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Shape Coexistence in the Neutron-Deficient Even-Even 182−188Hg Isotopes Studied

via Coulomb Excitation
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Coulomb-excitation experiments to study electromagnetic properties of radioactive even-even Hg

isotopes were performed with 2.85 MeV=nucleonmercury beams from REX-ISOLDE. Magnitudes and

relative signs of the reduced E2matrix elements that couple the ground state and low-lying excited states in
182−188Hg were extracted. Information on the deformation of the ground and the first excited 0þ states was

deduced using the quadrupole sum rules approach. Results show that the ground state is slightly deformed

and of oblate nature, while a larger deformation for the excited 0þ state was noted in 182;184Hg. The results

are compared to beyond mean field and interacting-boson based models and interpreted within a two-state

mixing model. Partial agreement with the model calculations was obtained. The presence of two different

structures in the light even-mass mercury isotopes that coexist at low excitation energy is firmly

established.
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Shape coexistence, whereby at low energy near-

degenerate states characterized by different shapes appear,

is an intriguing phenomenon that occurs in various meso-

scopic systems. However, the distinctive character of shape

coexistence in atomic nuclei lies in the subtle inter-

play between two opposing trends [1]. Shell and subshell

closures invoke a stabilizing effect leading to sphericity

while residual interactions between protons and neutrons

outside closed shells drive the nucleus to deformation.

Understanding the manifestation of shape coexistence

could be the key to reveal the microscopic origin of collec-

tivity and the apparent evaporation of the shell structure

in atomic nuclei. In the region around the light lead

isotopes, with proton number Z ¼ 82, a substantial amount

of information has been collected using a wide spectrum of

experimental probes such as decay studies, optical spec-

troscopy studies, and in-beam spectroscopy investigations

[1,2]. This resulted, amongst other things, in the observa-

tion of strong staggering in the isotope shifts in the mercury

isotopes [3], the discovery of triple shape coexistence in
186Pb [4], and an early onset of deformation in the light

polonium and platinum isotopes as evidenced through laser

spectroscopy (see, e.g., [5]). The global trends of these exp-

erimental findings are reproduced by theoretical descrip-

tions, such as phenomenological shape-mixing calculations

and contemporary symmetry-guided models (e.g., [6,7]),

and beyond mean-field approaches [5,8,9]. However, there

is a lack of direct experimental information on the nature of

the quadrupole deformation or on the mixing of the states

belonging to the coexisting structures.

The energy-level systematics of the even-even mercury

isotopes ranging from A ¼ 190 to A ¼ 198 exhibit a nearly

constant behavior of the energy of the yrast states [2,10].

Mean-field calculations suggested that these states are

related to a weakly deformed oblate ground state [1,8,9].

For the lighter, neutron-deficient mercury isotopes

(A ≤ 186), this pattern is distorted through the appearance

of more deformed states, interpreted to be prolate, which

decrease in excitation energy, reaching a minimum around

the neutron midshell (N ¼ 104, 184Hg), and mix with the

weakly deformed states. However, as shown by the mean-

square charge radius measurements [11], it appears that

mixing in the ground states is small (see, e.g., [5]).

In spite of this distortion, the energy of the 2þ1 state of

even-even Hg isotopes around the N ¼ 104 midshell is

relatively constant. Moreover, recent lifetimemeasurements

for the yrast states reveal comparable values of the reduced

transition probabilities, BðE2; 2þ1 → 0þ1 Þ, for even-even
182−188Hg isotopes [12–14]. On the other hand, strong

conversion of 2þ2 → 2þ1 transitions associated with an E0
component have been observed [15,16], indicating mixing

of these states. In order to resolve these apparently contra-

dictory observations and to obtain information on themixing

and the type of deformation, the electromagnetic properties

of low-lying yrast and non-yrast states in 182−188Hg have to

be determined. While Coulomb excitation is the preferred

probe, energetic radioactive beams are required in this case.

Coulomb excitation of even-even 182−188Hg was carried

out at the REX-ISOLDE facility at CERN [17,18]. A

radioactive mercury-ion beam was accelerated to an energy

of 2.85 MeV=nucleon and delivered to the MINIBALL

setup [19]. Coulomb excitation of 182−188Hg was induced

by 120Sn, 107Ag, and 112;114Cd targets of thicknesses of 2.3,

1.1, and 2 mg=cm2, respectively. The beam intensity varied

between 3.5 × 103 pps up to 0.2–2.0 × 105 pps for 182Hg

and 184−188Hg, respectively. The experimental setup con-

sisted of the MINIBALL γ-ray spectrometer coupled with

the double-sided silicon strip detector (DSSSD) [19,20].

The low-energy states in 182−188Hg that were populated

in the experiment are presented in Fig. 1. A random-

subtracted, γ-ray spectrum of a 182Hg beam incident on a
112Cd target, in coincidence with both projectile and target

particles and Doppler corrected for a projectile, is presented

in Fig. 2. The population of the 2þ1 , 2
þ
2 , and 4þ1 states in

182Hg can be clearly observed. Moreover, intense K x-ray

peaks are present in the spectrum. A careful analysis of

these peaks, that were Doppler broadened, reveals that they

stem partly from x rays produced in atomic process when

the 182Hg ions pass the target and partly from electron

conversion accompanying the observed γ-ray transitions

0

2

4 1125

0335

2

4

6946

0

2

4 1086

0375

2

4

6994 2983

0

2

4 1080

0523

2621

4

61165

0

2

4

352

261 196

548
367

286

534

552

608616

405

675

403

459

413

592

481=A281=A 881=A681=A

FIG. 1 (color online). Low-energy part of the level schemes, relevant to the Coulomb-excitation analysis, of the even-even 182−188Hg

isotopes. Level and γ-ray transition energies are given in keV. Widths of the arrows are proportional to the observed γ-ray yields

normalized to the 2þ1 → 0þ1 transition. The intensity of the 2þ2 → 2þ1 transition in 182Hg, not visible in the spectrum in Fig. 2 due to the

presence of Compton edge of 2þ1 → 0þ1 transition, was deduced from the γ − γ ray spectrum gated on the 2þ1 → 0þ1 peak. Mixing

amplitudes squared of the unperturbed structure (I), α2J , are taken from [14].
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and the deexcitation of the 0þ2 state to the ground state [21].

From their intensities, the population of the 0þ2 excited state

was deduced and information on all connecting E2 matrix

elements (ME2’s) was obtained, albeit with limited preci-

sion. Data of similar quality were collected for 184;186;188Hg.

Crucial for this analysis was the knowledge of the con-

version coefficient of the 2þ2 → 2þ1 transition, as it contained

a large E0 component. The total conversion coefficient,

αð2þ2 → 2þ1 Þ, deduced from the β-decay studies of 182;184Tl,

is equal to 4.7� 1.3 in 182Hg and 23� 5 in 184Hg [15].

In order to determineME2’s in 182−188Hg, the Coulomb-

excitation least-squares fitting code GOSIA [22] was used.

The code fits a set of reduced matrix elements to reproduce

the measured yield of γ-ray transitions depopulating the

Coulomb-excited states of 182−188Hg, taking into account

known spectroscopic data related to electromagnetic matrix

elements: branching ratios [15,23,24], conversion coeffi-

cients [15,25], and lifetimes of the yrast and non-yrast

states [13,14,26]. Importantly, for all cases, the fitted

BðE2; 2þ1 → 0þ1 Þ values obtained without lifetimes as

additional data are consistent with results reported in

Refs. [12–14].

The analysis of the Coulomb-excitation data brings

information on the relative signs of transition ME2’s.
The absolute sign of a single, transition ME2 has no

physical meaning, since it depends on the arbitrary choice

of the relative phases of a wave function of initial and final

states. However, the sign of the product—the interference

term, e.g., h0þ1 ∥E2∥2
þ
1 ih2

þ
1 ∥E2∥2

þ
2 ih2

þ
2 ∥E2∥0

þ
1 i—is in-

dependent of the chosen convention and can be determined

experimentally since it influences the Coulomb-excitation

cross section.

The extracted ME2’s are shown in Table I. These results

can be analyzed in terms of the quadrupole deformation

parameters, Q and δ, which are universal variables of

quadrupole collective models within the General Bohr

Hamiltonian (GBH) [27]. Using the quadrupole sum rules

approach [28–31] the quadrupole invariants, hQ2i and

hQ3 cosð3δÞi, can then be obtained. Invariants describe

the charge distribution of a nucleus in a given nuclear state.

The sums of products of the relevant ME2’s between 0þ

and 2þ states given in Table I are shown in Fig. 3: the sum

of squared E2 matrix elements (SSM) related to hQ2i and
the sum of triple products of E2 matrix elements (STM)

related to hQ3 cosð3δÞi. The quadrupole invariants can be

further related to the GBH collective model variables [31],

β (overall deformation parameter) and γ (nonaxiality

parameter). It can be concluded that the ground states of

the even-even mercury isotopes are weakly deformed with

a β value close to 0.15 and are consistent with an oblatelike

deformation [hcosð3δÞi≃ −1], while the excited 0þ states

are more deformed. The lack of precision on key matrix

elements, especially in 186;188Hg, prevents us from drawing

firm conclusions on the nature of the deformation of the

ground (186Hg) or excited (186;188Hg) 0þ states.

Sums of the products of the relevant ME2’s given in

Table I, were compared to the equivalent sums (including to

the 2þ2 state) calculated from beyond mean field (BMF) [9]

and interacting boson-based models (IBM) [32] (Fig. 3).

The BMF excitation spectrum of neutron-deficient Hg

isotopes is dominated by two coexisting rotational bands
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FIG. 2. Random-subtracted γ-ray spectrum of 182Hg Coulomb

excited by a 112Cd target, Doppler corrected for the projectile.

Intense K x-ray peaks are clearly visible in the spectrum.

TABLE I. Reduced transitional and diagonal E2 matrix ele-

ments between low-lying states in 182−188Hg obtained in this

work. The error bars correspond to 1σ. The (�) indicates that the

sign of the h0þ1 ∥E2∥2
þ
2 i for

186Hg was not determined.

hIi∥E2∥Ifi (eb)
182Hg 184Hg 186Hg 188Hg

h0þ1 ∥E2∥2
þ
1 i 1.29þ0.04

−0.03 1.27 (3) 1.25þ0.10
−0.07 1.31 (10)

h2þ1 ∥E2∥4
þ
1 i 3.71 (6) 3.15 (6) 3.4 (2) 2.07(8)

h0þ1 ∥E2∥2
þ
2 i −0.61 ð3Þ 0.21 (2) (�) 0.05 (1)

h0þ2 ∥E2∥2
þ
1 i −2.68þ0.15

−0.13 3.3 (8)

h0þ2 ∥E2∥2
þ
2 i −1.7 ð2Þ 1.25 (28) ≥ 3.7 ð8Þ

h2þ1 ∥E2∥2
þ
2 i −2.2 ð4Þ 0.91 (14)

h2þ2 ∥E2∥4
þ
1 i 3.1 (3) 5.8 (5) −5.3þ1.3

−0.5

h2þ1 ∥E2∥2
þ
1 i −0.04þ1.30

−1.40 1.5þ1.8
−1.2 1.0þ0.6

−0.4

h2þ2 ∥E2∥2
þ
2 i 0.8þ1.0
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FIG. 3 (color online). The SSM and STM values of the 0þ1
(open symbols) and 0þ2 (full symbols) extracted from the ME2’s
obtained in this work (black squares) are compared to the

equivalent values from the BMF (blue circles) and IBM (red

triangles) calculations. The 188Hg experimental data points

represent only contributions to the 2þ1 state. Within the quadru-

pole collective models these can be related to the quadrupole

invariants (hQ2i and hcosð3δÞi representing the overall deforma-

tion and the axial asymmetry, respectively) as well as the β and γ

parameters through the GBH model. To maintain clarity, some

markers are slightly offset from integer values.
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with very different moments of inertia. In the BMF

calculation, when going to the lighter masses, these two

bands cross, in contradiction with experiment. Down to

N ¼ 106, the BMF Hg ground states are predicted to be

predominantly oblate and the first excited 0þ2 state to be

prolate, whereas for 100 ≤ N ≤ 104, the ground state is

predominantly prolate and the 0þ2 state is an almost equal

mixture of prolate and oblate configurations [9]. The sums

of products of the relevant ME2’s from the BMF calcu-

lations, SSM and STM, take values that reflect this

behavior. As can be seen in the left part of Fig. 3 the

SSM sum for the 0þ ground states deduced from BMF

ME2’s values agree with data for A ¼ 186 and 188. By

contrast, for A ¼ 182 and 184, the BMF SSM values for

the ground state and the second 0þ are inverted with respect

to experiment. This disagreement is also visible in the

STM values plotted in the right panel of Fig. 3.

In the IBM approach [32], whereby particle-hole pair

excitations across the Z ¼ 82 closed shell are explicitly

included (for a similar calculation see, e.g., [6,33]), agree-

ment between experiment and calculations for the SSM

sum is noticed. However, as in the case of the BMF

calculations, only partial agreement between experiment

and theory is observed for the sum of triple product of

IBMME2’s. The disagreements for the two models are not

understood and point to missing ingredients in the calcu-

lations. This is further addressed in [32].

The assumption that the excited states of the mercury

isotopes can be described by two distinct configurations

can also be tested by comparing our results with those from

a two-state mixing model. Within this simple, phenom-

enological approach, following the notation given in

Refs. [34,35], the observed physical states can be written as

linear combinations of two unmixed structures—structure I

and structure II—with specific mixing amplitudes.

The experimental (mixed) ME2’s can be expressed in

terms of the pure intraband matrix elements which couple

unperturbed states and of the mixing amplitudes. It is

assumed that there are no interband unperturbed transitions

between the two pure structures. The mixing probabilities,

taken from Ref. [14] and reproduced in Fig. 1, were derived

from the fit of known, higher-lying level energies of

rotational bands, built upon the first two 0þ states, using

the variable moment of inertia (VMI) model [36].

Allmatrix elements within the unperturbed bands (ME2’s
between 0þ and 2þ as well as spectroscopic moments of the

2þ’s) were fitted as a common set for 182−188Hg to optimally

reproduce experimental results. This yields 1.2 and 3.3 eb

values for the h0þI ∥E2∥2
þ
I i and h0

þ
II∥E2∥2

þ
II i, respectively,

while the diagonal matrix elements for the 2þI and 2þII states

result in 1.8 and −4.0 eb, respectively. To derive mixed

ME2’s connecting 4þ and 2þ states, the unperturbed

h2þ
IðIIÞ∥E2∥4

þ
IðIIÞi matrix elements were extrapolated from

the h0þ
IðIIÞ∥E2∥2

þ
IðIIÞi values using the rotational formula

[37] and are equal to 1.9 and 5.3 eb, respectively. Figure 4

shows a comparison between the experimental transition

ME2’s and those resulting from the two-state mixing

model.

Most of the experimental results are well reproduced

within the two-state mixing model supporting the inter-

pretation of two unperturbed sets of states that mix when

states with equal spin and parity are close in energy.

Reduced transition probabilities between 2þ and 0þ states,

extracted in this work, belonging to two pure structures are

significantly different [the BðE2; 2þII → 0þII Þ value is 7.5

times larger than the BðE2; 2þI → 0þI Þ] hinting towards

different magnitudes of quadrupole collectivity, consistent

with the conclusions discussed above (Fig. 3). Moreover,

within the collective models (e.g., Bohr-Mottelson model

[37]) when two bands are described by the same K
quantum number, an opposite sign of the diagonal matrix

elements of the 2þI and 2þII states indicates a change in

the type of deformation for the two configurations—less

deformed and of oblate nature (structure I) and more

deformed and of prolate nature (structure II).

The near-constant excitation energy of the 2þ1 state and

of the h0þ1 ∥E2∥2
þ
1 i value can now be explained within the

two-state mixing model in spite of a substantial change in

the mixing amplitude αJ¼2. The 2þ1 states change from a

rather pure component of structure I (for 188Hg) into a state

with a dominant component of structure II in 182Hg. The

small mixing in the 0þ ground states compensates for this

effect as can be observed from the h2þ2 ∥E2∥0
þ
1 i (see Fig. 4).

The predictions of the two-level mixing model deviate

partially from the experimental results obtained for 184Hg,

where approximately 50% of mixing between 2þ1 and 2þ2
states was deduced [14]. While the absolute values of most

matrix elements are in reasonable agreement, the signs are not.

The influence of variations of the mixing amplitudes within

20% has been investigated, but did not cure this discrepancy.

In conclusion, the electromagnetic properties of low-

lying states of light, even-mass neutron-deficient 182−188Hg
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were studied through Coulomb excitation using postaccel-

erated radioactive-ion beams. Combining these experimen-

tal data with results from β-decay studies of 182;184Tl [15]

and lifetime measurements [12–14,26] yielded a unique set

ofME2’s between yrast and non-yrast 0þ, 2þ, and 4þ states

including their relative signs. This enabled us to use the

quadrupole sum rules to analyze the quadrupole collectivity

of the ground and excited 0þ states of 182−188Hg. It shows

that the ground states of mercury isotopes are weakly defor-

med and of predominantly oblate nature, while the excited

0þ states of 182;184Hg are more deformed. Comparison of

sums of squared ME2’s (SSM) shows agreement with IBM

calculations and partial agreement with BMF predictions.

Properties of the lowest-lying states of 182−188Hg were

interpreted within a two-state mixing model. It was shown

that the magnitudes of most of the experimentally deter-

mined transitionME2’s can be explained in terms of mixing

of two significantly different configurations. The unmixed

matrix elements extrapolated from our data, using the VMI

model, towards higher-lying states, where nomixing occurs,

are in a fair agreement with the theoretical predictions

and lifetime measurements [12,14]. These findings support

the underlying assumption of two different structures that

are pure at higher spin values and mix at low excitation

energy. For these light mercury isotopes, the new data imply

significant changes in the composition of the 2þ1 states via

large variations in the deduced mixing amplitudes. This

refutes the common interpretation according towhich states,

in an isotopic chain, of comparable energy and similar

transition strength always manifest a similar structure.
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