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Abstract

This work analyses a problem concerning the reorganisation of the school system located in a given region. In
particular, the problem has been tackled considering the requirements indicated for the Italian case related to the
reorganisation of pre-primary, primary and secondary schools in integrated institutions managed in a centralised
way. In order to solve the problem, two versions of a location model are proposed. The application to a real case
study shows how the model can be used as a viable decision support system.
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1. Introduction
In the current economic climate, characterized by growing cuts to public expenditure, public services (e.g.,
healthcare, education, policing) have undergone significant transformations (Sancton, 2000). Such deep changes
have been generally oriented to reduce administrative, managerial and operational burden and costs, through
downsizing and merging processes. In this context, Italy has been interested by a progressive merging process of
educational institutions. Indeed, while the highly centralized system originally allowed the functioning of
diversified institutions on the basis of the offered educational level (for instance, kindergartens, primary schools,
junior secondary schools), recently a new regulation has been adopted, oriented at promoting a higher degree of
autonomy of educational institutions. However, in order to benefit from autonomy, schools have to comply with a
series of requirements. In particular they must have a students’ population between 500 and 900 units (that can be
reduced to 300 in special cases, including islands and municipalities in mountain areas) that has to be
demonstrated stable in this range for the last 5 years. If these requirements are not satisfied, schools must merge
themselves with other institutions (belonging to any of the three categories) in order to form clusters that should
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have a minimum students’ population of 1000 units (reduced to 500 in the above-mentioned special cases) and
include institutions from each educational level. This merging strategy allows schools rationalizing
administrative and management offices, coherently to the cited policies of reduction of public expenditure. In
practice, this process should be implemented by grouping schools in clusters, and letting each cluster being
managed (in a centralized way) through the definition of a single cluster centre, providing shared administrative
and managerial services. In this context, the availability of tools and models to assess and implement clustering
(for grouping schools together) and locational choices (for locating clusters centers) could be useful for Local
Authorities engaged in decision making activities that may provide cost savings and minimize, at the same time,
the worsening of the service level for users.
In the operational research literature, several authors studied problems related to the organization of school
systems; a typical problem concerns the so-called school districting, i.e. the partitioning of the demand coming
from a given region in groups of students attending each school. In this problems school and class capacity
constraints must be satisfied, various social objectives have to be achieved (for instance, racial balance) and some
territorial aspects related to the contiguity of districts have to be considered to allow students from the same
neighborhood to be assigned to the same school. The problem also occurs when reorganization actions have to be
planned, such as the opening or the closing of a school, the modifying of the capacities of existing schools. In
these cases, a perturbation of the previous demand allocation occurs, therefore the districts have to be redesigned
considering a potential worsening of the accessibility of users to the service. In this context many models and
methods have been defined and applied (see, for instance: Ploughman et al., 1968; Holloway et al., 1975; Brown,
1987; Lemberg and Church, 2000; Caro et al., 2004).
However, compared to classical school districting cases, the reorganizational problem faced by Italian institutions
can be considered a more strategic problem, as it involves the organizational structure of the school system.
Indeed, while the first class of problems concerns the assignment of students to schools (existing or to be located)
in order to minimize a certain cost or distance function, in the second problem existing schools, with the related
students’ population, have to be grouped together under a shared management centre, in order to improve the
efficiency in terms of operating costs. These problems can be addressed by using adaptation of very well
established tools in the operational research literature, namely Facility Location models.
A facility location problem is aimed at finding the best position for a set of facilities within a given region in
order to optimise a specific objective function (Daskin, 1995; Drezner and Hamacher, 2002; Eiselt and Marianov,
2011), in presence of a potential and/or actual demand that needs to be allocated to the facilities themselves on
the basis of prescriptive rules (Hodgson, 1978; Beaumont, 1980) or of an utility function (see for instance:
Bucklin, 1971; McLafferty, 1988; Lowe and Sen, 1996; Drezner and Drezner, 2001; Bruno et al., 2010). In
particular Bruno and Improta (2008) and Bruno and Genovese (2012) used utility functions to show the
mechanism of choice of students of their own preferred university site.
Historically, facility location models have been a viable decision support tool for institutions and firms that are
planning to open new facilities or expanding their capacity in a given region. However, recently, in order to cope
with practical situations emerging in the above-mentioned context of economic crisis, demand uncertainty and
cuts to public expenditures, in the academic literature, several approaches have been proposed to solve
downsizing, relocation and rationalization problems in a variety of scenarios (including both public and private
sectors) through adaptations of traditional location analysis models. For instance, Wang et al. (2003) introduced a
model addressing the situation in which, due to some occurring changes in the distribution of the demand, the
relocation of the existing facilities in the location space is required in order to improve the service level provided
to users. This approach simultaneously considered the opening of some new facilities and the closure of some
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existing ones. ReVelle et al. (2007) introduced the Planned Shrinkage Model that explores the reduction of
facilities in a region. Starting from a common framework, they formulated two different models suitable,
respectively, for a competitive and a non-competitive environment. Conversely, the p-median problem under
uncertainty (Berman and Drezner, 2008) is aimed at locating, initially, p facilities, knowing that up to q
additional facilities will be located in the future due to changes in demand.
Linking to this body of literature, in this work we present a location model aimed at describing and solving the
school clustering problem as defined in the Italian case. The model is oriented to identify, within a given location
space, the set of school facilities that, if merged together in a cluster (and, therefore, sharing management and
administration service), could improve the efficiency of the system; moreover, the model should also identify the
best location for the cluster centers. While the reorganization of the system represents an opportunity for the
planner to reduce costs, it may generally produce a detriment of the service quality offered to the users. For this
reason, through the imposition of appropriate constraints, the model must provide solutions that represent a good
trade-off between the goal of the decision maker and the need of the users. The proposed model has been tested
on a real-world case and the obtained results have been shown and commented.
The paper is organized as follows. In the next section a mathematical model for the school clustering problem is
introduced and described, while Section 3 describes its application to a real case study. Finally, conclusions and
directions for further researches are drawn.
2. A Mathematical Model for the School Clustering problem
As mentioned above, the reorganizational process of the school system (i.e. the grouping of schools in clusters) is
aimed at reducing management costs, as each cluster will be managed in a centralized way through the definition
of a single cluster centre. In this case, the current position of schools is assumed to be fixed and no demand reallocation will occur. Therefore the reorganization will not have a direct effect on users’ accessibility to the
service. However, if we consider only efficiency aspects, the solution provided by the model could be considered
not desirable (or equitable) from users perspective (Marsh and Shilling, 1994; Eiselt and Laporte, 1995). For
example, the dimension of clusters is an important factor to be taken into account, as over-dimensioned clusters
could have some side effects on the complexity of the managerial structure and, therefore, on the service level
offered to users. For this reason, the planner should find a trade-off solution between the need to minimize costs
and the need of keeping the discomfort caused to users below a given threshold. The problem is inherently multiobjective; however, it can be also modeled by means of a single-objective mathematical programming
formulation, in which one of the objectives is included in the model as constraint. In order to avoid mentioned
organizational inefficiency, aspects related to the location, composition and dimension of each cluster have to be
considered. In particular:
• location concerns the position of the cluster’s centre, to be chosen among schools assigned to the same
cluster;
• composition, concerns the type of schools to be included in each cluster;
• dimension is related to the students’ population of each cluster. In addition to the minimum threshold
required by governmental regulations, a limit on the maximum dimension could be taken into account, in
order to obtain more balanced solutions.
If we assume to define the number p of clusters to be created, the problem consists of identifying the best position
to assign to the clusters’ centres and in the allocation of schools to each cluster.
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Denoting with:
ܫ
ܬ
ܭ
݈
ܽ
݀
ݕ
ݔ

the set of nodes corresponding to the positions of each school;
the set of potential locations for clusters’ centres (;)ܫ ك ܬ
the set of school types or levels ( ܭൌ ሼͳǡʹǡ͵ሽ, with ݇ ൌ ͳidentifying the pre-primary level,
݇ ൌ ʹ the primary level and݇ ൌ ͵the lower secondary level);
a binary label equal to 1 if and only if node ݅hosts schools of type ݇;
the number of students of school type ݇ at the school in ݅;
the distance between nodes ݅and ݆;
a binary variable equal to 1 if and only if node ݆is a cluster’s centre;
a binary variable equal to 1 if and only if node ݅is assigned to the cluster with centre in ݆;

We can formulate the following mathematical model (sizing model):
  ݖൌ σאூ σא ݀ ݔ
ݔ  ݕ
 ݔ ൌ ͳ

(1)
ܫ א ݅ǡ ܬ א ݆

(2)

ܫ א ݅

(3)

א

 ݕ ൌ 

(4)

א

 ݈ ݔ  ݕ

ܬ א ݆ ǡ ܭ א ݇

(5)

ܬ א ݆

(6)

ܫ א ݅ǡ ܬ א ݆

(7)

אூ

  ܽ ݔ  ܰ ݕ
אூ א

ݕ  אሼͲȀͳሽǢ ݔ  אሼͲȀͳሽ

The objective function (1) represents the average distance between schools and their assigned cluster’s centre, to
be minimised. This objective represents one of the classical compactness measure used in the literature related to
districting and clustering models (Ricca et al., 2011). Constraints (2), (3), (4) are classical p-median constraints,
ensuring that: (2) node i is assigned to j only if node j is a cluster’s centre; (3) each node i is assigned to only one
cluster; (4) the number of clusters is equal to p. Conditions (5) impose that in each cluster j there is at least one
school of each level k. Conditions (6) ensure that each cluster j has a students’ population higher than ܰ .
Constraints (7) define the nature of decision variables.
It should be highlight that the presence of constraints (6) could lead to solutions characterized by a very skewed
distribution of students’ population among the produced clusters. In order to take into account balancing
objectives, an additional set of constraints on the maximum population for each cluster has to be considered as
follows:
  ܽ ݔ  ܰ௫

ܬ א ݆

(8)

אூ א

The introduction of constraints (8) would limit the maximum dimension of a cluster and produce more balanced
solutions with higher values of objective function. In order to support the decision maker in the choice of tradeoff solutions between the objective function and balancing aspects, it could be possible to perform a sensitivity
analysis in terms of ܰ௫ , by varying this parameter between a lower bound ܤܮேೌೣ and an upper bound
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ܷܤேೌೣ . Indeed, decreasing Nmax, it is possible to evaluate the trade-off between the objective function
(expressing a rationalization need) and the balancing constraint.
As regards the upper bound ܷܤேೌೣ , it is represented, for each value p, by the maximum dimension of clusters
obtained solving the model (1-7); while an ideal lower bound can be assumed equal to the average students
ଵ
population for each group (ܽത ൌ σ σ ܽ ). However, this value does not take into account the integrity


constraints imposing that the population of each school has to be entirely assigned to the same cluster and the
constraints on the composition of the groups. In order to calculate a more reliable lower bound value, a
partitioning model was devised. Using the notation introduced above, the model can be formulated as follows:
  ݖൌ ܰ௫

(9)



 ݔ ൌ ͳ

ܫ א ݅

(10)

 א ݆ ሼͳǡ ǥ ǡ ሽǡ ܭ א ݇

(11)

 א ݆ ሼͳǡ ǥ ǡ ሽ

(12)

ܫ א ݅ǡ  א ݆ ሼͳǡ ǥ ǡ ሽ

(13)

ୀଵ

 ݈ ݔ  ͳ
אூ

  ܽ ݔ  ܰ௫
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The objective (9) consists in the minimization of the maximum cluster size ܰ௫ . Constraints (10) indicate that
each school ݅can be assigned to exactly one of the p clusters. Constraints (11) assure that, for each cluster ݆, there
is at least a school ݅of level ݇, while conditions (12) state that the dimension of each cluster cannot exceed the
value ܰ௫ . Constraints (13) concern the binary nature of the decision variables.
For each value p, the solution provided by this model represents the most balanced partition of the set of the
schools in p groups; for ܰ௫  ܤܮேೌೣ , it is not possible to have feasible clusters.
The proposed model (and its variant including constraints (8)) will be tested on a real-world case study in the
next section. This model can be solved by varying the parameter ܰ௫ between a lower bound ܤܮேೌೣ and an
upper bound ܷܤேೌೣ . In particular, ܤܮேೌೣ can be obtained solving the model (9)-(13); as regards the upper
bound ౣ౮ , it is represented, for each value p, by the maximum dimension of clusters obtained solving the
model (1-7).

3. The case study
The case study is focused on the aggregation of school institutions related to an urban district in the Municipality
of Naples (about 12 Km2) with more than 100.000 inhabitants. In this area there are 29 schools of different levels
with a total number of 9077 students. The distribution of students is characterized by significant differences
across the schools (ranging from a minimum of 40 students to a maximum of 798). The current arrangement is
based on 11 clusters grouping all the schools. Figure 1 shows the position of each school and their aggregation in
clusters. Table 1 indicates the composition of each cluster with the indication of students’ population of each
school. It has to be highlighted that the current organization does not satisfy governmental requirements both on
the minimum students’ population of clusters and on their composition, as most of the clusters do not include
schools of each level (as prescribed).
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Figure 1. Location of schools and current organization in clusters
Table 1. Students’ population data

Clusters

I

Schools
i
1
2
3
4

5
II
III
IV

V

VI
VII
VIII
IX

X

XI

6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

Levels k
1
88
168
40
277
100
155
20
76
55
132
229
64
43
160

2
433
239

Total Population
3
968

601
324
474
66
75
96
80
424
138
569
110
79
148
344

730
150
770
220
39
100
700
203
358
-

1202
880
990

1025

256
749
798
700

647

862

101

102
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The proposed model has been applied to the case study and optimally solved using CPLEX 12.2 on an Intel Core
i7 with 1.86 GigaHertz and 4.00 GigaBytes of RAM. Running times to obtain solutions are very limited (few
seconds).
In the following, results are illustrated and discussed. In particular, the basic version of the model (including
constraints 1-7 and fixing Nmin =1000 and I=J) was considered first; then, the balanced one was evaluated, with
the addition of constraints (8). Table 2 indicates the results obtained by varying the number p of clusters to be
created from 2 to 7. For each solution, the number of students for each school (in decreasing order), the average
and maximum distances between schools and the related cluster centers are reported.
As expected, in the case of the sizing model, the objective function decreases over p. The range of the size of
each cluster, in general, also tends to decrease, even if this condition is not assured. For example, considering the
passage from p=5 to p=6, even if the average distance decreases of 17.18% (from 0.75 to 0.64 km), the solution
for p=6 is less balanced as the minimum dimension decreases from 1371 to 1055.
Table 2. Sizing model, Nmin = 1000
Number of clusters p
Average distance

2

3

4

5

6

7

1.28

1.02

0.87

0.75

0.64

0.60

Maximum distance

3.05

3.05

3.05

2.50

2.50

2.50

Students for each cluster

5321
3756

3877
3756
1444

3877
2247
1509
1444

2411
2247
1539
1509
1371

2411
1539
1445
1371
1256
1055

1466
1445
1444
1371
1256
1055
1040

As above mentioned, the second version of the model has been implemented by varying the parameter ܰ௫
between a lower bound ܤܮேೌೣ and an upper bound ܷܤேೌೣ . In the Table 3 the bounds of the feasible range
ൣܤܮேೌೣ ǡ ܷܤேೌೣ ൧ǡfor each value of p, are reported.
Table 3. Feasible ranges for Nmax
p=2

p=3

p=4

p=5

p=6

p=7

LBNmax

4539

3026

2270

1816

1513

1297

UBN max

5321

3877

3877

2411

2411

1466

The model including constraints (1-8) has been implemented, for each value of p, by varying ୫ୟ୶ in the range
ൣܤܮேೌೣ ǡ ܷܤேೌೣ ൧, with the following discrete step:
οൌ

ܷܤேೌೣ െ ܤܮேೌೣ
ͳͲ

such that:
ܰ௫ ൌ ܤܮேೌೣ  ݇ଵ  כο, with ݇ଵ ൌ Ͳǡ ǥ ǡ ͳͲ
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The comparison of the solutions provided by the two models is summarized in Figure 2, where, for each p, the
value of the average distance between schools and their respective cluster by varying the value of ܰ௫ is
reported. In order to interpret the results, a single curve (for a given value of  ൌ  ҧ) can be considered. It is
possible to notice that for ܰ௫ ൌ ܤܮேೌೣ ሺҧሻ we obtain a perfectly balanced solution with the maximum value
of objective function. Increasing ܰ௫ , so gradually relaxing the balancing condition, the model provides better
results in terms of objective function. In particular the minimum value is obtained whenܰ௫ ൌ ܷܤேೌೣ ሺҧሻ. Of
course for ܰ௫  ܷܤேೌೣ ሺҧ ሻ, this does not vary anymore, as constraints (8) are not active. Coherently in
Figure 2, for a given value of  ൌ  ҧ , the shape is monotonically decreasing until the value of the upper bound is
reached. Of course this last conditions is obtained for lower values of ܰ௫ as  increases.
Furthermore, Figure 2 can have interesting managerial implications; in fact it can support the choice of the triplet
(ǡ ܰ௫ ǡ )ݖ. In particular, the graph can be interpreted in two ways: by fixing a value of objective function or,
alternatively, by fixing a specific maximum value of clusters. The first interpretation consists in drawing a
horizontal straight line ( ݖൌ ݂ ) that allows the identification of:
- the values of  that ensure the achievement of that value of objective function;
- the corresponding values of maximum number of clusters.
In this case, it could be possible to identify the most preferable combination (ǡ ܰ௫ ǡ).) for achieving the defined
objective function value. The second interpretation consists in drawing a vertical straight line (ܰ ൌ ܰ௫ ) that
allows identifying:
- the values of  that allow satisfying the constraint on ܰ௫ ;
- the corresponding objective function values.
In this case, it could be possible to compare the possible combinations ሺǡ ݖሻ for forming clusters of the given
maximum size. For example, considering ୫ୟ୶ ൌ ʹͶͲͲ, it can be understood that at least 4 clusters have to be
formed. From Table 4, it can be seen that the objective function value improves in a very significant way
increasing  from 4 to 5. It can be then derived that further improvements (obtainable by considering an
increased number of clusters) follow a diminishing returns law; therefore, this would suggest that opening more
than 5 school clusters might not produce improvements that can justify the increase in costs, as p=6 and p=7
return very small improvements in the objective function.
Table 4. Objective function variation for Nmax = 2400.
z

p=4

p=5

p=6

p=7

28.48

21.90

18.51

17.35

103

104
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Figure 2. Average distance in function of Nmax

4. Conclusions
In this work we analyzed a clustering problem concerning the reorganization of schools located in a given
location space. In particular, the problem has been tackled considering the requirements indicated for the Italian
case related to the reorganization of kindergartens, primary and junior secondary schools in institutions managed
in a centralized way. In order to solve the problem, we proposed two versions of a mathematical model in
dependence on the presence of balancing constraints. The models have been solved considering a real case study
and the presentation of the results shows how they can be effectively used as decision support system. Further
development of the research could include the application to different cases and the extension of the model to
describe similar problems concerning the reorganization of different categories of public services (for instance,
healthcare and administrative systems).
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