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Abstract

In this paper we consider the sensitivity of functional form in the popular panel data stochastic frontier model proposed by Battese and Coelli (BC, 1992). We demonstrate that adopting the (t-T) efficiency functional form used by BC can, in a model which allows for firm specific patterns of temporal inefficiency variation (as developed by Cuesta (2000)), result in counter intuitive ‘falling-off’ of efficient firms in the final sample year. This motivates us to look at a more general parameterisation. First we show that the choice of function within the first order exponential class is only an issue for the Cuesta model; in the BC model, parameter estimates and inefficiency estimates are invariant to the form. Second we apply the more general model to a railways dataset and find that this model does not seem to suffer from the most efficient firms falling off the frontier. We discuss how to test restrictions in order to make the model more parsimonious, thus preserving the attractive property of the Cuesta model, namely the ability to test for firm specific patterns of inefficiency variation.
Keywords

Stochastic frontier; efficiency; functional form

JEL Codes
C1, L5, L9
1. Introduction

The panel data stochastic frontier model developed by Battese and Coelli (BC, 1992), later extended by Cuesta (2000), has numerous desirable properties in the context of economic regulation and more widely. These include (following Cuesta (2000)) allowing for time varying inefficiency and different paths of inefficiency variation by firm in the case of the Cuesta specification, allowing for statistical tests on the direction of temporal inefficiency variation and allowing for the measurement of absolute efficiency rather than relative efficiency. Lee (2010) notes that this model is particularly useful when it is applied to a panel dataset with small N and large T; small N being a particular problem faced by economic regulators. 

The general model considered in this paper, formulated as a cost frontier is written as: 
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, i=1,…,N and t=1,…,T
(1)

Where C is cost, X are the cost function (
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 are parameters. The innovation in (1) compared to the previous literature comes from the 
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 term. Imposing N restrictions 
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 yields the model proposed by Cuesta. Imposing N-1 further restrictions of 
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 i=1,…,N-1 yields the BC formulation. We refer to the function for 
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 as belonging to the ‘first order exponential class’ given the exponential transformation and the function being restricted to first order terms in t. This form has been widely used in empirical panel data research and so is the focus of this paper. 

A key issue is that the particular functional form selected by BC, namely 
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 (such that (1) includes the term (t-T)), is essentially arbitrary. However this formulation has been used almost exclusively in the empirical applications. A natural question to ask is under what circumstances the choice of this functional form affects the estimated efficiency scores. The purpose of this paper is to address this question and, for circumstances where the value(s) of 
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 matter, demonstrate the use of a model which allows the ’s to be estimated and/or specific values tested for.

Following this introduction, section 2 provides a further motivation for considering a generalisation to the standard BC formulation. Specifically we note a peculiarity in the (t-T) formulation when it is used in the Cuesta type specification (the case with firm specific time paths for inefficiency), whereby the frontier firms (most efficient) seem to ‘fall-off’ the frontier in the last year of the sample, resulting in no firm in sample having an efficiency score close to unity in the last year. 

Section 3 provides analytical results which show which parameters are identified in each model, thus defining the circumstances in which the choice of (t-T) vis-à-vis some other offset, 
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, actually impacts on the estimated parameters and thus efficiency scores. When we consider the Cuesta (2000) model we find that the choice of 
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 does impose a specific form for the scaling function. In contrast we show that when we restrict the model to common [image: image18.png]


 parameters as in the BC model, the model is identical for each of these variants. Finally we note that different software treats unbalanced panels in different ways and we show that these formulations yield different models. Given the results in section 3 - that the model proposed by Cuesta is sensitive to choice of 
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 - section 4 provides an illustration of estimation of a more general model which allows the 
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’s to be estimated and also provides statistical tests for the restrictions proposed in the literature. Section 5 concludes.

2. Empirical observations

One key motivation for the paper stems from the empirical observation that when the Cuesta type model is estimated, firms that are consistently very close to the frontier in all years up to T-1, ‘fall off’ in the last year, that is have substantial higher inefficiency estimates in the final year. Figure 1 provides an example using data from Smith and Wheat (2012) on the cost efficiency of passenger train operating companies in Great Britain between 1997-2006. We note further that this phenomenon was also present in the empirical example of the original paper by Cuesta (2000, reproduced here as Figure 2) although it was not commented on in the paper. Figure 1 also highlights that this appears to be an artefact of the model rather than anything within the underlying data since when the model is rerun excluding the last year of data (2006) the falling-off shifts to the new last year (2005). Further, as shown in the section 4, adopting another value for the
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’s instead of ‘T’ removes this strange behaviour of the frontier firms.

Inspection of the parameter estimates for both the railways and the Spanish Dairy Farm example reveals the reason for this occurrence. Those firms that are close to the frontier have very large estimates of 
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. For example in the 10 year model of Smith and Wheat (2012) (Figure 1), 
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, compared to typical estimates of less than unity for the other 
[image: image25.wmf]h

 parameters
. It follows that the overall inefficiency estimate can exhibit a falling off pattern since if both 
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 are large, 

 is small provided t<T. However when t=T i.e. in the last year 
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 which implies 
; potentially far from zero. Figure 3 illustrates the issue for different values of [image: image36.png]


 holding 

 at an arbitrary value of unity. Thus the use of (t-T) in the function seems to imply the falling off of frontier firms in the last year. The integer nature of t contributes to the sudden shift in the function.
It is interesting to consider why the model yields estimates of such large efficiency slope parameters. First we note that in our experience an LR test for parameter significance of one of the large 
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’s rejects at any reasonable significance level. Thus it appears that there is empirical support for a non-zero estimate. The analytic derivatives of the function are complicated and we have not attempted detailed partial analysis. However we have inspected the numerical derivates of the function during estimation. In particular we find that in early iterations, the partial derivative of the log-likelihood with respect to an 
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 parameter which is eventually large is itself relatively large (which probably explains the LR result). However as iterations progress the derivative becomes virtually zero (but still very slightly positive) i.e. the likelihood function is (roughly) flat in the dimension parameter. The implication is that for each subsequent iteration, the estimation routine seems to increment the estimate of 
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 considerably and this process continues until the convergence criteria for the model are met. Thus as the number of iterations increases, the estimate of 
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 increases.
[Figure 1 Here]

Faced with the most efficient firms falling off the frontier, economic regulators, who often set efficiency cost reduction targets based on the final year efficiency estimate, have to decide whether to adopt a relative or absolute efficiency measure, which can differ substantially. Thus it is important to understand whether this phenomenon is an artefact of the model form or something actually supported by the data.

[Figure 2 Here]

[Figure 3 Here]

3. Properties of the scaling function

In this section we provide analytical results to determine whether the choice of 
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 impacts on the resulting parameter estimates and thus inefficiency scores. 

3.1. The Cuesta model

Consider the model in (1) and note
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(2)

The Cuesta model is nested within this by imposing 
[image: image47.wmf]T

i

=

a


 .

Proposition 1 This model can only be identified for i=1,…,N and 

 where 
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 is a fixed constant.

Proof: 
[image: image53.wmf](

)

(

)

(

)

i

i

it

i

i

i

it

w

t

u

u

t

u

h

a

h

exp

exp

=

«

-

=


 where 
The above implies 2N+1 parameters. However note that we can write equivalently
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Which implies only 2N parameters (namely 
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 i=1,…,N and 
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 i=1,…,N) can be uniquely estimated. Thus only 2N parameters are identified. One of the 
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 parameters or the 
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parameter must be fixed, otherwise the model is not identified. ■
The implication here is that adopting an expression such as 

 yields a different model, in terms of parameter estimates, fit and thus efficiency estimates, than adopting, say, 

, since the two models implicitly impose N restrictions on (6) (
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  respectively) when only one restriction is required for identification. 

3.2. The BC model 

Consider the model in (1) but with
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(4)

The BC model is nested within this by imposing the restriction 

.

Proposition 2 Within the model in (4), 
[image: image80.wmf]a

can not be identified from 
[image: image81.wmf]u

s

. 

Proof: 
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 as given in (4) comprises three parameters, however is equivalent to 
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 where 
, which implies a two parameter specification for . For any 
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 and  given by 
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The implication of Proposition 2 is that the model is invariant to the choice of 
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, which has to be specified exogenously to enable identification of the variance term. Importantly the estimates for all other parameters, and as a result the efficiency estimates, from a model with 
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3.3. The BC model – Unbalanced panel treatment

A complication arises in the BC model in that commonly used statistical software differ in how they treat unbalanced panels which actually yield different models. In particular, LIMDEP (Econometric Software Inc, 2010) defines inefficiency in BC model as:




(6)

Where 
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This is in contrast to FRONTIER (Coelli, 1996) where:
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Where 
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In the case of a balanced panel, (6) and (7) are equivalent. However, in the unbalanced panel case the different formulations yield different models with different parameter estimates and efficiency scores. Both models are nested in (2) each imposing 
 and (6) further imposing [image: image113.wmf]h
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 i=1,…,N-1
 while (7) imposes 
 over all i. While there are (2N-1) restrictions imposed on (2) in both formulations these are different and given the model is identified with only one restriction, the estimated models will be different in the two cases. In terms of choosing between (6) and (7), we can see no a priori reason for one over another. As such adopting the formulation which fits the data best would seem a useful criterion.
4. An empirical demonstration of the general model

Section 2 and section 3 have shown that there is motivation for applying the general model in equation (2) rather than the more restrictive model by Cuesta (2000). In this section we demonstrate that by estimating this model using the railways dataset reported in Figure 2, it eliminates the problem of frontier firms falling off the frontier in the last year. Further we discuss the use of LR tests to determine whether it is valid to restrict the model in various ways to make it more parsimonious, thus preserving the attractive property of the Cuesta model, namely the ability to test for firm specific patterns of inefficiency variation. We do not discuss the economic specification model estimated in a great deal of detail (for further details see Smith and Wheat (2012)). We estimate the general model using LIMDEP and then use the LR principle to test several restricted variants. Table 1 shows the results of the LR tests. In particular we fail to reject the restriction that there is a common 
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 parameter across firms. This is estimated to be 2.194 i.e. our preferred model has inefficiency specified as 
. Further we can reject the restriction of 

 and the restriction 
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. Thus the ‘standard’ (t-T) and simple t only model form can be rejected. Therefore there is support for adopting a specification other than the standard specification common in the literature.
[Table 1 Here]

The preferred model is given in Table 2. Importantly, Figure 4 shows that the firms that ‘fell-off’ the frontier in the (t-T) model no longer suffer from this (although firm 16 is no longer estimated to be very close to the frontier). As such adopting the generalised model and testing down has result in a model which behaves in an intuitive manner.

5. Conclusions

We have demonstrated that adopting the functional form used by BC and Cuesta can, in a model which allows for firm specific patterns of temporal inefficiency variation, result in counter intuitive ‘falling-off’ of efficient firms in the final sample year. This motivates us to look at a more general parameterisation. First we show that the choice of function within the first order exponential class is only an issue for the Cuesta model; in the BC model, parameter estimates and inefficiency estimates are invariant to the form. 

Second we apply the more general model to the railways dataset and find that this model does not seem to suffer from the frontier firms falling off the frontier. We discuss how to test restrictions in order to make the model more parsimonious, thus preserving the attractive property of the Cuesta model, namely the ability to test for firm specific patterns of inefficiency variation. Thus if regulators or more generally policy makers are confronted with such ‘falling-off’ of frontier firms, then it would be wise to investigate other forms of the inefficiency term in the model, such as those outlined within this paper, before concluding that frontier firms do indeed ‘fall-off’ the frontier.
[Table 2 Here]

[Figure 4 Here]
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Figure 1 Example of efficiency of frontier firms for British Train Operating Companies 
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Source: Adapted based on model used in Smith and Wheat (2012)

Figure 2 Cuesta’s empirical example for Spanish Dairy Farms
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Source: Reproduced from Figure 1 in Cuesta (2000)

Figure 3 Efficiency scores (

) for different values of 
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Source: Own calculations, 
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Figure 4 Efficiency scores for the three frontier firms using 
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Table 1 LR test results

	Test
	LR value
	Degrees of Freedom
	P value

	H0: 
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	25.157
	23
	0.3422

	H0: 
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	9.013
	1
	0.0026

	H0: 
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	5.135
	1
	0.0234


Table 2 Estimation results for the preferred model 
[image: image143.emf]Estimate

Statistical 

Significance Estimate

Statistical 

Significance

Frontier parameters Efficiency function parameters

Constant 4.96268***

α

2.19392***

ROUTE 0.64481*** Lambda 2.17398***

TDEN 0.77239*** Sigma(u) 0.13757***

STAT1 0.40624***

η

 parameters

TIME -0.01351 Firm 1 -0.38842*

INP 0.27659*** Firm 2 0.20308***

TDEN2 0.05646* Firm 3 0.16011**

STAT12 -0.02669* Firm 4 -0.47107

TIME2 0.00116 Firm 5 -0.5901

TLEN2 0.33067*** Firm 6 0.03228

DENSTAT1 0.04551 Firm 7 0.10186

TDENLEN -0.24203*** Firm 8 -0.60649**

STAT1LN 0.03751 Firm 9 -0.30958***

TLEN 0.40626*** Firm 10 -0.02272

LFAC 0.16561** Firm 11 -0.13091**

ONWARDS2 0.17403*** Firm 12 0.14455*

_1_YEAR_ -0.02863 Firm 13 0.07508**

MANBF 0.17842*** Firm 14 -0.8059**

MANAF 0.13689** Firm 15 -0.21705

RENBF 0.25495*** Firm 16 -0.39741

RENAF 0.04594 Firm 17 -0.2474

INTERCIT 0.53204*** Firm 18 -0.29396

LSE 0.15353** Firm 19 0.23444

MANBFT -0.0551*** Firm 20 0.12945***

RENBFT -0.08298*** Firm 21 -0.45805**

MANAFTR -0.0309** Firm 22 -0.16621**

RENAFTR -0.03698** Firm 23 0.1565***

LNAGE 0.00348 Firm 24 0.04551

MANAF11 -0.08371* Firm 25 0.22828***

Firm 26 -3.90844

Log Likelihood 284.7227

***, **, * Significance at 1%, 5%, 10% level respectively.

See Smith and Wheat (2012) for variable definitions


� Similarly in Cuesta (2000), the frontier Farm 27 had � EMBED Equation.3  ���� QUOTE � ��.
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