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Abstract—Sparse wideband sensor array design for sensor Fig. 1. A general wideband beamforming structure with a TBhgth J.
location optimisation is highly nonlinear and it is traditi onally
solved by genetic algorithms, simulated annealing or other

similar optimization methods. However, this is an extreme} time- o
consuming process and more efficient solutions are neededithis @0 individual sensor have to be equal or very close to zero.

work, this problem is studied from the viewpoint of compressve ~ Therefore, it is not sufficient to simply minimize thenorm of
sensing and a formulation based on a modifiedy norm is derived.  the weight coefficients. Instead, a method similar to thé-tec
As there are multiple coefficients associated with each sems nique employed in complex-valuédnorm minimization[[17],

th.e _ke_y Is to make sure that these coefflmen_ts are S'm“'ta'?ﬂs'y is presented in this paper, which can be considered as an
minimized in order to discard the corresponding sensor loctons.

Design examples are provided to verify the effectiveness dhe €XPanded version of t.he ic.ie.a in [18]- As in the Case.With
proposed methods. narrowband array design, it is possible to use a reweighted

Index Terms—Sparse array, frequency invariant beamforming, scheme for t.he Wldebqnd meth‘?d as well.
wideband beamforming, tapped delay-line, compressive ssimg. The remainder of this paper Is structured as follows. Sec.
[Mgives details of the array model, followed by the proposed

design methods in SeC.JIll. Design examples are provided in
. INTRODUCTION Sec[1V and conclusions are drawn in Set¢. V.

Wideband beamforming has been studied extensively in the
past [1], [2]. It is well-known that in order to avoid the Il. WIDEBAND ARRAY MODEL

spatial aliasing problem for uniform linear arrays (ULAS), A general linear array structure for wideband beamforming
the adjacent sensor spacing has to be less than half of {fith a TDL length J is shown in Fig1, wher®, is the
minimum operating wavelength corresponding to the highesdmpling period or temporal delay between adjacent signal
frequency of the signal of interest. On the other hand, spagamples([2]. The beamformer outpyln] is a linear combi-
arrays allow adjacent sensor separations greater than hglfion of differently delayed versions of the received warra
a wavelength while still avoiding grating lobes due to thgignalsx,,[n], m = 0,--- ,M — 1. The distance from the
randomness of sensor locations [3]. zeroth sensor to the subsequent sensor is denotet},bipr
However, the unpredictable sidelobe behaviour associatgd— ¢, ... A — 1, whered, = 0 as it is the distance from
with sparse arrays means some optimisation of sensor 0@ zeroth sensor to itself.
tions is required to reach an acceptable performance levelThe steering vector of the array as a function of the
Various nonlinear methods have been used to achieve thismalized frequency? = w7, and the angle of arriva
required optimisation. For example, Genetic Algorithma&&p g
[4], [5], [6] and Simulated Annealing (SA)_[7] have been

regularly used. The disadvantage of these types of methods s(€,0) = [1,-- L eI,
are the potentially extremely long computation times arel th eI cos(0) | =52 cos(9)+1)
possibility of convergence to a non-optimal solution. con eI cos(O)+(I 1))

Recently, the area of compressive sensing (CS) has been e eIt os(O+(I-D)T )

explored [8], and CS-based methods have been proposed in
the design of narrowband sparse arréys [9]/ [10]) [11]) [12\herey,, = fﬁ? form=0,1,--- ,M —1and{-}" indicates
Further work has also shown that it is possible to improvganspose ope?ation.

the sparseness of a solution by considering a reweighted The response of the array is then given by
minimisation problem[[13],[114],[15],[16]. The aim of thes .
methods is to bring the minimisation of tig norm of the P(Q,0) = w’s(€, 0), )

weight coefficients closer to that of the minimisataion o thwherewH is the Hermitian transpose of the weight coefficient

lo norm. _ vector of the array, given by
However, for a wideband array to be sparse, all coeffi-

cients along the tapped delay-lines (TDLs) associated with w=[wi wi ... wh ", (3)
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with will mean that the associated sensor is inactive. However,

Wy, = [Win0 Win1 - Wm,J—l]T- (4) in the wideband case, to guarantee a sparse solution, the
weight coefficients along a TDL have to be simultaneously
1. SPARSEWIDEBAND ARRAY DESIGN VIA minimized. When all coefficients along a TDL are zero-valued
COMPRESSIVESENSING we can then consider the corresponding location to be wecti

As previously mentioned, CS has been employed in the gé'd sparsity is introduced. To achieve this, similar to the
sign of sparse narrowband arrays by trying to match the arraffchniaue used in complex-valuédnorm minimization [17],
response to a desired/reference oRg((2, §). Extending the W€ MiNiMize a modified; norm as follows|[[18],
design to the wideband case, we first consider[Big. 1 as being a

: +

grid of potential active sensor locations. In this instange_, H_un beR .

is the maximum aperture of the array and the values,gffor subject to ||p, —w"S|[z < a
m=1,2,..., M —2, are selected to give a uniform grid, with [(w)|; <t @

M being a large enough number to cover all potential locations
of the sensors. Sparseness is then introduced by selebgngwhere

set of weight coefficients to give as few active locations as M—1 Wm0
possible, while still giving a designed response that ise&lo [(W)|; = Z (8)
to the desired one. m=0 W 1 2
. . . m7 -
In the first instance, this problem could be formulated as
min [ Now we decomposetot = >N~ 1., t,,e R*. In vector
subject to ||p, —wS||; < o, (5) form, we have
where||w||o is the number of nonzero weight coefficientsin to
p,. is the vector holding the desired beam response at sampled t=1,--- 1] : =1"t. )
frequency pointsQ);, and angled;, ¥ = 0,1,--- | K — 1, tar—1
l=0,1,---,L—1, Sis the matrix composed of the steering

vectors at the corresponding frequeriey and angled;, and Then [T) can be rewritten as
« places a limit on the allowed difference between the desired

. T
and the designed responses. In the constrain{in||(8) min 't
denotes thés norm. subject to ||p, — w7 S|z < a
In detail, p,. and S are respectively given by W 0
P, = [P (Q0,00), -, Pr(Q,00-1), H <tm, m=0,---,M—1.
Pr(1,00), -+, Pr(Q1,01-1) Win, J—1 2
s Po(Qic—1,011)] (10)
and Now define
S = [s(Q0,60), - ,5(Q0,0r_1), .
[8(£2o, 6o) (o, 62-1) W = [to, wo,0, - ,Wo,J—1,T1," " awM—l,J—l]Ta (11)
S(,00), -+ ,8(Q1,00-1), -+ ,S(Qx—1,0L-1)]-
Here the desired respong®(2, ) can be obtained from that ¢=11,0;,1,0,---,0,]" (12)
of a traditional uniform linear array, or simply assumed & b
an ideal response (i.e. one at the mainlobe area and zerodof
the sidelobe area) and this is adopted in what follows. .
. Lo . §Q,0) = [0,1,--- e IUJI-1)
In practice, the cost function if](5) will be replaced by the ’ »h T ’
I norm 0, e cos(0) ,=jQUpr cos(O)F+1)
) e~ (11 cos(0)+(J—1))
i ||W||1 -7 —1 Cos(@)’-ﬁ-(J—l)) T
subject to ||p, —wS||; < o (6) A I (13)

The above formulation is effective in the design of narrowwhere0; is an all-zerol x .J row vector. A matrixS similar
band arrays, where the TDL length = 1 (i.e. each sensor to (6) can be created fro given by
has only one weight coefficient attached) and the number of_
nonzero coefficients will be the same as the number of active> = [8(Q0,00), -+ ,8(Q0,0L-1),
sensors. In other words, any coefficient with a zero value §(Q,60), -+ ,8(0,0-1), - ,8(Qx—1,01-1)]-



inall i he final formulation for th TABLE |
Finally we arrive at the final formulation for the sparse  grysorl ocaTioNsFOR THE REWEIGHTED BROADSIDE DESIGN

wideband sensor array design problem EXAMPLE.

min ew nldo/) | n | di/X
w A 0] 192 | 6 | 566
subject to ||p, —W"”S||z < o 1] 283 | 7 | 626
w 2] 333 ]| 8] 667
m,0 3| 374 | 9 | 717
: <tm, m=0,---,M—1. 4] 434 | 10| 8.08

' 5 5] 5.00

Wm,J—1
(14) .

In the above formulation, it is straightforward to add addi
tional constraint to meet some specific design requiremen
For example, we can add the response variation constra -
RV = ||LTW||3 < o2 derived in [22], [23] to design a sparse g
wideband array with frequency invariant beam responsg [1S§
[20], [21], [22], where the matriX. and the threshold value & -x
o are formulated to make sure the change of response of £
resultant beamformer with respect to different frequenéie
limited to an acceptable level. -60

Moreover, to increase sparsity of the resultant array, we c:
adopt the reweighted, minimisation approach in[16] and ™ 2 © e sg(degreelsc)ﬁo 20 w0 10 10
reformulate[(T4) into the following form

AT~ Fig. 2. Responses for reweighted broadside design example.

min cCw
W

~10+

50

subject to ||p, —W7§||, < a

W0 regions of©, = [0°,80°] J[100°, 180°], which were sampled
al, : <t every1°. The frequency range of intereQt = [0.57, 7] was
wh 2 sampled every).057r_, with the refer_ence frequendy,. =
m"': 0. M—1, (15) A grid of 100 potential sensor locations was spread uniformly
over an aperture dfo\, where the value of is the wavelength
where associated with a normalized frequency(bf= 7. The values
o , , . - - _ —4 _
W= [t why, o wh ot wh oy, 4]T, (16) \cjzve:eol.ji,eg._ 0.01, e = 9 x 10~* and TDL lengthJ = 25
¢ = [ap,0s,af,0;,---,0,]" (17)  The resulting array using the reweighted method was made
and up of 11 active sensor locations as given in Tab. I, with
wf;,é 1 its beam response shown in Figl 2. It can be seen that
al = (H . +6> (18) the mainlobe is at the desired location for each normalised
i1 ) frequency and sufficient attenuation has been achievedein th
Wm,7-1 sidelobe regions. The response also shows a good level of
Heree > 0 andi is the iteration number. performance in terms of the FI property.
The above problem can be solved using cvx, a package forrhis was then compared to an array designed using the
specifying and solving convex programs [24]. [25]. GA-based method. To allow a fair comparison, the GA was
set to optimisell sensor locations over an aperture6of6\,
IV. DESIGNEXAMPLES the same as the example given in Tab. I. . 3 shows the

In this section design examples are presented, which weesulting array response.All these show a good performance
all implemented on a computer with an Intel Core Duo CPun terms of both sidelobe attenuation and the FI property.
E6750 (2.66GHz) and 4GB of RAM. Comparisons will be Tab. [Tl summarises the different performance measures
drawn with a GA-based design method, which optimises tlier each design method. The main disadvantage of the GA
locations given a fixed number of sensors. In the GA basddsign method is clearly shown, i.e. the computation time is
design, the fitness value was chosen toJpe ¢, whereJors — significantly longer. The mean adjacent sensor spacinghare
is defined in [[22]. same in both cases and larger than the spacing of an equivalen

In the following example, the reference pattern was that bfLA. This suggest some sparsity has been achieved, with the
an ideal array with the mainlobe 4, = 90° and sidelobe same level in both cases. Finally the value.&f 5| is slightly
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Fig. 3. Responses for the GA broadside design example.
TABLE I
BROADSIDEPERFORMANCECOMPARISON.

Method Reweighted| GA
Mean Spacing{ 0.62 0.62

Jors 0.0372 0.0376
Computation Time (minutes 130 436

lower for reweighted CS designed array, suggesting thdtign t 15
instance the reweighted wideband CS method has provided a
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more desirable response (the difference largely being the F
property in the extremes of the sidelobe regions). This wite!
not be guaranteed to be the case all the time.

V. CONCLUSIONS
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