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H I G H L I G H T S

� Flowability of cohesive powders in
the intermediate range of strain
rates has been investigated.

� Effects of strain rate on bed hardness
is analysed using DEM.

� Stresses are almost constant up to a
dimensionless strain rate of 1.

� For dimensionless strain rates greater
than 1, the stresses become rate
dependent.

� Fluctuations in the stresses are negli-
gible in the quasi-static regime, but
not beyond.

G R A P H I C A L A B S T R A C T

Stresses become strain rate dependent for dimensionless strain rates greater than unity. Below this limit
the quasi-static regime is observed. There are notable fluctuations beyond the quasi-static regime, and
the data presented here are averaged.
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a b s t r a c t

In the shear deformation of powder beds beyond the quasi-static regime the shear stress is dependent
on the strain rate. Extensive work has been reported on the rapid chute flow of large granules but the
intermediate regime has not been widely addressed particularly in the case of cohesive powders.
However in industrial powder processes the powder flow is often in the intermediate regime. In the
present work an attempt is made to investigate the sensitivity of the stresses in an assembly of cohesive
spherical particles to the strain rate in ball indentation using the Distinct Element Method. This
technique has recently been proposed as a quick and easy way to assess the flowability of cohesive
powders. It is shown that the hardness, deviatoric and hydrostatic stresses within a bed, subjected to ball
indentation on its free surface, are dependent on the indentation strain rate. These stresses are almost
constant up to a dimensionless strain rate of unity, consistent with trends from traditional methods of
shear cell testing, though fluctuations begin to increase from a dimensionless strain rate of 0.5. For
dimensionless strain rates greater than unity, these stresses increase, with the increase in hardness being
the most substantial. These trends correlate well with those established in the literature for the Couette
device. However the quantitative value of the strain rate boundary of the regimes differs, due to
differences in the geometry of shear deformation bands. Nevertheless, this shows the capability of the
indentation technique in capturing the dynamics of cohesive powder flow.

& 2014 Elsevier Ltd. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/).

1. Introduction

In industrial processes such as mixing, blending, handling and
storage reliable powder flow is important for product quality and a
consistent production rate. Understanding the flow characteristics
of the powder can avoid wastage, machinery maintenance problems
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and downtime in such processes. Strain rate is particularly of great
importance since in the shear deformation of powder beds beyond
the quasi-static regime the shear stress is dependent on the strain
rate (Tardos et al., 2003). Extensive work has been reported on the
rapid chute flow of large granules (Savage, 1979) but the intermedi-
ate regime has not been widely addressed, particularly for cohesive
powders. However in industrial powder processes the powder flow
is often in the intermediate regime, for which the specification of an
operational window in terms of strain rate for reliability and control
is highly desirable. Tardos et al. (2003) classified powder flow into
three regimes based on the shear strain rate of the process. At very
low strain rates, the frictional forces between particles are predomi-
nant and the shear stress is independent of the strain rate, hence this
is termed the quasi-static regime. In the other extreme at very high
strain rates, that is, the dynamic regime, the flow is characterised by
rapid and short duration collisions between particles rather than the
friction between them and hence the particle inertia is influential.
There has been extensive work for this regime, in which it has been
shown that the shear stress varies with the square of strain rate
(Savage and Sayed, 1984; Bagnold, 1954; Campbell and Brennen,
1985). Between the quasi-static and dynamic, inertial regimes lies the
intermediate regime, where both collisional and frictional interac-
tions between the particles influence the flow characteristics (Tardos
et al., 2003). There exist a number of test methods for evaluation of
flow behaviour of powders, such as the unconfined compression test
(Parrella et al., 2008), shear test (Schulze, 1994) and a few recently
developed techniques, such as the Sevilla powder tester (Castellanos
et al., 2004) the raining bed technique (Formisani et al., 2002) and
the ball indentation method (Hassanpour and Ghadiri, 2007). All of
these methods evaluate the incipient flow at very low strain rates (i.e.
the quasi-static regime), and hence cannot depict the strain rate
sensitivity of powder flow. The only method by which the inter-
mediate regime has been analysed is the Couette device of Tardos
et al. (2003), where the powder is sheared between two concentric
cylinders (with the axis being vertical). The inner cylinder is rotated
at different rotational velocities whilst the outer cylinder is station-
ary, forming a shear band in the gap. It was confirmed that during
the quasi-static regime the stresses were independent of the strain
rate. For the intermediate regime the dependency of the shear stress
on the dimensionless strain rate γn (as given by Eq. (1)) is with a
power index less than 2.

γn ¼ γ
dp
g

� �1=2

ð1Þ

where γ is the strain rate, dp is the mean particle diameter and g is
the gravitational acceleration. For the dynamic regime, this depen-
dency is to the power 2 (Savage and McKeown, 1983). Tardos et al.
(2003) observed that the fluctuations of the stresses increased with
the strain rate and that the width of the intermediate regime in
terms of dimensionless strain rate was a function of the assembly
concentration (Tardos et al., 2003). At low particle concentrations
(high bed porosity), the width was relatively narrow, between
dimensionless rates of 0.5 to 2 (Tardos et al., 2003).

In two commercial instruments the powder is also subjected to
shear strains in the intermediate regime by a paddle penetrating
whilst rotating in a powder bed (Freeman Powder Tester FT4
(Freeman, 2007; Bharadwaj et al., 2010) and PowderFlow Analyser
by StableMicro Systems, Surrey, UK). However the complex paddle
geometry provides a highly non-uniform strain field, where the
powder strain and strain rate increase from the centre to the
cylindrical wall. Recently Hare et al. (2011) have analysed the shear
stress and strain fields around a rotating impeller and have
quantified their radial and axial variations. Their work shows that
the shear stresses are greatest in the vicinity of the front of the
blades; the stresses reduce above the impeller and away from the

impeller in the angular direction, providing a highly non-uniform
strain field. Based on their work, the interpretation of paddle
torque to elucidate the strain rate dependency of shear stresses
using these commercial devices is difficult until systematic work
on model materials with ‘tuneable’ and controlled bulk cohesion
has been fully analysed.

Moreno-Atanasio et al. (2005) simulated uniaxial unconfined
compression of cohesive beds using the Distinct Element
Method (DEM) for a range of strain rates. They also found that
the unconfined yield stress (UYS) did not depend on strain rate for
small values of strain rate (less than 2 s�1), and only exhibited
dependency for larger values, where a linear relationship between
UYS and strain rate was reported. A power law fit with a power
index of 1.2 showed the best fit for the simulations data. The
threshold strain rate which defined the limiting quasi-static rate
was found to be slightly dependent on the inter-particle cohesion,
where by increasing the cohesion the threshold was increased
slightly. It was also shown that by increasing the pre-consolidation
stress, the sensitivity of UYS to the strain rate decreased in the
intermediate and inertial regimes, which is in-line with Tardos
et al. (2003) findings on assembly concentration. It should be
noted that possible effects of aeration were not considered in the
above analysis.

In the present work an attempt is made to investigate the
sensitivity of the stresses in an assembly of cohesive spherical
particles in the ball indentation process (Pasha et al., 2013) using
DEM. Again, the effect of air drag in this analysis is ignored.

1.1. Ball indentation technique

Hassanpour and Ghadiri (2007) proposed a test method for
assessing the flowability of cohesive powders based on ball
indentation on a powder bed. The method has a unique advan-
tage as it can be performed on small amounts of loosely
compacted powders. For the experimental indentation process,
a powder sample is lightly consolidated into a cylindrical die
which is made of low friction materials in order to reduce the
effects of wall friction. The surface of the consolidated bed is then
indented using a spherical indenter and the depth/load cycle is
recorded from which the ‘hardness’ of the powder surface is
inferred. For continuum solids, hardness represents the flow
stress following a certain extent of strain (Tabor, 2000). The
same approach has been explored for particulate solids by Wang
et al. (2008), where it has been shown that the flow stress
obtained by this method correlates well with the unconfined
yield stress measurements obtained from shear cell and uncon-
fined uniaxial compression test methods. Here we use the terms
hardness and flow stress interchangeably. Hardness, H, is given
by the ratio of the maximum indentation load, F, to the projected
area of the impression,

H¼ F
A

ð2Þ

where A is the area of the base of the spherical cap that is formed
by the impression. The projected area can be expressed in terms
of the size of the indenter and depth of impression:

A¼ πðdh�h2Þ ð3Þ
where d is the indenter diameter and h is the depth of
impression.

2. DEM simulation of ball indentation process

For the analysis of contact force distribution and the resulting
stresses in an assembly of particulate solids, the most appropriate
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approach is the use of computer simulations by DEM. Details on
the methodology and its applications are presented elsewhere
(Cundall and Strack, 1979; Zhu et al., 2008). Pasha et al. (2013)
investigated the criteria which defined the minimum required
sample quantity and the suitable indenter size range for the ball
indentation method using DEM simulations. It was found that a
minimum dimensionless penetration (ratio of penetration depth
to indenter radius) of 0.1 was required in order to initiate a plastic
flow in the assembly. It was shown that a minimum bed height
and a minimum bed diameter of 20 and 45 particle diameter
ratios, respectively, were required in order to achieve reliable
measurements of hardness. A sensitivity analysis of indenter size
revealed that indenter to particle diameter ratios smaller than 16
exhibited fluctuations in powder flow stress measurements, which
did not represent shear deformation. Larger indenters provided
stable values for flow stress, subject to the minimum sample
criteria being met (Pasha et al., 2013). In the present work, the
simulations are based on meeting the criteria defined by Pasha
et al. (2013). The ratios of sample height and sample diameter to
particle diameter are 20 and 45, respectively. The dynamic
indentation process was simulated using a 16 mm diameter
indenter.

The simulations are conducted using EDEMs software pro-
vided by DEM Solutions, Edinburgh, UK. The normal and tangen-
tial contact forces are evaluated based on the special case of the
linear elasto-plastic and adhesive model of Pasha et al. (2014), as
shown in Fig. 1. In this model, when two adhesive spheres come
into contact, the normal force drops to a certain negative value,
8fce/9, where fce is the JKR (Johnson et al., 1971) pull-off force given
by Eq. (4),

f ce ¼
3
2
πRnΓ ð4Þ

where Rn is the reduced radius given by Eq. (5) and Γ is the
interface energy.

Rn ¼ 1
R1

þ 1
R2

� ��1

ð5Þ

where R1 and R2 are the radii of the spheres in contact. On initial
compressive loading, the contact is considered to be plastically
deforming with a stiffness (slope) kp (see Fig. 1) to a maximum
overlap of αmax. The unloading is fully elastic, during which the
force drops on a line with slope ke. Unloading below αp (overlap at
which the contact force becomes zero) produces an adhesive force
until the pull-off force (i.e. maximum tensile force), fcp, is reached
at the overlap αcp. Further unloading leads to a reduction in the
attractive force, with a slope -ke until detachment occurs at
overlap αfp, where the contact force is 5fcp/9. The increase in the
pull-off force due to increased plastic deformation in this model is

governed by the plastic-adhesive stiffness, kcp. Reloading at any
instant leads to an increase of the force along the same line, that is,
the line with slope -ke and ke for overlaps smaller than αcp and
αmax, respectively, until the previous maximum force is reached; if
α increases further beyond αmax, the force again follows the line
with slope kp and αmax is adjusted accordingly (Pasha et al., 2014).

The tangential force calculation of this model is based on a
linear tangential stiffness, kt,

f t ¼ ktαt ð6Þ

where αt is the tangential displacement. The sliding criteria
considers a contribution from the adhesive force based on the
work of Savkoor and Briggs, (1977), and Thornton and Yin, (1991),
as given by,

f trμ jf njþ2jf cpj
� �

ð7Þ

where m is the coefficient of sliding friction, fn is the normal
contact force and fcp is the pull-off force.

Particles with a normal size distribution (dmin¼0.896 mm and
dmax¼1.410 mm) and a mean diameter of 1 mm (as shown in
Table 1) are generated inside a cylindrical die with a diameter of
45 mm. The use of a poly disperse particle population rather than
a perfectly mono disperse population would avoid the formation
of ordered packing. In order to provide a bed height of approxi-
mately 20 mm, 29000 particles are generated.

The tangential stiffness, kt, was equated to the elastic stiffness, ke,
throughout the simulations, following Cundall and Strack, (1979),
who showed that for elastic bodies in contact with elliptical contact
areas, the ratio of tangential to normal stiffness is in a range from 2/
3 to 1. The material and interactional properties of the particles and
geometries are summarised in Tables 2 and 3.

Fig. 1. Special case of the linear elasto-plastic and adhesive contact model of Pasha
et al. (2014).

Table 1
Size distribution of the generated particles.

Particle Diameter
(mm)

Number Frequency
(%)

0.724 3.87
0.814 11.31
0.896 21.14
1.000 27.92
1.104 20.99
1.188 11.02
1.278 3.76

Table 3
Interaction properties used in the simulations.

Interactional Property Particle-Particle Particle-Wall

Coefficient of restitution 0.5 0.3
Coefficient of sliding friction 0.15 0
Coefficient of rolling friction 0.01 0
Interface energy (J m�2) 2.0 0

Table 2
Material properties used in the simulations.

Material Property Particles Geometries

Envelope density (kg/m3) 2500 7800
Poisson's ratio (dimensionless) 0.25 0.3
Elastic stiffness, ke (MN/m) 1 8
Plastic stiffness, kp (MN/m) 0.1 –

Plastic-adhesive stiffness, kcp (MN/m) 0.01 –
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The particles are assumed to be elasto-plastic and adhesive
spheres whereas the die walls and the indenter are assumed to
be perfectly elastic. The particles are generated within the die,
ascribed the properties as given in Tables 1–3 and allowed to
settle under gravity. The assembly is then consolidated with a
piston at a constant strain rate of 1 s�1 to 10 kPa. Once the
desired stress is achieved, the piston is unloaded at the same
speed (0.0192 m/s) as that of the loading, but with opposite
direction. The reason for 10 kPa pre-consolidation load being
applied is that it is within the realistic range of experimental
work, where results of other flowability techniques, e.g. uniaxial
unconfined compression, have been reported. The indentation
process on the pre-consolidated assembly is simulated for a
range of strain rates. The indentation strain rate, γ, is considered
to be the rate of penetration divided by the radius of the indenter
as described in Eq. (8),

γ ¼ vi
ri

ð8Þ

where vi is the indenter speed and ri is the indenter radius. The
strain rate is made dimensionless using Eq. (1). The range of
dimensionless strain rates analysed is from 0.0115 to 6.5 (equiva-
lent to indenter speeds of 0.009 to 5.15 m/s). In order to analyse
the internal stresses, a similar approach to the previous work of
Pasha et al. (2013) is considered, where the hydrostatic and
deviatoric stresses inside a dynamic cuboid bin just below the
indenter (see Fig. 2) are calculated. This bin has dimensions
of 5.2, 5.2 and 4.2 mm in x, y and z directions, respectively, while
its position is fixed relative to the indenter, that is, it moves with
the indenter (see Fig. 2).

The forces acting on each particle whose centre was inside this
bin are calculated and the components of the stress tensor within
the bin were evaluated using Eq. (9),

σij ¼ �1
V
∑
Np

∑
Nc

jxci �xpi jniFj ð9Þ

where σij is the ij-component of the stress tensor, V is the volume
of the bin, Np is the number of particles in the bin, Nc is the
number of contacts around particle p, and xci , xpi and ni are the
i-components of contact location, particle centre and normal
vector directed from a particle centroid to its contact, respectively,
and Fj is the j-component of the contact force (Bagi, 1996).
The hydrostatic, σhyd, and deviatoric, τD, stresses are evaluated
from normal stresses using Eqs. (10) and (11), respectively (Luding,
2008),

σhyd ¼
σ1þσ2þσ3

3
ð10Þ

τD ¼ σ1�σ2ð Þ2þ σ1�σ3ð Þ2þ σ2�σ3ð Þ2
6

 !1=2

ð11Þ

where σ1, σ2 and σ3 are the principal stresses.

3. Results and Discussion

The hardness, hydrostatic and deviatoric stresses inside the
dynamic bin are shown in Fig. 3(a)-(d) as functions of dimension-
less penetration for dimensionless strain rates of 0.01, 0.23, 0.46
and 2.30, respectively. As it can be seen, by increasing the strain
rate the fluctuations become more significant. This is in line with
the findings of Tardos et al. (2003), who showed that by increasing
the strain rate large fluctuations appeared and a “liquid-like”
viscous character was manifested by the bulk powder. With higher
strain rates, a larger average value of hardness is evaluated,
although the fluctuations are influential in determining this
average. These results are logically consistent as the flow stress
(hardness) is larger than the other two stress types due to the ball
indentation being constrained (Tabor, 2000). Also the hydrostatic
stress is larger than the deviatoric stress, as the deformation is
active and σzzâª¢σxx or σyy. Additionally, the dominance of particle
inertia reduces the influence of frictional contributions and the
difference between the hydrostatic and deviatoric stresses
reduces.

In order to facilitate further observations, the hardness,
hydrostatic and deviatoric stresses inside the dynamic bin under
the indenter are shown in Fig. 4(a)-(c), respectively, as a function
of dimensionless penetration for the four dimensionless strain
rates. A close examination of these figures indicates a threshold
strain rate above which the stresses in the system increase
substantially.

In order to specify this threshold in terms of the dimension-
less strain rate, a wide range of indentation speeds were simu-
lated and analysed. The hardness, hydrostatic and deviatoric
stresses inside the dynamic bin are plotted in Fig. 5 as functions
of γn with the error bars indicating the standard deviation of the
fluctuations. As it can be seen, the stresses are insensitive to
strain rate variations for small indenter speeds up to a dimen-
sionless strain rate of about unity, beyond which the stresses
start increasing. The error bars also decrease in width with the
lowering of the strain rate, in line with Tardos et al., (2003) work,
where it was found that the dynamic and quasi-static regimes
reached asymptotically to the limits of large and small fluctua-
tions, respectively.

5.2 mm

4.2 mm

x

z
5.2 mm

4.2 mm

Fig. 2. Schematic diagram of the dynamic bin underneath the indenter at two different penetration depths.
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Fig. 6 shows the hardness, hydrostatic and deviatoric stresses
inside the dynamic bin as functions of γn for values γno1, with the
error bars indicating the standard deviation of the fluctuations.

As it can be seen, the stresses are relatively independent of the
strain rate for this range, though the fluctuations increase with γn.

It is noteworthy that the ratio of hardness over the internal
stresses is constant for γno1 (see Fig. 6), but it changes with the
strain rate above this threshold (see Fig. 5), implying that the flow
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in the range 0.01–2.30. (a) γn¼0.01, (b) γn¼0.23, (c) γn¼0.46 and (d) γn¼2.30.

0

10

20

30

40

50

60

0 0.2 0.4 0.6 0.8 1

H
ar

dn
es

s (
kP

a)

Dimensionless penetration (-)

γ* = 0.01 γ* = 0.23

γ* = 0.46 γ* = 2.30

0

5

10

15

20

25

0 0.2 0.4 0.6 0.8 1

H
yd

ro
st

at
ic

 st
re

ss
 (k

Pa
)

Dimensionless penetration (-)

γ* = 0.01 γ* = 0.23
γ* = 0.46 γ* = 2.30

0

2

4

6

8

10

12

14

16

18

0 0.2 0.4 0.6 0.8 1

D
ev

ia
to

ri
c 

st
re

ss
 (k

Pa
)

Dimensionless penetration (-)

γ* = 0.01 γ* = 0.23
γ* = 0.46 γ* = 2.30

Fig. 4. (a) Hardness, (b) hydrostatic and (c) deviatoric stresses inside the dynamic
bin as functions of dimensionless penetration for four of dimensionless strain rates
in the range 0.01–2.30.

0

20

40

60

80

100

120

140

160

180

0 1 2 3 4 5 6 7

St
re

ss
(k

Pa
)

γ* (-)

Hardness Hydrostatic Deviatoric

Fig. 5. Hardness, hydrostatic and deviatoric stresses inside the dynamic bin as
functions of dimensionless strain rate with the error bars indicating the standard
deviation of the fluctuations.

M. Pasha et al. / Chemical Engineering Science 123 (2015) 92–9896



stress, as expressed by the indentation hardness, becomes strain
rate dependent at high strain rates.

The strain rate dependency is a matter of particle inertia, giving
rise to different force transmission fabric, and should hence be
independent of the integration time-step. In order to check this,
the integration time-step was varied and the stress profile ana-
lysed. The integration time-step is calculated based on a mass-
spring system which is given by Eq. (12).

Δt ¼
ffiffiffiffiffiffiffi
mn

kn

r
ð12Þ

where mn is the equivalent mass of the smallest particle given by
Eq. (13), and kn is the largest equivalent stiffness in the system
given by Eq. (14).

mn ¼msmallest

2
ð13Þ

where msmallest is the mass of the smallest particle in the system.

kn ¼ klargest
2

ð14Þ

where klargest is the largest stiffness in the system. In order to
investigate the dependency of the simulation results on the time-
step, the simulation of the indentation process with the dimen-
sionless strain rate of 2.30 (i.e. large strain rate) was performed
using different time-steps. The time-step is calculated using
Eq. (15).

Δtd ¼ ζ:Δt ð15Þ
where ζ is the fraction of the critical time-step and Δt is the
critical time-step evaluated based on the mass-spring theory using
Eq. (12). The average values and standard deviations of hardness,
deviatoric and hydrostatic stresses are plotted in Fig. 7 as a
function of ζ.

The results of the hydrostatic and deviatoric stresses are
insensitive to the time-step for the range investigated here.

However, the average value of hardness is slightly smaller for
the fraction of the time-step 0.01 as compared to 0.10 and 1.00.
This difference is still negligible relative to the magnitude of the
deviations in the system. It can therefore be concluded that the
influence of strain rate on the stresses occurring in an assembly of
cohesive spheres subjected to ball indentation, as observed here, is
not an artefact of the time-step.

4. Conclusions

The hardness, deviatoric and hydrostatic stresses of a bed of
cohesive spheres subjected to ball indentation have been analysed
as a function of the indentation strain rate for the first time. These
stresses are almost constant up to a dimensionless strain rate of 1,
though fluctuations begin to increase from γn¼0.5. However,
when γn is greater than 1, these stresses start increasing with γn,
with the increase in hardness being the most substantial. The
information obtained here corroborates the trend already reported
in the literature (Tardos et al., 2003; Savage, 1979; Savage and
Sayed, 1984; Bagnold, 1954; Campbell and Brennen, 1985) and
confirms that the ball indentation technique can be used to
analyse powder flowability in a wide range of strain rates in a
quick and easy way, with the added advantage that only a small
quantity of powder is required.
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