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The propagation of quasi-parallel nonlinear small-amplitude magnetohydrodynamic waves in a cold
Hall plasma with fluctuating density is studied. The density is assumed to be a homogeneous
random function of one spatial variable. The modified Derivative Nonlinear Schrodinger equation
(DNLS) is derived with the use of the mean waveform method developed by Gurevich, Jeffrey, and
Pelinovsky [Wave Motion 17, 287 (1993)], which is the generalization of the reductive perturbation
method for nonlinear waves propagating in random media. This equation differs from the standard
DNLS equation by one additional term describing the interaction of nonlinear waves with random
density fluctuations. As an example of the use of the modified DNLS equation, the quasi-adiabatic
evolution of a one-parametric DNLS soliton propagating through a plasma with fluctuating density
is studied. © 2002 American Institute of Physics. [DOI: 10.1063/1.1482764]

I. INTRODUCTION

The Derivative Nonlinear Schrodinger equation (DNLS)
describes the propagation of small-amplitude nonlinear mag-
netohydrodynamic (MHD) waves at small angles with re-
spect to the equilibrium magnetic field. It was first derived
by Rogister! starting with the Vlasov kinetic description for
the particle species. Later it was derived by Mjélhus® and
Mio et al.® on the basis of Hall magnetohydrodynamics for
cold plasmas, and by Spangler and Sheerin* and by Sakai
and Sonnerup’ from fluid models for warm plasmas. A com-
prehensive review of the theory of quasi-parallel small-
amplitude MHD waves based on the use of the DNLS equa-
tion and its extensions has been given by Mjélhus and Hada.®
The comparison of this theory with the observation of non-
linear MHD waves at the Earth’s bow shock has been con-
sidered by Spangler.’

In the majority of papers on the DNLS equation the
equilibrium plasma was assumed to be homogeneous. How-
ever, Buti® derived the modified DNLS equation for waves in
a Hall plasma with a homogeneous equilibrium magnetic
field and plasma density varying along the magnetic field.
Buti ez al.’ extended this derivation for the radial equilibrium
magnetic field.

The aim of this paper is also to derive the modified
DNLS equation for a Hall plasma with inhomogeneous den-
sity. However, in contrast to Buti® and Buti et al.,9 we con-
sider random fluctuation of the equilibrium density. The pa-
per is organized as follows. In the next section we describe
the equilibrium state and present the governing equations
and boundary conditions. In Sec. III we derive the modified
DNLS equation describing the quasi-parallel propagation of
small-amplitude nonlinear MHD waves in a cold plasma
with fluctuating density. In Sec. IV we study the evolution of
one-parameter solitons due to density fluctuations. Section V
contains our conclusions.
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Il. BASIC EQUATIONS

We consider wave propagation in a cold Hall plasma.
The plasma motions are described by the system of Hall
MHD equations,

% V. (ov)=0 ]

o “(pv)=0, (1)
N v VIv] = L (VxB)XB 2

ol G+ v V)| = - (7B, @

9B o) 1

Z_ux(yxB)+1| P2|  vx—(BXVXB). 3)

at n p

Here p is the density, v the velocity, B the magnetic field, u
the magnetic permeability of empty space, and py,=const is
the averaged equilibrium density. The ion inertia length [ is
given by

=

2 12
- @
we’poo ,

where m; is the ion mass and e the elemental electric charge.
In what follows we consider perturbations that depend
only on x in Cartesian coordinates x, y, z. We assume that the
characteristic scale of perturbations is €*/, where e<1. In
accordance with this we introduce the scaled ion inertia
length 7= € %1. We consider the fluctuating equilibrium den-
sity po with the fluctuation amplitude of order €, so that

po=pool 1 +€6(x)], (%)

where 6(x) is a homogeneous random function with the zero
average ({6(x))=0, the angular brackets indicating the sto-
chastic averaging). The autocorrelation function is given by

R(xl—x2)=(9(x1)0(x2)). (6)
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Since all variables depend only on one spatial variable x,
the system of Egs. (1)—(3) can be rewritten as

dp  d(pu)
2

ou ou\ 1 B ‘
P\ar T ox 2 ox ®)

av av B, B
p|l — +u—|=—=—, 9)

J ax Mo 0x

12
(3Bl aVL &(MBL) o Poo .~ d 1 8BL
—=B,—— €lB,|—| xX—|———].
ar ox ox M ax\p ox
(10)

Here u and B,=const are the x-components of the velocity
and the magnetic field, v, and B, are the components of the
velocity and the magnetic field perpendicular to the
x-direction, and X is the unit vector in the x-direction. In what
follows we look for solutions to Egs. (7)—(10) in the region
x>0 for all moments of time (positive and negative), and
assume that u,v, —0, p—p,, and B, =B as |t|—o.

The system of Egs. (7)—(10) will be used in the next
section to derive the governing equation for B, .

lll. DERIVATION OF THE GOVERNING EQUATION

To derive the governing equation for quasi-parallel
small-amplitude waves we use the mean waveform method
developed by Gurevich er al.'® (see also Refs. 11 and 12).
This method is a generalization of the reductive perturbation
method'®~'¢ for nonlinear waves propagating in random me-
dia. Following Gurevich et al.,'O we introduce the running
variable,

T=t— fo N(E)dE, (11)

and the sequence of stretched variables,
X, =ex, X,=€x,... . (12)

In the new variables the system of Egs. (7)—(10) is rewritten
as

ap _ d(pu)
[E— + =
o7 N T Llpu]=0, (13)
du x&”+/: N dBJ? 1532
A M el
(14)
av, av, AB,JB, B,
pl ——Nu——+ullv,]]|=~- —+ —L[B,],
aT aT MmOt M
(15)
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B, d
_:)\_(MBL_BXVL)_C[MBL_BXVL]
aT 23
12
_ A d
+ e, ™ XX()\——E)
n aT
1 i
X N———L[B.]] (. (16)
p
where the operator £ is given by
d d , d
—te—+e—+--. (17)

S0 X, 0X,

We look for the solution to the system of Egs. (13)—(16) in
the form of expansions,

p=poo(1+€0)+ e py+---,

u=62u2+'-',

V=€V TV eV i+, (18)
B =€eB, ,+€B ,+&B 3+ .

The inverse spatial-dependent velocity A (x) is also expanded
as

AN=Ng+ er,+e*N,+---. (19)

In what follows we assume that all quantities except v, ; and
B, are zero at x=0.

A. First-order approximation

In the first-order approximation we collect terms of order
€ in Egs. (13)—(16). Since such terms are present only in
Egs. (15) and (16), we obtain

vy B, [dB, \ B,
aT MPoo \ Ix 0 or |’
(20)
(9BJ_1 (9VJ_1 (?VJ_I
:Bx _)\0 .
or ox or

In what follows we consider a particular solution to this sys-
tem of equations corresponding to the wave propagating in
the positive x-direction. This solution is given by

(wpoo)'” 1 4
===, VJ_IZ_B_(BJ_I_BO)’ (21)

Ao
BV x

where V is the Alfvén speed and B, | is independent of x.

B. Second-order approximation

In the second-order approximation we collect terms of
order €* in Eqgs. (13)—(16). This yields

dpa  Poo Juy duy
+poo—=0, (22)
aT vV ar ox
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duy V 9|BLy|?

(23)
ar  2BX It
avl2+ VB, V:iB, V| dB, B |
or B, or B, ox B\ ax, | or
av
—o—, (24)
ox
JB B, dv av av av
12 Bx M—Bx u:Bx M—BXM Y (25)
ar vV oar ox X, ar

It follows from Egs. (22) and (23) and the conditions at
[t| —co that
Uz _ P2 _ |BJ_1|2_|B0|2
Vo poo 2B} .

X

(26)

When obtaining this result we have taken into account that
u, is independent of x and, as a result, the last term in Eq.
(22) is zero. With the account of Eq. (21) we obtain from
Egs. (24) and (25),

J B B, PN 0\ B, 2o"BM .
ox | L2 VVu— V] ar (?XI' (27)

It follows from this equation that

d B
—( B ,——v,, ) =2(\ -2 ) (28)

Since the right-hand side of Eq. (28) is independent of x, this
equation implies that the quantity (B, ,—B,v,,/V) is a lin-
ear function of x. However, this quantity must be bounded
for x— o, which is only possible if the right-hand side of Eq.
(28) is zero, i.e.,

=(\y) ) (29)
T

which yields
B =B ((7+(A )X X5, .0 ). (30)
Using Eq. (29) we rewrite Eq. (27) as

L YR L 31
x| L2 VVLZ =g(x) or (31)
where
6(x)
g(x)=2N1(x)=2(\y)— Vv (32)
The solution to Eq. (31) is
B, JB, | [*
Biom rvias — fog@)df. (33)
It is easy to obtain
X 2 X
<(J' g(§)d§> >=2f (x= &R, (§)d§, (34)
0 0
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where R, (x) = (g(&)g(x+&)) is the autocorrelation function
of the homogeneous random function g(x). Usually R,(x)
tends to zero fast enough as x— o, so that

’ f:aeg@)dg <o, (35)

Then, assuming that [ R ¢(§)d§# 0, we obtain that the mean
value of the square of the left-hand side of Eq. (33) grows as
x when x—, i.e., it behaves similar to the Brownian par-
ticle. However, it must be bounded when |x|—, which is
only possible if g(x)=0. Hence, we obtain

B 0(x) 4
N(x)=(\p)+ v VLZ_B_BLZ' (36)

X

Using Egs. (21), (30), and (36), we rewrite Eq. (24) as

JB 2 JB 0(x) JB
12 = 0Bia ( L1 (37)
ax Voo 2V o7
The solution to this equation is
x0(&€) JB
Bu:—f N Bt oty
02V 41
+(N)X1,X,, ... )dE. (38)

In order to eliminate transitional effects which arise when the
random process is switched on at a given spatial position, it
is convenient to shift the x value at which the boundary
conditions are given from O to —cc. Then we rewrite Eq.
(38) as

=f(x—¢&) IB
Bu:_f (;Vg) (9;1(7'+2§/V
+(NDX, X, .. dE. (39)

C. Third-order approximation

In the third-order approximation we only use Egs. (15)
and (16). Collect terms of order € in these equations and
using Egs. (21), (26), (30), and (36), we obtain

avi?, \% &BL3 V2 07Bl3

+____
dr B, Jdt B, ox

<1 ﬁ ar |’

(40)

VZ
= Bx

X, ar X,

JB B, dv av
13 + “x 13 _Bx 13
or vV oJr ox

iB,, JB,, B 6 \JB
—v )\2 J_l_ J_l+ L2_(<}\1>+_) 12
ar X, X, 2V) oz

14 . 0B,
+‘—/E_(u2BM)+2XKVXX PER

(41)
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where k=1/2V? and y=sign(B,). It follows from these
equations that

J B, By B 0B
gx\ Ty TR T TV

L B2 “xazB“
‘75(“2 1) X KX P

. (42)

Averaging this equation and taking into account that the
quantity (B, ;—B,v, 3/V) is bounded as x— o0, we arrive at

B \ B, 190 B B
X, —< 2> ar V(?T(< u) uB; )
+ A><02BLl (43)
X KX .
a7

With the aid of Egs. (6) and (39) we obtain

*R(&) JB
<¢9BM>=—I0 v &:(T+2§/V+<)\,)X,,X2,...)d§.

(44)
The substitution of Egs. (26) and (44) into Eq. (43) yields

+

Y

7 (BL (1B, B )}
6X2 07’

4vB? J7

+XK§X

B, JWR(f) B
—+ T+2EIV
arr Jo avr 97 (rr2¢
F(N)X1.X,, .. )dé (45)

Let us introduce the new variables,

ELI(T+<)\2>X2’X25 CC ):BLI(T7X2’ L ),

b:(Ey1+i§zl)/|Bx|’ bOI(By0+iBZO)/|Bx|’ (46)
=1+ (N )X+ (N)X;,

and the notation o=X,. Then, dropping the prime at 7', we
rewrite Eq. (45) as

b 1 a sy . b
o~ 7y 5B~ bl oixk——
2 ro
= i), R(E)b(T+2&/V,0)dE. (47)

When there are no density fluctuations [ R(£)=0] this equa-
tion coincides (with the accuracy up to the notation) with the
DNLS equation for a cold plasma.>*®

IV. SOLITON EVOLUTION DUE TO DENSITY
FLUCTUATIONS

The DNLS equation describes a few different types of
solitons. Here we consider only one-parameter solitons. The
analytic expression for these solitons can be given either in a
modulational form,'”~'? or as a rational expression of expo-
nential functions.® There are two types of one-parametric
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solitons, bright and dark.”*® In bright solitons |b|>|b,|,
while in dark solitons |h|<|b,|. Since dark solitons are un-
stable to transverse perturbations, = it does not make very
much sense to consider their evolution due to density fluc-
tuations. Therefore, we concentrate on bright solitons in what
follows. We write the rational expression of exponential
functions for bright one-parameter solitons in a form slightly
different from that in Miélhus and Hada:®

4sin*a exp(— YO —ia
b=byl 1+ pZyOZia)} (48)
[1—exp(—y®—ia)]?

where

|bo|*sin 2«

[bo|*cos’a
, A=——7——.
4KV 2V

O=yr+Ao, y=
(49)

The angle « varies from O to 77/2. The soliton amplitude is
given by

A=max(|b|—|by|)=2|by|cos a. (50)

We see that the amplitude decreases when « increases.

Multiplying Eq. (47) by b*, where the asterisk indicates
a complex conjugate quantity, taking the real part of the re-
sult, and integrating with respect to 7, we obtain

a (= 1 (=
gf_w(lblz—lbolz)dﬁ—z—vzfo R(EF(&)dE,  (51)

where

» Jb* b
F(§)=9ﬁ{| fx?(T,U)E(T-FZg/V,U)dT], (52)

with R indicating the real part of a quantity. Now we assume
that the right-hand side of Eq. (47) is small in comparison
with the left-hand side and can be considered as a perturba-
tion. Then we can look for a solution for Eq. (47) in the form
of the one-parametric soliton given by Egs. (48) and (49)
with the parameter « slowly varying with o. If b is given by
Eq. (48) then, after a long but straightforward calculation, we
obtain

Jf (|b]*=bo|)dT=16xV (7 ), (53)
4 2
=2 sasinzam| of
1 1+10 >
g f+w>y -
(—1)
where
2 -
p=2i(am+ XROS2E (55)

2kV?

Let us introduce the characteristic length of the func-
tion’s F (&) variation,
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2kV?
|bo|?

= (€lbol) ~?1. (56)

For a not very close to either 0 or 7/2, this quantity is of
order of the soliton width y~!. When | £|sin2a>L, the func-
tion F (&) can be approximated by

20éllbl*

KVL

F(é)~ sin*

asin2asin4a exp(—|&|sin2a/L),

(57)

i.e., F(&) exponentially decays on the spatial scale L. We
also introduce the characteristic correlation scale [, deter-
mined by the condition that R(&) is of order of R(0) for
|é|=<1,.;, while R(&)~0 for |£]>1,,,. Now we assume that
l.or<<L. In this case,

wa(g)F(g)d§~F(0)wa(E)df
0 0

2VK _
= 5 sin a sin2@{2 sin a(2+cos2a)

+(7m—a)cos a(5+cos2a)}l, (58)

where

K= wa(g)dg. (59)
0

We now can make qualitative conclusions about the soliton
behavior even without solving the equation for « that is ob-
tained by the substitution of Egs. (53) and (58) into Eq. (51).
When K>0, it follows that d a/d o>0, which means that the
soliton amplitude decreases. If K<0, then da/do <0, which
means that the soliton amplitude increases. These results are
not surprising at all because, for /<L, the right-hand side
of Eq. (47) reduces to the second derivative of b with respect
to 7, the proportionality coefficient having the same sign as
K. Hence, for K>0, it describes conventional diffusion,
while for K<<0 it describes negative diffusion.

In Fig. 1 the dependence of @ on the dimensionless dis-
tance o=0o|K|(kLV?*) ™! is shown for different values of «
at 0=0. The solid lines correspond to K>0, and the dashed

lines to K<<0. We see that a«— 7/2 as a— for K>0, while
a—0 as o— for K<0. In accordance with Egs. (49) and
(50) this implies that the soliton amplitude A tends to zero as
g—o for K>0, and to 2|by| for K<0. The soliton width
y~! tends to infinity in both cases.

V. DISCUSSION AND CONCLUSIONS

In this paper we have studied the quasi-longitudinal with
respect to the magnetic field propagation of nonlinear MHD
waves in a cold plasma with fluctuating background density.
The main result of the paper is the modified DNLS equation
(47). In comparison to the standard DNLS equation it con-
tains one additional term that describes the effect of density
fluctuation. Under the assumption that the density is a homo-

M. S. Ruderman

/2]
3m/8

7T/4:

FIG. 1. The dependence of the soliton parameter « on the dimensionless

distance o=0o|K|(xLV*)~!. The solid lines correspond to K>0, and the
dashed lines to K<O0.

geneous random process, the effect of density fluctuation is
completely determined by the autocorrelation function of the
density.

Equation (47) has been derived under a few simplifying
assumptions. The most important one is that the density is a
homogeneous random process. We considered a boundary
problem in a region x>0 with all quantities given at x=0.
At first sight this contradicts the assumption that the density
is a homogeneous random function of x. However, this con-
tradiction can be easily circumvented if we assume that, al-
though we consider the wave only in the region x>0, the
density is given for all x, both positive and negative.

As an example of the use of the modified DNLS equa-
tion we considered propagation of one-parametric solitons.
We assumed that the term describing the effect of the density
fluctuation is small in comparison with other term in the
modified DNLS equation. This assumption enabled us to
consider quasi-adiabatic evolution of the soliton and derive
the equation describing this evolution. When the correlation
length of the density fluctuations is much smaller than the
soliton width, the term describing the effect of density fluc-
tuation corresponds either to conventional or to negative dif-
fusion. In the first case the soliton decays, and in the second
its amplitude tends to its maximum value, while the soliton
energy tends to infinity.
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