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Abstract

In this paper, we study the existence of periodic solutions of neutral differential
equations with infinite delay and delay equations of n'* order. Some necessary

and sufficient conditions for existence of periodic solutions are obtained.
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1 Introduction

The existence of periodic solution of differential delay equations has been
studied by many authors (see,e.g.,Banks 1988, Burton 1985 and Hale 1977). In
many cases the conditions for existence of periodic solutions are not particularly
easy to check. Here we shall develop a simple technique for neutral differential
equations with infinite delay and delay equations of n* order. This will lead to
easily testable conditions for the existence of periodic solutions.

In section 2 we prove a simple lemma on Fourier series and apply it in
section 3 to equations with infinite delay. Delay equations of nt* order will be

considered in section 4 and finally in section 5 some examples will be given.

2 Fourier Exponential Series

Let f(t) : R — R™ be a continuous periodic function with period 2. Then,

its Fourier exponential series is given by (see Kufner and Kadlec, 1971)

0= 3 Cuen

n=-—oo

where
&= f o t)e~ "™ dt 1
" or Jo f( Je (1)

(n =0,£1,£2,...) ,whereas for a continuous periodic function with period 2/,

we have

f)= 3 Cleiemin

n=-—oo
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3 Infinite Delay Equations

Consider the equation

% z(t) — fj Crz(t — )| = inx(t — )+ f(t) (5)

k=0 k=0
where z € R";Cy,By € R™";7, > 0 and 7, — +o0o0 ask — +o00; and 2
R — R" is a continuously differentiable periodic function with period 27, that

is f(t 4+ 27) = f(¢). Then,we may write

)= 3 fo-em

n=-—oo

where
1 2m

T 2rh

o ft)e™™dt (6)
n=0+1,42, ...

Theorem 3.1. If

Y lCk<1, Sl B |l< +o0
k=0

k=0
Then, the equation (5) has a continuously differentiable periodic
solution with period 27 if and only if for each n, where
0<n<[(Zo Il Bx Il +1)/(1 = =2, || Ck |))], ( [o] denotes the largest integal

part of ® ), a solution of the equation

(z’nI —in Y Cre™ ™" — > Bke—m") Tn = fn (7)
k=0

k=0

exist.



Proof. ‘Only If’. Let z(t) be a continuously differentiable periodic solution
of (5) with period 27. Then, z(t) can be written as
w(t) = Z T, e (8)

where

e i/%x(t)zs“"‘%’,t
" 2r o

Then,

z(t— 1) = 2 T,e i Tkneint (9)

n=—oo

putting (8) and(9) into (5), and comparing the coeffeicents of both sides, we get
(=] . o0
(inI —in ) Cre ™" — > Bke_f"n) Trn = fn
k=0 k=0
for n = 0,41,+£2,.... this shows that the solution of (5) existe for all n and

the proof for ‘only if’ is complete.

‘I’ When | n > [(Zf2o || Be | +1)/(1 = £26 || Cx D] 2 N, we have

£a 5 i = .
“ z Cke-vrkn K Wi z Bke-:'rkn ”
k=0 &t k=0

o0 1 o0

= Z”CkH"l'l—"E”Bk“
k=0
1

n k=0

< (10)

Hence, for | n |[> N, the matrix

(z'nI —in) Cpe ™ — }° Bke-"f*")
k=0

k=0

o . 1 = ;
= 1in (I - Z C’ke_""” — == Z Bke'""“) (11)
k=0 Mo



is invertiable. It follows that equation (5) can be solved for | n |> N. Hence,
the solution of (5) exists for all n = 0,+1,£2,....

We shall prove that the series

f: Tne™ (12)

n=-—oo

converges absolutly and uniformly.

From (7), we have

[l @A=220C )= N Bell] Il za I fa |
k=0 k=0

Since 2, || Cx |[< 1 and 2, || By ||< 400, there existe N; > 0 such that
| n |> N; implies that

o0 o0 n e o]

EITCED D T-AVES oY PR YA

k=0 k=0 k=0

Then, for | n |[> Ny, we have

2] fu
1-2e I Cell) In|

| zn [I< (

Using lemma 2.1, we get

2K 1
Iy IS o0 *
T N o P

for | n |> N;, where

K== (2050 0+ [T 170 1),

Then,
o 2K A | N
| z. [|< = + Tn ||[< +o0
Py T- T2 Ok, o T, 2, o
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Hence,the series (12) converges absolutly and uniformly.

Let

w(t]) = i Toe™

n=—oo

1t is easy to check that z(t) is a continuously differentiable periodic solution of
(5) with period 27, this completes the proof.

Theorem 3.2. If

> ICl<1, 3| Bill< +oo.
k=0

k=0

Then, equation (5) has a unique continuously differentiable periodic solution
with period 27 if and only if

oo oo

det (inI —in ) Cre™"™" — > Bke“’”‘") #0

k=0 k=0

for each n, where 0 < n < [(T2, || By || +1)/(1 = S, || Ci |-
Proof: Note that under the conditions, the equation (7) have unique solution

for all n = 0,%1,42,.... Then, the result follows.

Corollary 8.1. If

SUod+18D<1, (3 B) 40

Then, the equation (5) has a unique continuously differentiable periodic solution
with period 27.

The proof is simple and we omit it here.



4 Delay Equations of n'* order

Consider the delay equation of n* order

i [bez™9)(8) + ez =R (¢ — )| = £(t) (13)

k=0

where by # 0, by, ¢k, 7 (> 0) are constants, f : R — R is a continuously differ-

entiable periodic function with period 2. Then, we may write f(t) as

Theorem 4.1 Assume that | by |>| o |, then the equation (13) has a contin-
uously differentible periodic solution with period 27 if and only if a solution of

the equation
>_(im) "B (b + cpe™™ ™| 2, = f,, (14)
k
exists for each m, where 0 < m < [maz()) + 1], A is a solution of

(b | = | co |) —gw-“(l B+ e ) =0 (15)

Proof: ‘Only If’. Let z(t) be a continuously differentiable periodic solution

of (13) with period 2r. Then, (t) can be written as

[+ o]
z(t) = z &
where
= f i z(t)e "™ dt
o= o 0 ©
Then,

:B("_k)(t) = i z(m) - (im)(“"k) . gimt

m=-—00



and

x(n_k)(t _ Tk) - Z x(m) . (im)(n——k) . e—:'mTk . es‘mt

m==0o

Substituting these into (13), we get

Z(im)("'k)(bk + cke"mT*)zm = f
k=0 '

for m = 0,41,22,.... This shows that the equation (13) have solution and this
completes the proof for ‘only if’.

‘If". First, we shall prove that (14) can be solved for | m |< [maz()) +1] 2

M. Since
| D_6m) 8 (b + e |
k=0
2 [m"(lbo|=leol)=3Im|™F (b |+ |ex|) (16)
k=1
and

[m " (ol =Teo) =3 [m ™ (b |+ | ex ) — +o0
k=1

as | m |[— +oo. Then, for [m |> M,

[m " (b = Teo) =30 1m|™R (b | + | [)>0
k=1

Hence, the equation (14) can be solved for | m |> M. Then, equation (14) has
a solution for all m = 0, £1,+2,.. ..

We shall prove that the series

i T - (im)0) . gt (17)

m=-co

§=0,1,2,...,n — 1,converges absolutly and uniformly.
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From (14), we have

(=]

Z(im)(nnk—s)(bk 4 cke—fmfk)mm ) (im)(’) "
k=0
Then,
|m 1 (1 [=leo ) _kE: | m |25 (| by [+ lex D[ | Zm - (gm)(@ |
< | fml (18)

Since | bo [>| co |, and s < n—1, there must exists a M; > 0 such that | m |> M,

implies that

| m |22 (lbol—lcol)—glmﬂﬂ-k-s)(|bk|+|ck1)

m |

> a1 -0 (19

Hence, when | m |> M, we get

. 2| fm | 1
| 2 - (im)©®) |< .
B I T o= [ T
Using Lemma 2.1, it follows that
2K 1
) (8)
Ty (21 < :
| ) S T e TP
where
K==1{21f0 vy
=5 1@+ [T 170 @)
Then,
Z |$m'(im)(s)|
2K o 1 M,
. ()
< —— i T - (tm
oo = Teol i, TP ¥, 05, |om ()]
< 4o (20)

10



This shows that the series (17) converges absolutly and uniformly. Let
z(t) = Z T '™
m=-00

then

00

zC)(t) = Y. T (im)®) . gt

m=-—00

s=1,2,...,n— 1. It is easy to check that z(t) is a continuously differentiable
periodic solution of (13) with period 27. This completes the proof.
Theorem 4.2. Assume that | by |>| co |, then equation (13) has a unique

continuously differentiable periodic solution with period 27 if and only if
n .
Z(z’m)(n“k)(bk + cke"”"*) 75 0
k=0
for each m, where 0 < m < [maz(X) + 1], X is a solution of equation (15).

The proof is similar with the proof of theorem 3.2 and we omit it here.

Corollary 4.1. If
batca#0, [bol—=leco| =2 (Ibk|+]c[)>0
k=1

Then, the equation (13) has a unique continuously differntiable periodic solution

with period 27.

5 Examples

Ezample 5.1. Consider the equation

d 100 oo
dt _E:; 27

k=1

?r'lv—-

(t— k)| = k) + sint (21)

D
?E".l'—'
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Since

o0 e
£F=§<l

D] =

]
2t

k=1 """

=l N

Then, using corollary 3.1 (21) has a unique continuously differentiable periodic
solution with period 2r.

Ezample 5.2. Consider the equation
(n) (m) . 1
22(t) — 2™t — 1) + Za:(t) - Z:c(t —T) = cost (22)

Using corollary 4.1, it easy to check that equation (22) has a unique continuously

differentiable periodic solution with period 2.

6 Conclusions

In this paper, we have investegated the periodic solution of neutral differen-
tial equations with infnity delay and neutral differentiale equations of n** order
via the theory of Fourier exponential series. The results seem very simple and
the conditions are very mild. Through out this paper,we have considered peri-
odic solutions with period 2r. By a simple modification we can also consider

periodic solutions with a general period 2I.
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