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Abstract: With large scale wind turbines, the issue of aerodynamic elastic response is even more 

significant on dynamic behaviour of the system. Unsteady free vortex wake method is proposed in 

this study to calculate the shape of wake and aerodynamic load. Considering the effect of 

aerodynamic load, inertial load and gravity load, the decoupling dynamic equations are established 

by using finite element method in conjunction of the modal method and the equations are solved 

numerically by Newmark approach. Finally, the numerical simulation of a large scale wind turbine 

is performed through coupling the free vortex wake modelling with structural modelling. The results 

show that this coupling model can predict the flexible wind turbine dynamic characteristics 

effectively and efficiently. Under the influence of the gravitational force, the dynamic response of 

flapwise direction contributes to the dynamic behavior of edgewise direction under the operational 

condition of steady wind speed. The difference in dynamic response between the flexible and rigid 

wind turbines manifests when the aerodynamics/structure coupling effect is of significance in both 

wind turbine design and performance calculation. 

KeywordsヲWind turbine, Free wake method, Aerodynamic dynamics, Structural dynamics 

 

1. Introduction 

Large scale wind turbines operate in complicated conditions, which contain all kinds of 

unsteady and coupling effects of wind condition and blade structure, making accurate prediction of 

the turbine performance very difficult. In particular, when unsteady flow field, accompanying 

frequent changes in both wind speed and wind direction, passes through the long and slender blades 

and through the tall tower, it inevitably results in the so-called aero elastic problem, i.e. the 

interaction between aerodynamic forces and rotor motion. Therefore, it is necessary to develop 

accurate coupled methods between the aerodynamic model with structure model in wind turbine 

design to enable vibration alleviation and to develop control strategy. 

 

Among the different aerodynamic theories to model the rotor aerodynamics [1-3], the vortex theory 

is considered as one of the most suitable approximations because of its affordable computational 

costs and reasonably accurate results. In addition, vortex models are made up of a blade 

aerodynamic model including lifting line, lifting surface or panel method [4] to describe the flow 

around the blade and to calculate the trailed and shed vorticitis released to the wake, using prescribed 

[5-7] or free wake [8-11] models to describe the wake geometry. The free wake models are more 

suitable for general rotor configurations, since the wake is allowed to freely distort under the 

influence of the local velocity field. In the present work, the free wake model consists of near vortex 

sheets and far wake tip vertical filaments. For aeroelastic simulations, the free wake model is 
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complemented with an elastic rotor model for the rotor dynamics [12-14]. The modal superposition 

method is used to solve the wind turbine elastic problem in this paper. 

 

The paper is structured as follows. The aerodynamic model based on the free wake method is 

firstly introduced and the formulation of equations for the wind turbine dynamic responses is then 

established. It is followed by a numerical simulation and analysis of the dynamic loads on a typical 

1.5 MW wind turbine, where the aerodynamic forces, blade gravity and inertial force are input to 

the equation system. Finally, some conclusive remarks are given. 

 

2. Aerodynamic model 

It is assumed that the flow field is incompressible and potential in the free vortex wake (FVW) 
model for the wind turbine. The blade is modeled as a series of elements, which are represented as 
a line of bound vorticity lying along the blade quarter chord line. The vertical filaments, extending 
downstream from the trailing edge of the blade element boundary, are allowed to freely distort under 
the influence of local velocity field. The governing equation of the vertical filaments can be written 
in the form of a partial differential equation as˖ డ௥റሺటǡ఍ሻడట ൅ డ௥റሺటǡ఍ሻడ఍ ൌ ଵఆ ൣ ሬܸറஶ ൅ ሬܸറ௜௡ௗ൫ݎറሺ߰ǡ   ሻ൯൧                   (1)ߞ

where the blade azimuth angle ߰ is a temporal coordinate and the wake age angle ߞ is a spatial 
coordinate. On the right hand side of Eq. 1, ሬܸറ௜௡ௗ equals to the mean value of the induced velocities 
at the surrounding four grid points calculated by the Biot-Savart law. To solve the partial differential 
equation numerically, the finite difference approximations are used to approximate the derivatives 
on the left hand side. For the spatial (ߞ) derivative, a five-point central difference approximation has 
been used based on the PCC (Predictor-Corrector Central difference) [15] and the PC2B (Predictor-
Corrector 2nd Backward) [16]. The accuracy of the temporal (߰) derivative approximation plays a 
significant role in the time-accurate free vortex method. The PC2B algorithm used a second-order 
backward difference approximation, whereas the PCC algorithm still used a five-point central 
difference approximation.  

 
Figure 1 Schematic of the discretized tip vortex geometry 

In the present work, a new time-accurate algorithm is developed for overall convergence in the 
numerical iterations. For this, the Eq. 1 can be written in another form as˖ ப୰ሬറሺநǡ஖ሻபந ൌ െ ப୰ሬറሺநǡ஖ሻப஖ ଵஐ ൣVሬሬറஶ ൅ Vሬሬറ୧୬ୢ൫�റሺɗǡ Ƀሻ൯൧                     ሺʹሻ 
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The Eq.2 can be written in a general form of ordinary derivative equation as˖ ௗ௬ௗ௫ ൌ ݂ሺݔǡ  ሻ                           (3)ݕ

The predictor process in the predictor-corrector algorithm adopts an explicit format, whereas the 
corrector process adopts an implicit format. Assuming the steps are equal, the general form of the 
linear multistep method for Eq.3 is written as˖ σ ௡ା௝௞௝ୀ଴ݕ௝ߙ ൌ ݄ σ ௝ߚ ௡݂ା௝௞௝ୀ଴                        ሺͶሻ 

whereݕ௡ା௝and ௡݂ା௝represent the terms of ݕሺݔ௡ା௝ሻand ݂ሺݔ௡ା௝ ǡ  ௡ା௝ሻ,respectively. The values ofݕ
constants ߙ௝and ߚ௝ሺ݆ ൌ Ͳǡͳ ǥ ǡ ݇ሻ can be obtained using the method of undetermined coefficients. 
An explicit three-step linear multistep method is given by 

  2123 363
2

1
  nnnnn hfyyyy

               
(5) 

The local truncation error of Eq. 5 is 

    644
3 2

1
hOxyhT nn                        (6)   

An implicit three-step linear multistep method is given by 

  3123 11

6
2918

11

1
  nnnnn hfyyyy              (7) 

The local truncation error of Eq. 7 is 
    644

3 2

3
hOxyhT nn                      (8)  

The explicit and implicit three-step linear multistep methods are used in the temporal ( ) 
derivative approximation. A new predictor-corrector algorithm is developed as: 

for the predictor :
ǁ௜ǡ௝ݎ ൌ ଵ଻ ൫െͻݎǁ௜ିଵǡ௝ ൅ ͳʹݎǁ௜ିଶǡ௝ െ ǁ௜ିଷǡ௝ݎʹ ൅ ǁ௜ǡ௝ିଵݎ͵ ൅ ǁ௜ିଵǡ௝ିଵ൯൅ݎ͵ ଺଻ οటஐ ቂ ஶܸ ൅ ଵସ ൫ ୧ܸ୬ୢሺ௜ǡ௝ሻ௡ିଵ ൅ ୧ܸ୬ୢሺ௜ିଵǡ௝ሻ௡ିଵ ൅ ୧ܸ୬ୢሺ௜ǡ௝ିଵሻ௡ିଵ ൅ ୧ܸ୬ୢሺ௜ିଵǡ௝ିଵሻ௡ିଵ ൯ቃ     (9

) 
 

and ൅ݎ௜ǡ௝ ൌ ଵଵସ ൫ͳͷݎ௜ିଵǡ௝ െ ͻݎ௜ିଶǡ௝ ൅ ௜ିଷǡ௝ݎʹ ൅ ௜ǡ௝ିଵݎ͵ ൅ ௜ିଵǡ௝ିଵ൯ଷ଻ݎ͵ οటஐ ቂ ஶܸ ൅ ଵ଼ ൫ܸ�ndሺ݅ǡ݆ሻ݊െͳ ൅ ܸ�ndሺ݅െͳǡ݆ሻ݊െͳ ൅ ܸ�ndሺ݅ǡ݆െͳሻ݊െͳ ൅ ܸ�ndሺ݅െͳǡ݆െͳሻ݊െͳ ൯൅ ଵ଼ ൫ ෨ܸ୧୬ୢሺ௜ǡ௝ሻ ൅ ෨ܸ୧୬ୢሺ௜ିଵǡ௝ሻ ൅ ෨ܸ୧୬ୢሺ௜ǡ௝ିଵሻ ൅ ෨ܸ୧୬ୢሺ௜ିଵǡ௝ିଵሻ൯൧    (10) 

for the Corrector. 
It is obvious from the local truncation errors of Eq.5andEq.7 that the new predictor-corrector 

algorithm has third-order accuracy, and therefore this algorithm is referred as the D3PC (Three-step 
and Third-order Predictor-Corrector) algorithm. The PCC is a single-step algorithm and has second-
order accuracy. The single-step algorithm is simple, but its numerical stability is not good enough. 
The multistep method has recently been widely used since it has better stability and convergence. 
Although the PC3B algorithm is a three-step algorithm, it only achieves second-order accuracy, 
which results in low efficiency. The D3PC algorithm developed in this paper is also a three-step 
algorithm, but is of third-order accuracy. 

In the paper, the Three-dimensional rotational model is included in the aerodynamic model. 
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The Three-dimensional rotational effect is one of the typical differences between rotating rotor and 
fixed wing, resulting in stall delay, which is characterised by significantly increased lift coefficient 
compared to the corresponding 2D case, and by a delay of the occurrence of flow separation to 
higher angles of attack. Du-Selig stall-delay model [7]0, which is coupled into the free vortex wake 
model, is used to modify the airfoil aerodynamic data by consideration of the three-dimensional 
rotational effect in this work. 

The aerodynamic loading is caused by the flow past the wind turbine structure composed of 
the blades and the tower. The air loads can be calculated through the discrete blade element method. 
Every blade element is regarded as a 2-D airfoil, and the relative velocity vector ࢒ࢋ࢘ࢂ is obtained 
from: 

rel rot ind b   V V V V V  can directly be computed in the free ࢊ࢔࢏ࢂ is the rotational velocity. The induced velocity ࢚࢕࢘ࢂ (11)                      
vortex wake method. In the case of an aero elastic computation, it is necessary to calculate the blade 
elastic deformations denoted by the local blade velocity ࢈ࢂ. 

 

3. Dynamics equation for aero-dynamic and structural coupling 

If a wind turbine is described as a discretized mechanical system, the principle work is to 
correctly set up the mass matrix, [M], stiffness matrix, [K], and damping matrix, [C], for the 
dynamics equation: 

[ ]{ } [ ]{ } [ ]{ } { ( )}M x C x K x F t                    (12) 
where { ( )}F t  denotes the generalized force vector associated with the external loads. x  is the 
generalized displacement. In the paper, the Newmark method is used to solve the dynamics equation. 
The discretized calculation process to solve the dynamics equation is presented as: 

2
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            (13) 

where the subscript represents the time-step number. The displacements at the time step n ൅ ͳ are 
calculated from the results of the previous time step , at which the displacements, velocities, and 
accelerations for each node are already known. 

The generalized displacement and velocity in the form of expansion from the time step  to 
the time step n ൅ ͳ are given by 

1 1

1

2

1

{ } { } [(1 ){ } { } ]

{ } { } { }

[(1 2 ){ } 2 { } ]
2

n n n n

n n n

n n

x x t x x

x x t x
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x x

 

 

 





   

  


 

               (14) 
where 0.5   and 0.25   are the trapezoidal conditions in order to guarantee unconditional 
convergence. It is worthy to note that a small enough computing time step is required in order to get 
more accurate structural dynamic response. In this work, the time step is chosen to than the one 
tenth of the rotating cycle when the structural response is significant enough. The calculation 
procedure is in Figure 2. (FVW: the free vortex wake method, FEM: the finite element modeling) 
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Figure 2 Calculation procedures for dynamic responses 
 

The blade gravitational force and centrifugal force are included in the calculation. Gravity is 
responsible for a sinusoidal loading of the blades with a frequency corresponding to the rotation of 
the rotor. The blade experiences tensile stress and compressive stress because of the gravitational 
loads, thus resulting the blade vibration deformation and affecting the rotor aerodynamic 
performance. The gravitational loading is obtained from 

[0 0 ]Tg idf A mg                         (15) 

Where ࡭ is the coordinate system transformation matrix, ݉௜is the ith blade element mass. ݀ ௚݂is 
the gravitational loading of the ith blade element. 

The inertial loading stems from the centrifugal force on the blades due to rotation. The 
centrifugal force ݀ ௖݂ acting on the blade element at a radius r  from the rotational axis is obtained  
from ݀ ௖݂ ൌ  ௜                             (16)݉ݎଶߗ

 

4. The numerical result and analysis 

4.1 The calculation model validation 

The NREL (National Renewable Energy Laboratory) Phase VI rotor geometry, aerodynamic 

and structural properties are well documented in the literature[18].The operating condition for the 

experiment was varied from wind speed of 7 to 25m/s. The rotor speed is 72 r/m, with the tip pitch 

is 3 degrees and 0-degree cone angle. The rotor radius is 5.029m. 

Figure 3 shows variation of rotor torque with wind speed, and compare with the experiment 

data. The calculation results are found to be in good agreement with the experimental data at low 

wind speeds. At higher wind speeds, however, there are discrepancies, probably due to the stall 

effects. 

 

Figure 3 Variation of rotor torque with wind speed 
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Figure 4 shows the variation of normal and tangential coefficient at different span with wind 

speed. Ranging from low to high wind speed, it is found that the normal and tangential force 

coefficients of the blade root are slightly worse than other part of the blade, which is reason that the 

blade root suffers the serious stall effect. It is difficult to simulate the stall situation. The better stall 

model is needed to use in the free wake method. However, the middle and tip part of blade all have 

a good match with the experimental data. Therefore, in the paper the calculation model is well used 

to calculation the loads of the wind turbine. 

 

 

Figure 4 Variation of normal and tangential coefficient at different span with wind speed 

 

4.2 The large-scale wind turbine numerical results and analysis 

In the paper, the NH1500 wind turbine is adopted as a calculation example. The calculation 

time step is10 / . The wind speed is 8m/s. In order to reflect the similarity of NH1500 and real 

1.5MW wind turbine, the rotor main parameters are shown in Table 1. From the table, it can be seem 

that the rated power of NH1500 is 1.5MW. At the same times, the NH1500 and real 1.5MW wind 

turbine have the similar blade length and wind speed operational condition. And the NH1500 also 

adopt the variable-pitch variable speed control strategy. Moreover, to more describe the NH1500, 

the NH1500 blade main structural parameters are shown in Table 2. The all aerodynamic centers of 

blade are located in a quarter chord length. Mass and elastic centers are given though chord length 

percentage in the airfoil coordinates. 

In the paper, the finite element method is applied to establish the wind turbine structural model. 

Two-node beams and shell elements are used to model the blade and tower, respectively. The nacelle 

mass and moment of inertia are simulated through the 0D element in PATRAN software. The rotor 

is rigidly connected to the tower. The boundary conditions are imposed at the bottom of the tower 

through fixed constraints. The modes of NH1500 wind turbine are calculated at the rotational speed 

of 17.2 rpm with the calculated modes shown in Table 3. 

Table 3 The mode description 

Mode description Natural frequency(Hz) 

Left-righttower1st 0.420 

Fore-aft tower 1st 0.422 

Blade flapwise 1st 0.775 

0.802 

0.833 

Blade edgewise 1st 1.243 
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1.335 

1.361 

Blade flapwise2st 2.049 

2.194 

2.308 

Figure 5 shows the comparison of calculated value and experimental value. NH1500 is a 1/16 

scaled model on the experiment. The calculated value and experimental value trend is basically 

consistent. As can be seen from the figure 5, the calculation values are slightly higher than the 

experiment data. It is probable reason that the experiment wind turbine model is scaled model.  

 

Figure 5 Cp of the NH1500 

Figure 6 shows the downstream displacements of the blade tip vortex, calculated from the FVW 

method. In order to investigate the blade deformation effect, the NH1500 blade is considered rigid 

and flexible, respectively. Clearly seen from the figures the difference in the vortex position between 

the assumed rigid blade and the actual flexible blade. The displacement difference increases from 

0.05R to 0.1R as the tip vortex filament moves down stream. It can be reasoned that this difference 

has influence on the air load calculation through the induced velocity calculation, which depends 

the spatial distance of the vortex to the blade. 

For further analysis, the wind speed distribution and the vorticity of the wake are calculated in 

the paper. The wind speed of the wake ( , , )x y zV V V V  is defined as 

( , , ) tip b t s
x y z ind ind ind indV V V V V V V V V     

                     (17) 

To find the wind speed of the wake seen by the ( , , )x y zV V V V , the induced velocity of the tip 

vortex , tip
indV , the induced velocity of the bound vortex, bindV , the induced velocity of the trailed 

vortex, t
indV , the induced velocity of the shed vortex, sindV , must be added as vectors to the inflow 

velocity, V . 

After the wind speed distribution is known, the vorticity ( , , )x y z     is calculated by: 

yz
x

x z
y

y x
z

VV

y z

V V

z x
V V

x y







 
   

  
   
 

                                  (18) 
Figure 7 and Figure 8 give the development and evolvement of the tip vortex for the rigid and 

flexible blades with the axial downstream distance, respectively. The vortical strength increases 



Transactions of Nanjing University of Aeronautics and Astronautics 32(2):240-249 
 

 

downstream just behind the rotor with a wake expansion, but gradually dissipates as the axial 

distance further increases for the both cases. However, both the vortical strength and the wake 

expansion for the assumed rigid rotor are stronger than those for the actual flexible rotor. 

 

Figure 6 Cyclic variation of the tip vortices with downstream distance 

 

Figure 7 Axial distribution of the tip vortex for the rigid blade 

 

Figure 8 Axial distribution of the tip vortex for the flexible blade 

 

Figure 9 0R section distribution of the wind speed zV (m/s) of the rigid blade 
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Figure 10 0R section distribution of the wind speed zV (m/s) of the flexible blade 

Figure 9 shows the 0R section distribution of the wind speed of the rigid blade. Figure 10 shows 

the0R section distribution of the wind speed of the flexible blade. Through the two figures, it is 

found that the 0R section wind speeds of the flexible blade are weaker than the rigid due to the 

structural deformation. The effect is significant for wake prediction. 

Figure 11 shows some representative numerical results in which the aerodynamic 

characteristics are presented by the blade root loads for the flexible case at the wind of 8m/s. The 

root loads all fluctuate sinusoid ally with azimuthally angle for both the cases of gravity considered 

and gravity not considered, but the amplitude of the load variation is greatly different each other 

due to the gravitational effect. In addition, the blade dynamic deformation is also influenced by the 

gravity. The dynamic displacement in the flapwise direction when the gravitational force is not 

considered is about only 4%of that when the gravitational force is taken into account, as shown in 

Figure 12.  

 

a) without gravity                           b)  with gravity 

Figure 11 Edgewise force at blade root 

 
Figure 12 Dynamic displacements at blade tip in the flapwise direction 

app:ds:amplitude
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Figure 13 Wind turbine power coefficients, 8 /V m s   

It is obvious from Figure 13, where the wind turbine power coefficient Cp is compared between 

the rigid and flexible considerations, that the flexible wind turbine Cp is larger than the rigid one 

and changed with azimuth angle. According to the comparison of minimum value, the flexible wind 

turbine Cp is more 1.6% than the rigid one. It is the reason that the flapwise direction induced 

velocity of flexible blade has greater change than the edgewise direction induced velocity. And the 

flapwise direction induced velocity is weaker than the rigid one. Thus, the attack angle and the flow 

angle of flexible blade are all larger. Finally, the tangential force coefficient to the rotor is larger, 

which can lead to the increasing of torque and Cp. 

 

5. Conclusions 

The numerical analysis of wind turbine wake and loads are presented in this paper. An 
aerodynamically and structurally coupled model is developed and used to predict the flexible wind 
turbine loads and aerodynamic performance. The results demonstrate that the FVW and FEM 
coupling model can predict the wind turbine dynamic characteristics effectively and efficiently. The 
dynamic displacement in the flapwise direction when the gravitational force is not considered is 
only 4% of that when the gravitational force is taken into account. Moreover, according to the 
comparison of minimum value of what???, the Cp value of the flexible wind turbine is more 1.6% 
than that of the rigid one. Despite the accuracy of calculated results will need to be improved for 
further validation by experiment data, the wind turbine wake and dynamic response can be better 
understood through the results obtained from this study. 
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Table 1 the NH1500 rotor parameters 

Number of blades 3 

Rotor radius 41.5m 

Blade length 40.5m 

Rated rotational speed 17.25rpm 

Rated power 1.5MW 

Rated wind speed 10.5m/s 

Cut-in wind speed 3m/s 

Cut-out wind speed 25m/s 

 

 

 

 

 



Transactions of Nanjing University of Aeronautics and Astronautics 32(2):240-249 
 

 

Table 2  Main structural parameters for the NH1500 blade 

R 

(m) 

Mass/unit  

(kg/m) 

Torsional 

rigidity 

(MNm2) 

Flapwise 

stiffness(MNm2) 

Edgewise stiffness 

(MNm2) 

Center of 

mass (%) 

Center of 

Elastic(%) 

1 266.93 1880 2530 2510 50.00 50.00 

2.5 199 1230 2390 1040 49.05  48.11  

4 195 750 2010 873 48.98  47.40  

5.5 192.09 520 1700 1030 46.69  45.42  

7 192 383 1350 1380 43.53  43.13  

8.5 192.7 257 1120 1530 38.32  39.74  

10 186.2 164 896 1820 38.16  39.50  

11.5 185.41 107 706 1680 34.68  38.00  

13 155.50 76 552 1520 33.90  36.27  

14.5 151.1 54 214 807 34.14  36.35  

16 147.95 40 167 680 34.14  36.43  

17.5 144.69 30.3 130 548 34.22  36.36  

19 141.79 23.4 100 459 34.07  36.20  

20.5 135.31 17.8 76.2 397 34.15  36.28  

22 129.00 14 58.3 328 34.15  36.21  

23.5 120.28 11.5 45.1 263 34.00  36.21  

25 111.74 9.5 34.4 212 34.00  36.06  

26.5 99.456 7.6 26.5 170 34.08  36.30  

28 93.438 6.3 19.6 131 34.64  36.38  

29.5 83.431 5.1 14.7 100 35.19  37.01  

31 69.54 4.1 10.9 78.8 35.51  37.73  

32.5 59.565 3 7.5 64.9 35.91  38.20  

34 46.265 2.3 4.96 49.5 35.52  38.21  

35.5 37.309 1.8 3.09 36.3 37.26  39.48  

37 32 1.3 2.13 29 41.14  42.32  

38.5 29.935 1 1.3 20.6 49.05  45.81  

40 9.98 0.5 0.645 11.3 45.49  44.15  

41 13.34 0.0723 0.166 3.22 40.59  39.41  

41.5 1.77 0.03 0.00096 0.0308 40.09  38.80  

 


