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Abstract 

The reflection of ultrasound can be used to determine oil film thickness in elastohydrodynamic 

lubricated (EHL) contacts if the opposing surfaces are fully separated by the liquid layer. The 

proportion of the wave amplitude reflected depends on the stiffness of the liquid layer, which is a 

function of its bulk modulus and thickness. However, in many practical applications, boundary or 

mixed film lubrication is a common occurrence as the nominal thickness of the separating film is 

of a similar order to the height of the surface asperities. The reflection is then dependent on both 

the liquid contact and solid contact parts and the total interfacial stiffness is the controlling 

parameter. 

In this paper an investigation was carried to study the reflection of ultrasonic waves from the 

lubricated contact between a sliding steel ball and a flat steel disc when substantial solid contact 

occurs. To interpret the ultrasonic reflection results a mixed regime model for a circular point 

contact was established. The liquid film stiffness was calculated by using a predicted film 

thickness and a bulk modulus estimated from published rheological models of lubricants under 

high pressure. Solid contact stiffness was predicted using a statistical rough surface contact 

model. Under all operating conditions, the prediction of fluid stiffness was found to be much 

greater than the solid contact stiffness. The total stiffness predicted by the model showed good 

agreement with experimental measurements for kinematic cases. The model was used to separate 

the stiffness contributions from the asperity contact part and lubricant layer part from the 

experimental data. For a contact pressures ranging from 0.42 to 0.84 GPa and sliding speed from 

zero to 2 m/s, the film thickness was found to vary from 0.01 to 0.8 µm, and the proportion of the 

load supported by asperity contact varied from 50% to 0%. 

 

1. Introduction 

Ideally machine elements like gears and rolling bearings should be lubricated by thick films that 

separate the running surfaces. However, frequently the hydrodynamic action is insufficient to 

generate a fluid film thick enough to separate the asperities. The interface then consists of 

isolated asperity contacts with the surrounding gaps filled by liquid. The load is shared between 

direct solid to solid asperity contact and a liquid film. This is known as the regime of mixed 

lubrication. The exact nature of the solid to solid contact parts is highly complex and may consist 

of adsorbed molecular species and thin transformed layers [1]. However, for the purposes of this 

paper we simply distinguish between liquid and solid contact.   

In mixed elastohydrodynamic lubrication, the separation between two matching surfaces is of a 

similar order to the surface roughness. Both asperity contact and lubricant load support exists. 
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The total load on the contact PT is assumed to be shared by contacting asperities and compressed 

lubricant. This concept of load sharing relationship T a lP P P   is widely used for modelling 

mixed lubrication problems [2, 3 and 4]. Johnson et al. [5] introduced the scaling factor γ to 

define these two parts. In that model, it was assumed that hydrodynamic film formation and solid 

contact are mutually independent, so that the film formation is not affected by the presence of 

roughness. A statistical model of rough surface contact was combined with a solution for smooth 

surface elastohydrodynamic film thickness. A similar approach was adopted by Gelinck & 

Schipper [6] who combined the relevant solid contact equations and lubrication theory to predict 

film thickness and friction for line contact problems. 

Whilst modelling of mixed lubrication contact has progressed considerably, experimental 

techniques have not. The lubricant films formed are very thin and asperity contacts very small, so 

it has proved difficult to obtain direct measurements. Electrical methods have been useful 

indicators of when asperity contact occurs. The resistance of lubricated contacts reduces by 

several orders of magnitude when contact occurs. Usually data is expressed as a non-contact time 

fraction [7], which reduces with surface roughness or increasing film thickness. 

In optical interferometry techniques, film thickness is deduced from the interference pattern 

produced by the interaction of light beams reflecting from to the top and bottom surfaces of the 

oil film. The approach can measure films extremely accurately, and requires no calibration. A 

spacer layer is incorporated into the optical path to permit the interferometric measurement of 

films down to a nanometre thickness [8]. This technique has been proved very useful in the study 

of boundary and mixed lubricant films [9, 10].  

The reflection of ultrasound has been used to study rough surface contacts [11-18]. The 

proportion of the wave reflected depends on the stiffness of the rough surface interface. The 

measurement of stiffness in this way has been used to study elastic plastic contact [19- 21] and 

contact non-linearity [22, 23]. The reflection also occurs when the interface consists of a thin 

layer of liquid. This has been used for the measurement of thin oil films in machine components 

[24- 27]. 

In this work, the use of ultrasound to measure mixed liquid and solid contact is explored. 

Transmission occurs at both asperities contact and fluid layer simultaneously. In parallel, a model 

of film formation of the mixed lubrication regime has been used and results compared to the 

ultrasonic response. In this way it has proved possible to separate and deduce the liquid and solid 

contact in the experimental cases. 

2. Ultrasonic response 

(a) Dry rough surface contact 

The response of a dry contact for an ultrasonic wave (shown schematically in Figure 1(a)) has 

been studied by a number of workers. Work has been motivated both for its implications on crack 

detection [28, 29], transmission through structures [30], contact in bearing systems [11], and 

contact area and pressure distribution in machine elements [31, 32]. 

When an ultrasonic wave is incident at a rough surface contact between two solids, the proportion 

of the wave amplitude reflected, known as the reflection coefficient, depends on the conformity 

between the two bodies. Kendal and Tabor [11] showed that the reflection coefficient, R depends 
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on the stiffness of the interface, K. They used a quasi-static approach to derive a so-called spring 

model (also presented by Tattersall [33]): 
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                                                        (1) 

where z1 and z2 refer to is the acoustic impedance of the materials either side of the interface and 

 is the angular frequency ( =2f). For identical materials in contact this reduces to (z1=z2=z') 
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R
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                                                       (2) 

This model holds provided that the wavelength is large compared with the size of the gaps at the 

interface. The model demonstrates that the reflection coefficient also depends on the frequency 

used. Drinkwater et al. [16] carried out a series of experiments on rough surfaces pressed 

together. They observed the occurrence of frequency dependence of reflection and showed that 

when the simple spring model was used the stiffness was, as expected, frequency independent. 

They thus demonstrated that for most practically machined available rough surface contacts the 

spring model approach holds. 

The stiffness of a rough surface contact Ka (expressed per unit area) is defined as the change in 

nominal contact pressure, p, required to cause unit approach of the mean lines of the surfaces 

[34]: 

a

dp
K

dh
                                                                (3) 

where h is the separation of the mean lines of two rough surface (i.e. the mean interfacial 

separation). The stiffness of a rough surface contact varies non-linearly from zero at vanishingly 

small contact areas to infinity when the surfaces are a complete contact (i.e. further loading does 

not cause any a closer approach of the surfaces).  

The stiffness of rough surface contacts under a range of loading configurations has been 

investigated by Dwyer-Joyce et al. [35]. The first loading takes place plastically and then 

unloading and subsequent re-loadings are largely elastic. The stiffness at a given pressure is thus 

lower during the loading path than during the unloading path. 

(b) Lubricant film 

An ultrasonic wave will also be reflected back from a thin oil film between two solid surfaces, 

shown by figure 1(d). Both the interfaces at the front and back of the oil film will act to reflect 

the wave. In most lubricated machinery the oil film is thin that these two reflections cannot be 

spatially separated. In this case when the wavelength is large compared to the thickness of the 

interface, it behaviours as a single reflector. 

The same spring model approach as used for rough surface contacts can be applied to the 

measurement of lubricant films. A lubricant film acts as a compliant layer between the two 

mating surfaces. Rokhlin and Wang [36] addressed the ultrasonic interaction and spring stiffness 

for thin viscoelastic fluid films. Dwyer-Joyce et al. [35] showed that the oil films formed in 

conventional elastohydrodynamic and hydrodynamic regimes are also governed by the spring 
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model. It is the stiffness of the liquid layer that controls the ultrasonic reflection and the spring 

model equation (1) applies.  

The oil film is considered as a fluid of bulk modulus, B between two infinite flat half spaces. The 

ultrasonic wave is again assumed to be larger compared with the gap thickness, h. This means 

that the film is constrained to deformation in the through thickness direction only. The stiffness 

of a liquid film is related to its thickness. Then the stiffness of the liquid layer is given by [37]: 

l

B
K

h
                                                                     (4) 

(c) Mixed liquid-solid interface 

In a mixed regime contact the interface consists of both liquid and solid bridges. At values of the 

film thickness greater than the surface roughness the interacting surfaces are fully separated by 

the lubricant and the fluid supports the total load (shown schematically in figure 1(d)), as the film 

thickness reduces the solid part becomes more significant (figure 1(c)). 

 (a) (b)  (c)   

(d)       (e)  

Figure 1 Schematic diagrams of tribological interfaces (a) a dry static contact, (b) a wet static 

contact, (c) mixed lubrication regime contact, (d) a thick oil film, (e) the spring model 

representation. 

The total stiffness of the interface Kt, then results from the stiffness of the asperity contact, Ka 

and the stiffness of the liquid oil film, Kl acting in parallel (shown by figure 1(e)): 

t a lK K K                                                                 (5) 

so combining equations (3),(4) and (5): 

t

B dp
K

h dh
                                                                  (6) 
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In this way the mixed regime interface is represented by two springs in parallel (figure 1(e)). At 

high surface separation, the asperity contact is negligible and, the dp/dh term falls to zero, the 

load is entirely carried by the liquid spring. For this reason the asperity spring in figure 1(e) is 

drawn not in contact with the lower surface. As the film thickness reduces, when a limiting value 

is reached, then solid contact is made and the spring has a finite stiffness. Conversely, at low 

separation both the stiffness of the thin liquid film and the asperity spring contribute to the solid 

stiffness. 

In this work the reflection from an elastohydrodynamic circular point contact has been measured 

as the speed is reduced to zero. The reduction in speed causes the film thickness to fall; the 

contact moves from full film to mixed lubrication regime. The stiffness of the contact is 

determined and used to deduce the relative contributions of the asperity and film contributions. 

3. Experimental apparatus 

(a) Elastohydrodynamic point contact apparatus 

The apparatus used was a modified optical elastohydrodynamic apparatus, where the microscope 

has been replaced by an ultrasonic transducer and the glass disk by a steel disk. Figure 2 shows 

both a photograph and a schematic diagram of the contacting parts. A 19 mm diameter steel ball 

was hydraulically loaded to the underside of a nominally flat steel disk. A pressure gauge 

recorded the hydraulic pressure and has been calibrated to obtain the ball contact force. Loads in 

the range 20 to 80 N were applied to the ball. According to an elastic calculation the 

corresponding areas of contact had radii of 0.11 to 0.174 mm and mean contact pressures in the 

range 0.53 to 0.84 GPa. 

The ball is driven through a quill shaft by a variable speed electric motor and belt drive. The disk 

is held stationary throughout the testing so the contact is in pure sliding. Surface speed was set 

from zero to 0.5 m/s during this test. An ultrasonic transducer was located above the disk by a 

bath of distilled water and positioned over the contact using xyz positioning slides, shown in 

Figure 2(b). 

      

Figure 2 Elastohydrodynamic test apparatus for recording reflections from a lubricated ball on 

disk arrangement (a) photograph, (b) schematic diagram of the contact and transducer. 

(b) Lubricants, specimens and test conditions 

The test lubricant used was a VG68 mineral oil (Shell Turbo T68). The ball was half submerged 

in oil so that it was entrained into the contact when rotated. Both the ball (19mm in diameter) and 

disk were ground and lapped to give surface finishes of RMS roughness σ =0.256 µm and σ = 

0.339 µm respectively. 

Steel disk

Rotating steel ball

Oil meniscus

Water bath
Transducer

Hydraulic load

Motor drive
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(c) Ultrasonic pulsing and receiving instrumentation 

A spherical focusing longitudinal 50 MHz piezoelectric transducer (Olympus NDT) was used for 

this test case. The transducer was driven by an ultrasonic pulser receiver (UPR), which was 

controlled by a PC. The UPR generated a series of short duration voltage pulses that excited the 

piezoelectric transducer causing it to resonate, thus sending the required ultrasonic pulse through 

the medium. The transducer operated in pulse-echo mode and so received reflections back from 

the interfacial surfaces or oil film. Reflected pulses were stored on a digital oscilloscope and 

passed to a PC for processing. Figure 3 shows a schematic layout of the instrumentation. 

The driver software was written in software program LabView which positioned the transducer, 

controlled the sequencing of pulses, downloaded reflected pulse waveforms, and performed the 

required signal processing. The reflection coefficient was recorded at each transducer position. 

This was then related to the interface stiffness and contact pressure. Full details of the 

experimental approach are given in reference [35]. 

 

Figure 3 Schematic diagram of the ultrasonic pulsing and receiving apparatus. 

4. Experimental results 

(a) Tranducer focussing and frequency selection 

The transducer is focused onto the contact region. For the measurement to be realistic the whole 

of that focused region must fall within the confines of the lubricated contact. The dimensions of 

the focussed spot are given by [38]: 

1.025f

Fc
d

fD
       (7) 

where df is the diameter of the spot size (where the signal has reduced to –6dB of its peak value), 

F is the transducer focusing length, f  is the wave frequency, c is the wave speed in water and D is 

the diameter of the element. The radius of the contact region, a between the ball and disk is 

obtained from Hertz elastic analysis. The ratio of the spot size to the contact diameter is here 

called the focussing ratio, . Thus the frequency of the transducer should be selected such that 

this is less than one: 

1
2

fd

a
         (8) 

Figure 4 shows a plot of the boundary of combinations of transducer frequency and load on the 

contact such that equation (8) holds. It is apparent for the measurement region (contact pressures 
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in the region 600 to 850 MPa) considered in this work that frequencies above around 20 MHz are 

required. 

 

Figure 4. Relationship between the required transducer frequency and pressure on the contact 

such that the focussing ratio is smaller than one. 

Figure 5 shows a plot of reflection coefficient amplitude verses frequency for a sample pulse 

reflected from an oil film under a pressure of 0.76 GPa (a load of 60 N) for ball and disc contact. 

Also shown is the amplitude spectrum fast Fourier transform (FFT) of the reflected pulse, 

showing the bandwidth region of useful energy. Inspection of the amplitude spectrum shows 

extent of the attenuation which has effectively reduced the centre frequency of the transducer 

from 50MHz to 30MHz. The reflection coefficient spectrum has been converted into the 

predicted oil film thickness using the spring model equation (1) and (4). The film thickness 

variation with frequency is also shown on figure 5. Clearly the oil film thickness cannot vary 

with the measurement frequency. Therefore only data in the 45 to 55 MHz region is suitable. 

Below 45 MHz the spot size is too large (as demonstrated in figure 5), and above 55 MHz the 

energy is too low as the transducer is operating out of its bandwidth. In this region the film is 

close to being constant regardless of the measurement frequency selected. This region of 

reflection coefficient can then be used to calculate layer stiffness. 
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Figure 5 Reflection coefficient and oil film thickness plotted against ultrasonic frequency (the 

transducer output spectrum FFT is plotted in arbitrary units over the top). The measureable 

region were both the energy is acceptable and <1 is shown. 

(b) The start up sequence 

A simple start-up sequence was used to examine how the ultrasonic reflection varied during film 

formation. Figure 6(a) shows a plot of the reflection coefficient measured during the sequence; 

the sliding speed is plotted on the second y-axis. Initially the contact was completely dry and 

stationary. The ball was rotated by hand to cause the oil to be entrained into the contact, resulting 

in a stationary wet contact. The reflection was less than the dry contact case because there were 

lubricant pockets filling the valleys of the roughness in the contact. Transmission can then occur 

at the solid contact regions and through these lubricant pockets. 

As the speed increased a film started to form and the reflection coefficient increased. The thicker 

oil film and less solid contact reflected more ultrasound. At some point during this speed ramp, 

lift off occurred, and the reflection was entirely caused by the liquid film. 
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(a)   

 (b)  

Figure 6 Measurements from a EHL contact mean contact pressure 0.76 GPa during a start-up (a) 

reflection coefficient (b) contact stiffness. 

 

The spring model (equation 1) was used to convert reflection coefficient to stiffness; this is 

shown in figure 6(b). The stationary dry contact part had a stiffness of Ka=~40 GPa/m (there 

was no fluid present so Kl=0). When the ball was stationary but fully wetted the contact stiffness 

increased by an additional ~70 GPa/m. This represents the contribution of the liquid part, Kl 

when stationary. In other words when the contact was stationary the total stiffness was 35% 
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attributable to the solid contacts and 65% to the liquid parts. As soon as sliding was initiated the 

stiffness decreased as the surfaces were separated by compressed liquid, some hydrodynamic 

action occurred. 

(c) Smooth and rough surfaces 

Figure 7 (a) and (b) compare two sets of results for disk specimens of different surface roughness 

(σ=0.34 and 0.03μm). For the smooth surface case the surfaces were polished by hand to a mirror 

finish. The data shows the stiffness variation with load for when the contact is dry, fully wetted, 

and sliding at 0.15m/s. 

For the dry case the smooth surface is stiffer for a given load. For the wet case this is again true; 

but in this case since the smooth surface holds only a very thin layer, of consequently high 

stiffness, between the surfaces. When both pairs are sliding, they have virtually identical 

stiffness. This is because a hydrodynamic film has formed and the stiffness is only from the fluid 

film. The surface roughness clearly has no part in the film development at this sliding speed.  

(a)    

(b)    

Figure 7 Variation of stiffness with contact load for different surfaces roughness (a) standard 

surface roughness (σ=0.34 μm), (b) mirror finish polished surfaces (σ=0.03μm). 
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5. Theoretical simulation 

The proceeding results show qualitatively how the ultrasonic reflection can be used to determine 

the sum of the asperity contact stiffness and the liquid film stiffness. Just as when a mass is 

supported by two springs, it is not possible to determine the proportion supported by each spring 

from the combined stiffness. Some independent means is required to determine the relative 

proportion of liquid and solid contact from the total stiffness. However, unlike the analogy of a 

mass supported by two springs, in the mixed lubrication case the two spring stiffness are not 

independent. Both springs are of non-linear stiffness that depends on the separation of the two 

surfaces. In this section, models for the spring stiffness are derived and used in section 6 to 

interpret the ultrasonic results. 

(a) Stiffness of static dry contact 

The contact between rough surfaces has been investigated by many authors. Three typical models 

of rough surface contact are (i): the Greenwood-Williamson model [39]; (ii): the Whitehouse-

Archard-Onions model [40, 41]; (iii): the Bush-Gibson-Thomas model [42], which are referred as 

GW, WAO and BGT model respectively. The GW and BGT models are based on purely elastic 

deformation. In this work on rolling circular point contacts, high pressures are expected and also 

repeated contact of different asperity pairs. This suggests that elastic-plastic or plastic 

deformation may take place at the peaks of the ball and disc roughness. For this reason, the WAO 

model is adopted for the dry contact case. In this model the distribution of the asperity summits is 

not Gaussian but results from the Gaussian distribution of the surface as a whole. The radiuses of 

the asperities are not constant: the higher summits give smaller radius and vice versa. The WAO 

model gives a relationship between the nominal contact pressure and the approach of the two 

surface mean lines. 

   
1/ 24

5
15

s s pp D E F t                                                  (9) 

Where σs is the variance of the summit height distribution, and Ds is their density expressed per 

unit area. The ratio t is the dimensionless separation of contacting surfaces ( sh t ), and    is 

the reduced elastic modulus given by: 

2 21 11 b d

b dE E E

  
 


     (10) 

where E and  are the elastic modulus and Poissons ratio, with the subscripts b and d signifying 

the ball and disc respectively. 

( )pF t  is a dimensionless separation function which is tabulated in Whitehouse and Archard [41] 

with a quite good approximation in analytical form as: 

2( ) 0.612exp( 0.4 1.3 )pF t t t       (11) 

Królikowski and Szczepek [14] use the WAO model to predict the interface stiffness. They give 

an analytical curve fit to the data; 

1/ 2

1/ 2

2.7
1.7 1.6loga e

s s s

dp p p
K

dh E D 

  
     

  
                                  (12) 
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Equation (12) is used in this work to predict stiffness for the static dry contact. 

(b) Stiffness of static wet contact 

If the interface is submerged in oil, surface tension, or a small relative movement between the 

contacting surfaces, will draw in liquid to fill the pockets between the asperity contacts. If the 

load is increased the two interfaces approach and extrude a finite but very small volume of 

lubricant (figure 1(b)). When ultrasonic waves strike this interface some will pass through the 

asperity contact and others the lubricant pockets. Therefore, for a wet interface the total 

interfacial stiffness has two components: the solid stiffness arising from the mechanical asperity 

interaction, and the lubricant stiffness attributable to the lubricant pockets. 

The surface roughness has a random distribution, and the real area of contact is relatively small 

compared to the apparent area. It is therefore reasonable to assume that the lubricant can freely 

flow between the valleys (i.e. there are no trapped and isolated pockets of lubricant). This means 

that the oil is under ambient atmospheric pressure, even though asperities contacts are under a 

very much greater pressure. The stiffness of the asperities contacts can be obtained from equation 

(12). The separation of the mean lines of the surface roughness is obtained from equation (9). 

This is then used in equation (4) to get the liquid stiffness.  

The total stiffness is then 

1/ 2

0

1/ 2

2.7
1.7 1.6logt a l e

s s s

Bp p
K K K

E D h 

  
      

    

Where the bulk modulus for the oil at ambient pressure, Bo is used, equation (15) is used to 

calculate B0 as 1.339 GPa (see also table 1). 

(c) Stiffness of a liquid film 

The stiffness of an oil film, equation (4), depends on its thickness and the bulk modulus. The 

latter can be easily determined from its acoustic properties according to: 

B
c


                                                                     (13) 

Where c is the speed of sound through the liquid and ρ is its density. The speed of sound in a 

sample of oil can readily be measured (using a time of flight method) and the bulk modulus 

deduced. This is quite satisfactory for application in low pressure hydrodynamic cases [26]. 

However in elastohydrodynamic lubrication the oil is subject to high pressure and so its bulk 

modulus changes significantly. 

Measuring the bulk modulus under such conditions is difficult. Normally this would require a 

high pressure chamber [43, 44]. Kondo et al. [45] have used an ultrasonic approach on an EHL 

contact where an optical interference method was used to determine the film thickness 

independently. This was then used in equation (4) to determine the bulk modulus. 

In this study, the analysis of [46] is used to calculate the bulk modulus of the compressed 

lubricant, according to: 
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1
1 log 1 1 1
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e
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BB

                   

                   (14) 

Where p is the pressure in liquid; B0 is the bulk modulus at ambient pressure (p=0); 
0B  is the 

pressure rate of change of B at ambient pressure, which is approximately 11. B0 is described by 

Fakhreddine and Zoller [47], as 

0 00 exp( )kB B T                                                   (15) 

Where 00B  is approximately 9 GPa and k  is approximately 6.5x10
-3

 K
-1

, T is the absolute 

temperature.  

Bair [46] stated that this equation is often considered to be the most accurate [48] and even 

accurate for extrapolation to very high pressures [49]. It has been used successfully by Cook et 

al. [50] in a free volume pressure-viscosity correlation. The mean values of pressure are used in 

equation (14) for lubricant bulk modulus. The ultrasonic vibration is very low amplitude and high 

speed. It is therefore an isentropic process and so it is the adiabatic bulk modulus that is the 

relevant fluid property. Table 1 shows the bulk modulus values calculated for use in this work. 

 

Load,  N Pressure,  GPa Bulk modulus,  GPa 

0 0 1.339 

10 0.420 5.546 

20 0.529 6.565 

30 0.605 7.269 

40 0.666 7.823 

50 0.718 8.287 

60 0.763 8.691 

70 0.803 9.049 

80 0.839 9.374 

Table 1 Lubricant bulk modulus values (determined after the analysis of Bair [46]) at the test 

pressures used in this work. 

The stiffness of the fluid film is then the bulk modulus, at the appropriate test contact pressure, 

defined by equation (14) divided by the oil film thickness. 

(d) Stiffness of mixed lubrication contact 

In the case of a sliding contact, oil is entrained between the surfaces and a hydrodynamic pressure 

is generated. If the sliding speed is sufficiently high then a full film occurs and there is no 

asperity contact. Equation (4) can then be used to determine the stiffness of the contact which is 

now entirely supported by liquid.  

If however the lubricant film thickness is less than the surface roughness then both the 

hydrodynamic film and the asperity contacts contribute to the total stiffness according to equation 

(6). In this section an equation set is built to predict the load sharing proportions and surface 
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separation, and from these aK  and lK . The method follows the approach of [6, 51] where the 

film formation is modelled independently of asperity contact. 

The total load supported on the contact, PT is the sum of the loads supported by the asperities, Pa 

and the liquid bridges, Pl: 

T a lP P P   

 

This equation can be written in terms of two scaling factors (after the method of [5]), 1 and 2 , 

where 

1 l TP P   

 2 a TP P                                                                 (16) 

Then: 

1 2

1 1
 +  =1

 
                                                             (17) 

For the rough surface contact part of the analysis the Greenwood and Williamson [39] model is 

used. The load supported by asperities is: 

 0a aP p A                                                            (18) 

Where pa is the nominal contact pressure and A0 is the nominal contact area. Greenwood and 

Williamson give the contact pressure in a rough surface interface as, 

 1/ 2 3/ 2

3/ 2

4

3
a s s sp D E R F t                                            (19) 

Where Rs is the mean radius of the summits, 3/ 2 ( )F t  is an integral of summit height distribution, 

Usually this distribution of asperity heights as assumed to be Gaussian distribution, and in that 

case the function Fn becomes: 

   
2 / 21

2

n
s

n
t

F t s t e ds



                                       (20) 

 

According to Hertzian contact theory the nominal contact area for circular point contact is 

2

33

4
0

PR
A = 

E


 
 

 
                                                    (21) 

Where P is the applied load, R  is the reduced radius of two contact bodies (in the present case of 

a ball sliding on a flat disc, R  is equal the radius of the ball). 

Combining equations (19) and (21), the load becomes, 

 
2/3

1/ 2 3/ 2

3/ 2

4 3

3 4
a s s s

PR
P D E R F t

E
 

 
  

 
                                   (22) 

This is the load supported by the asperities in the mixed regime contact or 2/TP  . 
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Replacing E  by 2/E   and Ds  by 2/sD   (after [6]) gives: 

 
2/3

1/ 2 3/ 2

3/ 2

2

34

3 4

T T
s s s

P P R
D E R F t

E
 



 
   

                                 (23) 

We now turn to the determination of the lubricant film thickness. The film thickness equation for 

point contact has been developed by Hamrock and Dowson [52, 53] for the full film case: 

 0.67 0.53 0.067 0.732.69 1 0.61H U G W e                                   (24) 

Where H, W, U, and G are a set of dimensionless parameters are defined as follows: 

h
H

R



,   

22

lP
W

E R


 
,   0

2

u
U

E R




 
,   2G E  . 

where 0  is the inlet viscosity at ambient pressure, u is sliding speed, and α is the pressure-

viscosity index, which can be obtained by plotting the natural logarithm of dynamic viscosity 

versus pressure. The slope of the graph is the pressure-viscosity index. 

Again the scaling factors are used to apportion the load supported by the hydrodynamic film. 

Substituting 1/E   for Eand 1/TP   for P, the film thickness equation for mixed lubrication can 

be rewritten as, 

0.530.67 0.067

0 1

2

1

2
1.899

2 2

T
u Ph E

R E R E R

  




    

             
                             (25) 

Equations (17), (23), and (25) form a set of simultaneous equations with three unknown 

variables, 1 , 2  and h. These three parameters are then used to calculate lubricant stiffness and 

asperity contact stiffness from equations (4) and (12) separately. Then equation (6) is used for 

calculation of total interfacial contact stiffness. 

The simultaneous equations were solved using MathCAD. Table 1 gives the parameters used in 

the model. The asperity parameters were obtained from profiles of the ball and disk surfaces 

recorded using a Mitutoyo stylus profilometer. Lubricant and materials property data are 

datasheet values. 

 

Parameter Symbol Value 

Elastic modulus of steel ball and disc E 200 GPa 

Poisson’s ratio of steel ball and disc υ 0.31 

Radius of ball R  19 mm 

Asperity density Ds 1.97×10
10

 m
-2 

Mean radius of asperity summits Rs 2.7 µm 

Standard deviation of asperity summit heights 
s  0.3 µm 

Lubricant viscosity at inlet temperature 
0  0.095 Pa∙s 

Pressure-viscosity index α 25.1 GPa
-1

 

Table 2 Parameters used in the simulation model 
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(e) Simulation results 

Figures 8 (a) and (b) show the output from the mixed lubrication model; the proportions of load 

supported by liquid and solid contact are shown varying as the speed is increased. Also shown is 

the film thickness and lambda ratio,  (ratio of the oil film thickness to the combined rms surface 

roughness 2 2

1 2h    ). 
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(b)  

Figure 8 Simulation result for the mixed lubrication regime scaling factors and Lambda 

ratio/film thickness for (a) three nominal contact pressures (b) two different surface finishes 

under a pressure of 0.76 GPa. 

 

The proportions of hydrodynamic lifting force (expressed as 11/ ) and the lubricant film 

thickness clearly increase with velocity, indicating almost full separation at a speed of 0.5 m/s. At 

low speed there is appreciable solid contact indicated 

Figure 8 (b) shows the comparison of the prediction for the standard rough surface compared 

with the mirror finish polished surface both under a pressure of 0.76 GPa. In this figure the 

scaling factors show significant difference but the film thicknesses are almost the same for two 

surfaces. For smooth surface case, asperity interaction contributes little in sharing applied load. 

Figure 9 demonstrates how the stiffness varies according to this model. It is immediately evident 

that the liquid component of stiffness is very much higher than the solid part. Essentially this is 

because whilst the modulus of a liquid is lower, the layer thickness is very much thinner, and so it 

is inherently stiffer. 

The effect of pressure on the total and asperity stiffness is shown in Figure 9(a). The locations of 

lambda ratio 0.5, 1 and 1.5 are also plotted in this figure to show the increasing contribution of 

lubricant to the load sharing. In all cases as the sliding speed reaches 1.5m/s, lambda is greater 

than around 1.5 the asperity stiffness falls close to zero. 

Comparison between the compressed lubricant stiffness Kl and asperity contact stiffness Ka are 

shown in Figures 9 (b), (c) and (d). The ratio of Kl / Ka  changing with sliding speed and nominal 

pressure are simulated and shown in Figure 9 (c) and (d) individually. The inversion in Figure 9 

(c) is caused by the faster rate of reduction in stiffness as the film tends to zero. Liquid stiffness is 

inversely proportional to thickness and therefore Kl tends rapidly to infinity. The reduction in 
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solid stiffness as the surfaces approach is more gentle. It is clear that in all cases compressed 

liquid plays the main part in supporting the applied load. 

 

(a) (b)    

(c)      (d)        

Figure 9 Comparison of stiffness, Kl , Ka and Kt (a) total and asperity stiffness variation with load 

and speed, (b) liquid and asperity stiffness variation with speed, (c) ratio of liquid to asperity 

stiffness variation with speed, (d) ratio of liquid to asperity stiffness variation with load. 

 

6. Comparison and discussion 

 

Figure 10 shows the predicted stiffness from the mixed lubrication model compared with 

experimental data for six load cases. Simulations of dynamic stiffness for different loads show a 

good agreement with experimental measurements. As the sliding speed increases the separation 

increases the proportion of load shared by asperity contacts gives a reducing asperity stiffness 

based on equation (12). At the higher speeds the total interfacial stiffness here is mostly 

contributed by compressed liquid.  
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Figure 10 Comparison of measured stiffness and simulation stiffness varying with sliding speed 

for a series of different contact loads 

The mixed lubrication model was used to determine the ratio of liquid stiffness to asperity 

stiffness at each speed data point for the contact pressures of 0.61, 0.72 and 0.84 GPa (loads 30, 

50, 80 N). This ratio was then used with the experimental data to separate stiffness contributions 

from compressed oil and asperity contact. Figure 11 shows the results. 

(a) (b)     

 

Figure 11 Experimental stiffness of mixed regime contact. The mixed lubrication model has been 

used to determine the stiffness ratio and to separate the (a) stiffness of lubricant film, and (b) the 

stiffness of asperity contact, from the measured combined stiffness (data of Figure 10). 
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Once the stiffness components have been separated out, the oil film thickness is easily 

determined using equation (4). This is plotted on figure 12 for each of the three load cases. The 

non-dimensional speed and load axes corresponding to the Hamrock and Dowson equation (24) 

are used so that the data should all collapse onto one curve if that model holds. 

 

Figure 12 Comparison of film thickness against dimensionless parameter at p=0.84GPa 

 

Also plotted on figure 12 is the oil film thickness prediction using the mixed regime model, and 

that using the standard full film Hamrock and Dowson model (equation 24). The difference 

between the two models is very small. The higher load experimental data closely fits the model. 

At the two lower loads, whilst the slope is similar, the agreement is not so good. 

Figure 13 shows the mixed regime model, and the static dry and wet stiffness models compared 

with experiment during a start-up cycle. The prediction of the full film Hamrock and Dowson 

case is also shown (the stiffness becomes infinite when the speed and film thickness tend to zero). 

As expected the dynamic lubrication part agrees well. It is apparent that in the region of the graph 

40 < t < 100 sec a continuous film was formed; and the fluid film stiffness shows close agreement 

with the mixed lubrication prediction. At around 40 sec as the speed tends to zero the predicted 

oil film stiffness rises to infinity as h 0. The measured value tends to a finite stiffness of 

~120 GPa as the contact consists of rough asperity interactions and not a thin layer. 

The simulation gives the dry contact stiffness at 5.6 GPa/m, which is some eight times lower 

than the measured value. A similar large discrepancy is observed in the wet static contact. The 

agreement between models of dry asperity contact and ultrasonic data is difficult to achieve. Poor 

agreement has also been observed in earlier work in this area [14, 16].  

Perhaps the source of error is the difficulty in measuring surface roughness. Roughness 

parameters are dependent on the measurement scale used [54] and it is likely that the 

measurement scale imposed by a stylus profilometer differs significantly from that of an 

ultrasonic wave striking the asperity. This is an issue that remains to be resolved. Closer 
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agreement with experimental data for these dry contact is observed using the modelling approach 

where roughness data is obtained by fitting ultrasonic data to model predictions [18, 23]. 

 

 

Figure 13 interface contacting stiffness with the pressure of 0.76GPa 

7. Conclusions 

A method based on the reflection of ultrasonic waves has been to measure the contact stiffness of 

a lubricated steel ball sliding on a steel disc as the regime changes from static, through mixed, to 

full film. The resultant stiffness measurement is the sum of liquid and asperity contact stiffness 

combined in parallel. Stiffness values in the range 10 to 120 GPa/m were recorded for a range 

of contact loads and sliding speeds. 

A model of the mixed lubrication process was built using a set of three simultaneous equations, 

representing; load sharing, asperity contact, and elastohydrodynamic film thickness. This model 

was used to predict the liquid and asperity stiffness components. For all operating cases the liquid 

stiffness is very much higher than the solid stiffness. This is because whilst the liquid has an 

intrinsically lower modulus than the solid (even at the elevated contact pressures it experiences) 

the layer is very thin and so therefore very stiff. The total interfacial stiffness simulated shows 

reasonable agreement with experimental results. 

The ultrasonic measurements yield only a combined liquid and asperity stiffness. Here we have 

used the mixed regime model to determine the expected ratio of these two parameters at each 

load and speed data point. This ratio has then been used to separate the two stiffness components, 

and hence determine the oil film thickness. This demonstrates one approach in which a model can 

be used to extract useful information from the ultrasonically measured data. 
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Predictions of the overall mixed regime behaviour agree well with experimental data. However, 

in this regime it is the lubricant stiffness that dominates. The prediction of this parameter, by 

combining the model of Hamrock and Dowson [52,53] with the lubricant rheology model of Bair 

[46] gives good results. However, when only the static asperity contact part is modelled, using 

the statistical asperity contact models, agreement with experimental data for dry contact is much 

less convincing. 

 

Nomenclature 

a half width of Hertzian contact 

A0 Nominal contact area 

B Bulk modulus 

B0 Bulk modulus at atmospheric pressure 

c speed of sound through the liquid (i.e. oil) 

df diameter of the transducer spot size 

D diameter of the transducer element 

Ds asperity density 

E elastic modulus 

E’ reduced elastic modulus 

F transducer focal length 

f ultrasonic wave frequency 

h oil film thickness, separation of the mean lines of two rough surfaces 

K stiffness 

p contact pressure 

P applied load 

R ultrasonic reflection coefficient 

R  radius of ball 

Rs mean radius of asperity summits 

t dimensionless separation of contacting surfaces 

T absolute temperature 

u sliding velocity 

z acoustic impedance of the material 

  pressure-viscosity index 

  scaling factor 

0  Lubricant viscosity at inlet temperature 

  film thickness parameter 

  Poissons ratio 

ρ density of liquid (i.e. oil) 
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σ Root mean square roughness 

s  standard deviation of asperity summit heights 

 ratio of the spot size to the contact diameter 

ω ultrasonic angular frequency ( =2f) 
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