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Kinematic dynamo action in a sphere
II. Symmetry selection
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The magnetic fields of the planets are generated by dynamo action in their electrically
conducting interiors. The Earth possesses an axial dipole magnetic field but other
planets have other configurations: Uranus has an equatorial dipole for example. In
a previous paper we explored a two-parameter class of flows, comprising convection
rolls, differential rotation (D) and meridional circulation (M), for dynamo genera-
tion of steady fields with axial dipole symmetry by solving the kinematic dynamo
equations. In this paper we explore generation of the remaining three allowed sym-
metries: axial quadrupole, equatorial dipole and equatorial quadrupole. The results
have implications for the fully nonlinear dynamical dynamo because the flows qual-
itatively resemble those driven by thermal convection in a rotating sphere, and the
symmetries define separable solutions of the nonlinear equations.

Axial dipole solutions are generally preferred (they have lower critical magnetic
Reynolds number) for D > 0, corresponding to westward surface drift. Axial quad-
rupoles are preferred for D < 0, and equatorial dipoles for convection with little
D or M. No equatorial quadrupole solutions have been found. Symmetry selection
can be understood if one assumes that the flow concentrates flux in certain places
without reference to sign. Fields with dipole symmetry must change sign across the
Equator; if flux is concentrated at the Equator, as tends to be the case for D < 0,
they have a small length-scale and consequent high dissipation, making them harder
to generate than axial quadrupoles. If flux is concentrated nearer the poles (D > 0),
axial dipoles are preferred. The equatorial dipole must change sign between east and
west hemispheres, and is not favoured by any elongation of the flux in longitude
(caused by D) or polar concentrations (caused by M): they are preferred for small
D and M. Polar and equatorial concentrations can be related to dynamo waves and
the sign of Parker’s dynamo number. For the three-dimensional flow considered here,
the sign of the dynamo number is related to the sense of spiralling of the convection
rolls, which must be the same as the surface drift.
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1. Introduction

Planetary magnetic fields are generated by dynamo action in their fluid electrically
conducting interiors (Jacobs 1987; Proctor & Gilbert 1994; Proctor et al. 1993;
Hollerbach 1996; Fearn 1998). In the kinematic dynamo problem the fluid flow is
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fixed and Maxwell’s equations are solved for a growing magnetic field (Moffatt 1978).
Numerical solutions in a sphere can be used to test a flow for dynamo action and to
relate the morphology of the generated magnetic field to the fluid flow. Two impor-
tant questions can therefore be addressed by the kinematics: (a) what aspects of
the flow cause field generation? and (b) what causes the field to have its observed
character?

The Earth has possessed a magnetic field approximating an axial dipole for most
of its history; Mercury, Jupiter and Saturn have axial dipole magnetic fields today,
while Uranus and Neptune have non-axial configurations. In its most basic form,
question (b) amounts to determining the preferred symmetry of solutions to the
kinematic dynamo problem. In a previous paper (Gubbins et al. 2000, hereafter
referred to as paper 1) we explored generation of axial dipole magnetic fields by a
two-parameter class of flows. In this paper we explore generation of the remaining
three possible symmetries by the same class of flows.

Kumar & Roberts (1975) studied flows defined by the equation

v = EQt(l) + 618(2) + 628%C + 638%37 (11)

where ", sj* are toroidal and poloidal vector spherical harmonics. The first har-
monic represents differential rotation, the second meridional circulation, and the
last two represent convective overturn, all of which are likely to occur in a convect-
ing rotating sphere. In paper I we scaled the flow to unit energy, set ¢; = €3 and
parametrized the flow with the fraction of energy in the meridional circulation, M,
and in differential rotation, D; these define a diamond |D + M| < 1 in parameter
space. Kumar & Roberts (1975) restricted their study close to the point D = 1,
where the induction equation can be approximated by a mean field equation derived
originally by Braginsky (1964). We refer to the points D = +1 as Braginsky limit
points, where many solutions have been found.
The magnetic field satisfies the induction equation:
0B
5 = fmV x (v x B) + V?B, (1.2)
where R,, is the dimensionless magnetic Reynolds number, and the solenoidal con-
dition
V-B=0. (1.3)
Solutions have the form B = Bexp(o + iw)t. B satisfies the eigenvalue equation
(0 +iw)B = R,V x (v x B) + V2B, (1.4)

Dynamo action is said to occur when a growing solution exists with o > 0; the crit-
ical magnetic Reynolds number RS is the value corresponding to marginal stability
or overstability with ¢ = 0. When more than one solution is found, the one with
smaller RS is the most unstable and is usually referred to as physically realizable.
However, the solution to the corresponding nonlinear problem may relate to several
linear modes, making them all physically interesting (Jennings & Weiss (1991) and
Grote et al. (2000), for example, both find nonlinear solutions with mixed dipole—
quadrupole symmetry, but in the linear kinematic problem these symmetries are
linearly independent). Equation (1.4) is solved numerically in a sphere subject to
insulating boundary conditions using the numerical procedure detailed in paper I.

Proc. R. Soc. Lond. A (2000)



Kinematic dynamo action in a sphere. I 1671

The flow defined by equation (1.1) is invariant under reflection in the equatorial
plane (F) and rotation by an angle 7 about the polar axis (P), which follows because
v contains only azimuthal modes e with m = 0 and 2. v forms a coefficient in
equation (1.4), which is linear in B, and therefore solutions decouple into four sets
in which B remains invariant or changes sign under transformations £ and P. The
Earth’s magnetic field exhibits both these symmetries to some extent: the dipole
and some smaller features are antisymmetric about the Equator, while departures
from axial symmetry tend to lie on the same longitudes 120-180° apart (Bloxham &
Gubbins 1985). The four possible symmetries are EAPS, ESPS ESPA and EAPA,
where S, A refer to symmetric, antisymmetric. We adopt Holme’s (1997) more concise
notation D,,Q.,, D, Q. where D, denote dipole, quadrupole, and subscripts a,e
denote axial, equatorial. The symmetry properties arise ultimately because of the
geometry of a rotating sphere and rotational invariance of Maxwell’s equations and
the Lorentz transformation in the non-relativistic limit (Gubbins & Zhang 1993).
Equation (1.2) is linear in B and solutions with different symmetries are independent.
However, these solutions are also separable for the full nonlinear dynamo problem;
the kinematic results are therefore relevant for dynamical studies.

The adjoint to the induction equation is formed by changing the sign of R,, and the
boundary conditions (Gibson & Roberts 1966; Kono & Roberts 1991). Eigensolutions
to the adjoint equation have the same critical magnetic Reynolds number (eigenvalue)
but different symmetry (Proctor 1977b). This property can help us find new dynamo
solutions: having found a dynamo at R,, we can search for another at —R,, with
different symmetry. The boundary conditions of the adjoint problem are unphysical,
but for some flows the boundary conditions are rather unimportant and may be
replaced by the physical boundary conditions (Proctor 1977a). Hutcheson & Gubbins
(1994) found numerical demonstrations of the adjoint symmetry by surrounding the
spherical dynamo region by a large sphere of stagnant fluid, thus approximating
boundaries at infinity. Then, by reducing the size of the surrounding shell, they
found numerical solutions to the physical problem with opposite symmetry near
—R,,. Changing the sign of R,, is equivalent to changing the signs of both D and
M, or inversion through the origin of parameter space. For example, if boundary
conditions were completely unimportant the plot of RS for the axial quadrupole
solutions would appear as the plot of RS for the axial dipole solutions inverted
through the origin.

Sarson & Gubbins (1996) found @, solutions near the Braginsky limit D — —1,
corresponding to quadrupole solutions of the mean field equations. Holme (1997)
reported a D, solution for M = D = 0. These are the only dynamos found so far for
fields with D, or @ symmetry. Holme (1997) searched mainly for D, solutions on the
boundary of our square |D + M| = 1, where the flow is axisymmetric and solutions
proportional to exp(im¢) separate. He found none, and we have not searched the
boundary (he did succeed in finding D, solutions on the boundary, and a single @,
solution, with a slight modification of the flow).

2. Steady solutions
(a) Axial quadrupole solutions

We have examined flows on a 0.05x0.05 grid in D, M parameter space. Most dynamos
were found to be steady, as was the case for the axial dipole solutions. We found
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Figure 1. Ry, for flows generating (a) axial dipole fields, from paper I, and
(b) axial quadrupole fields. Logarithmic scale.

145 grid squares defining velocities that generate @, fields, representing ca. 19% of
all possible flows. The critical magnetic Reynolds numbers are plotted in figure 1
alongside the D, solutions from paper I. Dynamo action occurs in discrete zones of
parameter space separated by regions where no dynamo action appears to occur, as
for the D, solutions. Zones A, B, C of the quadrupole solutions correspond roughly
to A, B, C of the dipole solutions, as anticipated from the adjoint symmetry. The
other zones are too dissimilar to make any such association. R is smallest in zone C
and the lower part of zone A; the range is broadly similar to that for the axial dipole
solutions.

Figure 2a shows the ohmic heating normalized to unit energy. It is an alternative
gauge of the efficiency of the dynamo, a low value indicating low dissipation. The
plot is similar to that for RS, except for the Braginsky limit points, where a large RS,
is required to generate a large-scale toroidal field with relatively little dissipation.
As for the D, solutions, differential rotation promotes toroidal field and meridional
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Figure 2. Physical properties of the axial quadrupole solutions: (a) ohmic heating divided by
magnetic energy (this is a thermodynamic measure of the ‘efficiency’ of the dynamo); (b) per-
centage energy in the poloidal field; (¢) percentage energy in the axisymmetric part of the field;
(d) percentage of poloidal energy that is axisymmetric.

circulation promotes poloidal field; both tend to promote axisymmetric fields. Fig-
ure 2b shows the percentage of energy in the poloidal magnetic field. Regions A and
B are dominated by toroidal energy; there is a roughly equal partition of poloidal and
toroidal energy near the centre of the diamond; and the maximum poloidal energy
occurs in region C with weak differential rotation. Figure 2¢ shows the percentage
of axisymmetric energy, which generally increases with both |D| and |M|. Figure 2d
shows the percentage of axisymmetric energy in the poloidal field; the Braginsky limit
points are low because the poloidal non-axisymmetric field dominates in the limit.
The flow D = —0.50, M = —0.05 in zone A generates a fairly simple field shown
in figure 3a. The surface flux is concentrated at the poles and in two patches on the
Equator; large departures from axial symmetry in the poloidal field make S3 the
dominant harmonic, as it is for most @), dynamos. The toroidal field comprises equa-
torial rings (figure 3b), with dominant harmonic T). Solutions throughout zone A
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