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We obtain sufficient conditions for the differentiability of solutions to stationary
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gives conditions for the differentiability of stationary distributions of diffusion pro-
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1. INTRODUCTION AND MAIN RESULTS

The goal of this paper is to give broad sufficient conditions for the differentiability

of solutions to stationary Fokker—Planck-Kolmogorov equations
6ociaacj (ag:ua) - aﬂfz (bfxﬂa) =0
with respect to a parameter. In particular, we obtain sufficient conditions for the dif-
ferentiability of invariant measures of diffusion processes with respect to a parameter.
Our conditions are expressed in terms of Lyapunov functions and apply to unbounded
coefficients. The results of [18] and [23], where the problem was first studied, are gen-
eralized and reinforced in the case of one-fold differentiability: substantially broader
assumptions about the coefficients are considered, the main novelty is that rapidly
growing coefficients are allowed. Dependence of solutions on parameters, in particu-
lar, differentiability and continuity with respect to parameters, obviously belongs to
questions of general interest, which are important both for the theory and diverse
applications such as control theory (see, e.g., [1] and [17]). However, the case of equa-
tions on the whole space has not been studied in sufficient generality so far (except
for the already cited pioneering papers [18] and [23], where the case of bounded coef-
ficients was examined). The results of this paper are new even in the one-dimensional
case. Our conditions become especially simple in the case where a¥ and 0,0 are uni-
formly bounded and 0,,a%, 0,0,,a%, bi,, Oub, have at most polynomial growth: just
the relation lim sup,(by(z),z) = —oo for the drift coefficient b, is needed. Some
xT|—0o0

||
auxiliary results obtained below on solvability of non-homogeneous Fokker—Planck—

Kolmogorov equations and related a priori estimates can be useful in other problems
such as discrete approximations.
Let us explain our framework. Suppose first that we are given a single second order
elliptic operator
Ly = aijamawj%@ + bi@m‘ﬁa
1
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where the usual summation with respect to repeated indices is meant, a*/ and b are
real Borel functions on RY, and the matrix A(z) = (a%(z)); j<q is positive-definite
for each x. We say that a bounded Borel measure p satisfies the stationary Fokker—
Planck—Kolmogorov equation

01,02, (0P 1) — s, () =0,
or, in a shorter form,
L =0 (1.1)
on a domain © in R? (in our main results Q = R?) if the coefficients a* and b’ are

locally integrable in Q with respect to the measure |u| (which holds automatically for
locally bounded coefficients) and we have the integral identity

/chdp —0 VpeCr9).

For example, this equation holds for stationary probabilities of the diffusion process
governed by the stochastic equation

dé.t = 4/ 2A(£t)dTUt + b(Et)dt

Suppose now that for every « € [0, 1] we are given a second order elliptic operator
Loy = agaxiaxjtp + bfl@xigo

with coefficients satisfying certain conditions specified below. Suppose also that for
each « there is a unique probability measure u, satisfying the stationary Fokker—
Planck—Kolmogorov equation
AT (1.2)

in the sense explained above. The goal of this paper is to provide broad sufficient
conditions for the continuity and differentiability of u. and its density g, with respect
to the parameter a. In particular, if there is a diffusion £, with generator L, and
a stationary distribution pe, our results provide broad conditions for the continuity
and differentiability of the density of u, with respect to the parameter «.

Recall that the Sobolev class W?1(U) on a domain U in R? consists of all functions
f € LP(U) having generalized derivatives 0,,f € LP(U) and is equipped with the
Sobolev norm

£l = 1 llp + 192, fllp + -+ 1024 o,

where || - ||, denotes the LP-norm. The class CF(Q) consists of functions on 2 with
k bounded continuous derivatives and C;°(12) is the intersection of these classes.

It is known (see [4], [6]) that if for every ball U in  there exists a number p =
p(U) > d such that o™y € WPL(U), b|y € LP(U) and infy det A > 0, then any
solution p to equation (1.1) has a continuous density o whose restriction to every
ball U belongs to the Sobolev class WP:1(U) with the corresponding p = p(U) > d.
Moreover, if ¢ > 0 is not identically zero and € is connected, then g > 0.

In this case the equation L*p = 0 can be written as the equation

O, O, (a9) — B, (b'0) =0

for o (understood in the sense of distributions) and further transformed into the
divergence form equation

div (AVo — (b—divA)g) =0, divA = (0,,a",... ,&Cjadj).
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There is a vast literature devoted to the theory of such equations, see, e.g., [16], [21],
[22], and references in [6].

A sufficient condition for the existence of a probability solution to (1.1) on the whole
space under the local assumptions mentioned above is the existence of a Lyapunov
function V' € C%(R?) such that V(z) — 400 and LV (z) < —k < 0 outside of a
compact set, see [10] or a somewhat weaker result in [7].

A sufficient condition for the uniqueness of a probability solution to (1.1) under
the same local assumptions is the existence of a Lyapunov function V' € C?(R?) such
that V(z) — +oo and LV (z) < ¢V (z) for some number ¢ > 0, see [6], [9], and [12].
In particular, the existence condition above ensures also the uniqueness.

In case of coefficients depending on a parameter a € [0, 1], we need uniformity in
« of the above conditions. Namely, we assume throughout that we deal with real
coefficients a¥¥ and b°, on R?, Borel measurable in (r, ) and satisfying the following
conditions:

the matrices A, (z) = (a¥(x))i j<a are symmetric and for every ball U C R? we
have

sup [ladl [wrea ) < Mi(U) < oo, sup||bllzew) < Ma(U) <00, (1.3)

where p = p(U) > d, and for all x we have
Ay () > col, ¢o >0, (1.4)

where I is the unit operator and ¢ is a constant (independent of U).

Unlike the case of a boundary value problem on a bounded domain with a nice
boundary, where the differentiability of solutions with respect to a parameter un-
der our basic assumptions follows relatively easily from suitable a priori estimates
and compactness of embeddings (see, e.g., [14, Chapter X, Section 5, Theorem 15,
Chapter III, Section 6]), the case of the whole space is more subtle and much less
studied. Already in the one-dimensional case with A, = 1 (where a probability so-
lution is unique) and smooth b, () the continuity of the density in « can fail (see
Example 1.8).

The lack of compactness will be compensated by suitable Lyapunov functions. The
concept of uniform tightness of families of measures will be useful.

Recall that a family M of probability measures is uniformly tight if, for each r» > 0,
there is a compact set K such that u(R?\K) < r for all u € M. A necessary and
sufficient condition for the uniform tightness is the existence of a locally bounded
Borel function W > 0 such that lim W(z) = 400 and

|| =00

sup Wdp < .
peM JRA
The case of continuity is much easier and here we have the following result (in
which (1.4) is replaced by a local bound).

Proposition 1.1. Suppose that (1.3) holds, inf,, ey det Ay (z) > 0 for every ball U
and that the family of measures o (that are unique probability solutions to the corre-
sponding equations (1.2)) is uniformly tight. Assume also that, for every ball U, the
restrictions of a¥y and b®, to U are continuous in « in the space L*(U). Then, one can
choose densities 0o Of [1o Such that the function o (x) will be jointly continuous. In
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addition, the mapping o v 0, with values in L'(R?) is continuous, i.e., the mapping
Qa = Lo 1S continuous in the variation norm.

A sufficient condition for the uniform tightness of the measures p, is the existence
of a single Lyapunov function V such that V(z) — 400 and sup, L,V (z) = —o0
as |z| = oo. Certainly, this condition ensures also the existence and uniqueness of
solutions. In order to have the local continuity in L! it is enough to have the usual
continuity of the coefficients in « along with their uniform integrability on balls.

The case of differentiability is much harder and requires some auxiliary results
presented in the next section.

Recall that a mapping a — f, from (0,1) to LP(U) is differentiable if there is a
mapping « — g, from (0,1) to LP(U) such that (fots—fa)/s = go in LP(U) as s — 0
for each fixed « € (0,1). If & — g, is continuous, then f, is said to be continuously
differentiable in LP.

Suppose that for every ball U there is a number py = po(U) > d such that the
mappings

a s a|y and a = b |y are continuously differentiable in LFo (U). (1.5)

Note that this condition is fulfilled if, in addition to (1.3), the functions a%, 8,, a’¥
and b, are differentiable in o and their derivatives in « are continuous in o and locally
bounded in both variables.

Set
Al = (a'l,. .., a'), divA, = (divAL,... divA%),
By = 0aba = (9abl, ..., 0abd),
Sa = 8aAa = (8aag)i)j§d, R(Zl = 3a8xjag7 Ra = (R})u ce ’Ri) = diVSa'

We assume that
sup || Sa ()] < Ao < 0. (1.6)

This condition is obviously fulfilled if A, (z) does not depend on « or is uniformly
Lipschitzian in a.
Condition (1.6) implies that in (1.5) actually a stronger condition on the diffusion
coefficient is fulfilled: the functions a +— a%|y; are continuously differentiable in every
d,
LP1(U) with p; < oo. In particular, we can take p; = p1(U) > 7pd, where p = p(U)
p—

is the number from (1.3).
Our main theorem is this.

Theorem 1.2. Let (1.3), (1.4), (1.5), and (1.6) hold. Suppose that V € C*(R%) and
W is a locally integrable function such that

lim V(z) = +oo, | l‘im W(z) = 400, sup L,V (x) < —W(x) if || > R (1.7)
Tr|—0o0 @

|z|—o00

for some R > 0. Assume also that for some numbers Cy > 0,m > 1 we have
sup(\A(;l/?(ba — div Ay)|? + [AZ Y2 (Db — Badiv Ay)|? + |LaV|)

<Cy+CyV™W, (1.8)
Finally, assume that for some e < 1/(4m + 1) there is a ball outside of which
sup(A,VV,VV) < eVIW. (1.9)



Then Oy0a exists and for each o € (0,1) satisfies the equation
L} 0n0q = div (Baoa — Ra0a — SaVoa). (1.10)

In addition, the mapping o — 0o with values in L*(RY) is differentiable.
Finally, if the diffusion matriz A does not depend on «, then (1.8) can be replaced
by the simpler condition sup,, (|A~20,bs|? + |LaV|) < Cy + Cy V.

Thus, the theorem employs seven conditions (1.3)—(1.9) (or four global conditions
(1.6)—(1.9) once we fix our local assumptions), but if A, = I, |by| and |04b.| have
polynomial bounds, then, by taking V (z) = |=|?, it suffices to have only one condition
that lim sup,(bs(z),x) = —0c0.

|z]| =00
Let us briefly comment on the hypotheses of this theorem.

Remark 1.3. (i) As explained above, condition (1.7) ensures the existence and
uniqueness of probability solutions to (1.2) for each «. It also ensures the uniform
boundedness of the integrals of W with respect to the measures p,; moreover, in
Lemma 2.2 we shall see that for each k < 4m + 1 the integrals of VFW against p, are
uniformly bounded. It is worth noting that, as shown in [11], the existence of a certain
Lyapunov function of class Wl‘i’f(Rd) is necessary for the existence of a probability
solution x to (1.1) such that |a%(z)|/(1+ |z|?), |b'(z)|/(1 + |z|) are u-integrable.

(ii) Note also that if A is constant (independent of a) and nondegenerate, then
(1.4) and (1.6) are fulfilled (along with the first condition in (1.3)) and R, = S, = 0.

(iii) If A, is Lipschitzian in «, then (1.8) implicitly yields that b, is locally bounded
outside of some ball, since, on every bounded set where sup,, L,V < —W, the right-
hand side of (1.8) is dominated by C' + C'sup,, |b, |, while the left-hand side dominates
a multiple of sup,, |bo|>. However, the last assertion of the theorem allows locally
unbounded drifts in the case of the diffusion matrix independent of «.

(iv) It follows from (1.4) that (1.8) is ensured by the estimate

sup(|ba — div Aa|? + |9uba — Oadiv Aa|? + |LaV|) < Oy + Cy V™.

However, for growing diffusion coefficients the operators Ag V2 (1.8) can help.
Certainly, for uniformly bounded A, both estimates are equivalent.

Let us briefly explain the idea of our proof. Given a sequence hy — 0, we consider
the differences 6x0 = (00 — 0a—n,, )/ P and observe that they satisfy non-homogeneous
equations

LZ(SkQ =div Fk

with certain vector fields Fj. It would be nice to obtain some uniform bounds on
these solutions and their appropriate convergence. It turns out that our rather general
assumptions about the coefficients do not allow to justify this procedure directly (at
least, we have not managed to do this), which leads to an additional technical step at
which the above plan is realized for less general coefficients. However, an appropriate
approximation brings our proof to the end. This plan requires a preliminary study
of the above non-homogeneous equation, which has already been investigated in [5],
however, here we obtain new existence results for this equation along with certain
a priori estimates that can be useful for other purposes.



Immediate examples are cases with uniformly elliptic diffusion matrices and polyno-
mial or exponential bounds on the drift coefficients possessing a sufficient dissipativity.
In these examples, rather technical conditions (1.8) and (1.9) are easily verified.

Corollary 1.4. Suppose that A,, ALY and 0, A, are uniformly bounded, (1.5) holds
and that for all i, 7,1 we have

102,08 ()| + 1000z, ag] ()] + b5, (2)] + |8ab (2)] < C + Claf* Va,a
for some constants C and k. Assume also that

lim sup(by(x),z) = —o0.
|z| =00 «

Then o (x) is differentiable in o and On 04 () satisfies the equation indicated in the
theorem.

Proof. Let us take V(z) = |z|? and W (x) = —sup,(z, b, (z)). Then
L,V (x) = 2trace Aq(z) + 2(x, bo(2)) < —W(z)
outside of some ball. Clearly, for each £ > 0 outside of some ball we also have
(Ao (2)VV (2), VV (2)) = 4(Aq(z)2, 2) < e|z]*W ().
In addition, there is a number C; such that
|LoV(z)] < C1 4 Cy|z|*F+1,
Therefore, all hypotheses of the theorem are satisfied (with m = k4 1/2). O

Corollary 1.5. Suppose that the operator norms of Ay, ALl and O, A, are uniformly
bounded, condition (1.5) holds and that for all i,j,1 we have

100,08 ()] + 1000z, 0l ()] + |0}, ()] + |0ab) (2)| < Cexp(glal’) Va,a
for some positive numbers C, q, and 3. Assume also that there is a number

v > (9sup [|[Aa ()| +1/4)qB

a,T
such that outside of some ball we have
sup(ba (), z) < —7lz|”.
[e3
Then o4(x) is differentiable in o and 0y 04 () satisfies the equation indicated in the

theorem.

Proof. Let us take V(z) = exp(q|z|**), s = /2, ¢ = sup,, |[[Aa(x)||. We have
V(z) = f(Vo(x)), where Vo(z) = |2|?, f(u) = exp(qu®). Hence

f'(u) = gqsu fu),  f"(u) = gqs(s — w2 f(u) + ¢*s*u? 2 f (u),
which gives the equality
LoV (z) = gs{x, ) 'V (2) Lo Vi (2)
+ 4(qs(s — )z, )52V (z) 4+ ¢*s*(x, x>2572V(z)) (Ao (z)z, )

= gs(z,2)* "V (z) (LaVo(x) +d(s — D){Aa(x)z/|z],2/|2]) + gsiz, x>)



Therefore, once ¢s < 27, the right-hand side is dominated outside of some ball by the
function

W(z) := —k(z, 2)> 7V (2) = —k{z,2)? 'V (z), where &= qs(2y—qs).
On the other hand, for each § > 0 there is Cs > 0 such that
|LoV(z)| < C5 + CsV2Ho (),
since | Lo Vo(2)| < 2trace A, (z) + 2C|2|V (z). Finally,
A2V (2)? < 4¢%s% x| 72V (z) < eV (z)W (x)

outside of a sufficiently large ball depending on a given & < (4m+1)~1, where m = 2+4
and ¢ > 0 is small enough so that 4eqs < €(2y — ¢s); such a choice is possible, since
deqs < (277 — gs)/9 due to the estimate v > (9¢ + 1/4)qp5. O

Example 1.6. Let A = 1, b(z) = —x + ho(x), where sup,, , |ha(z)] < 00, ha()
is continuously differentiable in «, and |Vhq(z)| < Cexp(q|z|?), ¢ < 1/20. Then
probability solutions p, to the corresponding equations (1.2) exist, are unique and
have densities g, differentiable in a.

Example 1.7. (The case considered in [18] and [23].) Let the coefficients a¥/ (z) and
b, (z) be of class C} in both variables, let A7'(z) be uniformly bounded, and let
sup, (b (z), ) = —00 as |x| = co. Then g, (x) is continuously differentiable in both
variables.

Note that in applications of these results to stationary distributions of diffusions
governed by stochastic equations dén 1 = 0o (§a,t)dw;+ba(€q,¢)dt the hypotheses must
be checked for the matrices A, = 0,07%/2.

Let us consider examples showing that certain additional assumptions, besides
smoothness of the coefficients, are needed to guarantee even the continuity of densities
with respect to the parameter.

Example 1.8. One can find a bounded function b, (z), (z,a) € R x R, of class C*
in both variables such that the integral

+oo x
Jo= [ e [ ba)dys
—o00 0

exists, but is not continuous at a = 0. It is not difficult to give explicit examples of
such functions; it suffices to take a positive integrable smooth function g such that
g'/g is bounded (say, (1 + 2?)7!) and set g(a,z) = g(x) + ag(az); in this case the
integral in z is not continuous in « at the origin. Then the probability density

0a(z) = J; " exp /Ox ba(y)dy, ba(x) = dpg(e,x)/g(c, x),

satisfies the equation o) — (bo04)" = 0, but g, () is discontinuous in « at o = 0 for
all z. A bit more involved example (see the next example) provides bounded b, (x)
that is Lipschitzian in « (in the example above 0,bq () is not uniformly bounded). It
is also worth noting that if we consider our equation with a parameter as an equation
with an extra variable (or pass to a system of equations), then we obtain a degenerate
equation.
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Example 1.9. Let us give an explicit example (suggested by I1.S. Yaroslavtsev) of a
uniformly bounded Lipschitzian function b, () (in particular, with bounded 9,b ()
such that the probability solution g, (x) to the corresponding equation L% (g,dx) = 0
is not continuous in «.

Set bo(z) = —(z+1)/(Jz] +1) +aif x < 0, @ € [0,1) and define b, (x) for x > 0,
a € [0,1) as follows. Let bo(z) = —(z + 1)~/ Set ¢1(x) = 2(x + 1)~*/? and
p2(x) = 2¢1 ().

On the domain a < ¢;(z), that is, 0 < 2 < 4a~2 — 1, we set

bo(z) = —(z+1)"Y2 +a.

On the curve (z, 1 (2)) our function equals (z 4+ 1)~/2. Let us observe that

da7?-1 z 4a72-1
/ eXp/ ba(y) dy dr = / eXp(O[II,' _ 2(1: + 1)1/2) dx
0 0 0

4a=2-1 1
> 674/0‘/ e dp = 7(670‘ _ 674/0(),
0 @
which tends to 400 as @ — 0. This yields that, independently of how we define b on
the remaining domain, the integral J,, introduced in the previous example tends to
+o00 as a — 0. Therefore, the density g, defined by the expression in that example
tends to zero as aw — 0, which ensures the desirable discontinuity at o = 0.
Finally, on the domain ¢;(x) < a0 < pa(z) we set

ba(z) = —(z +1)72 — (a — pa(2))

and on the domain o > () we set by () = —(x4+1)"1/2. Tt is clear that |b,(z)| < 2,
b is Lipschitzian separately in x and in «, hence is Lipschitzian in both variables, and
|Oaba(z)| < 1, more precisely, in the interiors of the domains bounded by the two
curves defined above J,b,(2) is 1, —1 and 0, respectively (and is 1 for < 0). For
a < 0 we set by, = bjq|. The corresponding solution g, (z) is discontinuous at a = 0,
as explained above. This property can be retained by smoothing b and making it
differentiable in « everywhere with uniformly bounded partial derivatives 0nb, ()

and 9,0, ().

It is instructive to see which conditions of the theorem cannot be ensured in this
example. Here Corollary 1.4 almost applies with V(x) = 22 and for any fixed o we
have b, (z)x < —|z|'/?/2 outside of some interval, depending on «, but there is no
uniformity in «.

2. AUXILIARY RESULTS

A useful fact employed below is that in the case where LV (z) < —1 outside of a
ball and p is a probability solution to the equation L*u = 0, we have |[LV| € L'(p).
Actually, the following is true (see [6]): if

LV <V — &,
where ¥ and ® are Borel functions such that ¥ € L*(u) and ® > 0, then

/(IDd,ug/ W dy. (2.1)
R? R4
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It will be important below that if a function v on a domain 2 satisfies the equation
0, (a7 0y, u) + 0y, (b'u) = div G,
where G = (G?) is a measurable vector field and
la® lwe.1 ) + 16| Lo o) + Sup | det(a”)[F < K
with some p > d, then for every ball U with compact closure in €2 there is a constant

C(p, K,U, Q) that depends only on p, K, U and the distance from U to the boundary
of € such that

lullwer @) < C@, K,U,2)(lullzr o) + [1Gllzoo)- (2:2)
The Sobolev embedding theorem yields also a bound
sup fu] < €'(p, K, U,9) (Ilull 20 + |G o) (2.3)

where C’ depends on the same objects as C. In particular, having a family of solutions
to different equations with a common bound K, we obtain the uniform boundedness
in the Sobolev norm on any inner ball, provided we have their uniform boundedness
in L' on a slightly larger ball along with a common bound for the LP-norms of the
right-hand sides on that larger ball. A detailed proof can be found, e.g., in [20].
If G=0and u > 0 in 2, then, according to Harnack’s inequality,
sup u(z) < H(K,U, Q) inf u(z), (2.4)
zeU xzeU
where the number H(K,U,2) depends only on p, K, U and the distance from U to
the boundary of €.

Lemma 2.1. Suppose that (1.3) holds, the family {ua} is uniformly tight, and, for
each closed ball U, we have inf, ycy det Ay (z) > 0 and the mappings o — a% |y and
a = b | with values in L*(U) are continuous. Then, for every ball U, the continuous
versions of the densities o, satisfy the estimate

inf min g, (z) > m(U) > 0,

a xeU

where m(U) does not depend on «.

Proof. Suppose that there is a sequence a,, — « in [0, 1] for which min,¢p 04, () — 0.
It follows by (2.4) and (2.2) that passing to a subsequence we can assume that the
functions g,,, converge locally uniformly to some function p. By the uniform tightness,
we have also convergence in L!(R?) and g is a probability density. It is readily seen
that L o = 0, since Ly, ¢ — Lo in L' (R?) for each smooth ¢ with compact support.
Hence p is positive by Harnack’s inequality, which leads to a contradiction. O

We need also the following a priori estimate for a probability solution p of the
equation L*p = 0.

Lemma 2.2. Let k > 1. Suppose that
LV <-W and (AVV,VV) <eVW
outside of some compact set Sy, where 0 < e < k~!. Then

/Rd\s VEW dp < (k4+1)71(1 - ks)_l/s |LVFH dp. (2.5)
0 0
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Proof. Let us consider the function Vj = VF+1. We have

LV = (k+ )VFLV + k(k + 1)V HAVV,VV) < —(k 4+ 1)(1 — ke)V*W
outside of Sp. Hence we can apply estimate (2.1) with functions ¥ = |LV**1|Ig, and
b = (k’ + 1)(1 - ka)kaI]Rd\So.

Once a probability solution p to the equation L*u = 0 exists, it satisfies (under our
local assumptions about A and b, see (1.3) and (1.4)) the following estimate (see [5]):

A1/2 2
/ VQ‘ dp <
Rd o

provided the right-hand side is finite and

/|A_1/2(b—divA)\2du7 div A = (9y,aY,...,0,,a"), (2.6)
Rd

T—00

liminf/ {r72|aij| + 7710, a"|| du = 0. (2.7)
r<lol<2r

The last assumption is fulfilled, e.g., if the mapping A is Lipschitzian or, more gener-
ally, if the functions |a™(z)|/(1 + |z|*) and |0,,a" (x)|/(1 + |z|) are p-integrable. In
particular, this condition is satisfied if ¥/ and 9,,a" are p-integrable on the whole
space. However, it is not known whether (2.6) is satisfied for all solutions without the
extra assumption (2.7). For this reason, we show in the next lemma that in the pres-
ence of a suitable Lyapunov function even without (2.7) there is a unique probability
solution satisfying (2.6).

Lemma 2.3. Suppose that the coefficients a” and b® satisfy our local assumptions
(see (1.3) and (1.4)) and there is a function V € C%(R?) such that | llim V(z) = +o0
xT|—r0o0

and outside of some ball
LV(2) < =1, 9(Jz])|A72(b - div A)(2)|* < |LV ()],
where ¢ is a locally bounded Borel function on [0, +00) with . liin P(t) = +oo. Then
— 400

there is a unique probability solution p to the equation L*p = 0 such that (2.6) holds
provided the right-hand side is finite.

Proof. Tt is known that for almost every ¢ € R the compact set Uy = {V < t} has
boundary of finite perimeter (see [15, Section 5.5] and [24, Chapter 5]; certainly, if we
had V' € C%R?), then by Sard’s theorem V~!(¢) would be a C'-surface for almost
each ¢, but we do not assume such a regularity of V). Hence there is an increasing
sequence t, — +oo of points with this property. Set U,, = Uy, . Let
fi=0— 8xjaij, h =0, f"
According to [21] (see also [22]), for each n, there is a solution w,, € W02’1(Un) to the
Dirichlet problem N '
ami (a/”a:cjwn) - 8:1?1 (fzwn) = h,

where W¢''(U,,) is the closure of C§°(U,) in W' (U,,). Therefore, the function

On = wy +1

satisfies the homogeneous equation L*p, = 0 in U,, and the boundary condition
onlou, = 1 in the sense that o, — 1 € Woz’l(Un). Let us observe that it follows
from [22] (Theorem 2 applies with v = 0) that g,, > 0 and consequently by Harnack’s
inequality o, > 0in U,,. Indeed, the hypotheses of [22] are satisfied due to our choice of
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t, which makes possible to use the Gauss—Green formula for U, (see [24, Section 5.8]).
Let us normalize our solutions in such a way that o, becomes a probability density
on U, for all n. Then, due to the existence of a Lyapunov function, by a standard
procedure (see, e.g., [6] and [7]), one can select a subsequence in {p,} that locally
uniformly converges to a probability solution ¢ of the equation L*p = 0. It is also
known that in this situation there is a number M such that

/ |LV|gndx < M Vn. (2.8)
This can be derived from (2.1) applied to ¥ = [LV |y, and @ = [LV|[ga\y, for a
suitable number n;.

Finally, we verify (2.6) for this particular solution. To this end, we multiply the
equation for g, by log o, — ¢, where ¢, is the constant boundary value of g,, (obtained
after normalization, so that it need not be 1 anymore), and integrate by parts (which
is possible due to the above choice of U,,) obtaining the equality

/U<Avgn,g;1vgn>dx=/U<b—divA,vgn>dx
:/ <A_1/2(b—diVA),,QT_LlAl/QVQn>Qnd.T,
Un

where we used that V(log ¢, — ¢,,) = Vo, /0n and canceled g,, where possible. Apply-
ing the Cauchy inequality to the right-hand side, we arrive at the uniform estimate

1/2 2
/ ‘ﬂ ondx < / |A7Y2(b — div A)|? g, da. (2.9)
n Qn n
Let us show that
lim |A=Y2(b — div A)|? gpdz = / |A=Y2(b — div A)|? gda. (2.10)
n—oo Un Rd

Let € > 0. Take R > 0 such that |[A~'/2(b—div A)(z)|?> < €| LV ()| whenever |z| > R.
Then

/ |A=12(h — div A)()2on(z) dz < eM.
|z|>R

By Fatou’s theorem the same is true for o in place of p,. Since o, — o locally
uniformly, we obtain equality (2.10). For every smooth compactly supported vector

field v we have
/Rd<%’”>gdx = Uﬂ,<vgi"’“>0n dz,

since the left-hand side is the integral of —odiv v, which is the limit of the integrals of
—opdivev. Combined with (2.9) and (2.10) this yields (2.6). Finally, as noted above,
the uniqueness of a probability solution follows from the estimate LV < —1 outside
of a ball. O

Having an operator L satisfying the same local assumptions as L, (see (1.3) and
(1.4)), let us consider the equation

L*w = div (oF), (2.11)



12

where g is a probability solution of the equation L*p = 0 and F' is a Borel vector field
such that |[A=1/2F|?p € L'(R?). We arrive at this equation by formally differentiating
(1.2) in o

Writing w = v, we obtain the following equation on v:

div (0AV) + div (vby) = div (oF), b = 94, (a" 0) — b'p. (2.12)

Let us observe that
div (vby) = (V, o).

Indeed,
div bo =0
due to the equality 9,,0,, (a" ) — Oy, (b'0) = 0. Therefore, (2.12) can be rewritten as
div (0AVv) 4+ (Vv, by) = div (oF). (2.13)

In the next section we use the results of this section on equation (2.11) in the
situation where o = o, and

FeB,—R,— 8,2 %
O«
Bo = (0abl,. . 04b%), Ra=(RL,...,RL), R. =0,0,,a%, S,=(34a%)i <a

Note that vector fields F' of such a form appear in the equations satisfied by the
derivatives Oy 0q -

Proposition 2.4. Suppose that v is a solution to (2.13) on the domain Q = {V < R},
where V € C2%(Q) is a nonnegative function such that there exist a measurable func-
tion W > 1, a measurable function ¥ > 0 and a number Ry € (0, R) such that

LV(z) <U(x) —W(z) if V(z)> Ro.
Then

/ v Wodr < 2/ v?|LV |odx + 6R/ |AY 20?0 dx
Ro<V<R V<Ry V<R

—|—2/ v*Wodr + 2R |A=V2F 20 dx
Ro<V<R V<R

+ 4/ |ATY2F 12| A2V PW o d. (2.14)
V<R

If |[AY2VV|? < Cy VW + Cy with some number Cy > 1, then

/ vV Wodx < 2/ v?|LV|odx + 6R/ |A1/2Vv|2gda:
Ro<V<R V<R V<R
+ 2/ v*Vodx + Cy (6R + 1)/ |A"Y2FPodz.  (2.15)
Ro<V<R V<R

Proof. We multiply equation (2.13) by vy, where v € C§°(R2), integrate by parts
(which is possible due to our assumptions about the coefficients yielding the Sobolev
regularity of all solutions) and obtain the equality

1

/|A1/2VU|21/Jgdx: f/v2L1/)Qd1:+/<F,Vw>vgdx+/<F,Vv>1/)gd$, (2.16)
Q 2 Ja Q Q
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in which we used the intermediate equalities
/QdiV(QAVU)’deJ):—/Q<AVU,VU>’(/)QdZ‘—/Q’U<AVU,V’(/)>QdZ‘
= —/Q<AV11,VU>¢de — /Q<V(v2/2),Avw>gdx
—/Q<AVU,VU>1/JQda?+/ Y div (AVy) de—i—/ % AV, Vo) d

—/<AVv, Vv)¢gdx+/ Y div (AV) gder/ % (Vi) AV ) d
Q

/(Vv,bo)vw da :/<V(v2/2),b0>wda: - —/ Y b, V) da

Q Q Q

where in the latter identity we used the condition that div by = 0. Finally,
div (AVY) = (bo, Vip) = Lip.

Let Ry < N < Ry < R. Let us take ¢ = (5 (V) — Ry, where (x € C*(R), (n(t) =t
ift <N, (nv(E) = (R1+N)/2ift >Ry, and 0 < ¢y <1, ({ < 0. Note that the
function 1 belongs to the class C?(R?) and vanishes if V' > R;. Taking into account
that ¢ <0, Vi = ((V)VV, Ly = LV on Qp and that outside of

Qo ={V < Ry}
we have
Ly = Cy(V)LV + Cu(V)(AVV, VV) < (u(V)LV < (u (V)T =y (V)W,
we conclude that (2.16) yields the estimate

/ v2c§V(V)ngx§/ v2|LV|gdx+2/ |AY 20|29 o da
Q\Qo Qo Q

+/ 02\I!gdx+2/(F,Vd})ugch—i—?/(F,Vu)q/}gdm.
2\ Qo Q Q

Since

’ 1 —
2/9(F,V¢>vgdx§ /QQN(V) b”QW“W 1<F,VV>2}gdx,

2 [(F.Ve)beds < [ [|AV2V0PI) + 1472 FP o d
Q Q

we arrive at the estimate

/ UQQ;V(V)ngxgz/ vz\LV|gd$+6/ |AY 20|29 o da
Q\Qo Qo Q
+2/ v2x119dx+4/ |ATY2F 2| A2V V IPW g da
2\ Qo Q

+2 / A2 F Pyl gde,
Q

which completes the proof by letting N — R, since |¢)| < R. O
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Corollary 2.5. Suppose that v is a solution to (2.13) on the domain Q@ = {V < R},
R > 1, where V. € C?*(Q) is a nonnegative function and there exist a measurable
function W > 1 and a number Ry € (0, R) such that

LV(z) < -W(z) if V(z) > Ro.
If|AV2VV |2 < Cy + Cy VW with some number Cy > 1, then for any k > 0 we have

/ VVFWodx
Ro<V<R

SM(RO)C’VR’““( sup (Qv2)+/ [|A1/2vU|2+|A—1/2F|2}gdx), (2.17)
{V<Ro} V<R

where the number M(Ry) is independent of v and depends only on Ry and the bounds
on the coefficients on {V < Ro}.

In the formulation of the next proposition two numbers P(€y) and Hy = Hy(Qp)
are employed. The first one depends only on the domain Qo = {V < Ry}, where
Ry > 0 will be picked later. This is the number in the Poincaré inequality

/ <p2dx§P(Qo)/ |V|? da
QO Q0

valid for every function ¢ € W21()) with zero integral over Q. There is also a
refined version of this inequality: if Sy is a fixed ball containing the closure of Qq (for
the later use we assume also that dist(€g, 9Sp) = 1), then

/ 2 dx < P(So, Q) / V|2 da
So SO

for every function ¢ € W21(Sp) with zero integral over  (see [24, Theorem 4.4.2]).

The second number Hy = Hy(Q0, Sp) is Harnack’s constant for the operator L on
the same ball Sy. With this constant one has (2.4) for every positive solution u of the
equation L*u = 0 on Sy, namely,

sup u(z) < Hy inf u(z) (2.18)
=104 zeU

for each ball U C Q. This number depends only on Sy, 2y, and the coefficients of L
through the WP:!(Sp)-norms of a/, the LP(Sp)-norms of b°, and infg, det A.

Proposition 2.6. Suppose that there exist a function V € C%(R?), a locally integrable
function W > 1 and a number Cy > 1 such that

lim V(z) =400, (AVV,VV)<Cy+CyVW

|x| =400
and for some Ry > 0 we have
LV(z) < —W(x) if x&Q:={V <Rp}.
Let ¢ be the unique probability solution of the equation L*o = 0. Assume also that

/ |A7Y2F|2pdz < Mp < oo (2.19)
]Rd
and for some numbers m > 1 and t > 1

/ VA o de < My < oo. (2.20)
Rd
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Then, there ezists a solution w of equation (2.11) with the following property:

1
WV™w|dx < (M*MF)”?ﬁ + (M, Mp)'/222m+ 1+t 0 (2.21)
R4 -
where M, is a number that depends only on the constants in (1.3) and (1.4) for a fized
ball Sy containing the closure of Qo, say, a fized ball Sy such that dist (Sp, Qo) = 1,
and also on the integral of |[W| over {V < 1}.

Proof. We seek for a solution w of the form
w = vp,

where v satisfies equation (2.13). Let U, = {V < n}, n > Ry. Let v, be the solution
to the Dirichlet problem

div(eAVuy,) + (bo, Vu,) = div(Fo), wnlau, = 0.

This solution exists due to our assumptions about the coefficients, see [21]. Multiply-
ing the equation by v,, integrating over U,, and using the integration by parts formula
we obtain the equality

—/ |AY 2V, 2o dx —|—/ U {bo, Vo) dz = —/ (Vn, F) o dz,
Un Un Un
where the second term on the left vanishes, since divby = 0 and v, Vv, = V(v2)/2.
The integrand on the right is estimated by |AY/2Vv,|?/2+|A~1/2F|?/2, which yields
the estimate

/ \Al/Qanngx < / |A*1/2F|29dx.
n U’VL

Therefore,

/ |AY 2V, [2ode < Mp. (2.22)
We now change the function v,, (keeping the same notation) by subtracting its integral
over the domain Qy = {V < Ry}, which yields a function satisfying the same equation
(but not the boundary condition, of course) and having the zero integral over (.
Obviously, these new functions v,, satisfy (2.22). The Poincaré inequality (see above)
yields the bound

/ v2odr < supg/ v2 do < P(Qo)supg/ |V, |* dx
Qo Qo Qo Qo Qo

< ¢(0) P() sup ¢ (inf 9)_1/ A2V, o da
Qo 0 Qo
S C(QQ)P(Q())H()MF. (223)

However, we need more: we need a bound on the integral of |v,,|?(|LV|+1) over €.
Since |LV| 4 1 is integrable on €, it suffices to have a uniform bound on supg, [vy|.
The desired bound is ensured by (2.3), where we take U = Sy (a ball whose interior
contains the closure of {2g) and 2 = S is the ball with the same center and the radius
increased by 1. Again by the Poincaré inequality we obtain

[onllZ1(sy) < NvnllZzcs,)lS1] < e(S1)P(S1, Qo) HoMp.
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So we have
S§121P|Un|2 < MiMp, M =C'(p,K,Sp,S51)%c(S1)P(51,2)%[S4],
0

where the number K is determined by (1.3) and (1.4) according to (2.3).
By the previous proposition (see (2.17)) we arrive at the following estimate for
all k > n:

/ v,%WQdJ;SQ/ V2|LV |odx + 6nMp + Cy (6n + 1) Mp
Un\Q0o

Qo

§2M1MF/ ‘LVleCB+6’I’LMF+Cv(6n+1)MF SMQMFTL,
Qo

where M is a number determined by the regarded norms of the coefficients on the
ball S, supg, o, infg, det A, and also some universal constants (entering through the
Poincaré, Sobolev, and Harnack inequalities). Increasing My we can assume that

/ VIW odx < Mzn Vn, k> n. (2.24)
Un

It follows by (2.22), (2.23) and the Poincaré inequality that on every fixed ball U the
sequence of functions v,, with n > n(U) is bounded in the Sobolev norm of W21(U).
Since these functions satisfy the elliptic equation whose coefficients satisfy the above
mentioned conditions, we conclude by (2.2) that this sequence is bounded also in
the Sobolev space WP1(U), where p = p(U) > d, hence is uniformly bounded and
contains a subsequence convergent uniformly on U to some function v. Using the
diagonal procedure we pick a subsequence convergent locally uniformly to a common
function v such that v € WP1(U) for every ball U with the respective p = p(U) > d.
It is also possible to ensure that on each ball the restrictions of v, converge to the
restriction of v weakly in the respective WP-1(U). Obviously, v satisfies the desired
equation on the whole space. By Fatou’s theorem and (2.24) we have

/ v*W odx < Msn  Vn. (2.25)
Un

We now show that WV ™uvp is integrable on the whole space. For any n > 1, by
the Cauchy inequality and (2.25) we have

/ WV™|v|edx < nm/ Wiv|odx
n—1<V<n

n—1<V<n

1/2
S]\/Ié/QnMH/Q(/ 1<V< Wde)

< Mé/zn_t + M31/2n2m+1+t/ Wodzx

n—1<V<n
< MyPn7t g My Pm / VA o da,
n—1<V<n
The integral of WV™|v|p over {V < 1} is dominated by the square root of Ms

multiplied by the integral of W over {V < 1}. Therefore, increasing Ms, we arrive
at the estimate

1
/ WV olodr < My — M§/222m+1+t/ V2 o d,
R4 - R4
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which is the desired bound. O

Proposition 2.7. If F = 0, then any solution w of equation (2.11) satisfying the
condition

/ (LV| + (AVV, VV)) ] da < oo
Rd

has the form w = Ap, where X is a constant. Therefore, a solution to (2.11) in the
class of functions satisfying the above condition is unique up to adding functions of
the form Ap.

Proof. Tt suffices to show that any solution w of the homogeneous equation is propor-
tional to g, because g is a solution. Let v = w/p. Then v satisfies equation (2.13). Let
f be a smooth function on [0, +00) and let 1y € C2(R%). We have (see [3, Lemma 1])

[ VAT R0t weds = [ g Lo eds - 1'0) [ v Lbeds,
R4 Rd Rd

where vT = max{v, 0} and v~ = —min{v,0}. Set f(t) = (1+¢)~! and ¥x = p(V/N),
where ¢ € CP(RY), 0 < ¢ < 1, p(x) = 1if [z| < 1, |¢'| <1, |¢"] < 1. Then

Ly = N1/ (V/N)LV + N2 (V/N)(AVV,VV).

Hence

2/ VAVYT2(1 +01) ynoda
Rd

<N Y (JLV|+(AVV,VV))edz + N~ [ (JLV|+ (AVV,VV))|w|dz.

R R¢
The right-hand side tends to zero as N — oco. In addition, )y — 1. Hence Vvt =0
a.e., so vt = const. Replacing w by —w, we conclude that v~ = const. Thus,
v = const. U

Note that the integrability condition required in this proposition is fulfilled if we
have the estimate |[LV|+ (AVV,VV) < Cy 4+ CyV™W assumed in the main theorem
and V™W is integrable.

It should be also observed that the uniform bound (1.4) was never used in this
section in its full strength: it would suffice to require this lower bound on each ball
U with a constant ¢(U) depending on U.

3. PROOFS
We first prove the continuity result, which is very simple.

Proof of Proposition 1.1. Let a;, — « in [0,1]. As explained in the previous section,
it follows from our assumptions that, for every ball U, the restrictions of the densities
0o to U are uniformly bounded in the Sobolev norm of W?:1(U), hence are uniformly
bounded and uniformly Hélder continuous. Therefore, there is a subsequence {a,, }
such that the functions g, with the respective indices converge uniformly on balls to
some continuous function g. Since the measures p,, are uniformly tight by assumption,
we conclude that v = pdx is a probability measure. By convergence of densities we
obtain convergence in variation, i.e. convergence of densities in L'(R%). It is clear
that v satisfies the equation L%v = 0 (here the local L'-continuity of the coefficients
in « is used to take limits under the integral sign), whence by the assumed uniqueness
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we have v = p,. Since this is true for any subsequence in the original sequence, our
assertion is proven. O

Remark 3.1. A similar (and even simpler) proof yields an alternative continuity
result under incomparable conditions: if the functions (z, ) +— a¥(x) and (z,q) —
b, (x) are continuous, the matrix A(x) is nonnegative-definite (possibly degenerate),
the family {p,} is uniformly tight, and for each « the measure p, is a unique proba-
bility solution to the equation L} x = 0, then the mapping o — i, is continuous with
values in the space of measures with the weak topology.

Remark 3.2. In the situation of the theorem one can deal with parameters « be-
longing to a compact interval [, 71] in (0,1). Since by our assumption the mapping
a — by|y is LP-differentiable for every ball U, it is possible to choose versions of
the functions b, that are absolutely continuous in «, namely, one can use the version
given by

bo(z) = br(z) + /a 0sbs () ds.

For this version we have
T1

Iba ()] < [b+(2)] + / 10ab ()] ds,

hence sup,, |bs ()] is locally integrable (this function is Lebesgue measurable, since
the coefficients are jointly Borel measurable, see [2, Corollary 2.12.8]), moreover, it
is locally in LP. Then the function sup, |L,V (z)| is locally integrable, because the
terms with second derivatives of V' are locally uniformly bounded in z and a. Hence
in (1.7) without loss of generality we can assume that sup, L,V (z) < —W(z) on the
whole space. However, it will be more convenient to redefine W by 1 on a suitable
ball.

Proof of Theorem 1.2. We can assume that V' > 1. By assumption,
L,V(z) <-W< -1

outside of some ball. Since V is continuous and ‘ llim V(z) = 400, we can assume
Tr|—00

that this holds outside of the set Qy = {V < Ry} for some Ry > 1. Let us set
W(z)=1if z € Qy. Then W > 1.

Let us prove the differentiability with respect to « in the special case where A, (x)
and b, (z) do not depend on « for all x outside of some common ball U, i.e.,

Agin(z) = An(), bagn(x) =bo(z) forall h and all z ¢ U.

Suppose that « is fixed and a sequence of nonzero numbers hy, tends to zero. Set

6/6@ = h;l(ga - Q()&—hk)v 5]€b = h;l(ba - ba—hk)7

orat =i Mad —ag ). 0kA = (GraV)i <a
Of course, these functions depend also on «, which is suppressed in our notation,
since « is a fixed point where the differentiability is verified. Observe that d,a* = 0
and d;xb = 0 outside of U for all k. Each function dyp satisfies the equation
L0k = div(Frea), (3.1)

where 4

Fioa = =0k AV 0a—ny — 030z, A’ 0a—ny, + 0kb06—ny,,
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0k0z;, AL = by N (Op,all — Opall ) oo, 0p,al — Oyyalt ) ).
The vector field F, vanishes outside of U and its L™ (U )-norm is bounded by a number
C(U) independent of k for some r = r(U) > d. Indeed, by (2.2) the functions 94—,
are uniformly bounded on U. By Proposition 1.1 they converge to g, in L(U)
and pointwise, hence also in L(U) for each ¢ < oo. According to (1.5), for some
po = po(U) > d, the mappings 6;0,, A" and db converge in LP(U) to 0,0, A%, and
Oub, respectively. Therefore,
_5ka;ciAiQoz—hk + 5kb9(x—hk — _8046901,1425904 + aaan

in LPo(U). In addition, again by (2.2) the mappings Vo,—p, are uniformly bounded in
L?(U), where p = p(U) > d, and by convergence of g,—_p, t0 g, they weakly converge
in LP(U) to Vg,. Next, according to (1.5) and the comment made below (1.6), the
mappings 0 A converge to 9, A, in LP*(U) for some p; = p1(U) > dp/(p — d). By
Holder’s inequality the mappings 0y AV 0a—p, are uniformly bounded in L*(U) with
s = p1p/(p1 + p). Note that s > d. Recall also that by Lemma 2.1 the functions
0o are locally uniformly separated from zero. Therefore, we have the following weak
convergence in L*(U) with s > d:

Fy = F = —0,A0V 00 /00 — 0a0p, A + dab.

Note also that djp satisfies the following conditions:
/ Srodz = 0, / (LaV| + (ALVV, VVY)|b00] dz < oc.
R4 Rd

Indeed, by Lemma 2.2 for every a the function V"W, is integrable, where m is the
number from the hypotheses of the theorem, moreover,
sup VW0 dr < My < o0. (3.2)
« R4
According to the results of the previous section (see Proposition 2.6 and Proposi-
tion 2.7), for each k, there are a solution uy to the equation L’ uy = div(Fjo,) and
a constant A\g such that
0k = uk — Ak0a
and
/ VW lug| de < M,
]Rd

where M does not depend on k. The latter follows by (2.21), since we have (2.20)
and (2.19) holds for F' = F}, with a constant independent of k due to the fact that
the fields Fj have supports in U and are uniformly bounded in L?(U). It is clear that

/\k :/ Uk dx.
Rd
Hence [Ag| < [Jug||p1(rey < M. Therefore, by (3.2) we have
/ VW bgo| dv < M + M|V W11 () < M + MM;.
R4

Passing to a subsequence and using our local estimates (2.2), we can assume that the
functions 0o converge locally uniformly to some function w,. By Fatou’s theorem

V"W we| de < M + MHVmWHLl(Na) <M+ MM,.
R4
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In addition, the functions d;0 converge to w, in L'(R?) (since lim W(z) = +o0)

|z]—o00
/ wq dz = 0.
]Rd

Moreover, the function w,, satisfies the equation

Liws = div(goF).

and

It remains to observe that w,, satisfies the hypotheses of Proposition 2.7 about unique-
ness. Thus, for each sequence hy — 0 the continuous functions dxo converge locally
uniformly to one and the same limit w,. Therefore, we have w, = 9404

We now proceed to the general case. We can assume that our parameters take
values in an interval of length less than c(2X\g+1)~! (and less than 1), where \g and
¢o are constants from (1.4) and (1.6), which by (1.6) yields the estimate

c
[4a(2) ~ Aay ()] < 2
for all o, a9 and z. It follows that for any number 6 € [0, 1] we have
1(0Aa (@) + (1 = 0) Aaq (2)) /2 Aa(2) /2| < 2. (3.3)

Indeed, let us observe that for any nonnegative operator 7" and symmetric operator
D such that T' > ¢l and ||D|| < ¢, where € < ¢¢/2, we have T —el < T+ D < T +¢l
in the sense of quadratic forms, hence (see [19, Chapter VIII, Problem 50])

(T—EI)1/2 _T1/2 S (T+D)1/2 _T1/2 S (T+€I)l/2 _1‘11/27
so that

3 3
——I<(T+D)Y? -T2 < I,
2¢0/? (2c0)'/2

which yields that ||(T + D)2 — T'/2|| < £(2¢o)~ /2. Therefore,
I(T + D)~V2TV2| = |(T+ D)~ "*((T + D)'/* + T2 — (T + D)'/?)]|
< 1+|[(T + D)2 | TV — (T + D)2

3 1/2 —
o < 1+ I+ D7,

This yields (3.3) if we take T' = A,(z) and D = (1 — 0)(Aq, (z) — Aa(x)), that is,
T+ D = 0A,(z) + (1 — 6)Ay, (), because 0A,(z) + (1 — 0)Aq, () > col, hence
1(0Aa(@) + (1= 0) Ay () /2] < g2,

Let ¢y (z) = (|| = N +1), where p € C*(R),0< ¢ <1, -2 <9’ <0, 9y(s) =1
if s <1and1(s) = 0if s > 2. In addition, we take ¢ such that |¢)/(s)|? < Co1(s) with
some Cp > 0. Then 0 < ¢y <1, ¢n(x) =11if |z] < N and Yy (z) =0if |z| > N +1,
Vx| <2, [Vin|? < Coown. Fix some g (say, the middle of the interval) and set

La,N = ¢NLa + (1 - qj}N)LOC()?
Aa,N = "/}NAoz + (]- - 'l/}N)Aam ba,N = waoz + (]- - 'LZJN)bao-

We observe that the corresponding coefficients ag, N(x) and bix, n(z) do not depend
on a if |z| > N + 1, once N is fixed. Moreover,

La,NV = wNLaV + (1 - ¢N)LaOV S -w

<1+ (T +D)~2|
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and
(Aa NVV,VV) < VW
outside of the same ball as in the case of L,. We also have
Lan V] + A7 K (bany — div Ao n)? + A7 P (0aba,n — Oadiv Aq n)?
<Cy+CyV™ (3.4)
with 5\/ = 18Cy + 16/\(2)061, since
div Aa,N = Yndiv A, + (1 — ¢N)diVAa0 + (Aa — AQO)V¢N,
8adiv Aa,N = deiV aaAa + 8aAaV1/)N7 8o¢ba,N = wNaabou
where ||Aq(x) — A, (2)|| < Aola — ap| < Ag by (1.6). Indeed,
AT oy — div Aa ) = ¥ AL KAV ALY (b — div Ag)
+ (1= on) A NP AYZAZ 2 (b — div Any) + AL NP (Ao — Ay) Vidn,

ALK Oaban — Oadiv Aq n) = Un AL WP AY2 ATV (0abe — adiv Aq)
— AL 0a AV,

Hence, by (3.3), the norm of the first of these two vectors is dominated by the sum of
the norms of A;1/2(ba —div A,) and A;ol/z(ba0 —div A,,) and 081/2)\0, and similarly
for the second vector.

In addition, for every ball U we have

sup [|af yllwer @y < 2sup [0 lwoa @y, sup [l nllze@) < sup [0l
(e} « « «

for the corresponding p = p(U) > d, and also
YN () Aa(z) + (1= N (7)) Ay () Z co- 1 V.

Defining S, n for the mapping A, ny by the same formula as S, for A,, due to (1.6),
we have

sup [[Sa.n|l < Ao < 0. (3.5)
a,N
For each N there exist probability solutions o, n of the equations
LZQ&,N =0.
As shown above, there exist the derivatives wo, ny = 0q0q,v satisfying the equations
LZ7Nwa,N =div (BQ,NQO(7N - Roc7NQa,N - Sa,Nan,N);

where By v = Oaba,n, Ra,nv = div Se N, as in the case of the original operators L.
Moreover, we have

/ V™ Wlwe,n|dx < M, (3.6)
Rd
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where M does not depend on N and «. Indeed, as above, we can construct a solution
Wq,n for which this estimate holds. To this end we observe that by Lemma 2.3
and (3.4) we have

/ Atlx/2an,N
R4

Oa,N
which is uniformly bounded in o and NV, since the integrals of V"W, n are uniformly
bounded by Lemma 2.2. Therefore, by the equality

AP0V oan = AL San AL P ANV 0o n
combined with (1.4) and (3.5) we have

—-1/2
/ Aa / Sa,Nan,N 2
sup
a,N JR2
1/2

Oan dr < cgt A2 sup/
Oa,N a,N JRd
We have also a uniform bound for the integrals of |A_ " (Ba, N — Ra,N)|*0a, N, because

Ba,N - Ra,N = ,lZ)N(BOz - Ra) - Savd]Na

2
‘ Qoz,N diL' é /d |A;’1]\/72(ba,N - le Aa,N)|2 Qoz,N dl'
R,

< (1+Co)6\/ +(1+CO)6V V"W Oa,N dzx,
RE

ANV oo N |2

)

Oa,N

so that
|A;,IJ\/IQ(BOL,N — Ran)| < Co+ CoV™mW

with some constant Cy. Hence we ensure condition (2.19), so that estimate (2.21) in
Proposition 2.6 yields (3.6) for w,, y. By the uniqueness result (Proposition 2.7) we
have the equality

wa,N(x) = {Ea,N(x) - Qa,N(m) /Rd {aa,N d.’E,
which yields the desired estimate (3.6) for wq n, because the integrals of V"W, N
are uniformly bounded by Lemma 2.2.
Passing to a subsequence and using (2.2), we conclude that for each « the sequence
of functions g,y converges uniformly in = to the unique solution g, of the equation
L} 1 = 0 and the sequence of functions w,, y converges to a solution w, of the equation

sz = le (Baga - Ra@a - Savga) (37)
that satisfies the same bound as in (3.6). It follows that

/ Wy dz =0,
R4

hence w, is a unique solution to (3.7) with zero integral such that V"Wuw, is inte-
grable.
We now observe that the solutions w, (as well as wq, n) satisfying the conditions

[0}

/ we dx = 0, sup/ VW we| dz < oo (3.8)
Rd Rd
are continuous in « locally uniformly in 2. Indeed, if a; — «, then the sequence {wq, }

contains a subsequence convergent locally uniformly in 2 to some function w (this
follows by (2.2)). Due to our assumption that the mappings o — 0407, a — b,

)’
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a > 0y 0y, a are continuous with values in L*(U) for each ball U and g, () is jointly
continuous by Proposition 1.1, we see that w is a solution to the equation

Liw = div (Byoa — Ra0a — SaVoa)

and this solution satisfies the above estimate by Fatou’s theorem. Hence w coincides
with our unique solution w,. Since this is true for each sequence {ay}, we obtain
that {wq, } converges to w,. The continuity is proven.

It remains to show that w, = 0,0«- Let us fix x. By the Newton—Leibniz formula

(o3

Qa,N(iE) = Q(X()JV(-T) +/ ws,N(:C) ds.

g
All limiting functions g, (z) and w,(z) are continuous in «, as shown above. In
addition, letting U(xz, r) be the ball of radius r centered at x, we have by (2.2)

wa,n (2)] < [[wa, N llwer (U a,1)
< C(|wa,N o1 (@ (,2)) + | Ba,n0a,N — Ra,NOa,n — Sa,NVoaN || Lr(U(z,2))-
The right-hand side is uniformly bounded in o and N (once z is fixed). Therefore,
sup |wa,n ()| < oco.
a,N

Passing to the limit as N — oo, we obtain the equality
(6%

00(%) = Gao(z) + / w,(z) ds,

[e7s)
whence we conclude that 9,04 (%) = wa(z). The assertion about the L!-differentiabi-
lity of o — g, follows from (3.8), which allows to show the L!-convergence to zero of
the ratio

Qa+h — Oa —pt oth d
T_wa— (ws_wa) S,
o

reducing it to the L'-convergence on balls. The general case of the theorem is proven.

In the special case where the diffusion matrix does not depend on o we have R, =0
and S, = 0, so in the right-hand side of (3.7) we have only one term div (B,0,) with
B, = 04bs. Hence we can obtain (2.19) immediately from the given bound on B,. O

Remark 3.3. (i) It follows from the proof (or from the L!-differentiability) that

/ On00(x) dx = 0.
R4

(i) The main theorem can be combined with the results of [5] on Sobolev regularity
of non-homogeneous equations in order to ensure the differentiability of a — p, with
values in W™ !(R?). For example, suppose that in the main theorem A,, AZ', Va¥,
and 0, A, are uniformly bounded and

[ba|? + [0aba|P + |0adiv Ap|P < Cy + Cy V"W
with some p > d. Then we have the differentiability in W™ (R9) for any r < p.
(iii) Condition (1.6) has been essential in estimating the integral of the expression
|Aq 1 ZSQVQQF/ 0o and a similar integral for g, n, since we have had an a priori
bound just for the integral of |V ga|?/0a, so that a growing || S,|| could destroy this

estimate. However, under assumptions similar to those used in Corollary 1.5 it is
proved in [8] that there is a bound for the integral of |Vg,|P/g. with a sufficiently
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large p > d. This enables us to replace (1.6) by an exponential bound and make our
condition on 9, A, closer to that of the condition on J,b,.

(iv) The main theorem and its corollaries extend to the case where the parameter
« takes values in R™; this case can be also deduced from the scalar case.

(v) Analogous results can be obtained by the same method for equations on man-
ifolds; some ingredients of the proofs are already developed in [13].

(vi) Finally, let us observe that a similar method enables one to obtain higher
differentiability of g, with respect to « (considered in [18] for coefficients of class Cf),
which will be the subject of another paper (in order not to overload this paper with
additional technicalities).

Remark 3.4. It would be tempting to prove the theorem along the following lines:
it is known that under our assumptions the solutions ¢, can be obtained as limits of
the normalized positive solutions to the equations L}, 0., = 0 on increasing domains
U, ={V < n}; e.g., one can use solutions to boundary value problems with constant
boundary conditions. Such solutions are differentiable with respect to « and the
derivative in « satisfies the required equation in U,,. Then the problem is to obtain
convergence of these derivatives. Proposition 2.4 seems to be a suitable tool, moreover,
we apply it in a similar situation. However, in that situation we deal with zero
boundary condition, which is very essential.
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