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Complex Permittivity Measurements at Ka-Band
Using Rectangular Dielectric Waveguide

Zulkifly Abbas, Roger D. Pollard, Fellow, IEEE, and Robert W. Kelsall

Abstract—The rectangular dielectric waveguide (RDWG) tech-
nique has been developed for the determination of the dielectric
constant of materials from effective refractive index measurements
in the Q and W bands. This paper describes the use of an optimiza-
tion method in conjunction with the RDWG technique for the de-
termination of both the dielectric constant and loss tangent of ma-
terials at Ka-Band. The effect of the uncertainty in the measured
sample thickness is presented.

Index Terms—Calibration, complex permittivity, dielectric
measurement, dielectric waveguide, microwave measurements,
optimization method, permittivity measurement.

I. INTRODUCTION

MEASUREMENTS of the complex permittivity of mate-
rials at high microwave frequencies are usually made

in free space because of the difficulty of machining a sample
with negligible air gaps in a closed-waveguide or coaxial fixture.
A comprehensive review and comparison of various free-space
techniques can be found in [1], [2], and [3], respectively.

The most common free-space technique is based on far-field
measurements of an antenna system. However, it requires sam-
ples of large transverse dimensions to minimize the perimeter
diffraction effect. Alternatively, a spot focusing horn lens an-
tenna [2], [4] may be used to measure samples of smaller trans-
verse dimensions. Unfortunately, complete calibration of a fo-
cused system is difficult to achieve due to the uncertainty in es-
tablishing the reference plane, where even a small shift from the
focal plane of the antenna may result in a significantly altered
amplitude distribution. An excellent treatment of free-space cal-
ibration techniques can be found in [5].

Recently, a rectangular dielectric waveguide (RDWG) tech-
nique [6]–[8] has been proposed in conjunction with a TRL cal-
ibration technique [9], [10] to determine the dielectric constant
of materials of various thicknesses and cross sections at the Q
and W bands. Dielectric measurements on samples with cross
sections as small as that of the RDWG are difficult to realize,
without positioning problems, using other microwave measure-
ment techniques, but can be accomplished fast and efficiently
using the RDWG technique. In a similar manner to the cylin-
drical dielectric waveguide bridge technique [2], [11], a par-
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allelepiped shaped sample is placed in direct mechanical con-
tact between two RDWGs. However, in the RDWG technique,
the dielectric constant of the sample was determined iteratively
from the effective refractive index measurements by using the
solution of the wave equation. Good results have been obtained
for the values of the dielectric constant of materials at the Q
and W bands. However, low loss tangent measurements
are difficult in the RDWG technique due to the open discon-
tinuity problem, i.e, between the RDWG and sample. This is
further complicated when using the combined transmission–re-
flection method [12]–[14] where the relative uncertainty in the
loss factor is large for low loss materials with [14]
even for a coaxial line technique.

This paper presents a method for obtaining the dielectric con-
stant , , and thickness of a sample using the RDWG
technique with a constrained optimization method. The param-
eters can be determined by fitting the values obtained from the
theoretical complex transmission coefficient to the measured
values, with , loss factor , and as the arguments.

II. THEORETICAL DESCRIPTION

A. Rectangular Dielectric Waveguide

The solution to propagation characteristics in RDWG and its
derivatives has been a subject of research for nearly 30 years.
Fortunately it is well known that the solution of each mode lies
between two extreme formulations given by Marcatili’s method
[15] and the conventional effective index method [16]. For the
latter, the propagation constant of the mode (where the
electric field is polarized along thedirection with subscripts

and indicating the number of extrema of the electric field in
the and directions, respectively) can be found by solving the
following equations:

(1)

(2)

(3)

where

(4)

(5)

(6)

(7)
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Fig. 1. Variation in� =� with frequency forE andE modes for PTFE.

The effective index method reduces to Marcatili’s method if
(7) is replaced with . Fig. 1 shows the dispersion
relation for and modes for RDWG made of Teflon

with dimensions equal to the Ka-band
(WR-28) waveguide. It can be seen that according to the Mar-
catili’s method, the modes do not appear in the RDWG over
the Ka-band frequency range. However, when using the effec-
tive index method, the cutoff frequency for the mode is
approximately 37 GHz. The latter is used as the condition for
single-mode propagation in RDWG.

B. Calculation of Dielectric Constant and Loss Tangent

The calculation of the dielectric constant from effective re-
fractive index measurements using-parameter data has been
detailed in [6]–[8] where the effective complex permittivity was
calculated using the Nicholson–Ross and Weir Method [12],
[13]; i.e.

(8)

where is the complex transmission coefficient obtained from
-parameter measurement data. This method is designated the

NRW method to avoid confusion with the optimization method
used in the later sections. It is assumed that the sample has a
homogeneous material composition and is nonmagnetic, linear
and isotropic. Further, we assumed that only the single mode

propagates in the RDWG and the sample. The effective
complex refractive index of the sample is defined as

(9)

where

(10)

(11)

with and , respectively, representing the real and imag-
inary parts of the effective complex permittivity. The true di-
electric constant can be recovered iteratively from the effec-

tive refractive index by using the effective index method
or any solution to the wave equation. Conversely, the effective
index method can be used to calculate for given values of
the cross section of a sample and, at a specified frequency.
Therefore, a more accurate way to determine the true dielectric
constant is by means of an optimization procedure, from which
the loss factor (and hence, the loss tangent) and accurate sample
thickness can be determined by using a suitable objective func-
tion. Our effective index model [6]–[8] allows the reflection and
transmission coefficients to be expressed in simpler forms com-
pared to other solutions to the discontinuity problem in an open
dielectric waveguide, i.e.

(12)

(13)

The following objective function was found to be the most
efficient to determine , , and for 201 frequency points

(14)
where and are the magnitude and principal value of the
phase angle (in radians) of the transmission coefficient, and the
subscripts and denote the measured and calculated values,
respectively. It can be recognized immediately from (14) that
the first square difference component is related to the attenua-
tion, while the second component is associated with the phase
angle of the probing wave. Therefore, it is most appropriate to
set in the calculation of to justify the lossless as-
sumption when using the (1)–(7). The problem of multiple solu-
tions for , , and can be reduced by applying constraints on
these three parameters to stay within the desired tolerance level.

Rosenbrock’s method of rotating coordinates [17], [18] was
chosen to minimize the objective function (14). The method has
the advantage of not requiring the evaluation of partial deriva-
tives with respect to , , and . The method requires initial
starting points that satisfy the constraints and do not lie in the
boundary zones. These points are, , and with obtained
from the inversion method, and the initial values ofchosen
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Fig. 2. RDWG measurement setup.

in the range of 0–1. The estimated thicknesswas measured
with a digital caliper. A computer program based on [18] was
used to calculate the objective function. The iteration process
is stopped when either the error function (i.e., the difference be-
tween the new and previous) is less than 10 or the iteration
loop count is over 10 000.

III. EXPERIMENT

Fig. 2 illustrates the measurement setup using the RDWG
combined transmission–reflection method. The RDWG and its
one-quarter wavelength spacer (line standard for TRL calibra-
tion) have cross-sectional dimensions equal to the WR-28 stan-
dard waveguide dimension to a close tolerance of10 m.
PTFE was chosen as the RDWG material because of its ease
of fabrication, very low loss and low dielectric constant. The
low dielectric constant of PTFE provides a wide coverage of
single-mode propagation in the RDWG at Ka-band. On the other
hand, the low loss factor is an important criterion for direct ap-
plication of the effective index method that assumes lossless ma-
terial. The length of the RDWG beyond the horn aperture was
chosen such that the surface wave has a phase shift ofrad more
than an ordinary endfire source . This length was
approximately [7], [19]. The RDWG was tapered only at
the feed section to reduce the reflection coefficient between the
RDWG and the standard WR-28 waveguide. Only the-plane
of the RDWG was tapered to allow a natural transition from
the LSE mode to the , i.e., from center-loaded, partially
dielectric-filled to completely dielectric-filled waveguide. The
minimum taper length was obtained by an approximate calcula-
tion using Hecken’s method [20]. For PTFE material, the min-
imum taper length was approximately 36 mm long to obtain a
return loss not lower than 40 dB (i.e., the reflection coefficient
should not be greater than 0.01) when using the WR-28 wave-
guide. In this paper, the taper length was set to 40 mm. An extra
2 cm length of PTFE is further allocated within the waveguide
to form a tight fit to the metal walls as well as providing support
to the suspended RDWG at the waveguide opening. The length
of the RDWG within the horn section is determined by the horn
length. A metal waveguide horn was employed to launch the

mode into the RDWG, as well as serving as a mechanical
support. According to [21], the maximum launching efficiency
can be achieved if the horn gradually flares out from the throat
but curves back to a smaller flare angle at the mouth. In general,

it is proposed that the transverse dimension of the mouth of the
horn should correspond to the inverse of the transverse propa-
gation constants in theand directions, i.e., and at
the lowest operating frequency where field extension is widest.
For easy fabrication, the dimensions of the mouth were chosen
as 10.5 mm 7.6 mm, and the length of the horn was 25.9 mm.

All the samples used in this paper were machined from
commercial planar sheets in the transverse dimension only, to
a close tolerance of 10 m, while the thicknesses were left
undisturbed. The thicknesses of the samples were measured
using a digital caliper. All calibrations and measurements
were made using the HP8510C Network Analyzer in stepped
CW mode. The two-port calibration was performed for 201
frequency points in the Ka-band by employing the TRL method
[9], [10]; and the details of its application to the RDWG
technique have been presented elsewhere [6]–[8].

IV. RESULTS

Our previous results [8] suggest increased accuracy in de-
termination of can be obtained by using thick samples. The
samples used in this work were PTFE (unsintered), polystyrene
and nylon. All the samples were obtained from Polypenco Engi-
neering Plastics Ltd., U.K. The profile of for the PTFE sample
with 50 mm 50 mm cross section and measured thickness of
6.86 mm is shown in Fig. 3 together with the polynomial curve
fitting line. Also, Fig. 3 shows the effect of sample thickness on

if the actual thickness is between 6.7 mm and 6.9 mm, which
could result in an uncertainty as high as 7% inif the measured
thickness was assumed to be accurate. The profiles of are
not shown as they overlapped (when using similar thicknesses
used in Fig. 3), indicating a requirement for a tight tolerance in
the sample thickness.

The above argument suggests that the sample thickness is
the most sensitive parameter to be optimized, followed by
and , respectively. All step sizes for, , and were set to
10 . As a note, a single optimization run takes about 5 min
to converge to the final values of, , and when using a
Pentium II processor. Our selection of the optimum values of

and is based on the calculated value of sample thickness
which is closest to the measured values with minimum. We
do not include the variation in the sample cross section, i.e., the
dimensions and , as they have negligible effects on the final
values of , , and provided the tolerances of bothand
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Fig. 3. Variation in the dielectric constant" of a PTFE sample (50 mm� 50 mm) with frequency for an unknown thickness in a range of 6.7 mm–6.89 mm.

are kept within 0.5 mm. Furthermore, variation ofand
increases not only the processing time, but also the number of
alternative minima.

Several sets of starting values were used to account for the
unimodality assumption used in the optimization procedure to
obtain the possible solutions for, , and . The measured
thickness (6.86 mm) was used as the initial thickness estimate
for both sets, within an allowed range from 6.7 mm to 6.9 mm.
The initial estimate for for the first set was 1.91, increased
by 0.01 in the following sets up to 2.09. The lower and upper
bounds limits of were set to 1.9 and 2.1, respectively. The op-
timization program was run twice, first with and then

but each was allowed to vary between 0 and 1. It was
found that the optimum values of, , and hence , can
be obtained when the calculated thickness is 6.835 mm (repre-
senting only 0.025 mm deviation from the measured thickness)
with , , and . On the other
hand, a lower objective value can be found for a
calculated thickness of 6.718 mm, giving a similarvalue but
with . However, the deviation from the measured
thickness was 0.142 mm, which is unusually high when using a
digital caliper. Several sets of data were processed with different
values of and to search for alternative solutions. However,
the results indicate that lower objective values can be obtained
only at the expense of higher deviation between the calculated
and measured thicknesses.

Comparisons between the optimization method
mm and the NRW method mm for both

and are shown in Fig. 4(a). Also, Fig. 5(a) compares
both the real and imaginary parts of and , which in
turn, were used to produce Fig. 6(a), where represents
the apparent power loss obtained from the relationship:

. It can be clearly seen that the
profile of -NRW in Fig. 4(a) closely follows the profile
of in Fig. 6(a). The high was the
main cause of the lower values of , which explains the
unexpectedly high values of -NRW given that PTFE is a
low-loss material. The permittivity model assumes single-mode
propagation in a low loss medium, and the measured power
loss can be attributed to scattering of some of the
energy to other higher order modes. This is taken into account

by (14) that minimizes the power loss to remove its effect on
both and , as shown in Fig. 4(a).

The second sample was polystyrene with a measured thick-
ness of 4.92 mm and a cross section with mm and

mm. The measured thickness of 4.92 mm was chosen as the
estimated thickness within0.03 mm tolerance. The values of

were allowed to vary in the range of 2.4–2.65 whilebe-
tween 0 and 1. The initial value of was chosen to be 0.9. Un-
fortunately, all sets converge to which coincides
with the lower boundary of the sample thickness, i.e., 4.89 mm.
However, a good solution with can be found by se-
lecting the calculated thickness of 4.915 mm, as it differs by only
0.005 mm from the measured thickness. In this case, the devia-
tion in is less than 1%, and agrees to at least the third
decimal digit when compared to the final objective values for a
thickness of 4.89 mm. Fig. 4(b) shows good agreement inbe-
tween the optimization method mm and the NRW
method mm especially below 36 GHz. As expected,
the values of the NRW method show a large deviation from
those obtained using the optimization method, in spite of only a
0.005 mm difference between the measured and calculated thick-
ness. This large deviation could not be directly interpreted just by
comparing the measured and optimized-parameters shown in
Fig. 5(b) but can be explained easily by Fig. 6(b) which suggests
a large deviation between and .

A nylon sample (which is known to be a medium-loss
material) was selected to demonstrate the application of (14)
even when using the lossless assumption. The measured thick-
ness of the sample was 13.31 mm, and its cross section was
50 mm 50 mm. Various sets of data were used to find the
optimum values of in the limit between 2.9 and 3.1 and
between 0 and 1. Some of the results are listed in Table I.
As before, the basis for selecting the optimum values of
and is on the calculated thickness which is closest to the
measured value. In this case, the thickness was 13.308 mm,
which was only 0.002 mm different from the measured value,
and yet does not show any substantial deviation inwhen
compared to results obtained by other possible thicknesses.
However, the variation in is quite large if the choice of op-
timum values for and was based solely upon the smallest
value of the objective function that coincides with a calcu-
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(a)

(b)

(c)

Fig. 4. Dielectric constant and loss tangent for (a) PTFE, (b) polystyrene, and (c) nylon samples in the Ka-band by using NRW method and optimization solution.

lated thickness of 13.289 mm. The importance of accurate
measurement of the sample thickness is especially obvious if
the measured thickness was 13.30 mm (instead of 13.31 mm),
where a lower objective value can be obtained by choosing a
calculated thickness of 13.296 mm. Fig. 4(c) compares the re-
sults obtained for both and between the optimization

method mm and NRW method mm .
The effects of the deviation between the measured and cal-
culated -parameter data shown in Fig. 5(c) are displayed in
Fig. 6(c). The calculated due to material absorption
is much larger than those found in the PTFE and polystyrene
profiles.
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(a) (b)

(c)

Fig. 5. Comparison between measured and predicted values of the real and imaginary parts ofS andS for (a) PTFE, (b) polystyrene, and (c) nylon.

Further comparisons between Fig. 4(a), (b), and (c) suggest
that the profiles obtained from the NRW method for all the

samples tend to flatten beyond 36 GHz which is close to the
mode of the RDWG. Similar results were obtained from
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(a)

(b)

(c)

Fig. 6. Comparison between measured and predicted values ofjS j , jS j , andP for (a) PTFE, (b) polystyrene, and (c) nylon.

other samples but with small peaks near 38.5 GHz that was
slightly higher than predicted by the effective index theory. Fi-
nally, Table II provides a listing of the values of and

obtained by the NRW method, optimization method, and pub-
lished data assuming that the samples were from the same man-
ufacturer. The optimization method shows good agreement in
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TABLE I
OPTIMIZATION RESULTS FORNYLON WITH MEASUREDTHICKNESSEQUAL TO 13.31 mmIN ESTIMATED " RANGE BETWEEN2.9AND 3.1

TABLE II
COMPARISON BETWEENNRW, OPTIMIZATION , AND OTHER TECHNIQUES

both and with the published data while the NRW method
agrees reasonably only with thevalues.

V. CONCLUSIONS

We have demonstrated the use of an optimization method for
RDWG dielectric measurements at the Ka-band. The technique
is nondestructive, quick, and simple. Good results are obtained
for the complex permittivity of a range of materials, and the
issues of sensitivity and measurement errors related to sample
thickness have been addressed.
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