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A BOUND FOR THE MAGNITUDE CHARACTERISTICS OF
NONLINEAR OUTPUT FREQUENCY RESPONSE FUNCTIONS

PART II: PRACTICAL COMPUTATION OF THE BOUND
FOR SYSTEMS DESCRIBED BY THE NARX MODEL

S. A. Billings and Zi-Qiang Lang

Department of Automatic Control and Systems Engineering
University of Sheffield
Mappin Street, Sheffield, S1 3JD, U.K.

Abstract: In Part I of this paper the concept of a bound for the output frequency response magnitude
characteristics of nonlinear systems was proposed and general calculation and analysis procedures
were developed. In this, the second part of the paper, a new recursive algorithm for the computation
of the gain bounds for the generalised frequency response functions of the polynomial NARX model
is proposed and effective procedures for the practical computation of the new bound are developed.
Simulated examples are included to verify the effectiveness of the proposed procedures.

1. INTRODUCTION

In Part I of this paper the concept of a bound for output frequency response magnitude
characteristics of nonlinear systems was proposed. It was shown that the expression for the
new bound is similar in form to the relationship between the input and output magnitude
frequency characteristics of linear systems and that the practical computation of the bound
can easily be performed for nonlinear systems of finite but arbitrary order nonlinearities.

In this the second part of the paper the practical computation of this new bound for
nonlinear systems described by the polynomial NARX (Nonlinear AutoRegressive model with
eXogenous input) model is investigated. The emphasis is placed upon developing a new
recursive algorithm for the computation of the gain bounds for the generalised frequency
response functions (GFRFs) of the polynomial NARX model and then using this together
with the results from Part I of the paper to produce effective procedures for the practical
computation of the new bound on this model. The results can be applied to analyse or
synthesise a wide class of nonlinear systems to evaluate or formulate appropriate bounds on
the output magnitude frequency domain responses. Simulation studies are included to
illustrate the effectiveness of the proposed methods

2. PRELIMINARIES
2.1 Output Frequency Characteristics of Nonlinear Systems

The output frequency characteristics of nonlinear systems which are stable at the zero
equilibrium point and can be described in the neighbourhood of the equilibrium point
by the Volterra series can be expressed as (Lang and Billings 1994)
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N
Y(jo)=YY,(jo) forVa
n=l

1/\n

(21,[)11—1

Y, (jo) = [1Go,.....j0,)ds, 2.1)

O+ HO =0

Y, (jo,,..., j©,) = H,(jo,,....jo ) [ JU(jo,)
i=1

.

where Y(jo) and U(jw) represent the Fourier transformations of the system output and
input, ¥ (jw) is the nth order output frequency characteristic, N is the maximum order of the

dominant system nonlinearity, H,(j®,,...,j®,) is the nth order GFRF and
IK(jm],...,jmn)dGm denotes the integration of Y, (j®,,..., j® ) over the n-dimensional

hyperplane @ = ®, +,...,40, .

For an input frequency spectrum defined by
U(jo) we[a,b] b>a=0
0 for otherw >0

U(jo) ={ (2.2)

R, the nonnegative frequency range produced by the nth order nonlinear output can be
calculated using the following algorithm (Lang and Billings 1994)

21—]
R, =JIxl.y!1
i=1

[x;}{ﬂ[min{B,,A,,(z',:)},max{BnA,,(z',:)}]}, b1

yi |~ L f,[min{B,A; (i,:)}, max(B,A; (i,:)}]

4 LA (1) I, [ I,B_ (1) B

A = : |, B = : | n22
LA, (2% 1, 1B, (2"",:) B,

i af] ] ene[]

(2.3)
where the functions f, and f, are defined as
x ify>x20
fi(x,y)= |y| if02y>x (2.4)
0 ify>0>x
and
y ify>x20
fHilx,y)=3 |x] if0o2y>x (2.5)

max[y,|x|]] ify>0>x
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and A, (i,:) and B, (i,:) represent the ith row of A and B, respectively. From R, the frequency
range produced by the nth order nonlinear output can easily be obtained as

R UR,=-R UR \{0) (2.6)
P where —R, denotes the set which possesses elements of opposite signs to those in the set R.

The above results are natural extensions of the well known facts in linear systems that the
output frequency characteristics are linearly related to that of the input by

Y(jo) = H,(jo)U(jw) (2.7)

and that the frequency range of the system output is the same as that of the corresponding
input.

2.2 General Expression and Calculation Procedures for the Bound on
Output Frequency Response Magnitude Characteristics of Nonlinear
Systems

In Part I of this paper it has been shown that for the nonlinear systems considered in
Section 2.1 a bound for the output magnitude frequency domain characteristics can be
expressed as

N

1 _ .
¥ (w)= z(zn)"" |H, (jok ... job,)
n=1 b

Ul*--#U (jo)| (2.8)

n

where Y?(®) denotes the bound, {®},,...,w" } represents the co-ordinates of a point on the

n-dimensional hyperplane ®,+,...,+®, = ® and

|U|**

n

vGo) = [ el uGe, Ulie-0-~o,)]do,do,_,

represents the n-dimensional convolution integral of [U ( jm)] for discrete time nonlinear
systems.

Part I of this paper also suggests the following general procedures for the practical
computation of this bound.

First compute

H,(j,....,j,)[., a bound for |H, (jo,,..., j©,)| with ®,,...,®, satisfying
the constraint @, +,...,+®, = ®; then calculate |U[*---*|U(jo)| using the developed algorithm
—

n

L]

( = M 271 M
*”'* = ] T _'-'"-l .=— —— .--,O’-.-!
{U| TU[i+( - I)n](M) i=—n( : 1), n—

27
Ui .
(J—MTI)

-

~
n

(O10]..., Oln(M =)} = Conv{[T(0),..., UM =1)},.. ,[0(0),... OM-D])  2.9)

2n. M .
Ud[lﬂ_(ln?+l)]’ i=0,1,....M-1

A

U@i) =




R R R R RO

where U,(.)=U(.) and T=1 when only the cases of discrete time nonlinear systems are
considered, M is a sufficiently large even number to be given a priori and Comv[x,...,x]

denotes the n-dimensional convolution of the vector x. Finally evaluate

Y ()= 2

I a (T yeees JOO, ’ *.HU(jo)| (2.10)

n

1 (2m )'1

to yield an approximate result for Y?(w) which possesses the same properties as Y?(w). The
difference between the exact result Y?(w) and the approximation Y2 (w) is that the
maximum value of the term taees J* )| is used in the la}l;:%

2.3 Descriptions of the Polynomial NARX Model in Both the Time and
Frequency Domains

A large class of deterministic discrete time nonlinear systems can be described by the

! NARX model (Chen and Billings 1989). The time domain description of this model is
M
y(k)=Yy, (1) (2.11)
m=] .
where y,_ (¢), the NARX mth-order output' of the system, is given by
m K p+q
SNOEDY 2 - p+q)1'[y(r-k)1'[u<r—k> (2.12)
p=0k; i=p+l
with
K K K
ptg=m, k=1..K,i=1,...,p+gq, and 2 = Z 2 (2.13)
k,.km=1 k=1 kp.o=l

Peyton Jones and Billings (1989) have proved that the GFRFs of this nonlinear model can be

B computed recursively from the time domain parameters in (2.12) using the following
algorithm

K
(1= ok exp[—j(@,+,++,+® Yk W H, (jo,,..., jo,)

k=1

!
M~
=0

Kyvennk, ) eXp= (@ k0o, 40 K, )]

ky,

~
II

n

n- ln q K
+ Y c,olkysk, ) EXPl=J(®, ikt 40,k H, (O, O, )
=1 p=1k .k, =1
n K
+3 Y colhnenk VH, (jO,..., j©,) (2.14)
p=2k k,=1
where
n—p+1

H,, (jo,,....j0,)= D H(jo,.... j0)H, (jO,,.., j©,)exp[—j(®,+--+0,)k,] (2.15)

i=1



3. RECURSIVE CALCULATION OF THE GAIN BOUNDS FOR THE
GFRFS OF THE POLYNOMIAL NARX MODEL

The gain bounds for the GFRFs of nonlinear systems are an important concept which can
be applied to measure the significant orders of nonlinearities associated with system
properties. In Chua and Liao (1991), this problem was addressed and an experimental
algorithm was developed to find the highest significant order of the GFRFs. In Zhang and
Billings (1994), an expression for the gain bound for each order of the GFRFs was derived for
nonlinear systems which can be described by the polynomial NARX model . In this section,
an explicit recursive algorithm for the computation of the gain bounds on the polynomial
NARX model is developed to give a calculation procedure which can easily be applied in
practice. The new algorithm will be taken as an important procedure in the next section to
calculate the bounds for the output frequency response magnitude characteristics of nonlinear
systems described by this model.

3.1 Derivation of the New Recursive Algorithm

From (2.14), H,(j®,,..., jo,) can be written as

. . 1
H (jo,,...,.jo, )= 2 %
(1= Y ¢io (k) expl=j(@,+,++,+®, )k, )
k=1
K
(Y conlhyseesk, ) expl=j(@,k +,++, 40 k)]
ky k=1
n=1n—gq
+ZZ chq(ki P+q)exp[_j(wn-q+1kp+l+ +®nkp+q)] n-q.P(j(Dl" ’jmn q)
g=1 p=1 k ky, =1
n K '
N NV e hiyonssk, JH, A0y, J) (3.1)
P=2k.k,=1
From (3.1) it is obvious that
5 ; 1
|H, (s j0,) S 7— — X
1= Y cio(k; ) expl— (@, +,-+,+, )k, ]
k=1
K n=1 n—
{ Z|Cﬁn(kl" Pq p+q ’Hn-qp(-’m ""’Jmn—q)
ky. k=1 g=1 p=1 k. ky, =1
n K
+3 Y lepo ki, Bl
p=2ky.k,=1
1 K n-1 n-g K . B
<7 D leon (ks k)| + 2 ke | Homy p GO, O, )

n kyky=1 g=1 p=1 k;.k




n K ‘ . B
+Y Y e ks k, )| H, Gy j0,)| ) (3.2)
p=2ky k,=1
where
K
L= min l—k]z;;cw(k,)cxp(— jok,) (3.3)
with R,UR_, given by (2.6), and |H, ,(jo,....,jo,_,)| and |H, ,(jo,,...,jo,)| represent
the bounds of |H,_,  (j@,,..., ju),,_q)| and |H, (j®,,..., jo,)| respectively.
From (2.15) it is known that
n—p+1
H,,(j®@,,.... j©,)| € Y |H GOy jO ) H sy (GO oo JO,)
i=1
& ; . TE ; N . . B
< Y |H (0 JO ) | Ho p (GO s jo )| =|H (G0, j,) (3.4)
i=1
where |H,.(ju)l ..... j(D,.)|B denotes the bound for |H,.(jo)1 ..... jco,.)| and |H, (jO,,..., jmn)a is
defined as
. . B "S +1 . . . . B
H, (jo,,....jo,)| = i |H,(j@yser jO ) | Hy iyt (O JO,) (3.5)
i=1
Denoting
K
D Jcon (o) =D o
ky k=1
K
4 E'Cpq(kl"”’kpw) =Zcpq (3‘6)
kl.kp_,_q:]
K B
¥ lewlisnk, =X 00
ky.k =1
and
. . B B
Hn-P(Ju)l"“’Ja)n) =HH-P
B
Hn-q.P(jml """ jmn-q)i =H:-q.p - (3.7)

|H,(joo,.... jo,)|” = H

in (3.2) and (3.5) and unfolding the summations for p and q in (3.2) yields

; {Zco;: +2520H5+’“"+choHi

+2 clst-l kg ’zclnv?.Hfl +zcln-1H131

B B
+2621Hn—12+’“.’+z Cynn

H, (jo,..., jo ) <

n




+ZC bl ln-Z +ZC e —2n-—2
+ZCH 117 n- ln—

. Li {ZCOn +2 C20H1132+’...’+ZCHOH£1
+ D HP) +Y G (H ) 4,4 Y o (HE)T)

(3.8)

where

ZCF =[2C“,ZCI2,...,ZCIH_1]
{Z{C:=[Zcil’zckl""’2€kn-k] (39)
ZC:—l =[ch_1|]

""[HBII’ n-217" HiBl]

1H [H‘Bmeu,--- Ho i) (3.10)

_[Hsln 1]

In view of (3.5), it can be shown that

Hi_HBHf11+H Hrfﬂ '=+Hf-1H1i=En—1(H18A)T
HB H, Hflz HBH:} nT :+Hf-2Hfz = Hn—z(Hzﬂn)T

] ' — (3.11)
HB HH:?]&:"LH HnBZk] +Ha—k+1HkBu =11, g )( T
HB =H, HnBIn 1 _E(Hfii)T
where
i = [H ] i=12,...,n-1 (3.12)
which yields
zcme2+,-—-,+chon1 =3 epll, (" )T+ZCSQFH_Z(H28" 5 e +zcn0H (H2 )T
(3.13)
Substituting (3.13) into (3.8) gives
. ) 1 - _
|H, (ja,,..., jo, sL—{Zcﬂn + Y coH,  (H) + Y cH, (HP )+, S+ CoH (H)T
+ Y HE + Y G (HP ) 4,4 Y e (H2)T)
1 . -
zf{2c0n+[2q + 3 cooH,  JH )+, A e+ o H (H )T 10

(U l,...,ju)n)|8




where

H,(jo,,..., jo,)|” is defined as

. , 1 . — _
Hﬂ(](z)l,...,]con)ls =?{2c0" +1Y e+ e H, J(HE Y e, H[ Y 2 + Y o HJ(HA)T)

=Li[2 COH,ECIH +ZCZDHH_1,...,Zc:_I +2r:,,oﬁl][1,H13" R .

(3.15)
In (3.15) HX, k=1,2,...,n—1 can be expressed as
r ng' = [Hf—n ’HnB—2l ,---,Hﬁ] = [HnB-HHIB.-l ]
{ Hkak =[H, s H, o ""’I:_{(i—(n—k))t 1=(H,, H"] (3.16)
HMB—"2 = [Hna-ln-l ’ HnB—Zn—l ] = [Hns-ln—2 ’Hnﬂ—nil ]
L Hr:B—nl = [HnB—In—l

From (3.11) it is known that the first elements of Hf" , fork =2,...,n—1 can be written as

Hg—lz = ﬁn—z(ngn_' ¥

n

4 HnB—lk = n-]-(k-i)(HkB:l)T

=0 (Y

Hf—ln—l
(3.17)
and H_ , the first element of H;, can also be expressed similarly as
HuB-ll = _n—l—(l—l)(H[;gH )T = E_n—l(H(fn_l )T
(3.18)
if Hy=' is defined as below
Hiri =Y o B o BE 1= 001
n=2
(3.19)
Thus H}*, fork =1,2,...,n—1, can be expressed uniformly as
HE = (B2 B 1=, (HE Y B, k=12, -2 (3.20)
H::l =[H, (Hf-nil )]

and (3.15) can therefore be written as
n-1

P_p? =Li[o,...,o,2q,,,,2c," +Y e Y e, + S o B HS HE o BT

H (jo,,..,jo,)

(3.21)




Moreover combining (3.21) , (3.19), (3.20) as well as (3.9) and (3.12) yields the new

recursive algorithm for computing the bounds on the GFRFs of the polynomial NARX model
as follows

1 n T n Fag
H) =I‘{0u<m.zcm,2ﬁ "'E"—'onn-z ----- 2"—'"-1 +2‘7nuH1]{Hos' LR e i
HDE. =Iolx(n-l)’1]: Hf. =[Fn—&(Hka:i. }Tb Hfh:]: k=1123---»"—2> Hna_.| =[H—1(Hf_.;)r],

K
Ecﬂ:[ZcH ..... Zch_k],k=1,...,n—l, ch; =k;lcm(k, ..... ks )l,

tha 21}

B, =11, 0 kel i,

(3.22)
Equation (3.22) shows that H”, the nth step result of the recursive algorithm, is obtained

n

by the multiplication of 1}/, and two vectors. The first vector is composed of parameters of
P L P P

the NARX model and the gain bounds associated with the model GFRFs from order one
to n-1 which are determined in previous recursive calculation steps. The second vector is
composed of Hy*,H,",...,H which are obtained from H>~', H,..., H* by the recursive
computation in (3.20) and H, =[0,H§*']=[O,x(n_l),l] where the initial value for this
recursive process is H;' =[1]. Therefore using the algorithm (3.22) H? can eventually be
described as a function of Z,, the model parameters as well as the gain bounds for the GFRFs
from the first to n-1th order. In the next section, the computation for the first three gain
bounds for the GFRFs, H,H,, and H;, are performed to illustrate the recursive calculation
processes and corresponding results.

3.2 Illustration of the Recursive Calculation Process
For n=11in (3.22)

B __1__ BT __1_ _ 2001
Hf = A[Zco,J[Ho r=7 [Zco,]m———[q (3.23)
For n=2,
H; =LL[OI,(1,ZC02,2C12+C20HE }[Hogz’Hlaz i

| _ (3.24)
= EJ—-[O,Z’CM,E‘c:,2 +65 8, 0,1, BT
2

Substituting
He=[H Y =18 ¥l]=H" (3.25)




into (3.24) yields

1 — 1
Hf =L_[lel ’Zcoz’zclz +Cy0H, ][HOB: ’Hnﬂl I =Z[0szcovzcn +Con13][011,H18]T
2

- El_[zccl2 +Y e, HE + Y cp(HE)]
2

(3.26)
For n=3
1 _ —
H; =Z[01x2,zcos,ch+Zfon2,sz+anoH1][H§’,HIB’,Hf’]T
1
=Z[0,0,2503,[2C11a2512]+zC20[H:B’HZB]’ZCZI +ZC3°H18][0’0’1’H’&’H283 Y
(3.27)
From (3.20)
N 0
HP =[H,(H)" ,H1=[(H} H] )(J’H‘Bl]: [ B (3.28)

H =[H,(H}*)" 1= H’H}
Substituting (3.28) into (3.27) gives

Hf = é[o,o, Y ooy b # E%H,",zcn % ¥ e H8. Y et > 3, HN0,0,1, H \H} HIHE Y

=LL[2503 +Hf(zc” +2620HIB)+H132 (chz +zconzB)+HlﬂH1ﬂz (2021 +2030H13)]
3

(3.29)
Finally using (3.25), (3,29) can be written as

H? =-£:[Zcm + Y e HE + Y e HPHE + Y e HE + Y e HEH? + 3 ¢y (HE )2 + 3 ey (HP)']

(3.30)

These recursive calculations demonstrate that the new algorithm can easily be
implemented by hand if the orders concerned are not very high. In addition the results from
(3.23), (3.26) and (3.30) also reveal which model terms make contributions to the gain bound
for each GFRF and how these contributions are made. For example, it can be seen from the
subscripts of the coefficients in (3.26) that in total four kinds of NARX model polynomial
terms make contributions to the gain bound H, . These are

Y(k=k,), u(k—k)u(k=k,), u(k=k)y(k—k,) and y(k—k)y(k-k,)
and the effects of these terms on H_ are reflected by

%-2' 2002, ZCHHIB and Z:cw(Hlﬂ)2

respectively.

By extending the above recursive calculations to an arbitrary order n a general expression
for H in terms of the model parameters and H?,...,H? can be obtained. This provides a

n-1

10



basis for formulating the gain bounds on the GFRFs for the polynomial NARX model. This is
not directly related to the topic considered here and will be discussed in detail in another

paper.

4. PRACTICAL COMPUTATION OF THE BOUND FOR SYSTEMS
DESCRIBED BY THE POLYNOMIAL NARX MODEL

Consider systems described by the polynomial NARX model (2.11) and satisfying the
conditions mentioned in Section 2.1. Then the bound for the output magnitude frequency
domain characteristics can generally be written in the form of Equation (2.8) and the practical
computation of this bound can be carried out by calculating an approximate value of the
theoretical result Y* () as shown in (2.10).

From (3.1) it is known that

1
= X

K
(1 - 2 Clo(k1 ) exP[—jmkl ])

k=1

|Hr:(j0)]"'"1j0‘)u)

W+, 0+ 0, =0

| { D conChynenik, Yexpl=j @,k +,0+, 40, k, )]

ky k=1
n—-1 n—q K

YNy kysenk,, VeXPI= (@, koA, ko, H, (O O, )
q=1 p=1 ky kp,o=1

K
+3 Y o (kynk)H, (GO, j@,))

p=2ky . kp=1

W+, o+ W, =0

1
<

2 LH 4.1)
(1= ¢, (k) expl- jok, 1)

k=1

where L and H’ are given by (3.3) and (3.15) respectively. Defining

B
PRCTIN Y —_ “2)
(1= ¢,(k) exp[— jwok, 1)
k=1
and substituting (4.2) into (2.10) yields
N B
-Y-B(CO)'—‘E 1 ~ LH, }U!*---* U(_fﬁ))l
w1 (27)" & . I R
(I—Zc,o(mexpwmkl])l "
k=1
4 1
=C(w)Y, L H?|U*-HU(jo) (4.3)

n=1 (2n)n_] e

where

11




1

clo)=r—r (4.4)
(1= cio(k ) expl—jowk 1)

k=1

In (4.3) N denotes the maximum order of the dominant system nonlinearities. Generally N
can not be determined directly from parameters of the polynomial NARX model because of
the well known fact that in practical cases the amount of nonlinearity exhibited in the output
of a system depends on the system model and on the magnitude of the input. Consequently an
appropriate N should be determined based on both the GFRFs and |U( Jjo)|.

Notice that in (4.3)
1
(2n)n-]

C(@)L,H?|U*--*U(jo)|

actually reflects a bound for

Y, (jo)
nth order nonlinear output. Defining

= (27:),,-1 LH; LI C(@)|UP---HUjo)| (4.5)

, the magnitude frequency domain characteristic of the

n

and substituting (3.3) and (4.4) into (4.5) yields

Gn: 1 = H,,,BL” max C(Q)) max |U|**
(271:)" weRr, UR_, weR, UR_,

U(jo)|

_— - ani max |U|*--¥U(jw)| =
: 2n)" L, wehin, e 12O

1 B *,. 0% i
Gy s U U Go)

(4.6)
Clearly this can be taken as a measure for the effect of the nth order system nonlinearity on the
system output under the input excitation with a frequency characteristic U(jw).

Based on the above results and assuming that parameters of the NARX model, the
frequency characteristic of the input U(j), and an integer N, > N are known a priori,

procedures for the practical computation of the bound for systems described by the
polynomial NARX model are proposed as below.

(1) Compute R, for n=1,2,...,N,, using the algorithm (2.3)
(i1) From (3.3), obtain L, for n=1,2,...,N,,.

(iii) From the algorithm (3.22) and using the L_obtained in (ii), calculate H;g,..., H‘f,'M.
2T

U(j—i

(J ™ )

for i=—(M/ -1),...,0,.... M/

and n=1,2,...,N,, using the algorithm (2.9) with U, (.) = U(.) and T=1.

(iv) For an a priori given M, compute |U]*---*

/

(v) Evaluate G, as

= ln—l Hf ma)& |U|**
(2m) ie(0.1,...M4)

21
Uit
(JMI)

n

for n=1,...,N,, (4.7)

12




to find an n” such that

G <e forn>n"

where € is a small number given a priori. Then take N =n".

(vi) Evaluate the boundMat the frequencies of interest within the range
2n . . M .
(] M:, i (2 Iy f— 5 using (4.3).

In view of the simplicity and practicability of the algorithms used in (i), (iii) and (iv), the
proposed procedures can easily be applied in practice.

It is worth emphasising that when using the above procedures N the maximum order of the
dominant system nonlinearities is determined by evaluating the values of G, given by (4.6) for
n=1,...,N,, which reflects the effects of both the GFRFs and U(j®) . This implies that for
different U(jw) the maximum order of dominant system nonlinearities may be different and
even if the gain bounds for the GFRFs do not converge as n increases it is still possible to
describe the system output frequency characteristics using a model of finite order
nonlinearities. These conclusions are in fact an extension of the well-known engineering
concept that a practical system can usually be approximated quite well by a linear model when
the system input varies within a small neighbourhood of the working point but have not
previously been seen in the frequency domain analysis of nonlinear systems.

5. SIMULATION STUDIES
Example 1.
Consider a discrete time nonlinear system described by the NARX model
Y(k) = o (Dulk =1) + ¢, (Dy(k = 1)+ ¢,y (2)y(k = 2) + ¢4, (1,3)u(k = Du(k = 3) + 45 (1,1, 2)1* (k = Du(k = 2)
(5.1)
where c;,(1)=0.5, ¢,,(1)=0.8, ¢,,(2) =—0.64, c,,(1,3)=-0.4, c,,(1,1,2) =10 and the input
is defined by the sequence

u(ey=—1| SMOKT, —SinBrT, | ok —0,4140,.. (5.2)
2n kT,

with x=5,B=1,and T, =0.2.

For this simple example there is no need to follow the procedures in Section 4 step by step
to evaluate the bound Y?(w). From (3.23) (3.26) and (3.30) it is known that for this
particular case

H]fr:_zﬂ:M:E (ie. HPL =0.5) (5.3)
L L L
H, =‘1“[zcoz +EC11H13 +zczo(H18)2]=‘}_[ 502(1’3)“:%’ (ie. HJL,=04)
L L, L

(5.4)
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.

and
1
H? =Z[Zcm + 3 epHy + Yl Hi +Ecme +ZcmH;’H;" + Y ey (HP )+ ey (HP)?)

1 10 .
=Z|C°3(1'1’2)|=Z (i.,e. H}L,=10)
(5.5)
and the maximum order of dominant system nonlinearities is N=3.
Thus substituting N=3 , equations (5.3)-(5.5) and
Clw)= 1 _ 1
K _ 1-0.8exp(—jw)+0.64 exp(—j2m)
(1Y, ¢,0 (k) exp[—jwk, ]) | |
k=1
into (4.3) yields
y® = 1 B ; L Bl * ; ___1 Birr|x|f7|* :
¥ (m}_|1—O.Bc:x]:a(—jc\))+O.64:.=.xp(-j2m)f[L’Hi |U(jm)|+2ﬁ11H2|U| IU(J‘M)l-'-(%'c)1 LS U * Ul |U o)
1 0.4 10
= 0.5/ U(jo)|+—|U|*|U(jo)| + Ul*|U*|U(jo
[1=0. 8exp(—jo)+ 064 exp(—j2a) 0 UONF 5 VUG + s U= UU Gl

(5.6)
Using the algorithm (2.9) with U, (.)=U(.), T=1 and M=2000, |U}*---*U(jw)| for n=1,2,3
_\,_J

can be obtained at the frequencies 03:-1—0%6,i=—999,...,0,...,1000. Combining

1
[1-0.8exp(— jw)+0.64 exp(—j2w)|

|UJ*---*|U(jw)| for n=1,2,3 and as indicated in (5.6)
—_———

then yields Y?(®) as shown in Fig.1.

To enable a comparison between Y °(®) and |Y(jw)

, Y(k), k=0,%1,... can be computed

using (5.1) and (5.2). Y(jw), at frequencies mzﬁéa, i=-999,...,0,...,1000 , is then

obtained by applying an FFT routine to y(k) k=-999,...,0,...,1000 in order to compute -
|Y(jw)|. The results in Fig.1 indicate that the trend in the variation of |Y(jo)| is well
reflected by the computed bound Y ?() .

Example 2.
Consider a discrete time nonlinear systemn described by the NARX model
y(k) = co(Dulk = 1)+ ¢, (Dy(k=1)+¢4(2)y(k =2) + €, (1, 3)u(k = Du(k = 3) + ¢, (1, 1) y(k = Nu(k -1)
(5.7)
where ¢, (1)=0.5, ¢,,(1)=0.8, ¢,,(2)=-0.64, ¢,,(1,3)=-0.4, ¢,,(1,1)=0.2 and the input
is defined by the sequence
_1 | sinokT, —sin BAT,
2n kT,

u(k)=2x } for k=0,+1,%2,... (5.8)

where =2, B=1, and T, =0.2.
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The frequency characteristics of u(k), which are shown in Fig.2, indicates that the
nonnegative frequency range of the input is [a,b] with a=0.2 and b=0.4. N 4 1n this example is
taken as 8.

Following the procedures in Section 4, R, for n=1,....8 can be obtained by using the
algorithm (2.3) to give the results in Table 1. Then from (3.3), L,, for n=1,...,8 , is computed
to give the results in Table 2.

Table 1 Table 2

n R i n L n

1 [0.2, 0.4] 1 0.7243
2 [0, 0.2]U[0.4, 0.8] 2 0.4291
3 [0, 1.2] 3 0.3118
4 [0, 1.6] 4 0.3118
5 [0, 2] 3 0.3118
6 [0, 2.4] 6 0.3118
7 [0, 2.8] 7 0.3118
8 [0, 3.2] 8 0.3118

The new algorithm for calculating the gain bounds HlB,...,H{f for the GFRFs can then be
employed to yield the results shown in Fig.3.

The algorithm in (2.9) can now be applied with U,(.)=U(.), T=1 and M=2000 to
compute

|U[*..* , fori=-999,...,0,...,1000 and n=2,...,8

2n
e 2m
U2000")

and the results for n=2,4,6,8 are shown in Fig.4.

At the fifth step, G,, forn=1,2,...,8 are evaluated using (4.7) and shown in Fig.5 which
indicates that n~ can be taken as 4 if € is chosen to be 0.1. Therefore take N=4.

Finally evaluate the bound Y?(w) using (4.3) with N=4. The results for

()] =—&n,...,0,...,@n are shown in Fig.6 together with |Y(jo))| at these frequencies.
1000 1000

The results indicate that the trend in the variation of |Y(jw)| is reflected quite well by the
bound Y”(w) and illustrate the effectiveness of the proposed procedures .

In this example N is finally taken as 4 because the values of G, are almost zero when
n25. But from Fig.3 it can be seen that although H? will converge as n increases, the values
of H) are still considerable when n>5. This indicates that because of the properties of the
input signal the influence of the system nonlinearities at orders higher than 5 on the system

15




output are negligible. In fact this phenomenon can be seen even in the cases where fr8 does
n
not converge as n increases.

Example 3

Consider a nonlinear system the description of which is exactly the same as that of the
system considered in Example 2 except that ¢,,(1,1)=0.9 rather than 0.2 where the input
sequence is also given by (5.8).

Take N,, =8 and apply the proposed procedures to compute the output frequency domain
magnitude bound. The results for steps (i) (ii) and (iv) are obviously the same as in Example 2.

For step (iii) the result is shown in Fig.7 indicating that as n the order of nonlinearity
increases H” the gain bound for the GFRFs does not converge. But the result of step (v)

shown in Fig.8 indicates that G, will eventually converge to zero so that the output response
of the system only depends on finite order nonlinearities under the given input excitation.

The result of evaluating the bound Y ?(w) using (4.3) with N=N,, =8 is shown in Fig.9
together with |Y(jw)| for this particular case.

This example demonstrates the analysis given in the last section regarding the influence of
the convergence of the GFRFs gain bounds on the output characteristic descriptions of
nonlinear systems and reflects the importance of considering the effects of the input in the
frequency domain analysis of nonlinear systems.

6. CONCLUSIONS

A new recursive algorithm for the computation of the gain bounds for generalised
frequency response functions of polynomial NARX models has been proposed. By
combining the new algorithm with techniques developed previously effective procedures for
the practical computation of the bound for the output frequency response magnitude
characteristics of nonlinear systems described by the NARX model have been developed. The
effectiveness of the proposed procedures has been verified by simulation studies and it has
been shown that based on the new procedures the maximum order of dominant system
nonlinearities is determined by the influence of both the GFRFs and the system input. This
implies conclusions which are natural extensions of the well-known engineering concept that a
practical system can usually be approximated quite well by a linear model when the system
input varies within a small neighbourhood of the working point. These results provide a basis
for the analysis and synthesis of a wide class of nonlinear systems to evaluate or formulate
appropriate bounds on the output magnitude frequency domain responses.
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Fig.1 The comparison between the magnitude characteristic of the output frequency
response and the bound in Example 1.
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Fig.2 The frequency characteristic of u(k) in Example 2
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Fig.4 The n dimensional convolution integral results for |U( jo)| with

n=2,4,6,8 in Example 2
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Fig.7 The bounds for the GFRFs of the system in Example 3
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Fig.8. Illustration of the measurement for the effect of nth order nonlinearity on the system
output in Example 3
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Fig.9 The comparison between the magnitude characteristic of the output frequency
response and the bound in Example 3.
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