� E-mail: s.s.komissarov@leeds.ac.uk

While AGN and GRBs are very distant sources, which makes
their observational studies rather difficult, there exist objects much
‘closer to home’ which share similar properties, the Pulsar Wind
Nebulae (PWN). They are powered by relativistic winds from
neutron stars and these winds are also expected to be Poynting-
dominated at their base (see Arons 2012, and references therein).
In particular, the Crab nebula is one of the brightest sources of non-
thermal emission in the sky throughout the whole observational
range of photon energies. Its large angular size (of 7 arcmin), en-
sures that its spatial structure is well resolved and its relatively small
linear size (of several light years) allows direct observations of not
only its small-scale structural variability but also its overall dynam-
ics. Because the Crab nebula is such an easy object to observe it has
been studied with the level of detail which may never be reached in
observations of AGN and GRB jets, and it is rightly considered as
a testbed of relativistic astrophysics.

The early attempts to built a theoretical model of the Crab neb-
ula using the ideal relativistic MHD approximation resulted in a
paradoxical conclusion that the pulsar wind has to have σ ∼ 10−3

near its termination shock (Rees & Gunn 1974; Kennel & Coroniti
1984a; Emmering & Chevalier 1987; Begelman & Li 1992). A
slightly higher magnetization, σ ∼ 10−2, was later suggested by ax-
isymmetric numerical simulations (Komissarov & Lyubarsky 2003;
Del Zanna, Amato & Bucciantini 2004; Bogovalov et al. 2005), al-
though no proper study of this issue has been carried out. The key
property of these analytical and numerical solutions is their purely
toroidal magnetic field. The strong hoop stress of such field cre-
ates excessive axial compression of the nebula in solutions with
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higher σ and pushes the termination shock too close to the pulsar
in the Kennel–Coroniti model, in conflict with the observations. On
the other hand, the ideal relativistic MHD acceleration of uncolli-
mated wind-like flows is known to be very inefficient, leaving such
flows Poynting-dominated on the astrophysically relevant scales
(e.g. Komissarov 2011; Lyubarsky 2011). This striking conflict is
known as the σ -problem.

Attempts have been made to see if σ can be reduced via magnetic
dissipation in the so-call striped zone of pulsar winds, where the
magnetic field changes it polarity on the length scale λp = cP,
where P is the pulsar period (Coroniti 1990; Lyubarsky & Kirk
2001). The dissipation is accompanied by the wind acceleration via
conversion of the thermal energy into the bulk kinetic energy of the
flow during its adiabatic expansion. Unfortunately, for the wind of
the Crab pulsar the dissipation length scale significantly exceeds the
radius of the wind termination shock, thus making this mechanism
inefficient (Lyubarsky & Kirk 2001).

Lyubarsky (2003b) has demonstrated that the energy associated
with the alternating component of magnetic field of the striped wind
can be rapidly dissipated at the termination shock itself, where the
characteristic Larmor radius of shock-heated plasma exceeds the
wavelength of magnetic stripes. His solution of the shock equations,
which accounts for the ‘erasing’ of stripes, shows that the post-
shock flow is the same as it would be if the dissipation had already
been fully completed in the wind. Sironi & Spitkovsky (2011b)
have used 3D PIC simulations to study the magnetic dissipation
and particle acceleration at the termination shock of the striped
wind numerically and concluded that efficient magnetic dissipation
occurs even when the Larmor radius remains below the stripes
wavelength, via rapid development of the tearing mode instability
and magnetic reconnection in the post-shock flow.

One way or another, this dissipation occurs only in the striped
zone and only the alternating component of magnetic field dissi-
pates. Outside of the striped zone, around the poles, the pulsar wind
σ remains unaffected by this dissipation and hence very high. As the
result, the overall magnetization of plasma injected into the nebula
can be much higher than that of the Kennel–Coroniti model, un-
less the striped zone spreads over almost the entire wind (Coroniti
1990).

Lyubarsky (2003a) argued that in the polar zone the wind σ can
be reduced via the flow acceleration accompanying dissipation of
fast magnetosonic waves emitted by the pulsar into the polar zone.
However, it seems unlikely that the energy flux associated with
these waves can dominate the wind energetics in the polar zone. At
least, the 3D numerical simulations of pulsar winds (A. Spitkovsky,
private communication) show that their contribution is rather small.
Thus, we do not expect σ of the polar zone to be below unity.

An alternative solution to the σ problem has been proposed by
Begelman (1998), who argued that the axial compression of the
nebula can be reduced via the current-driven kink instability, re-
sulting in more or less uniform total pressure distribution inside
the nebula. This would make the overall structure and dynamics of
the nebula similar to those in the models with particle-dominated
ultra-relativistic pulsar wind. The recent computer simulations of
the non-linear development of the kink instability of relativistic z-
pinch configurations support this conclusion (Mizuno et al. 2009,
2011). In this scenario, PWN are supplied with highly magnetized
plasma, making magnetic dissipation a potentially important pro-
cess in their evolution and emission.

In this paper, we test whether the magnetic dissipation inside
PWN is consistent with the observations of the Crab nebula and its
pulsar. The main idea is very simple. First, the timing observations

of the Crab pulsar allow us to estimate how much energy has being
pumped into the nebula. Secondly, using the stripe wind model we
can calculate how much of this energy is supplied in the magnetic
form. Thirdly, a simple dynamical model of the nebula expansion
can be used to predict how much magnetic energy is retained by the
nebula after adiabatic losses. Finally, the observations of the Crab
nebula tell us how much magnetic energy is actually in there and
whether the magnetic dissipation is actually required to make the
ends meet.

2 OV E R A L L EN E R G E T I C S O F T H E C R A B
N E BU L A

In the simplest approximation, the spindown of pulsars is described
by the equation �̇ ∝ −�n, where � is the pulsar angular frequency
and n is the so-called braking index. This form of the spindown law
originates from the magneto-dipole vacuum radiation mechanism
which gives n = 3. Force-free (or magnetodynamic) models of
pulsar magnetospheres yield the same dependence on � (Spitkovsky
2006; Kalapotharakos & Contopoulos 2009). Timing observations
of pulsars allow us to measure the braking index and it turns out
to be noticeably lower compared to the value predicted by these
simple models (Lyne, Pritchard & Smith 1993). The reason for this
discrepancy is not established yet, but the spindown law itself seems
to be consistent with the observations and we will accept it in our
calculations.

The solution to this equation is

� = �0

(
1 + t

τ

)− 1
n−1

. (1)

The corresponding spindown luminosity is

Lsp = −I��̇ = L0

(
1 + t

τ

)− n+1
n−1

, (2)

where τ is called the spindown time (Rees & Gunn 1974). From
the timing observations of the Crab pulsar, n = 2.51 and τ � 703 yr
(Lyne et al. 1993). For the usually accepted moment of inertia of
neutron stars I = 1045g cm2, these measurements imply the current
spindown power Lsp � 4.6 × 1038 erg s−1 and the initial power
L0 � 3.3 × 1039 erg s−1. The corresponding total extracted rotational
energy of the Crab pulsar is

E = L0τ
n − 1

2

(
1 −

(
1 + t

τ

)− 2
n−1

)
� 3.7 × 1049 erg , (3)

which is 67 per cent of its initial rotational energy. The integrated
radiative luminosity of the Crab nebula Ln � 1.3 × 1038 erg s−1

(Hester 2008) is significantly below Lsp. Thus, a large fraction of E
is converted into the kinetic energy of the supernova shell and the
internal energy of the PWN, the actual proportion being dependent
on the dynamic evolution of the nebula.

Since τ is comparable to the current age of the nebula, its global
dynamics cannot be described by self-similar models. This forces
us to make a number of strong simplifying assumptions in order
to render the problem treatable. First, we assume that the nebula
is uniform. Secondly, that the magnetic field becomes randomized,
via development of instabilities, and behaves as gas with ultra-
relativistic ratio of specific heats � = 4/3. In this case, the internal
energy of PWN is En = 3pV, where p is the PWN uniform total
pressure and V is its volume. Thirdly, that the nebula expands with
constant speed, and hence V ∝ t3, which is supported by the rather
slow observed acceleration of the nebula (Trimble 1968; Wyckoff
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& Murray 1977; Bietenholz et al. 1991). Finally, we will ignore
its radiative cooling.1 Under these assumptions the evolution of the
internal energy of the nebula is described by the equation

Ėn = Lsp − En

t
, (4)

where the last term describes adiabatic cooling. Given the expres-
sion (2) for Lsp, the initial condition En(0) = 0, and assuming n <

3, we find the solution to this equation

En = L0τ

a2 − 3a + 2

1

x

(
1 − (a − 1)x2 + ax + 1

(x + 1)a

)
, (5)

where a = (n + 1)/(n − 1) and x = t/τ . For the parameters of
the Crab pulsar, this yields En � 1.3 × 1049 erg. The corresponding
spindown energy converted into the kinetic energy of the supernova
shell is then Ek � 2.4 × 1049 erg. The observations indicate that
the expansion velocity of the thermal filaments of the Crab nebula
increased by 100–200 km s−1 during the nebula lifetime, which
corresponds to increase in their kinetic energy by Ek � 1049 erg
(Hester 2008). This agrees rather well with the prediction of our
model.

The internal energy En is distributed between the relativistic par-
ticles and the magnetic field. The actual partition is dictated by
the properties of the pulsar wind, which determine how much en-
ergy is injected into the nebula in the magnetic form, and by the
interaction between these two components inside the nebula. This
interaction can have a reversible form, via the Lorentz force, and
an irreversible form, e.g. via magnetic reconnection, collisionless
wave dumping and particle acceleration. If the magnetic field is in-
deed significantly randomized, as we have assumed above, and the
Lorentz force is reduced to the magnetic pressure then the reversible
interaction is likely to be weak. As a first approximation, we will
assume that the irreversible interaction is also weak, in which case
the energy distribution between particles and magnetic fields in the
nebula equals to that immediately downstream of the termination
shock. By comparing the outcome with the observational data, we
will be able to say how bad this assumption is and to gauge the
importance of magnetic dissipation.

3 T H E M AG N E T I C POW E R O F S T R I P E D W I N D

In order to estimate the fraction of the wind energy injected into
the nebula in the magnetic form we will employ the split-monopole
model by Bogovalov (1999) and the finding of Lyubarsky (2003b)
that the overall effect of the stripes’ dissipation at the termination
shock is equivalent to their dissipation upstream of the shock.

Let us denote the angle between the spin axis and the magnetic
axis of the pulsar, the magnetic inclination angle, as α, the angle
between the rotation axis and selected streamline of the wind as θ ,
and the phase of the stripe wave as φ, with φ = 0 corresponding
to the middle of the stripe with positive (or negative) Bφ . Then the
phases separating the positive and negative stripes are φα(θ ) and
2π − φα(θ ) where

cos φα(θ ) = − cot(α) cot(θ ).

1 The radiative cooling would reduce the energy of relativistic particles Ee,
making it even smaller compared to the magnetic energy Em than in our
calculation. Ultimately, this would make the case for magnetic dissipation
even stronger.

The conservation of total magnetic flux corresponding to one wave-
length allows us to find the magnitude of magnetic field after com-
plete dissipation of its stripes as

B = B0

{ |2φα(θ )/π − 1|, π/2 − α < θ < π/2
1, θ ≤ π/2 − α

,

where B0 is the magnitude of the magnetic field of the striped wind
[In Lyubarsky (2003b), B is called the mean magnetic field of the
striped wind.]. In these calculations, we assume that after the com-
pletion of this dissipation, the relic current sheets collapse following
their adiabatic cooling. The fraction of wind power remaining in the
form of Poynting flux along the stream line with the polar angle θ

is

χα(θ ) =
{

(2φα(θ )/π − 1)2, π/2 − α < θ < π/2
1, θ ≤ π/2 − α

. (6)

Neglecting the small initial contribution of the bulk kinetic energy
to the wind power (due to the ideal MHD acceleration in the wind),
the wind magnetization along the stream line after the dissipation
is

σα(θ ) = χα(θ )

1 − χα(θ )
.

We define the mean magnetization of the wind, 〈σα〉, as the ratio of
its total Poynting flux to its total bulk kinetic energy flux. Since in
the split monopole model the energy flux density varies with θ like
sin 2θ ,

〈σα〉 = 〈χα〉
1 − 〈χα〉 , (7)

where

〈χα〉 =
∫ π/2

0
χα(θ ) sin3 θdθ .

This mean magnetization is shown in the left-hand panel of Fig. 1.
One can see that unless the pulsar is almost an orthogonal rotator
its value is much higher compared to 〈σ 〉 � 10−3 of the Kennel–
Coroniti model and the values utilized in the 2D numerical simula-
tions, 〈σ 〉 � 10−2 (Komissarov & Lyubarsky 2003; Del Zanna et al.
2004; Bogovalov et al. 2005; Camus et al. 2009). Unfortunately, α

is poorly constrained from observations. Using as a guide the value
obtained from fitting the spectrum and pulse profile of the high
energy emission of the Crab pulsar, α � 45◦ (Harding et al. 2008),
we obtain 〈σ 〉 � 0.26. Thus, the dissipation of magnetic stripes is
apparently unable to resolve the σ -problem completely. This short-
coming of the striped wind model has already been pointed out in
Coroniti (1990).

The left-hand panel of Fig. 1 shows the distribution of σ over the
polar angle, where its value outside of the striped zone is artificially
limited by the rather arbitrary value of ∼100. In reality, this value
should be determined by the dissipation of fast magnetosonic waves
emitted by the pulsar (Lyubarsky 2003a). However, the efficiency of
this emission in 3D numerical simulations of dipolar pulsar magne-
tospheres seems to be rather low and thus one would indeed expect
a rather high magnetization in the polar region.

Next we consider the plasma compression at the termination
shock of such a wind. The magnetic flux conservation ensures that
at the shock Bvn = const, where vn is the normal component of
velocity. This implies that downstream of the shock the Poynting
flux is increased by the shock compression factor η = vn, 1/vn, 2. In
the case of strong ultra-relativistic shock,

η(χ ) = 6
(

1 + χ +
√

1 + 14χ + χ2
)−1

. (8)
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Figure 1. Left-hand panel: mean magnetization 〈σα〉 of the pulsar wind after dissipation of its stripes and the mean fraction 〈δα〉 of magnetic energy injected
into PWN as functions of the pulsar magnetic inclination angle. Middle panel: the distribution of magnetic energy injected into PWN over the polar angle,
fα(θ ) = (3/2)δα(θ )sin 3θ , for the magnetic inclination angle α = 0◦ (solid line) 15◦, 30◦, 45◦, 60◦ (dashed lines). Right-hand panel: the magnetization of the
striped wind after dissipation of its stripes as a function of the polar angle for the magnetic inclination angle α = 0◦ (solid line), 15◦, 30◦, 45◦, 60◦, 75◦ (dashed
lines).

Table 1. The overall fraction of the wind power injected into PWN in
the magnetic form as a function of the pulsar magnetic inclination angle.

α 10◦ 20◦ 30◦ 40◦ 50◦ 60◦ 70◦ 80◦

〈δα〉 0.82 0.64 0.48 0.34 0.23 0.13 0.061 0.017

This result holds not only for a perpendicular shock but also for an
oblique shock [see equation A14 in Komissarov & Lyutikov (2011)].
Thus, the fraction of energy injected into PWN in the magnetic form
along a wind streamline is

δα(θ ) = χα(θ )η(χα(θ )) . (9)

In the split monopole model the overall fraction of the wind power
injected into PWN in the magnetic form is given by the integral

〈δα〉 = 3

2

∫ π/2

0
δα(θ ) sin3 θdθ . (10)

The function 〈δα〉 is shown in the left-hand panel of Fig. 1 and in
Table 1. One can see that, unless the magnetic inclination is close
to 90◦, the fraction of magnetic energy is quite substantial. For the
guide value of α � 45◦ (Harding et al. 2008), we obtain 〈δ〉 � 0.28.
Thus, almost one third of the energy supplied into the Crab nebula
can be in the magnetic form. The middle panel of Fig. 1 shows how
this flux is distributed over the polar angle for different magnetic
inclinations. For α < 50◦ it peaks at the boundary of the striped
zone, but for α > 50◦ the maximum is inside the striped zone.

4 MAG NETIC D ISSIPATION INSIDE THE
N E BU L A

The observed synchrotron and inverse-Compton emission of the
nebula is well fitted by the ‘one-zone’ model with magnetic field of
strength B � 125 μG (Meyer, Horns & Zechlin 2010). Although the
magnetic field in the nebula is unlikely to be uniform, this estimate is
still more reliable than the usual equipartition one, which requires an
additional assumption of parity between the energies of magnetic
field and relativistic particles. The observed shape of the nebula
can be described as a prolate spheroid with major and minor axes
a = 4.4 pc and b = 2.9 pc (Hester 2008), which gives the volume

V = (π/6)ab2 � 5.7 × 1056 cm3. The corresponding total magnetic
energy of the nebula is Em = 3.5 × 1047 erg, which is significantly
below the value of En we estimated in Section 2.

Assuming parity between the energy of relativistic electrons emit-
ting synchrotron radiation Ee and the magnetic energy Em, Hillas
et al. (1998) used the observed synchrotron luminosity of the nebula
to derived its equipartition magnetic field Beq = 330 μG. The lower
value of B given by Meyer et al. (2010) suggests significant devia-
tion from the energy equipartition. From the theory of synchrotron
emission it follows that the total energy of emitting electrons

Ee ∝ Lsyn

B3/2

( ∫ νmax

νmin
n(E) dν∫ νmax

νmin
n(E)ν1/2 dν

)
,

where Lsyn is the total synchrotron luminosity, n(E) is the electron
energy spectrum and E ∝ (ν/B)1/2 is the characteristic energy of
electron emitting at frequency ν (Pacholczyk 1970). For a power-
law spectrum the function in the brackets does not depend on B and
thus Ee ∝ B−3/2 with sufficient accuracy. Since Em ∝ B2 this leads to

Ee = Em(B/Beq)−7/2 .

In the case of the Crab nebula this yields Ee � 30Em � 1.0 ×
1049 erg, which is surprisingly close to our value of En, given the
simplifications of the model.

This result suggests two possible explanations. First, the energy
is indeed supplied into the nebula mainly in the form of relativis-
tic particles. The analysis presented in the previous section shows
that this would require the Crab pulsar to be almost an orthogonal
rotator, in fact we would need α � 76◦. If however the magnetic
inclination angle is indeed close to α = 45◦, obtained in Harding
et al. (2008) via modelling of the pulsed emission, then an efficient
dissipation of magnetic field inside the nebula, accompanied by
particle acceleration, is required to explain the data.

Assuming that a fraction 〈δ〉 of Lsp is supplied into the nebula in
the magnetic form, one can find the characteristic time-scale of this
dissipation via balancing the supply and dissipation rates as

τmd = Em

〈δ〉Lsp
� 80

( 〈δ〉
0.3

)−1

yr. (11)
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This is much smaller compared to the dynamical time-scale τ dn �
950 yr, which justifies the omission of adiabatic energy losses in
this estimate. Moreover, τmd exceeds the light crossing time of the
nebula, τ lc � 12 yr, only by a factor of ∼7. This shows that the
magnetic dissipation is a very fast process. For example, the speed
of magnetic energy supply into reconnection zones is likely to be
limited from above by ∼0.1 of the Alfvén speed (Lyubarsky 2005),
which in the relativistic MHD is

ca = c

(
σ̃

1 + σ̃

)1/2

,

where σ̃ = B2/4πw, where w = ρc2 + �p/(� − 1) is the rela-
tivistic enthalpy and p is the gas pressure. In magnetically domi-
nated plasma σ̃ � 1 and ca is close to the speed of light, whereas in
particle-dominated plasma with σ̃ � 1, it can be significantly lower.
The mean σ̃ of the nebula can be estimated as <σ̃ >� 2Em/Ee �
0.07 leading to the reconnection speed <0.025c. If the reconnection
flow had the form of a large-scale advection towards the equatorial
plane and polar axis, like that proposed in Lyutikov (2010), the cor-
responding dissipation time-scale would be �300 yr, which seems
too high compared to τmd. In order to reduce this time-scale one
would have to involve numerous simultaneously active reconnection
cites throughout the volume of the nebula.

5 D ISCUSSION

5.1 Magnetic dissipation and the fine structure
of the Crab nebula

The possibility of efficient magnetic dissipation in the Crab nebula
raises the question about its observational signatures. What kind of
structures if any should we expect to see and where? Unfortunately,
our current understanding of magnetic reconnection is not that ad-
vanced to make any firm predictions. The most explored and firmly
associated with magnetic reconnection phenomena in astrophysics
are solar flares. They involve significant restructuring of magnetic
fields anchored to the solar surface and distorted by motions in the
Sun. It is not clear if such grand events may occur under the condi-
tions of PWN. Smaller scale ‘nanoflares’ could be responsible for
heating of solar corona and the appearance of bright coronal loops
(Parker 1972), but even this issue has not been settled yet. The so-
called ‘reconnection exhausts jets’ have been detected in the solar
wind via in situ measurements using spacecrafts (see Gosling 2011,
and references wherein). These observations show no evidence of
non-thermal particle acceleration or electron heating and do not al-
low us to say how far a spacecraft is from a reconnection site or even
if reconnection is still ongoing at the time of observation. Other ex-
amples include Earth’s magnetosphere and laboratory experiments
but these seem to be too specific.

For the purpose of identifying the locations of magnetic dis-
sipation in PWN, a non-thermal particle acceleration is its most
promising and also likely product. This process could brighten up
the interfaces between regions with different orientation of mag-
netic field. The polarimetric observations of the Crab nebula by
Bietenholz & Kronberg (1991) show that in its central region the
degree of polarization is about five times below that for the syn-
chrotron emission in uniform magnetic field. They explain this result
by the presence along the line of sight of several cells with randomly
oriented uniform magnetic field. Boundaries of such cells could be
the cites of ongoing magnetic reconnection and may appear as arcs
or filaments of enhanced non-thermal emission.

In fact, the Crab nebula has the most spectacular network of
optical filaments but they are made of the line-emitting thermal
plasma of the supernova ejecta ionized by the synchrotron radiation
of the PWN. In the optical continuum, only the bright cores of these
filaments can be seen and only as absorbing features (e.g. Fesen &
Blair 1990; Sankrit 1998). The radio emission of the Crab nebula has
synchrotron origin and given the results of the optical continuum
observations one would not expect to find the filaments in radio
images of the nebula. To the contrary, the high-resolution Very Large
Array (VLA) radio images do show a filamentary structure which
is as spectacular as that of the line emission maps (e.g. Bietenholz
et al. 2004). Moreover, the radio filaments seem to coincide with the
line-emitting optical filaments. This was noticed already in the early
lower resolution study of the nebula with the Cambridge One-Mile
radio telescope (Wilson 1972).

A localized enhancement of synchrotron emissivity does not have
to be related to particle acceleration and may simply reflect a local
enhancement of magnetic field. Such enhancement could well arise
during interaction between the high speed flow of relativistic plasma
inside the PWN with the filaments via the so-called ‘magnetic drap-
ing’ effect (e.g. Lyutikov 2006). However, in this case one would
generally expect the optical non-thermal emissivity to increase as
well. Since this is not what is observed, other factors should come
into play.

The origin of radio emitting electrons (and positrons) of the Crab
nebula is a longstanding mystery. The most natural assumption is
that they come with the wind from the Crab pulsar just like the
higher energy electrons, but their number seems to be too high to
be accommodated in the current models of pair production in pul-
sar magnetospheres (Arons 2012). The radio observations of the
inner Crab nebula could have settled this issue should they revealed
the same features associated with the outflow from the termina-
tion shock as in optics and X-rays, or otherwise. Unfortunately, the
emerging picture is rather ambiguous. Although radio wisps are ob-
served, they do not coincide with the optical ones and are noticeably
slower (Bietenholz et al. 2004). There is no obvious radio counter-
part to the optical and X-ray jet either. Given the strong anisotropy of
the pulsar wind, this may indicate that radio electrons and positrons
come from different parts of the termination shock. On the other
hand, the radio wisps could just be some kind of ripples driven by
the unsteady outflow from the termination shock through the PWN.
Indeed, the MHD simulations show strong convective motion in-
side the nebula which brings plasma from outer parts of the nebula
quite close to termination shock, where it is pushed out again by the
outflow from the termination shock (Camus et al. 2009).

The quantity of radio electrons may be large compared to what
is expected in the theory of pulsar magnetospheres, but it is tiny
compared to what is available in the line-emitting filaments. It is
conceivable that a small fraction of the filament plasma mixes with
the relativistic plasma of PWN. In there, its electrons can be accel-
erated to relativistic energies and produce the observed synchrotron
radio emission. Kennel & Coroniti (1984b) estimate the energy con-
tained in the radio electrons to be of the order of a few ×1048 erg,
which is a sizable fraction of the total internal energy of the nebula.
Thus, in situ acceleration of radio electrons requires a substantial
source of energy. This could be the energy of the magnetic field
injected into the nebula by the pulsar wind, which can indeed be
substantial, as we argued in Section 3. The magnetic dissipation can
be enhanced near the line-emitting filaments when magnetic field
lines of different orientation wrap around the same filament. The
magnetic reconnection could also facilitate escape of electrons (and
ions) from the filaments into Crab’s PWN, otherwise suppressed by
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the low diffusivity across magnetic field lines. The other possibility
is the second-order Fermi acceleration by the hydromagnetic turbu-
lence driven by various instabilities (Bucciantini, Arons & Amato
2011). The existence of two synchrotron components of different
origin is supported by the combined radio and mm-wavelength ob-
servations (Bandiera, Neri & Cesaroni 2002). The data suggest low
energy cut-off around 100 GHz in the emission of the electrons sup-
plied by the termination shock, thus supporting a different origin of
radio emitting electrons. However, the relatively smooth matching
of radio and optical/infrared components of the integral spectrum
may be problematic for this model, particularly when seen in a
number of PWN (Bucciantini et al. 2011).

Velusamy, Roshi & Venugopal (1992) state that the VLA images
also show filaments which do not have line-emitting counterparts.
The spectral data do not show any noticeable variation of the radio
spectral index across the filaments (Bietenholz et al. 1997). Since
the synchrotron lifetime of radio emitting electrons significantly
exceeds the age of the nebula, this is not very surprising. Some of
the filaments are also seen in the X-ray band (Seward, Tucker &
Fesen 2006). Since the lifetime of X-ray emitting electrons is quite
short, one would expect to see hardening of the X-ray spectrum of
the filaments compared to the diffuse background if these filaments
were indeed the cites of particle acceleration. However, the obser-
vations give no evidence of such hardening and the photon index
is very soft, α ∼ 3–4 (Seward et al. 2006), creating a problem for
any model where these features act as acceleration cites of electrons
emitting in X-rays (Seward et al. 2006).

The continuum optical images of the Crab nebula reveal a fine fi-
brous structure somewhat reminiscent of solar coronal loops (Fesen
& Blair 1990; Hester et al. 1995). However, it is not clear if this is a
product of ‘nanoflares’ or simply reflects inhomogeneous structure
of magnetic field.

5.2 Implications for numerical simulations of PWN

The 2D Relativistic MHD (RMHD) numerical simulations of the
Crab nebula (Komissarov & Lyubarsky 2003; Del Zanna et al. 2004;
Bogovalov et al. 2005; Camus et al. 2009) have been very successful
in reproducing many key properties of the nebula, such as its jet-
torus, the brightness asymmetry, wisps and even the bright ‘inner
knot’ (Hester et al. 1995). In agreement with the observations, the
proper motion of jets and wisps produced in the simulations is
relatively low, v = 0.2–0.7c, as expected downstream of an almost
purely hydrodynamical shock wave. This success leaves little doubt
that the numerical models capture the physics of the nebula quite
well.

However, the overall low wind magnetization utilized in these
models, 〈σ 〉 � 10−2, is in conflict with what we would expect in
the striped wind model without imposing very large magnetic in-
clination angle of the pulsar. This choice of σ has been influenced
by the very low value required in the Kennel–Coroniti model in
order to have a termination shock in their 1D solution. However,
the flow dynamics of the 2D numerical solutions are already very
different, as it involves large-scale circulation and mixing. Although
Komissarov & Lyubarsky (2004) did find that, in qualitative agree-
ment with predictions of the Kennel–Coroniti model, the size of
the termination shock decreased with 〈σ 〉, no attempts have been
made to study models with σ � 10−2. As the result, one cannot
claim yet that 2D numerical simulations rule them out. As the shock
size is determined by the balance between the wind ram pressure
and the total pressure in the nebula, this tendency can be explained
by the stronger axial compression of the nebula by the magnetic

hoop stress in models with higher σ . However, this compression is
certainly excessive in 2D models, being enforced by the condition
of axial symmetry which does not allow development of the kink
instability (Begelman 1998). The 3D numerical study of z-pinch
configurations by Mizuno et al. (2009, 2011) confirms this expec-
tation. Thus, the ultimate answer to the question whether 〈σ 〉 �
10−2 is allowed by the RMHD model will only be found in future
3D simulations of PWN.

If at high latitudes the pulsar wind is free from stripes and has high
σ then downstream of the termination shock one would expect a
very fast flow, with the Lorentz factor γ ∼ σ 1/2 in the case of perpen-
dicular shock (Kennel & Coroniti 1984a) and even higher in the case
of oblique shock (Komissarov & Lyutikov 2011). Downstream of a
perpendicular shock the flow is subsonic (or sub-fast-magnetosonic
to be more precise) and can smoothly decelerate down to γ � 1
inside the nebula. Downstream of an oblique shock it may remain
supersonic and a secondary shock will have to appear somewhere
on its way. So far, the observations of the Crab nebula show no evi-
dence of such a secondary shock or such a fast flow. This may well
be related to the low dissipation efficiency of shocks in highly mag-
netized plasma (e.g. Kennel & Coroniti 1984a; Komissarov 2012),
as well as the inability of such shocks to accelerate non-thermal
particles (Sironi & Spitkovsky 2009, 2011a). Further investigation
is required to clarify this issue.

5.3 Magnetic dissipation and Crab’s gamma-ray flares

The recently discovered strong flares of gamma-ray emission from
the Crab nebula at the energies ∼1 GeV with duration about a few
days (Abdo et al. 2011; Tavani et al. 2011) could be very impor-
tant for understanding the physics of highly magnetized relativistic
plasma. Komissarov & Lyutikov (2011) argued that the gamma-rays
of these energies could originate from the most compact known
bright feature of the Crab nebula, the so-called ‘inner knot’, which
they explain as a Doppler-boosted emission from the termination
shock. However, their model predicts synchronous variability of the
knot emission in gamma-rays and optics, which does not seem to be
the case (Arons 2012). The only other promising alternative seems
to be explosive magnetic reconnection.

However, the properties of these flares suggest that they may not
be representative of the energetically dominant magnetic dissipa-
tion process in the nebula. First, the dissipation time-scale given
by equation (11) is at least three orders of magnitude longer than
the typical flare duration. It is possible that the tearing instabil-
ity produces much smaller structures inside the large-scale current
sheets; however in this case one would expect a whole spectrum of
time-scales to be present. Secondly, the statistical model of flares
by Clausen-Brown & Lyutikov (2012) gives the total energy release
rate which is three orders of magnitude below the spindown power
of the Crab pulsar and hence significantly lower than the magnetic
dissipation rate given by equation (11). Thirdly, the current recon-
nection models of these flares involve strong magnetic fields, of the
order of 1000 μG (Uzdensky, Cerutti & Begelman 2011; Cerutti,
Uzdensky & Begelman 2012), and/or large bulk Lorentz factors � �
afew (Komissarov & Lyutikov 2011; Clausen-Brown & Lyutikov
2012). Such conditions are not typical for the Crab nebula. Finally,
so far the flares have not been identified with any particular kind of
events seen at other energies.

Given the required conditions for the flares, their most likely loca-
tion is the polar region near the termination shock, where the freshly
supplied plasma can have very high magnetization and streams
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with ultra-relativistic speeds.2 Large Lorentz factors could also be
produced during fast reconnection events inside high-σ̃ plasma,
which again points out towards the inner polar region of the Crab
nebula, where the observations reveal the Crab jet. High magne-
tization also implies Alfvén speed approaching the speed of light
and hence the fastest possible magnetic reconnection speed. Cerutti
et al. (2012) also point out that magnetic field in this region can be
much stronger than on average due to the strong axial compression
associated with the z-pinch. The region at the base of the Crab jet,
the so-called ‘anvil’, is in fact the most active region in the nebula
(Hester et al. 2002).

6 SU M M A RY

(i) We have calculated the power of high-σ striped pulsar wind
which remains as the Poynting flux after total dissipation of its
stripes in the split-monopole approximation. The results show
that the pulsar has to be an almost exact orthogonal rotator for
the mean wind σ to reduce down to the very low values sug-
gested by the Kennel–Coroniti model (and to some degree by
the current axisymmetric numerical models of the Crab nebula).
For the more realistic magnetic inclination angle α � 45◦, about
30 per cent of the wind power is retained in the form of the
Poynting flux. While low magnetization is achieved in the equa-
torial plane, in the polar zone the magnetization remains very
high.

(ii) Given the relatively long spindown time of the Crab pulsar
and low radiative losses, we find that out of E � 3.7 × 1049 erg of
energy that has been supplied by the pulsar wind into the nebula
En � 1.3 × 1049 erg should still remain as its internal energy, sheared
between magnetic field and relativistic particles.

(iii) The observations of synchrotron and inverse-Compton emis-
sion of the Crab nebula indicate that most of En is stored in rela-
tivistic electrons and positrons, and only Em � 3.5 × 1047 erg
in the magnetic field. This may be simply down to the fact that
from the start the energy is injected into the nebula mostly in the
form of relativistic particles. In the striped wind model, this would
imply that the Crab pulsar is almost an exact orthogonal rotator.
Alternatively, most of the injected magnetic energy may have been
dissipated and transferred to the particles via magnetic reconnection
events.

(iv) Using the magnetic inclination angle of the Crab pulsar de-
rived from modelling of its high energy pulsed emission, α = 45◦,
we estimate the characteristic time-scale of magnetic dissipation
in the Crab nebula to be τmd ∼ 80 yr. This relatively short time-
scale implies a complex structure in the magnetic field distribu-
tion inside the nebula, which is supported by the radio and optical
observations.

(v) Since the scale of deduced magnetic dissipation inside the
Crab nebula strongly depends on the magnetic inclination angle of
its pulsar, accurate observational measurements of this angle would
be very important. A search for signs of ongoing magnetic dissipa-
tion, such as particle acceleration inside the nebula, is another im-
portant direction of observational studies. It seems plausible that the
observed enhanced radio emissivity in the vicinity of line-emitting
filaments is a result of magnetic dissipation.

(vi) The recently discovered gamma-ray flares may be the first
strong indication of magnetic reconnection inside the Crab neb-

2 A similar conclusion was reached recently by Y. Lyubarsky at a conference
presentation (http://www.iasf-roma.inaf.it/Flaring_Crab/index.html).

ula. However, their short time-scale, low energetics and extreme
conditions required in the current theoretical models suggest that
these events may not be representative of the dominant magnetic
dissipation process in the nebula.
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