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Torque-Ripple Minimization in Modular
Permanent-Magnet Brushless Machines

Kais Atallah, Jiabin Wang, Member, IEEE, and David Howe

Abstract—This paper discusses the suitability of four-phase,
five-phase, and six-phase modular machines, for use in appli-
cations where servo characteristics and fault tolerance are key
requirements. It is shown that an optimum slot number and pole
number combination exists, for which excellent servo character-
istics could be achieved, under healthy operating conditions, with
minimum effects on the power density of the machine. To eliminate
torque ripple due to residual cogging and various fault conditions,
the paper describes a novel optimal torque control strategy for
the modular permanent-magnet machines operating in both
constant torque and constant power modes. The proposed control
strategy enables ripple-free torque operation to be achieved, while
minimizing the copper loss under voltage and current constraints.
The utility of the proposed strategy is demonstrated by computer
simulations on a four-phase fault-tolerant drive system.

Index Terms—Fault tolerant, modular machines, optimal con-
trol, permanent-magnet machines, servo drives.

I. INTRODUCTION

BRUSHLESS permanent-magnet servomotors are increas-
ingly being used in a variety of applications due to their

high power density, high efficiency, and excellent dynamic
performance as compared with other motor drive technologies.
However, the presence of torque ripple in brushless perma-
nent-magnet motors is often a major concern in applications
where speed and position control accuracy is of great impor-
tance. Conventional three-phase permanent-magnet brushless
servo motors embody design features such as distributed
windings and/or stator/rotor skew, in order to minimize the
cogging torque and harmonics in the induced electromotive
force (EMF) [1]–[4], which result in increased manufacturing
costs and reduced efficiency and power density. Furthermore,
for applications where in addition to good servo characteristics,
a degree of fault tolerance is also required, conventional brush-
less servo motors, would not meet the reliability requirements.

Modular permanent-magnet brushless machines, Fig. 1, differ
significantly from conventional brushless machines, in that only
alternate stator teeth carry a wound coil, which is conducive to
low-cost, high-volumemanufacturing, forapplications in, forex-
ample, the automotive market, where a three-phase modular de-
sign is preferred and the machine can be driven by a conventional
three-phase inverter. In addition, since the phase windings are es-
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Fig. 1. Schematics of modular fault-tolerant machines. (a) Four phase. (b) Five
phase. (c) Six phase.

sentially isolated, magnetically, thermally and physically, their
fault tolerance is significantly higher [5]–[7].

Furthermore, for a given number of phases, a relatively large
number of combinations of stator slots and rotor poles exist [8].

Generally, it is assumed that modular machines have a sinu-
soidal back-EMF waveform, so that the current controller is re-
quired to track a set of sinusoidal current commands propor-
tional to a given torque demand. However, this simple control
strategy inevitably results in an undesirable torque ripple during
normal operation if the back-EMF waveform is nonsinusoidal,
and a large torque pulsation under a fault condition, such as an
open-circuited or a short-circuited phase. While this problem
may be partly overcome by adopting an optimal torque con-
trol strategy which is aimed at minimizing the copper loss when
delivering the required torque demand [11]–[13], the effective-
ness of existing strategies is limited by the available converter
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voltage, since, by minimizing the copper loss, the resulting cur-
rent command tends to be in phase with the back EMF. Con-
sequently, at high speed the controller cannot track the com-
manded currents due to the limited converter voltage.

Many safety critical applications require a fault-tolerant drive
to operate over a wide speed range, encompassing both constant
torque and constant power operating modes. However, although,
theoretically, a fault-tolerant brushless machine with one per
unit inductance should be able to operate over an infinitely wide
constant power region [14], existing control methods do not pro-
vide an effective means of facilitating such operation under both
normal and faulted conditions. As a result, the potential power
capability of modular machines is significantly compromised.

This paper discusses the suitability of four-phase, five-phase,
and six-phase modular machines, for use in applications where
servo characteristics and fault tolerance are key requirements,
when a conventional sinusoidal phase current excitation is em-
ployed. It is shown that an optimum slot number and pole number
combination exists, for which excellent servo characteristics
could be achieved, under healthy operating conditions, with
minimum effects on the power density of the machine. However,
since a phase short-circuit or open-circuit fault, will result in
significant torque ripple, the paper also describes a generalized
optimal torquecontrolstrategy,applicable tobothconstant torque
and constant power operating regions, and enables a ripple-free
torque to be produced under healthy and faulted conditions.

II. EMF HARMONIC DISTORTION AND COGGINGTORQUE

A. EMF Harmonics

In brushless ac servomotors, with sinusoidal phase current
waveforms, harmonic distortion in the EMF and cogging are
the two main sources of ripple in the output torque, and several
techniques, such as winding distribution and rotor/stator skew
are employed, in order to achieve sinusoidal EMF waveforms
and reduce cogging.

For a healthy -phase machine, the electromagnetic torque
is given by

(1)

where is the peak phase current,is the speed of the motor,
is the number of pole pairs of the permanent magnets, and

is the amplitude of the th EMF harmonic. Since there are no
even-order harmonics in the air-gap flux density distribution due
to the permanent magnets,is a positive odd number. Equation
(1) can be written as

(2)

Thus,

(3)

Therefore, an EMF harmonic of ordercontributes to the gen-
eration of torque ripple only if , where is an
integer. Thus, the EMF harmonics, which interact with the si-
nusoidal phase current waveforms to generate torque ripple, are
as follows:

• , for a three-phase ma-
chine;

• , for a four-phase
machine;

• , for a five-phase machine;
• , for a six-phase machine.

Consequently, for a four-phase machine all EMF harmonics will
contribute to the generation of torque ripple,and conversely, for
a five-phase machine only the higher order EMF harmonics,
which are of small/negligible magnitude, generate torque ripple.

B. Slot Number and Pole Number Combination

In addition to other design parameters, such as magnetization
distribution, slot opening, air-gap length, pole-arc-to-pole-pitch
ratio, etc., the slot number and pole number combination of a
particular design represents a good indication of its cogging
performance. Recent work by the authors [8] showed that for a
given number of phases of a modular machine a large number
of feasible pole number and slot number combinations exist.
Table I shows the smallest common multiple,, of the number
of slots, , and the number of poles, , and the optimal
pole-arc-to-pole-pitch ratio for minimizing the fundamental
component of cogging torque [10] (neglecting the fringing
magnet flux into the slots), ,
of feasible one coil per phase modular machine variants. It
can be seen that a large number of design variants exist, and
it can also be seen that for most design variants, the optimal
pole-arc-to-pole-pitch ratio is relatively large.

III. D ESIGN VARIANTS OF MODULAR MACHINES

Fig. 1 shows schematics of a four-phase, a five-phase, and
a six-phase modular fault-tolerant permanent-magnet brushless
machine, respectively, which have been designed to meet the
specification requirement of an electromechanical actuator for
the more-electric aircraft. The three machines are equipped with
parallel-magnetized SmCo permanent-magnet arcs,
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TABLE I
SMALLEST COMMON MULTIPLE OF THE NUMBER OFSLOTS AND THE NUMBER

OF POLES, AND OPTIMAL POLE-ARC-TO-POLE-PITCH RATIO (IN BRACKET)

Fig. 2. Comparison of predicted and measured cogging torque waveform for
six-phase modular machine.

and have been chosen from a number of one coil per phase
modular machine variants. Two-dimensional finite-element
analysis has been employed to predict the EMF and cogging
torque waveforms of the four-phase, five-phase, and six-phase
machines and their one coil per phase variants. The machines
with the same number of phases have the same stators, the
same air-gap length and the same magnet thickness and magne-
tization distribution. Fig. 2 compares predicted and measured
EMF and cogging torque waveforms for the six-phase machine,
shown in Fig. 1(c), where it can be seen that a good agreement
exists.

Tables II–IV show the peak cogging torque, as a percentage
of the rated torque, the total harmonic distortion (THD) in the
EMF, and the EMF fundamental for the four-phase, five-phase,
and six-phase machines and their one coil per phase design
variants, respectively, when employing one magnet per pole as
well as two magnets per pole, each being half the axial length
of the rotor, and displaced by half the period of the cogging
torque waveform, Fig. 3. In addition, only the EMF harmonics,
which contribute to the generation of torque ripple when the
machine is supplied by sinusoidal phase current waveforms,
are considered in the THD. It can be seen that since for the
four-phase designs all EMF harmonics contribute to the genera-
tion of torque ripple, these exhibit large THDs in the EMF. Thus,
a four-phase design may not be suitable for applications where

TABLE II
PEAK COGGING TORQUE, THD, AND EMF FUNDAMENTAL— FOUR-PHASE

MACHINE

TABLE III
PEAK COGGING TORQUE, THD, AND EMF FUNDAMENTAL— FIVE-PHASE

MACHINE

TABLE IV
PEAK COGGING TORQUE, THD, AND EMF FUNDAMENTAL— SIX-PHASE

MACHINE

(a) (b)

Fig. 3. Schematics of magnet arrangements. (a) One magnet per pole. (b) Two
magnets per pole.

a servo characteristic is required. It can also be seen that some
slot number and pole number combinations of five-phase and
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six-phase design variants would exhibit excellent servo charac-
teristics simply by choosing an optimal pole-arc-to-pole-pitch
ratio and/or choosing two magnets per pole, with a negligible
loss in torque capability.

The combinations of 10-slot and 8-pole/12-pole, for the five-
phase option, and 12-slot and 10-pole/14-pole, for the six-phase
option, represent an optimum in the one coil per phase modular
machine category.

IV. OPTIMAL TORQUECONTROL STRATEGY

For an -phase modular permanent-magnet machine
equipped with a surface-mounted magnet rotor, the electro-
magnetic torque which results when a fault occurs on phase

, is given by

for an open-circuit fault
for a short-circuit fault

(4)

where is the instantaneous current in phase, and
is the instantaneous torque of phaseat a given

rotor angular position , where is the magnet flux linkage
with phase and is the number of pole -pairs, and similarly for
the faulted phase. In the above discussion, a winding short-cir-
cuit fault at the terminals is considered. In the case of a par-
tial, inter-turn short circuit, the resulting current in the shorted
turns will be much greater than that which results with the ter-
minal short circuit. The controller must immediately short the
terminals via the power converter in order to bring the current
in the shorted turns back to the level of the short-circuit current
at the terminals, upon the detection of the shorted turn fault [15].
The subsequent optimal torque control, therefore, deals with the
case of a winding short circuit at terminals. For a given torque
demand , the optimal instantaneous currents in the healthy
phases can be determined by minimizing a cost functionde-
fined as

(5)

subject to the following:

(6)

and current and voltage constraints whereis a weighting
factor which is dependent on the speed and torque demand,
is the self-inductance of each phase, andgiven by

for an open-circuit fault
for a short-circuit fault

(7)

represents the uncontrollable torque ripple caused by a winding
fault and the cogging torque, , which may still exist even
if all the design parameters mentioned previously have been op-
timized. A closed-form solution for the above optimization may
be obtained using the quadratic programming technique. First,
considering the torque demand of (6), and introducing a La-

grange multiplier , the augmented cost function is given
by

(8)

At the optimal solution, the cost function must satisfy

(9)

Substituting (8) into (9), and solving for yields the instanta-
neous phase currents given by

(10)

When current and voltage limits are taken into account, a simple
algorithm can be used to adjust the results in (10). By way of
example, assuming the current in a healthy phasereaches the
current limit , the maximum torque contribution from this
phase is

(11)

The remaining phases are treated as a new subset, and the their
optimal current demands are determined in a similar manner as
previously described. Thus,

(12)

The new set of current demandsare checked to identify if
any phase current reaches its limit. This process is repeated until
all the current demands satisfy the current limit constraint. The
voltage limit constraint can be dealt with in a similar manner.

As will be seen from (5), the weighting factordictates the
amount of flux-weakening effect in the optimization process.
Below the base speed , which is defined as the maximum
speed at which the drive system can produce rated smooth
torque without flux weakening, the weighting factor is set
to zero. Therefore, the objective function becomes ,
which is equivalent to minimizing the copper loss .
Above the base speed, is a nonzero positive number, which
specifies the magnitude of the flux weakening, and varies as a
function of both the speed and the torque demand in a
manner given by

(13)

where is the rated torque at the base speed. The optimiza-
tion is, therefore, weighted to minimize the copper loss and the
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TABLE V
PARAMETERS OFFOUR-PHASE FAULT-TOLERANT PERMANENT-MAGNET

MACHINE

Fig. 4. Variation of torque as a function of rotor position under normal and
short-circuit conditions with conventional control strategy.

total flux linkage. As a result, the back EMF is decreased by the
effect of flux weakening, and the machine can deliver smooth
torque throughout the constant-power operating region.

V. SIMULATION RESULTS

The proposed optimal torque control strategy has been imple-
mented by computer simulation on a four-phase, 8-slot, 10-pole
modular machine, a schematic of which is shown in Fig. 1(a).
This machine is chosen because it exhibits the largest EMF har-
monics and, hence, is more demanding in order to achieve a
torque ripple free operation by means of the optimal torque con-
trol strategy developed in Section IV. The fundamental EMF, the
phase inductance, and the resistance of the machine are given in
Table V.

Each phase is controlled separately from an H-bridge with
a dc supply of 45 V. Fig. 4 compares the torque waveform of
the healthy four-phase modular machine with that which results
when a phase is short circuited, the controller being required
to track a set of sinusoidal current commands to produce the
rated torque of 21.36 Nm at a rotor speed of 100 rad/s. As
will be seen, due primarily to EMF harmonics and the short-cir-
cuit fault, 11.3% and 55.1% torque ripples exist under healthy
and fault conditions, respectively. However, these torque ripples
can be eliminated completely by using optimal torque control.
Fig. 5 shows the current, voltage, EMF, and torque waveforms
of the four-phase machine which result under the short-circuit
fault condition with the proposed control strategy operating in
the constant torque region for the same torque demand and rotor
speed as in Fig. 4. It is evident that smooth torque is produced at
the expense of increased current harmonics and a higher.
The peak phase voltages which are required to realize these cur-
rent trajectories also appear to be much higher than those under a
normal operation condition. However, withbeing set to zero,

(a)

(b)

Fig. 5. Current, voltage, EMF, and torque waveforms under short-circuit
condition with proposed control strategy operating in constant torque region
at rotor speed of 100 rad/s. (a) Phase currents. (b) Voltage, EMF (in a healthy
phase), and torque.

Fig. 6. Variation of phase-2 current and EMF as a function of rotor position
under short-circuit condition with proposed control strategy.

the optimal solution minimizes the copper loss , with
the effect that the phase currents are in phase with their respec-
tive EMFs, as illustrated in Fig. 6. Hence, for a fixed dc-link
voltage, the maximum speed at which the rated torque can be
produced smoothly under a short-circuit fault condition will be
much lower than that under healthy conditions.
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(a)

(b)

Fig. 7. Current, voltage, EMF, and torque waveforms under short-circuit
condition with proposed control strategy operating in constant-power region
at rotor speed of 400 rad/s. (a) Phase currents. (b) Voltage, EMF (in healthy
phase 2), and torque.

As the rotor speed increases, the available control voltage to
realize the required current trajectories becomes progressively
less. Therefore, in order to achieve a smooth torque output, it
is necessary to introduce a degree of flux-weakening propor-
tional to the speed and torque demand. Fig. 7 shows the current,
voltage, EMF, and torque waveforms of the four-phase mod-
ular machine under the short-circuit fault condition with the pro-
posed control strategy operating in the constant power region at
a rotor speed of 400 rad/s. As can be seen, a ripple-free torque
of 8.25 Nm is achieved in the flux-weakening mode even under
the short-circuit condition. It is also evident from the phase-2
current and EMF waveforms in Fig. 6(a) and (b) that a signif-
icant degree of phase advance in the current with respect to its
EMF has been produced to achieve the required flux weakening.

VI. CONCLUSION

The suitability of modular permanent-magnet brushless ac
machines for applications in which both a servo characteristic
and fault tolerance are required performance attributes has been
discussed. It has been shown that optimum combinations of the
number of stator slots and the number of rotor poles exist which

enable modular machines to satisfy such requirements under
healthy conditions. In addition, a generalized optimal torque
control strategy has been described, and shown to produce a
ripple-free torque under both healthy and faulted conditions, in
both constant-torque and constant-power operating regions.
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