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Resonant magnetohydrodynamic waves in high-beta plasmas
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When a global magnetohydrodynamic (MHD) wave propagates in a weakly dissipative inhomo-
geneous plasma, the resonant interaction of this wave with either local Alfvén or slow MHD waves
is possible. This interaction occurs at the resonant position where the phase velocity of the global
wave coincides with the phase velocity of either Alfvén or slow MHD waves. As a result of this
interaction a dissipative layer embracing the resonant position is formed, its thickness being pro-
portional to R™'/3, where R > 1 is the Reynolds number. The wave motion in the resonant layer
is characterised by large amplitudes and large gradients. The presence of large gradients causes
strong dissipation of the global wave even in very weakly dissipative plasmas. Very often the global
wave motion is characterised by the presence of both Alfvén and slow resonances. In plasmas with
small or moderate plasma beta, 3, the resonance positions corresponding to the Alfvén and slow
resonances are well separated, so that the wave motion in the Alfvén and slow dissipative layers
embracing the Alfvén and slow resonant positions respectively, can be studied separately. However,
when 8 > R'/3, the two resonance positions are so close that the two dissipative layers overlap. In
this case, instead of two dissipative layers, there is one mixed Alfvén-slow dissipative layer. In this
paper the wave motion in such a mixed dissipative layer is studied. It is shown that this motion
is a linear superposition of two motions, one corresponding to the Alfvén, and the other to the
slow dissipative layer. The jump of normal velocity across the mixed dissipative layer related to
the energy dissipation rate is equal to the sum of two jumps, one that occurs across the Alfvén

dissipative layer, and the other across the slow dissipative layer.

PACS numbers:

I. INTRODUCTION

In nature and in the laboratory, magnetohydrody-
namic (MHD) waves propagate in nonuniform plasmas.
It can occur that the phase velocity of a global MHD
wave coincides with the local phase velocity of either
Alfvén or slow MHD waves at a spatial position, called
either Alfvén or slow resonant position. In this case the
global wave resonantly interacts with either Alfvén or
slow MHD waves at the resonant position. As a result
the energy of the global wave is transferred to the local
waves, which causes their growth. This process is called
resonant absorption. In an ideal plasma the amplitude of
the wave motion at the resonant position will grow un-
boundedly. Dissipation stops this unbounded growth. If
the global wave is driven by an external driver, then this
occurs when the energy dissipation rate is equal to the
energy deposition rate. Hence, the driven wave motion
attains a stationary state after a transitional time inter-
val. In a weakly dissipative plasma the energy dissipation
occurs only in a thin dissipative layer embracing the reso-
nant position, its thickness being proportional to R~1/3,
where R > 1 is the Reynolds number. The amplitude of
the wave motion in the dissipative layer is of the order
of R'/3 times the amplitude of the global wave far from
the resonant position. Hence, the motion in the dissipa-
tive layer is characterised by large amplitudes. Since the
thickness of the resonant layer is proportional to R~1/3,
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it is also characterised by large gradients. Due to the
presence of large gradients in the dissipative layer reso-
nant absorption can efficiently dissipate the wave energy
even in very weakly dissipative plasmas. An important
property of resonant absorption is that the energy dissi-
pation rate is independent of R when R > 1. The wave
energy dissipation results in the plasma heating. Hence,
resonant absorption is an efficient mechanism of heating
of weakly dissipative plasmas.

The possibility of plasmas heating has made resonant
absorption the subject of intense study. First it was sug-
gested as a means for the additional heating of fusion
plasmas.!™* Later resonant absorption was proposed as a
mechanism for heating of the solar corona.’

Another important property of resonant MHD waves
that has attracted ample attention of theorists was very
efficient transfer of energy from a global MHD wave to
local oscillations. This property of resonant MHD waves
inspired theorists to suggest these waves for the expla-
nation of the observed large-amplitude pulsations in the
Earth magnetosphere.5® Resonant absorption was also
proposed as a mechanism of damping of (that time hypo-
thetical) kink oscillations of magnetic loops in the solar
corona.'? This idea was revived after these oscillations
have been observed by the Transition Region and Coro-
nal Explorer (TRACE) spacecraft.!!»12 It was shown that
resonant absorption can provide the observed damping of
the coronal loop kink oscillations under very general as-
sumptions about the equilibrium state on which these



oscillations are imposed.13:14

Resonant absorption has been most intensively stud-
ied from two different points of view. The first point of
view considers the initial value problem. In this problem
a global MHD wave is excited at the initial moment of
time, and then it damps due to resonant absorption. The
second point of view focuses on a driven problem with an
external source of energy that excites plasma oscillation.
In this paper we concentrate on the driven problem. In
particular, we focus on the steady state of driven MHD
waves where, in the linear approximation, the perturba-
tions of all quantities oscillate harmonically in time at
the frequency of the external driver.

The linear ideal MHD spectrum of a nonuniform
plasma consists of Alfvén and slow continua in addition
to discrete eigenfrequencies. The generalised eigenfunc-
tions corresponding to frequencies from these continua
are non-square-integrable.'d If the frequency of the global
MHD wave, w, is within one of the two continua, then
the solution of the linearised MHD equations has singu-
larities at the resonant magnetic surfaces where w coin-
cides either with the local Alfvén or local slow frequency.
Dissipative effects such as viscosity, resistivity or thermal
conduction remove these singularities. In what follows we
only consider viscosity and resistivity, while we neglect
thermal conduction. It is convenient to introduce the
viscous and magnetic Reynolds numbers, R, = lcpven /v
and Ry, = lchven /A, where [, is the characteristic spatial
scale, ve, the characteristic speed, v kinematic viscosity,
and A the coefficient of magnetic diffusion. Usually v,y is
taken to be of the order of the phase speed of the global
MHD wave, and [, is taken to be equal either to the
wave length or to the characteristic spatial scale of inho-
mogeneity. Then, to characterise the total dissipation we
introduce the total Reynolds number R defined by

1 1 1

R R + R (1)
As we have already mentioned, when R > 1, dissipation
only operates in thin dissipative layers embracing ideal
resonant magnetic surfaces. The thickness of a dissipa-
tive layer is of the order of R='/3. The linear theory of
MHD dissipative layers has been developed by the effort
of many authors. In particular, it has been shown that
the wave motion both in Alfvén and slow dissipative lay-
ers can be described in term of the so-called F' and G

functions.6:17
Very often the global wave motion is characterised by
the presence of both Alfvén and slow resonances. Let us
introduce the plasma beta, (3, as the ratio of the charac-
teristic plasma and magnetic pressures. When § < 1 the
resonance positions corresponding to the Alfvén and slow
resonances are well separated, so that the wave motion
in the Alfvén and slow dissipative layers can be studied
separately. However, when 3 > R/3, the two resonance
positions are so close that the two dissipative layers over-
lap. In this case, instead of two dissipative layers, there
is one mixed Alfvén-slow dissipative layer. When 8 — oo

we obtain the extreme case of an incompressible plasma.

This situation can be typical for the solar interior.
Gough and McIntyre'® argued that the magnetic field has
to be present in the tachocline separating the radiative
and convective zones of the sun. Taking the temperature
T ~ 1.5 x 10° K and density p ~ 2 x 102 kgm™> at the
tachocline,'® we obtain for the plasma pressure p ~ 5 x
10'2 Pa. For the magnetic pressure we obtain B?/2ug ~
4 x 10°B? Pa, where g = 47 x 1077 Tesla? Pa™" is the
magnetic permeability of empty space, and the magnetic
field magnitude B is measured in Tesla. Then we have
for the plasma beta 8 ~ 10" B~2.

Let us now estimate R. Gough and McIntyre!® give
A~ 0.07 m?s™!. It can be shown that v < A, so that
R,, < R. and R ~ R,,. Taking v, = V4, where V4 =
B/\/iwp ~ 60B ms~! is the Alfvén speed, and g =
V41l =~ 60 BII m, where II is the wave period, we obtain
R ~ 5 x 10*B?II. Then, eventually, we arrive at

BR™Y? ~ 3 x 10°B/3111/3, (2)

In what follows we take II = 10% s. Gough and
Mclntyre'® estimated that the magnetic field magnitude
needed to provide the transition from the differential ro-
tation observed in the convective zone of the sum to the
rigid body rotation below the tachocline is 10~ Tesla.
Substituting this value in Eq. (2) with IT = 103 s we ob-
tain BR™/3 ~ 1.4x10"5. In this case the slow and Alfvén
resonant positions practically coincide, and the motion
in the dissipative layer can be considered as incompress-
ible. However, Gough and McIntyre!® estimated only the
poloidal magnetic field. Many contemporary theories of
the solar magnetic dynamo assume that a strong toroidal
magnetic field is generated near the tachocline. We ob-
tain BR~'/3 ~ 1 if we take B ~ 50 Tesla, which is quite
realistic value of the toroidal magnetic field magnitude
near the tachocline. Hence, for the magnetic field mag-
nitude of the order of a few tens of Teslas the motion
in the mixed dissipative layer cannot be described in the
incompressible plasma approximation.

The limit of incompressible plasmas has been consid-
ered by many authors (e.g., Ref. [19]). In this paper
we aim to study the wave motion in a mixed dissipative
layer when (3 is large but finite. The paper is organised
as follows. In the next section we formulate the prob-
lem and present the equilibrium state and the governing
equations. In Sect. IIT we obtain the solution describing
the wave motion in a mixed dissipative layer. Sect. IV
contains the summary of the obtained results and our
conclusions.

II. PROBLEM FORMULATION

We consider the wave motion superimposed on a static
one-dimensional equilibrium. In this equilibrium all
quantities depend on the x coordinate of Cartesian coor-
dinates z, y, z only. The equilibrium pressure, density,
and magnetic field magnitude are po(x), po(x), and By (z)



respectively. The equilibrium magnetic field, By, is in
the yz-plane, and the angle between By and the z-axis
is @ = const. Hence,

By = By(0, sina, cos o). (3)

The equilibrium quantities satisfy the equilibrium condi-
tion
32
po + —2 = const. (4)
Ho

The linearised system of MHD equations is

DYoo) =0, (5)
po?;t)__VP+M10(B0~V)b+ZdZO+poV§Z’ (6)
%:(Bo.v)vfu%—Bov-v+>\%, (7)
;(p6§p)+U<ﬁ)C§ﬁ)) =0, (8)
P:p+BO.b. 9)

Ho

Here v = (u, v, w) is the velocity, p, p and b = (bs, by, b.)
are the perturbations of the plasma pressure, density and
magnetic field, and P is the perturbation of the total
pressure (plasma plus magnetic); cg is the sound speed
determined by ¢% = vpo/po, and v is the ratio of specific
heats. Since R > 1, dissipation is only important in
narrow resonant layers, where there are large gradients
in the x-direction, while gradients in the y and z-direction
are relatively small. This observation enabled us to write
the dissipative terms, which are the terms proportional to
v and A in Egs. (6) and (7), in a simplified form. Equation
(8) is the linearised adiabatic equation. It expresses the
entropy conservation. Dissipation causes the entropy to
increase. However, when the equilibrium is static, the
dissipative terms in the entropy equation that describe
the entropy increase due to viscosity and resistivity are
nonlinear with respect to perturbations. Hence they do
not appear in the linearised entropy equation, so that the
entropy is conserved in the linear approximation.

IIT. SOLUTION IN DISSIPATIVE LAYERS

Since the equilibrium quantities are independent of
time and y and z-coordinate, we can Fourier-analyse
Egs. (5)-(9) with respect to y, z and time. We also can
take the wave vector in the z-direction. After that we
take the perturbations of all quantities proportional to

exp(—iwt + ikz). We assume that the plasma is only
weakly dissipative and take R™Y3 = ¢ <« 1. Then
R = 73, which inspires us to introduce the scaled kine-
matic viscosity and the coefficient of magnetic diffusion,

v=¢3y, =€\ (10)

The ideal Alfvén resonant position x 4 is defined by

w

Ea

Vi= Bg

= , 11
H0pP0 ( )

Va(za)cosa =

where V4 is the Alfvén speed. Let us introduce the tube
speed with the square given by

27172
2 csVi
= . 12
Cr C% + Vj ( )
The ideal slow resonant position x. is defined by
er () cosa = Y (13)

k
When 3 > 1 we have ¢%/V3i = O(3). Then Eq. (13) can

be rewritten as
VX (zc)
2¢2 ()

Vateo)cosa (1~ LOE) =%

k
It immediately follows from Egs. (12) and (14) that

Vi(za)cos® a

= —2 1
e TraA+ AC%(’I‘A) + O(ﬁ )7 ( 5)
where
A = cos? ad—v’i (16)
B dzx I:l‘A.

Since A ~ Vj /len, where [, is the characteristic scale of
inhomogeneity, it follows from Eq. (15) that |z, — z4| =
O(B7 ). Since the thicknesses of the dissipative layers
are of the order of R™1/3]y, = elo, the two dissipative
layers overlap when 3 > ¢~!. In what follows we assume
that this inequality is held. Then ¢% = O(e~'V3), and
it is convenient to introduce the scaled sound speed Cg
defined by C% = ec%. When 8 > ¢!, the two dissipative
layers are situated in a spatial region defined by |z —
24| < €len. This observation inspires us to introduce the
stretching spatial variable £ = e 1 (z — z4).

It is well-known that the wave motion in an Alfvén
dissipative layer mainly resides in the components of the
velocity and magnetic field perturbation that are per-
pendicular both to the equilibrium magnetic field and
the inhomogeneity direction (see, e.g., Ref. [16,20]). In
a slow dissipative layer it mainly resides in the compo-
nents of the velocity and magnetic field perturbation that
are parallel to the equilibrium magnetic field. This im-
plies that it is convenient to introduce the parallel and



perpendicular components of the velocity and magnetic
field perturbation,

v =vsina+wcosq, v} =vcosa— wsina, (17)
17

by =bysina + b, cosa, by = bycosa — b, sina.

Now, using the new variables, we rewrite Eqgs. (5)—(9) as

., du dpo
e tog— TS = iwp —ipok(v) cosa — vy sina) — U= (18)
dP ik d?u
1
€ 3 = iwpou + o — Bobs cos o + GPongz . (19)
ik
iwpov| + Z—ngn Cos o
Ho
b, dBo &)
— ikPeosa — 22220 _ 20
ik P cos o o dr €p 52 , (20)
ik 2,
iwpovL + . —Byby cosa = —ikPsina — epgii——5— 52 , (21)
0
ie Y (wby + kBoucosa) = 5\d2b (22)
ez
d dBy < d*
i(wby +kBoyv, sin a)feleod—Z = ud—xo —€ KQH, (23)
, &b,
i(wby + kBovy cosa) = —eA——-, (24)
dg?
d d
iwlp— 03 —u (G0 - ezt ) 2s)
dx
1
P =p+ —Bob. (26)
Ho

Note that, in accordance with Eq. (4), dpo/dz is of the
order of magnetic pressure divided by [, and not of the
order of pg/lch.

The system of Egs. (17)—(26) contains the small pa-
rameter €. This implies that we can look for a solution
to this system in the form of asymptotic expansions with
respect to e. We write these expansions for the parallel
and perpendicular components of the velocity and mag-
netic field perturbations as

V] =01 +e€vio+ ...,

by =bj1+ebio+....

V)=o) teypzt...,

(27)
b” = le —|—6b|‘2—|—...,

Then it follows from Egs. (18), (19), (22), (25) and (26)
that the expansion for p has to start from a term of the

order of unity, while the expansions for u, b,, p and P

have to start from terms of the order of . Hence, we

write the expansions for these quantities as
u:eu1+62uQ+..., :ep1+62p2+...,
bmzébxl—‘reszg-i-..., p=p1+epa+..., (28)

P:€P1+€2P2+....

Substituting expansions (27) and (28) in Egs. (17)—(26)
and collecting terms of the order of unity we obtain

d
o —ik(v)1 cosa — vy sina), (29)
dg§
dP;
— =0, 30
- (30)
k
wpov||1 + — Boby1 cosa = 0, (31)
Ho
k
wpoui1 + —Bobi1cosa =0, (32)
Ho
wby1 + kBouy cosa = 0, (33)
duy
By—— s = i(wby; + kBov1sina), (34)
wb 1+ kBovicosa =0, (35)
2 _ dﬁo
w(py — Cép1) = —u C5—— . (36)
1
p1+ —DBobj1 = 0. (37)
Ho

All the coefficient in this system of equations are calcu-
lated at £ = z 4.

First of all, it follows from Eq. (30) that P, = const.
Equations (32) and (34) constitute the system of two lin-
ear algebraic equations for v ; and b, 1. This system has
a non-trivial solution only when its determinant is zero.
This condition gives w? = V3k%cos?a. If we consider
waves propagating in the positive z-direction, then it re-
duces to Eq. (11). Now we can easily obtain the following

relations:
By 0 0
by1 = ——uy, bpyp=—-——uvp, bi1=-— ,
1 Va Ul It Va U 11 Va V11
(38)
poVa tuy dpg
=T T (39)



Collecting terms of the order of e in Egs. (18), (20),
(21), (23) and (24), and using Egs. (29), (38) and (39),
we obtain the system of equations

dus wVy

g +ik(v2 cosa —viosina) = Té U1, (40)
Va ik Vauqr dBy
Ay - "p )
w <v|2 + By |2> % 1 COs  + By dx
1 dpo 1 dB() _ 2U‘|1
- S i - 41
<p0 dz By dx)fll Ve (41)
(Uu + = bu> = —— Pisina
Po
1 dpo 1 dBO _a“vjq
TR e 42
<p0 dr BO dx )€ 11 d§2 ) ( )
, . du dB,
i(wbyz + kBovissina)— By d; = dxo
dBy Bo\ d?
_ zk— §ujjy cos v + V?A dgl , (43)
Va iw dBy d*v1,
—b = A——=. (44
w <U¢2+ Bo u) “ By dr §vir+ P (44)

Once again all the coeflicient in this system of equations
are calculated at © = z4. Eliminating us from Eqs. (40)
and (43) yields

VA ZWVIE VA'I.Ll dBO
w (1)”2 -+ Bio b|2> = C% Y11 —+ By i~

dx
iw dByg —d2UH1 .
- Bfo d 13 |\1+)\T§2- (45)

Equations (42) and (44) constitute a system of two linear
inhomogeneous algebraic equations for v, 5 and b, 5. The
determinant of this system is zero, so that the system has
solutions only when the right-hand sides of Egs. (42) and
(44) satisfy the compatibility condition. To obtain this
condition we subtract Eq. (44) from Eq. (42). As a result
we obtain

w4+ A) d*v,  wsino

A =
§vir + 2 e ko

P (46)

In a similar way we obtain the compatibility condition
for the system of equations (41) and (45),

Vicos?a iw(v + ) d*oj
(et e

dg?
W COS &
= — P;. 47
kpo ! (47

Following Ref. [16] we introduce the thickness of the
Alfvén dissipative layer (note that, in high-beta plas-
mas, it coincides with the thickness of the slow dissipative

layer)
wlv 1/3
= (55Y) (13)

and the dimensionless variable 7 = (z —x4)/d4 = €£/ 4.
Then, taking V| RV, VL R V1 and P = ePy, we rewrite
Egs. (46) and (47) as

d?v, iwsin o
—1 A=—————P 49
drz  TULSER koAl Alpo (49)
d2UH W COS Q¢
—i(r—d A=———0P 50
dr2 Z(T )UH sgn k5A|A|po ) ( )
where
Vicos?a
d= 4 F—— =a2.— o(3? 51

is the approximate distance between the slow and Alfvén
resonant positions (taken with the minus sign when z. <
x4). Equation (49) coincides with the equation obtained
for the normal component of the plasmas displacement,
&1, obtained in Ref. [16] (see Eq. (56) in Ref. [16]), while
Eq. (50) reduces to this equation by the substitution 7 =
7 + d (note that A has the different sign in Ref. [16]).
Then we can immediately write down the solutions to
Egs. (49) and (50),

iwPsin o
v, = —1— F(7), 52
7 koAl Alpo ) (52)
iwP cos a
=———F(r—d
UH k'(SA|A|p0 (7_ )7 (53)

where
F(r) = / exp(—inTsgn A —n*/3) dn. (54)
0

Taking u ~ eu; and substituting Egs. (52) and (53) in
Eq. (29) we obtain
du wP

= :_M{F(T)Sin a+ F(r —d)cos®a}.  (55)

The simple integration of this equation yields

P
u= i ——{G(r)sin*a + G(r —d)cos*a} + C, (56)
POA
where C is a constant that has to be determined by
matching the solution in the dissipative layer with the
external solution, and the function G(r) is given by

G(T):/Ooo

3
e—n"/3

{exp(—inTsgnA) — 1} dn.  (57)



In Ref. [20] the concept of connection formulac was
introduced. The connection formulae give the jump of
the total pressure and velocity component normal to the
dissipative layer across the dissipative layer. The plasma
motion in the external region, which is the region outside
the dissipative layer, can be described by the system of
linearised ideal MHD equations. This system can be re-
duced to a system of two first-order differential equations
for P and u.'® The connection formulae connect the so-
lutions of ideal MHD equations at the left and the right
of the dissipative layer. If we know the jumps of P and u
across the dissipative layer, we can consider the dissipa-
tive layer as a surface of discontinuity when solving the
ideal MHD equations. This approach is similar to one
used in gas dynamics when studying gas motions with
shocks. The Rankine-Hugoniot relations at the shock
are used to connect the solutions at the left and the right
of the shock.

The jump of function f(7) across the dissipative layer
is defined by

[f] = lim {£(7) — (-7}, (55)
Since P =~ €P is independent of 7, it immediately follows
that [P] = 0. It is straightforward to calculate the jump
of G(7) across the dissipative layer:

oo ,—n%/3
G] = lim [ &

T—00 0 'r]

x {exp(—inTsgnA) —exp(inTsgnA)} dn
00 o—(¢/T)2/3

= —2¢ lim R sin(¢ sgn A) d¢
T—00 Jj
= -2 sgnA/ SIEC d¢ = —misgn A, (59)
0

Using this result we obtain from Eq. (56)

TwP
= AT o0
It is straightforward to see that this jump is equal to the
sum of two jumps, one across the Alfvén and the other
across the slow dissipative layer.

If we denote the dimensionless amplitude of the wave
motion far from the dissipative layer as a, then it follows
from the matching of the external ideal solution and the
solution in the dissipative layer that P and u are of the

order of a. Then we conclude that v, vy, b, and v, are

of the order of e 'a = R'/3a. These variables are called
the large variables. Recall that, in an Alfvén dissipative
layer, the large variables are v, and b, ,'%2% while in a
slow dissipative layer the large variable are v and b 17,20
Hence, the fact that v, vy, b, and v, are large variable
is in the complete agreement with the fact that, in high-
beta plasmas, dissipative layers are mixed. In general,
our analysis shows that the wave motion in a mixed dis-
sipative layer is a linear superposition of two motions,
one in the Alfvén dissipative layer embracing the ideal
Alfvén resonant position £ = x4, and the other in the
slow dissipative layer embracing the ideal slow resonant
position z = x., x. being very close to x 4.

We obtain the extreme case of incompressible plasma
if we take 8 — oo. In this case z. = x4 and it follows
from Egs. (52) and (53) that v = v} cosa + v sina = 0
and b, = by cosa + b sina = 0. Hence, in incompress-
ible plasmas the only large variables are w = v cos a —
v sina and b, = b” cosa — b sin a, which are the com-
ponents of the velocity and magnetic field perturbation
in the direction of wave propagation.

IV. SUMMARY AND CONCLUSIONS

In this paper we have studied in the linear approxima-
tion the wave motion in a dissipative layer in a weakly
dissipative plasma with the large plasma beta. We have
considered a one-dimensional planar equilibrium. We
have shown that, in this case, the ideal Alfvén and slow
resonant positions are so close that the Alfvén and slow
dissipative layers overlap. As a result there is one mixed
dissipative layer embracing the both ideal resonant po-
sitions. The wave motion in this mixed layer is a linear
superposition of two wave motions, one in the Alfvén dis-
sipative layer and the other in the slow dissipative layer.
The jump of the component of the velocity normal to
the dissipative layer across the dissipative layer is equal
to the sum of its jumps across the Alfvén and slow dissi-
pative layers. The large variables in a mixed dissipative
layer are the two components of the velocity and mag-
netic field perturbation parallel to the dissipative layer.

In the extreme case of incompressible plasmas the only
large variables are the components of the velocity and
magnetic field perturbation in the direction of wave prop-
agation.
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