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Shape analysis of railway ballast 
stones: curvature-based calculation 
of particle angularity
Bettina Suhr  �w��, William A. Skipper  �x, Roger Lewis  �x & Klaus Six  �w

Particle shape analysis is conducted, to compare two types of railway ballast: Calcite and Kieselkalk. 
�	�‘�…�—�•���Ž�‹�‡�•���‘�•���–�Š�‡���…�Š�ƒ�”�ƒ�…�–�‡�”�‹�•�ƒ�–�‹�‘�•���‘�ˆ���’�ƒ�”�–�‹�…�Ž�‡���ƒ�•�‰�—�Ž�ƒ�”�‹�–�›���—�•�‹�•�‰���y�����•�…�ƒ�•�•�‡�”���†�ƒ�–�ƒ�ä�����•���–�Š�‡���Ž�‹�–�‡�”�ƒ�–�—�”�‡�á���ƒ�•�‰�—�Ž�ƒ�”�‹�–�›��
�‹�•���‘�ˆ�–�‡�•���…�Š�ƒ�”�ƒ�…�–�‡�”�‹�•�‡�†���—�•�‹�•�‰���x�����†�ƒ�–�ƒ�á���ƒ�•���–�Š�‡�•�‡���–�›�’�‡�•���‘�ˆ���†�ƒ�–�ƒ���ƒ�”�‡���‡�ƒ�•�‹�‡�”���–�‘���…�‘�Ž�Ž�‡�…�–�ä���y�����•�…�ƒ�•�•�‡�”���†�ƒ�–�ƒ���…�‘�•�–�ƒ�‹�•��
a vast amount of information (e.g. curvatures) which can be used for shape analysis and angularity 
�…�Š�ƒ�”�ƒ�…�–�‡�”�‹�•�ƒ�–�‹�‘�•�ä�����‹�–�‡�”�ƒ�–�—�”�‡���ƒ�’�’�”�‘�ƒ�…�Š�‡�•���–�Š�ƒ�–���—�•�‡���y�����†�ƒ�–�ƒ���ƒ�”�‡���‘�ˆ�–�‡�•���•�‘�–���–�Š�‘�”�‘�—�‰�Š�Ž�›���–�‡�•�–�‡�†�á���†�—�‡���–�‘���ƒ���Ž�ƒ�…�•���‘�ˆ��
test cases. In this work, two new curvature-based angularity indices are introduced and compared to one 
from the literature. Analytical test bodies with shapes ranging from spherical towards cubic are used for 
�ƒ���¤�”�•�–���’�Ž�ƒ�—�•�‹�„�‹�Ž�‹�–�›���–�‡�•�–�ä�����Š�‡�•�á���y�����•�…�ƒ�•�•���‘�ˆ���„�ƒ�Ž�Ž�ƒ�•�–���•�–�‘�•�‡�•���ƒ�”�‡���…�‘�•�’�ƒ�”�‡�†���–�‘���ƒ�”�–�‹�¤�…�‹�ƒ�Ž�Ž�›���”�‘�—�•�†�‡�†���•�‡�•�Š�‡�•�ä�����•�Ž�›��
one out of three evaluated angularity indices seem to be suited to characterise angularity correctly in all of 
the above tests: the newly introduced scaled Willmore energy. A complete shape analysis of the scanned 
�„�ƒ�Ž�Ž�ƒ�•�–���•�–�‘�•�‡�•���‹�•���…�‘�•�†�—�…�–�‡�†���ƒ�•�†���•�‘���†�‹�¡�‡�”�‡�•�…�‡���„�‡�–�™�‡�‡�•���–�Š�‡���–�™�‘���–�›�’�‡�•���‘�ˆ���„�ƒ�Ž�Ž�ƒ�•�–���…�ƒ�•���„�‡���•�‡�‡�•���”�‡�‰�ƒ�”�†�‹�•�‰��
�ˆ�‘�”�•�á���ƒ�•�‰�—�Ž�ƒ�”�‹�–�›�á���”�‘�—�‰�Š�•�‡�•�•�á���•�’�Š�‡�”�‹�…�‹�–�›���‘�”���…�‘�•�˜�‡�š�‹�–�›���‹�•�†�‡�š�ä�����Š�‡�•�‡���¤�•�†�‹�•�‰�•���‘�ˆ���•�Š�ƒ�’�‡���ƒ�•�ƒ�Ž�›�•�‹�•���ƒ�”�‡���•�‡�–���‹�•���–�Š�‡��
�…�‘�•�–�‡�š�–���‘�ˆ���’�”�‡�˜�‹�‘�—�•���™�‘�”�•�•�á���™�Š�‡�”�‡���‡�š�’�‡�”�‹�•�‡�•�–�ƒ�Ž���”�‡�•�—�Ž�–�•���ƒ�•�†�����������•�‹�•�—�Ž�ƒ�–�‹�‘�•�•���‘�ˆ���—�•�‹�ƒ�š�‹�ƒ�Ž���…�‘�•�’�”�‡�•�•�‹�‘�•���–�‡�•�–�•��
and direct shear tests were presented for the same ballast types.

Shape analysis in the literature. �e shape of particles forming a granular material strongly in�uence its 
bulk behaviour. To be able to model particle shape in simulations using the Discrete Element Method (DEM), 
shape analysis can yield helpful insights. In recent years, particle shape analysis has strongly bene�ted from 
advances in measurement techniques, considerably increasing the amount of information available. Traditional 
measurement techniques such as callipers, sieve analysis or photography are now complemented by 2.5D and 3D 
measurements, see for example1, opening up new ways to analyse shape. Particle shape is usually investigated on 
three di�erent scales: form, angularity/roundness and texture. Additionally, overall shape parameters exist, which 
correlate to more than one of the above scales.

To characterise particle form, so-called 1D form factors are used. For their calculation the particle’s longest, 
intermediate and shortest axes (L I, , and S respectively) are sought, see2 for di�erent de�nitions and measure-
ment/calculation approaches. From this information, several form factors can be calculated, see3 for an overview. 
Widely used factors include elongation e I L/�  and �atness f S I/� . Many of the other form factors correlate 
with elongation or �atness, see2.

Angularity and roundness are two di�erent concepts to investigate particle shape. �e most acknowledged 
de�nition of roundness was proposed by Wadell4–6, but also other shape descriptors for roundness exist, see3 for 
2D data or7–11 for 3D data. In all aforementioned approaches, only convex areas of the particle are considered for 
roundness computation. If a particle has concave parts, including edges and corners, then these can be expected 
to increase particle interlocking, which in�uences the bulk behaviour of granular materials (e.g. in a direct shear 
test). As the particles considered in this work show pronounced corners and edges in concave areas, roundness is 
not considered as an advantageous shape descriptor for these materials.

�erefore, angularity will be investigated in this work, as it considers all corners and edges of a particle. 
Approaches to characterise angularity from 2D data, i.e. images, can be found in12–14 or15, where several methods 
are compared. Di�erent types of 3D measurements were used in12,16,17 and18. �e developed angularity index in18 
includes the integrated mean curvature and is similar to the one introduced later in this work. In19 an angularity 
index was introduced, where the area of the particle’s edges and corners is divided by the total particle surface 
area. �is index will be considered later for comparison.

�w���‹�”�–�—�ƒ�Ž�����‡�Š�‹�…�Ž�‡�����‡�•�‡�ƒ�”�…�Š���
�•�„���á�����ƒ�‹�Ž�����›�•�–�‡�•�•�á�����•�¡�‡�Ž�†�‰�ƒ�•�•�‡���x�w�����á�����æ�~�v�w�v�á���
�”�ƒ�œ�á�����—�•�–�”�‹�ƒ�ä���x���Š�‡�����•�‹�˜�‡�”�•�‹�–�›���‘�ˆ�����Š�‡�¥�‡�Ž�†�á��
���‡�’�ƒ�”�–�•�‡�•�–���‘�ˆ�����‡�…�Š�ƒ�•�‹�…�ƒ�Ž�����•�‰�‹�•�‡�‡�”�‹�•�‰�á�����ƒ�’�’�‹�•�����–�”�‡�‡�–�á�����w���y����á�����Š�‡�¥�‡�Ž�†�á�������ä�����‡�•�ƒ�‹�Ž�ã���„�‡�–�–�‹�•�ƒ�ä�•�—�Š�”�;�˜�x�…�x�ä�ƒ�–
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Texture is traditionally analysed from black/white or gray-scale pictures, i.e. 2D data, see15 for a comparison of 
di�erent approaches. In17, a 3D surface texture index for 3D voxel meshes was developed .

In the literature, some overall shape parameters exist. Sphericity is a frequently used shape parameter and 
in the literature it was sometimes used to describe particle form. As stated in8, this is misleading, as spheric-
ity can be in�uenced not only by form, but also by roundness/angularity or roughness. �e same can be said 
about ellipseness20, or ellipsoidness21. Di�erent approaches to characterise shape can be found in the literature, 
such as a Fourier-based approach22, an approach using inertia tensor and inertia moments23, an approach using 
Proper Orthogonal Decomposition24, an approach where a �akiness index was de�ned for railway ballast25, and 
an approach where two convexity indices were introduced26.

In this work, two curvature-based angularity indices will be introduced and compared to one angularity index 
from the literature. All three angularity indices use mean curvature values calculated from 3D meshes (generated 
from 3D scan data). Firstly, the plausibility of the three indices will be checked on analytical test bodies evolving 
in shape from a sphere towards a cube; the indices methods of operation will be analysed with curvature histo-
grams. Secondly, 3D scans of two types of railway ballast will be used for the evaluation of the three angularity 
indices. In a �nal plausibility check, the angularity indices will be tested to see if they can distinguish between 
the meshes of angular ballast stones and the meshes of rounded stones. �is paper will conclude with a complete 
shape analysis of the scanned ballast stones, i.e. evaluation of form, roughness, and overall shape factors from 
literature and a correlation analysis.

The broader picture. �e choice of material being considered is motivated by the authors’ previous work. In27, 
the same two types of railway ballast were investigated in uniaxial compression and direct shear tests. While exper-
imental results of the direct shear test were very similar, clear di�erences could be seen in the uniaxial compression 
tests (data available28). DEM simulations presented in27 used the same simple particle shapes (clumps of three 
non-overlapping spheres) for both types of ballast. While it was not possible to parametrise the simpli�ed Hertz 
Mindlin contact law such that the simulation results of both compression and direct shear tests agreed well with the 
experimental measurements, this was successfully done for the Conical Damage contact law. �e Conical Damage 
contact law was originally introduced in29 and a detailed description of a slight modi�cation can be found in30.

�is work can help to answer important questions, that arise from27. Do di�erences in particle shape contrib-
ute to the di�erences in the materials’ bulk behaviour? Are these di�erences mainly caused by di�erences in the 
material properties? Is it reasonable to model both types of ballast with the same particle shape (as done in27)? 
Texture, and respectively roughness information, cannot be modelled in DEM via particle shape, but will be con-
sidered in the contact law applied.

Future work will include measurements of material properties for both types of ballast, i.e. Young’s modulus 
and particle-particle coe�cient of friction. �ere is/will be freely available datasets with shape analysis31, material 
parameters, measured principal experiments28 (uniaxial compression tests and direct shear test) for both types 
of railway ballast. �is data set, which will allow analysis of the material bulk behaviour, regarding particle shape 
and material properties, as well as providing all relevant information to develop DEM model parametrisation and 
validation strategies.

�y�����•�…�ƒ�•���†�ƒ�–�ƒ
Railway ballast. In this work, two di�erent types of railway ballast “Calcite” (stems from Croatia) and 
“Kieselkalk”, also known as Helvetic Siliceous Limestone, (stems from Switzerland) was considered. Please note 
that the Calcite ballast does not consist of the mineral calcite: CaCO3. �ese ballast types are two out of �ve types 
tested at Graz University of Technology at the Institute of Railway Engineering and Transport Economy in the 
project “LoadLabs” (project partners: Deutsche Bahn (DB), Austrian Federal Railways (ÖBB), Swiss Federal 
Railways (SBB) and Schweizerische Südostbahn (SOB), Institute of Railway Engineering and Transport Economy: 
Graz University of Technology), see32 (in German, abstract available in English). In a previous paper27, compres-
sion tests as well as direct shear tests for these two types of ballast were conducted28.

In this paper, 3D scans of single stones of both types of ballast were taken (data available31). �e scans were 
taken using the Fusion FAROARM�  with an attached laser scan arm, the resolution of the scans can be considered 
to be 0.01mm. �e scanning method is as follows: a stone was �xed onto a scanning stage and the upper part of 
the stone was scanned. �en, the stone was turned over with the upper end then being �xed thus allowing the 
lower part to be scanned. Each of these two scans yielded a point cloud of a part of the stones surface. Due to local 
irregularities sometimes holes occurred in these point clouds. Both parts of the stone’s surface were aligned using 
the global registration algorithm built into the Geomagic studio so�ware, and a triangular mesh of the stone’s 
surface was generated. �e scanning and mesh generation process took about 1h per stone. �e generated meshes 
were cleaned in an automated process using the open-source so�ware MeshLab33.

Some examples of Calcite and Kieselkalk stones together with meshes of their scanned versions can be seen 
in Fig.�1. �e sieve size curves of both types of ballast can be found in27. �e maximal sieve size was 64 mm. �e 
sizes of the bounding boxes of each scanned stones can be found in the data set31. For each type of ballast, 25 
stones were scanned. �e stones were chosen by one of the authors randomly. In the conclusion section, it will be 
addressed if the number of scanned stones is high enough to support the drawn conclusions.

���”�–�‹�¤�…�‹�ƒ�Ž�Ž�›���”�‘�—�•�†�‡�†���„�ƒ�Ž�Ž�ƒ�•�–�ä��As previously described, this paper deals with the characterisation of particle 
angularity. To be able to test methods developed later in this paper, it is advantageous to compare the angular 
ballast stones to relatively round stones, such as river pebbles. As such data is not available, rounded objects are 
created for test purposes by smoothing and simplifying the scanned meshes. Several available methods from the 
the open-source so�ware MeshLab33 were combined. To allow comparison between the original stones and the 
arti�cially rounded ones, the same stones as in Fig.�1 are shown in Fig.�2 in their rounded versions.

https://doi.org/10.1038/s41598-020-62827-w
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Characterisation of angularity
���•�‰�—�Ž�ƒ�”�‹�–�›���‹�•�†�‡�š���†�‡�¤�•�‹�–�‹�‘�•�ä��When characterising angularity or roundness, it is common in the literature 
to calculate single value angularity indices. While it is convenient to reduce all information from a 3D mesh to a 
single number, it is even more important that this number makes best use of the available information. In19, the 
curvature at each mesh vertex is calculated to identify corners. �en, the ratio between the surface area associ-
ated with these corners and the total surface area is de�ned as the angularity index, thus the calculated curvature 
values are not directly used.

�is work aims to introduce a curvature-based angularity index which: makes best use of the available infor-
mation from the 3D mesh, assigns high values to angular particles and low values to round particles, and is easy 
to calculate. �roughout this work the mean curvature, H , will be used, which is the mean value of the two prin-
cipal curvatures, k k,1 2. At a point on a surface, these principal curvatures can be understood as the maximum and 
minimum values of curvature of the intersection of the surface with all normal planes on this point (i.e. curva-
tures of plane curves). To construct an angularity index, two integrals over curvature values will be compared: the 
total curvature, tc, and the Willmore-energy, We. �e particle surface area is denoted by A and the mean curvature 
by H . �en, total curvature and Willmore energy are de�ned as: 

��t H da
(1)c

A

Figure 1. Examples of ballast stones together with meshes of their scanned versions: (a) and (b) Calcite, (c) and 
(d) Kieselkalk. To give an impression of the stones’s size, the longest axis, L of their bounding box is given: (a) 

�L 32 mm, (b) L 46�  mm, (c) �L 56 mm, (d) �L 51 mm.

Figure 2. Examples of arti�cially rounded meshes: (a) and (b) Calcite, (c) and (d) Kieselkalk. Compare with 
Fig.�1 for original scanned meshes.

https://doi.org/10.1038/s41598-020-62827-w
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W H da
(2)e

A

2��

 �e unit of the total curvature is metres. Total curvature is similar to the inverse of the shape parameter intro-
duced in18, where the curvature is calculated from the particle surface reconstructed by spherical harmonic series. 
�e use of spherical harmonic series for particle shape analysis has the advantage of being able to distinguish 
between di�erent multi-scale elements of shape: form, angularity and texture12. However, it demands a large 
amount of computer memory and computational time. �erefore, the approach presented here, which is easier to 
calculate, is chosen. In di�erential geometry, the Willmore energy is a measure of the bending energy of a surface 
and it is dimensionless.

Both total curvature and Willmore energy can be easily calculated with the provided information by 
state-of-the-art so�ware tools. In this case, the open-source so�ware PyMesh34 is used. At each vertex of the 
mesh, vi, the vertex area is denoted by Ai and the mean curvature at the vertex by Hi. As the curvature is constant 
over the vertex area, the integrals in Eqs. (1) and (2) reduce to simple expressions: 

t A H (3)c i
N

i i1��
�

W A H (4)e i
N

i i1
2��

�

 Both total curvature and Willmore energy can be scaled, such that they are dimensionless and equal 1 for a 
sphere. �us, the following scaling is introduced, where req denotes the radius of the surface equivalent sphere.

t
r

H da
1

4 (5)
c

eq A��
���

��
��mW H da

1
4 (6)e

A

2

For comparison, the angularity index IA, introduced in19, will also be considered in this work. For its calcula-
tion, the radius of the largest inscribed sphere, rinscr , has to be calculated. Also, a modi�ed mean curvature, H

�
, is 

used for its calculation. All elements of the mesh with a higher curvature than the inscribed sphere are regarded 
as edges or corners. IA is calculated as follows: 

�
��

H
k k

2 (7)
1 2

( )( )
I

A H

A

max 0, sign

(8)A

i
N

i i r1
1

inscr
�

� �
�

�

 �us, the sum of the surface area of these edges and corners is divided by the total area, which gives the angularity 
index IA. To use the largest inscribed sphere’s radius for edge and corner detection is convenient as it avoids intro-
ducing a threshold for curvatures. However, in this approach particle shape in�uences the angularity. �e compu-
tational e�ort for this index is higher than for the two other indices, as the largest inscribed sphere must be 
calculated �rst. �e IA index assigns 0 to a sphere and higher values for more angular particles, where the maximal 
value is 1. An example of an arti�cial shape with I 1A �  is given in19 as a starlike shape, which is composed of 
many spikes, while having a relatively large value of rinscr .

Plausibility check: analytical test bodies. To check the ability of the introduced angularity indices to 
measure particle angularity, test bodies will be introduced. �ese test bodies have a shape parameter, p, and evolve 
from a sphere towards a cube. �ey are obtained by transforming the coordinates, x, of a unit sphere to hold: 

�� ��x x 1
(9)

p
k

k
p

p

1

3
1

��
�

�
����

�

�
����

�
�

p 2�  describes a sphere. With increasing p the test body tends towards a cube, as can be seen in Fig.�3 (these test 
bodies are “unit spheres” in the Lp space).

With increasing p, the angularity of the test bodies increases, which should be re�ected by an angularity index. 
To visualise how the three di�erent angularity indices work, Fig.�4a shows a histogram of the mean curvature for 
both a rounded test body (p �  3) and a more angular one (p �  9). In this histogram, the mean curvature values 
are weighted by the corresponding vertex area. �e curvature values of the rounded test body (p �  3) are distrib-
uted between 0 and 2 and the biggest area of this body has a curvature of 1. In contrast, the more angular test body 
with �p 9 has a high amount of (nearly) plane areas with curvatures nearly 0 and corners and edges are com-
posed of curvature values up to 3.

https://doi.org/10.1038/s41598-020-62827-w
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�e calculation of the scaled total curvature is analysed in the weighted histograms in Fig.�4b. In the upper 
plot, the used weights are the curvature multiplied by the vertex area, i.e. the summand of Eq. (3). In the lower 
subplot, the cumulative histogram is additionally weighted with the scaling factors of the scaled total curvature. 
�is histogram visualises a discretisation of the integration in Eq. (5), with its �nal values equal to the values of 
the scaled total curvature for the two test bodies. From this plot it can be seen which curvature values contribute 
most to the calculation of tc�� . For the rounded test body, p 3� , the low curvatures (below 1) contribute almost half 
to the total values of ��tc. In contrast, for the more angular test body, �p 9, the main contribution to� tc��  comes from 
the higher curvatures. Nevertheless, both test bodies are assigned a similar value just slightly above 1, because the 
loss of contributions at a certain curvature is nearly compensated by the increase at other curvatures.

Figure�4c shows the analogue plots for the scaled Willmore energy. In the upper subplot, the weight �H A2  is 
used and in the lower subplot the cumulative histogram is weighted by H A/(4 )2 �� � . Again, the integral in  
Eq. (6) is visualised, so that the �nal value of the cumulative histogram equals the value of �mWe. Curvature values 
below one are weighted less by the quadratic scaling in Fig.�4c and values above one are weighted more, when 
compared to the linear scaling in Fig.�4b. �erefore, nearly �at parts of the particle surface contribute very little to 

Figure 3. Test bodies with shape parameter, p, coloured by mean curvature in the range of 0 to 5: (a) sphere: 
p 2� , (b) p 3� , (c) �p 9, (d) p 20� .

Figure 4. Weighted histograms illustrating the di�erent angularity indices for two test bodies: (a) mean 
curvature H : histogram weighted by vertex area, (b) scaled total curvature: ��tc, (c) scaled Willmore energy: We

�� , 
(d) IA angularity index from19.
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We
�� , while the curvatures of corners and edges are weighted more. �e resulting values of the scaled Willmore 
energy re�ect well the di�erence in angularity between both test bodies.

In the upper part of Fig.�4d, the weighted histogram for the visualisation of IA is shown. �e weights used are 
the vertex area divided by the total surface area of the particle. �e curvature of the largest inscribed sphere, 

�r1/ 1inscr , is also shown as a dashed line. Additionally, both test bodies are shown with areas of curvature higher 
than r1/ inscr  coloured red. For the calculation of IA, all vertex areas belonging to curvatures bigger than r1/ inscr  are 
summed up and divided by the total surface area. �is is shown in the lower subplot, where the weighted cumu-
lative histogram of all curvatures greater than 1 is shown. �is angularity index makes no di�erence between the 
area of the rounded test body, which has a curvature slightly above 1, and the corners and edges of the angular test 
body. As a consequence, the more rounded test body is assigned a higher angularity index than the angular test 
body: I p( 3) 0 4A � � �  and � � �I p( 9) 0 3A .

A�er discussing the mode of operation of the three di�erent angularity indices, they will now be evaluated for 
all test bodies, as shown in Fig.�5. Both the scaled total curvature and the scaled Willmore energy assign 1 to a 
sphere and higher values to the more angular test bodies as shape parameter p increases. �e scaled total curva-
ture assigns 1 to a sphere and 1.065 to the most angular test body with p 20� . �is narrow range of values makes 
the results hard to interpret. In contrast, the scaled Willmore energy of the p 20�  test body is 6.3. For the 
authors, this naturally wider range of the scaled Willmore energy does �t better to the intuitively perceived angu-
larity of the test bodies. In the third subplot of Fig.�5 the IA index is shown. By construction, it assigns 0 to the 
sphere ( �p 2). �en, the quite rounded test body, �p 3, is assigned the highest IA value. With increasing angu-
larity of the test bodies the IA value deceases. �e reason for this behaviour is that the IA index does not make use 
of the modi�ed mean curvature itself but only uses it to identify the area of edges and corners. For p 20�  the 
edges and corners have a small area but a high curvature; this is not re�ected by the IA index. �e area of edges and 
corners is part of the roundness characterisation used in9,10 and8, but here local curvatures or locally �tted spheres 
are considered directly for roundness computation. �erefore, the roundness de�nition developed in10 success-
fully classi�es the angularity of analytical test bodies. �e behaviour seen from the IA index so far is opposite to 
the expected behaviour of an angularity index.

���…�ƒ�•�•�‡�†���•�‡�•�Š�‡�•�ã���’�”�‡�æ�’�”�‘�…�‡�•�•�‹�•�‰���ƒ�•�†���ƒ�”�–�‹�¤�…�‹�ƒ�Ž���”�‘�—�•�†�‹�•�‰�ä��In this section, the angularity of the two 
types of ballast will be investigated and compared to the arti�cially rounded meshes. For this purpose, the 3D 
scans presented in the previous Section will be used (25 scans for each type of ballast). Due to the high spatial res-
olution of the scans, information of the stones’ texture and roughness is also included in the resulting triangular 
meshes. As the angularity of the stones will be characterised via the local curvatures of the stones, it is advisable 
to remove roughness/texture information from the meshes,8,10,19. In10, a feature preserving smoothing algorithm 
is applied. �eir meshes show a noise-like type of roughness, which is successfully removed by the smoothing 
algorithm, while preserving sharp edges and corners. It is important to keep in mind that the chosen smooth-
ing method and the amount of smoothing will strongly in�uence the curvatures computed later. In11, isolated 
high-curvature features are excluded from roundness computation by considering high local curvature together 
with a large relative connected area. In this paper the scanned stones show a more structured texture with sharp 
rills, which should be removed, see Fig.�6a for an example stone. As the rills are partially connected, the method 
proposed in11 could not be applied. Also, the authors could not achieve removal of the texture via smoothing, 
although several smoothing algorithms available in MeshLab33 were applied. In8 and19 roughness/texture of the 

Figure 5. Comparison of scaled total curvature, scaled Willmore energy and angularity index IA from19 on test 
bodies.
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meshes is removed by reduction of the number of vertices/facets forming the mesh. As stated in8, the amount of 
reduction (number of facets in the reduced mesh) massively in�uences the computed curvatures. Moreover, the 
chosen method for mesh simpli�cation can be expected to in�uence the results as well.

In this work, the “collapse_short_edges ” algorithm from PyMesh34 will be used for mesh simpli-
�cation, denoted as CSE. �e CSE algorithm tries to collapse all edges of a given mesh that are shorter than a 
given threshold, and aims to be feature preserving. From the simpli�ed meshes the mean curvature is calculated, 
allowing the evaluation of the three angularity indices. �e question of how much a mesh should be simpli�ed 
will be discussed next.

Four levels of mesh simpli�cation will be considered in this work, denoted by CSE1 to CSE4. As the CSE algo-
rithm cannot reduce meshes to a given number of elements, the number of elements in the simpli�ed meshes will 
vary between di�erent meshes; in Table�1 the median values are given. In the literature,8 and19 use meshes reduced 
to 1500 elements for their angularity calculation, which would roughly correspond to the CSE4 level. Figure�6 
shows for one example stone: the scanned (cleaned) mesh and the four di�erent mesh simpli�cation levels. All 
meshes are coloured by the mean curvature and the aforementioned rilled texture is increasingly removed as the 
mesh is simpli�ed. As an additional test for the angularity indices, the angular meshes will be compared to the 
arti�cially rounded meshes. �e median number of elements for these arti�cially rounded meshes are given in 
Table�1 and for comparison, the arti�cially rounded mesh is also shown in Fig.�6. Figure�7 shows the computed 
angularity indices for all scanned meshes at di�erent levels of mesh simpli�cation and the arti�cially rounded 
meshes. To visualise the calculated angularity values for each group of meshes, boxplots are used. Here, the 
median value is shown with a line, the central 50% of the data is enclosed in the box (values between the 25th and 
75th percentile). �e so-called whiskers extend to (the last datum below/above) 1.5 times the spread of this cen-
tral 50% (interquartile range). Values outside of the whiskers are considered outliers and are plotted with separate 
markers. In Fig.�7a, the scaled total curvature is shown for the meshes of Calcite and Kieselkalk stones: their 

Figure 6. Example of mesh simpli�cation levels and arti�cially rounded meshes. Meshes coloured by mean 
curvature in the range of 0 5� �  and 1: (a) cleaned mesh, (b) CSE1, (c) CSE2, (d) CSE3, (e) CSE4, (f) rounded 
mesh.

CSE1 CSE2 CSE3 CSE4 Rounded

Calcite 16600 7300 4000 1800 6800

Kieselkalk 19600 8700 4800 2100 7700

Table 1. Median number of elements of: the meshes using four di�erent levels of mesh simpli�cation and the 
arti�cially rounded meshes.
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di�erent levels of simpli�cation, and the arti�cially rounded meshes. In the computed ��tc values, little in�uence of 
the mesh simpli�cation is seen, i.e. its range of values overlaps strongly for the least and most simpli�ed meshes. 
Moreover, the arti�cially rounded meshes are assigned similar/same values as the angular meshes. In Table�2, ��tc 
values of the angular (CSE4 simpli�ed) and rounded meshes shown in Figs.�1 and 2 are given. �e rounded 
meshes 2c and 2d are assigned higher angularity values than the angular meshes 1a and 1b. �erefore, the scaled 
total curvature is considered a bad indicator of particle angularity.

�e scaled Willmore energy is plotted in Fig.�7b (for better visualisation three outliers of Calcite CSE1 between 
25 and 35 are not shown). A strong decrease in the scaled Willmore energy can be seen with increasing mesh 
simplification (i.e. decreasing number of elements). This means that the meshes’ roughness/texture, which 
should be removed by the mesh simpli�cation, has a big in�uence on the obtained results. For all levels of mesh 
simpli�cation, the median of the calculated values is higher for Kieselkalk than for Calcite. However, the range 
of values overlaps nearly completely for both types of ballast for all levels of mesh simpli�cation. �us, if the 
scaled Willmore energy is used to characterise particle angularity, no di�erence can be seen between Calcite and 
Kieselkalk ballast stones. Comparing the angular and the rounded meshes, the calculated values are separated 
completely. �is can also be seen in Table�2. With the results obtained so far, the scaled Willmore energy seems to 
be well suited for use as an angularity index.

�e angularity index, IA, is evaluated as well and shown in Fig.�7c. It can be seen that increasing mesh simpli-
�cation reduces the calculated IA index. �e same dependency on the meshes’ roughness/texture that was seen 
with the scaled Willmore energy can be observed, but to a reduced extent. �e IA index characterises Calcite as 
slightly more angular than Kiesekalk. Both the scaled Willmore energy and the IA index give very similar results 
for Calcite and Kieselkalk for all levels of mesh simpli�cation. �erefore, it can be concluded that both types of 
ballast have similar angularity. A drawback of the IA index is seen when angular meshes are compared to the arti-
�cially rounded meshes; the range of the computed values overlaps clearly. An example in given in Table�2, where 
the rounded mesh 2a is assigned higher angularity than the angular meshes 1c and 1d. �e IA index uses the 
modi�ed mean curvature only to identify areas of edges and corners, but not for the calculation of IA itself. 
�erefore, a clear separation between rounded and angular meshes fails. For very rounded particles, e.g. river 
pebbles, the IA index may better separate angular and round particles. Summarising, the IA index had problems 
with classifying the angularity of analytical test bodies, as well as angular and rounded meshes. �us, it is not 
considered a suitable angularity index in this work.

From the analysis presented above, it is hard to conclude which is the optimal level of mesh simpli�cation. �e 
level CSE4 is close to the amount of simpli�cation found in the literature, see8 and19. For a more detailed under-
standing of the mode of operation of the We

��  angularity index, Fig.�8 shows similar information for the CSE1 sim-
pli�ed, CSE4 simpli�ed and arti�cially rounded meshes than Fig.�4 shows for the test bodies. Weighted histograms 
are shown, which contain the information for all 25 scanned meshes of one type of railway ballast. To visualise the 
scattering between the histograms of one type of railway ballast the following plotting scheme is chosen. In every 
bin 25 values exist (belonging to the 25 scans per ballast type). �e median of these values is shown as a line-plot. 

Figure 7. Comparison of di�erent degrees of mesh simpli�cation and arti�cially rounded meshes for di�erent 
angularity indices: (a) scaled total curvature: tc�� , (b) scaled Willmore energy: ��We, (c) IA angularity index from19.

angular tc
�� rounded ��tc angular ��We rounded ��We angular IA rounded IA

1a 1.04 2a 1.00 1a 4.36 2a 1.57 1a 0.42 2a 0.34

1b 1.05 2b 1.03 1b 4.99 2b 1.74 1b 0.49 2b 0.26

1c 1.14 2c 1.13 1c 6.31 2c 2.55 1c 0.30 2c 0.21

1d 1.07 2d 1.06 1d 5.33 2d 1.87 1d 0.31 2d 0.21

Table 2. Comparison of angularity indices evaluated for angular meshes (CSE4 simpli�ed) shown in Fig.�1 and 
rounded meshes shown in Fig.�2.
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�e range covered by the central 50% is shown with a dark shaded rectangle, while the minimum/maximum of all 
values is shown with a light shaded box. �is representation loosely connects a histogram and a box plot. Due to 
the used weights, it can be seen how much each curvature bin contributes to the scaled Willmore energy. 

Figure�8a,d show the results for CSE1 simpli�ed meshes for Calcite and Kieselkalk, respectively. �e histo-
grams scatter quite a lot for both types of ballast. For Calcite some curvature values reach up to 3.5. In Fig.�8a 
these results are cut for improved readability. As the curvature values are squared in the weights, negative curva-
tures increase the angularity value. For both Calcite and Kieselkalk the main contributions in the calculation of ��We 
stem from curvatures around 0.5. As described before: the quadratic weighting of the curvature maps reduces the 
contribution of nearly �at areas and increases the contribution of edges and corners with a higher curvature. �is 
also explains the dip at the bins with nearly zero curvature.

Figure�8b,e show the analogue plots for CSE4 mesh simpli�cation level for Calcite and Kieselkalk respectively. 
�e scattering of the results is reduced by the mesh simpli�cation. �e contributions from negative curvatures is 
reduced considerably for both types of ballast. Moreover, the main contributions in the calculation of We

��  stem 
from curvatures around 0.25, where curvatures above 0.5 are negligible. �e CSE1 meshes still contain texture 
information, which is almost completely removed in the CSE4 meshes. During the simpli�cation, the curvature 
at edges and corners is reduced, thus the main contributions in the calculation of ��We move closer towards zero (for 
both negative and positive curvatures). �e loss in texture information corresponds to a more narrower of curva-
tures occurring.

�e corresponding plots for the arti�cially rounded meshes are shown in Fig.�8c,f. In this representation, sev-
eral di�erences can be seen between angular and rounded meshes. �e rounded meshes show nearly no contribu-
tion from negative curvatures. Negative mean curvature is related to either concave areas or saddle points. �ese 
areas are thus almost completely removed by the applied simpli�cation and smoothing methods. �e rounded 
meshes clearly show less scattering than the angular meshes. �eir main contributions to the calculation of ��We 
stem from curvatures around 0.1 while values above 0.25 contribute very little. �is shows that the curvature of 
edges and corners was successfully reduced by the rounding procedure.

�is analysis con�rms that the scaled Willomore energy seems to be well suited to characterise angularity.
As previously seen in Figs.�7 and 8 shows that no distinct di�erences can be seen in the angularity of Calcite 

and Kieselkalk.

Evaluation of classical shape descriptors
In this section, both types of railway ballast will be compared using classical shape factors for describing form, 
roughness and mixed quantities like the sphericity and the convexity index.

Form. 1D shape descriptors, or form factors, are widely used to characterise particle form. �e particle’s long-
est, intermediate and shortest axes are sought, usually these axes are de�ned to be perpendicular. While there are 

Figure 8. Comparison of CSE1 and CSE4 simpli�ed angular meshes to arti�cially rounded meshes for Calcite 
and Kieselkalk scans. Shown is a summary of weighted curvature histograms, where weights correspond to We

�� : 
(a) CSE1 Calcite, (b) CSE4 Calcite, (c) rounded Calcite, (d) CSE1 Kieselkalk, (e) CSE4 Kieselkalk, (f) rounded 
Kieselkalk.
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several ways to compute these values, see e.g.2, here a bounding box of minimum volume is calculated for the 
scanned meshes, using the Matlab code35 (thus the axes are perpendicular). With these three axes, mostly denoted 
as L I S, , , the two most important form factors can be computed: elongation �e I L/  and flatness �f S I/ . 
Moreover, many other form factors exist that use L I S, , , see e.g.2,3. In2, seven di�erent form factors were evaluated 
and all of them were found to correlate strongly with either elongation or �atness. �erefore, in this work only 
L I S, ,  as well as elongation and �atness, will be evaluated. Figure�9a shows the results of the minimum bounding 
box calculation for Calcite and Kieselkalk meshes. While the overall size of both types of ballast is similar, the 
Kieselkalk stones have slightly larger values for L and I . In Fig.�9b, elongation is plotted over �atness for both 
Calcite and Kieselkalk. Regarding �atness and elongation, no distinct di�erences can be seen in particle form 
between Calcite and Kieselkalk. �e plot also contains dashed lines at 2/3 along the axes to distinguish between 
the four di�erent classes of shape3, visualised with drawn boxes. Less than half of the plotted values lie in the 
upper right corner, denoted by Zingg as “spherical”. Most stones are classi�ed to be “�at”, i.e. their �atness and 
elongation values are positioned in the upper le� corner of the plot. Only four stones are “�at and columnar” 
(lower le� corner) and the rest are “columnar” (lower right corner).

Roughness. Roughness values are calculated, in an automated procedure, from the cleaned 3D scans. For 
each mesh, 642 points are considered for roughness computation. To identify these points, a sphere with 642 
vertices (continuously distributed over its surface) is generated and the spherical coordinates of its vertices are 
calculated. �e corresponding polar and azimuth angles are used to identify the closest point of the scanned 
meshes with the same polar and azimuth angles. �en, the roughness is calculated using all points in a 2.5 mm 
radius. A plane is �tted through all points within this radius in a least squares sense. �e deviation from this 
plane, di, is used to calculate the roughness value, Sq.
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 In this way 642 roughness values are computed for each mesh. In the described algorithm, the underlying geom-
etry of the mesh is not checked. �is means that roughness is also calculated at non-planar areas, where the 
geometry of the stone (e.g. edges and corners) contributes most to the computation of Sq. �erefore, for each stone 
only the 10 smallest values are considered.

�e calculated roughness’ for Calcite and Kieselkalk are shown in Fig.�10. �e resulting values for Kieselkalk 
scatter less than the values for Calcite. Also, Kieselkalk shows smaller roughness values than Calcite, comparing 
the median of their values. In general, roughness calculation using 3D scanned data is not optimal, because the 
number of points used for the Sq calculation varies. From the results obtained, it seems that Kieselkalk has a lower 
roughness than Calcite. Nevertheless, additional measurements would be needed to ensure this interpretation.

Overall shape parameters. In this subsection, the particles’ sphericity, � , and convexity index, c, will be 
evaluated, both of which are frequently used shape descriptors. For the calculation of sphericity, the particle vol-
ume, V , is used to calculate the surface area of a sphere with equal volume. �is value is then divided by the actual 
particle surface area, A.

Figure 9. Comparison of particle form and size: (a) boxplot of particle sizes for Calcite and Kieselkalk, (b) 
elongation over �atness.
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 �us, the sphericity is equal to one for a sphere and decreases for less spherical objects. In the literature, spheric-
ity was sometimes used to describe particle form. As stated in8, this is misleading, as sphericity can be in�uenced 
not only by form but also by roundness/angularity or roughness. If the particle volume is imagined to be �xed, 
then changes in roundness or roughness will cause changes in the particle surface and thus lead to di�erent a 
sphericity. �erefore, sphericity is better understood as an overall shape parameter, than a form factor.

�e convexity index is de�ned as the ratio between the volume of the particle’s convex hull and the particle’s 
volume. �e convex hull is the smallest convex shape, which completely encloses the particle. Hence, the convex-
ity index is equal to one for convex particles and greater than one for general shapes.

c V V( convex hull )/ ( particle ) (12)� �

For the calculation of sphericity and the convexity index, particle volume and the volume of the convex hull is 
calculated by Meshlab,33 and particle surface is obtained as the sum of the area of all triangles in the mesh. �e 
convex hull of the particles is calculated via PyMesh34. Figure�11 shows the calculated sphericity and convexity 
index values for Calcite and Kieselkalk meshes. Little di�erence can be seen between both types of ballast regard-
ing the spericity. From the scanned stones, the Calcite sample contains the most spherical stones with �  values 
nearly 0.85, while the Kieselkalk sample contains less spherical stones with �  nearly 0.6. �e median of �  is almost 
identical for both types of ballast. Regarding the convexity index, shown in Fig.�11b, both types of ballast show 
values in the same range and the median values almost coincide. Only one outlier of Kieselkalk is more concave 
than the other stones considered. To get a visual impression of the calculated �  and c values, Table�3 gives the 
values for the meshes shown in Fig.�1. �e outlier in the convexity values of Kieselkalk is the mesh in Fig.�1c.

Correlation analysis. Particle form, angularity, roughness are investigated separately, as they are seen as 
di�erent scales and/or dimensions of shape. With a correlation analysis,can check whether the calculated shape 
descriptors are really independent from each other or not.

Considered shape descriptors are: the form factors elongation e and �atness f , the scaled Willmore energy We
��  

as angularity index, Sq for roughness, and �  and c as overall shape parameters. For this analysis, it is necessary to 
choose one roughness value per stone so the median of the 10 calculated values is taken. Fig.�12 shows a correla-
tion matrix between the evaluated quantities based on Pearson correlation coe�cients. For improved readability, 
the correlation of a quantity with itself is not plotted. Pearson correlation coe�cients are sensitive to linear rela-
tions between two quantities and range from � 1 to � 1, distinguishing between negative and positive correlation. 
Non-linear correlations will be missclassi�ed by the Pearson coe�cient. An additional visual inspection ensured 
that this was not the case.

Low correlations can be seen between form e f, , angularity We
��  and roughness Sq. �erefore, it can be concluded 

that these dimensions of shape were successfully separated in the shape analysis. �e overall shape parameters �  and 
c are correlated to a moderate extent. �is correlation was also reported in the literature8, indicating that these 
parameters are not independent from each other and it might be enough to investigate only one of them. Apart from 
this correlation, only one, between �  and f  is established (to a weak extent). �e lack of correlation between �c, , 
angularity and roughness show that for the considered particles none of the in�uences stated in8 were present.

Conclusions
In this paper, two easy to compute, curvature-based angularity indices are introduced. �eir performance is com-
pared to the IA angularity index from19. A �rst plausibility test is conducted on analytical test bodies ranging in 
shape from a sphere towards a cube. �en, the angularity of scanned stones made up of two types of ballast, 

Figure 10. Comparison of roughness Sq for Calcite and Kieselkalk.
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Calcite and Kieselkalk, is evaluated. Finally, a comparison with arti�cially rounded meshes shows that the newly 
de�ned scaled Willmore energy is most suitable index to characterise particle angularity. Regarding Calcite and 
Kieselkalk, none of the considered angularity indices show a clear di�erence between the two types of railway 
ballast.

�is paper concludes with a complete shape analysis of the scanned stones for both types of railway bal-
last. �e shape descriptors evaluated are: 1D form factors (i.e. elongation and �atness), angularity, roughness, 

Figure 11. Comparison of particle overall shape parameters: (a) sphericity, (b) convexity index.

mesh � c

1a 0.80 1.19

1b 0.78 1.17

1c 0.64 1.49

1d 0.73 1.21

Table 3. Evaluated � c,  for meshes shown in Fig.�1.

Figure 12. Scatter plot showing correlations between e, f , ��We, Sq, �  and c.
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sphericity and the convexity index. For all these quantities, excluding roughness, Calcite and Kieselkalk yield very 
similar results due to the strongly overlapping values of the shape descriptors. In this case, the authors consider 
the number of 25 scans to be su�cient. Even if additional scans were to yield di�erent shape descriptor values for 
Calcite and Kieselkalk, the 25 scans already measured will still have strongly overlapping values. �us, additional 
scans could change the �nding of this manuscript in only a limited way. �erefore, no further scans were consid-
ered necessary to support our �ndings: It is concluded that Calcite and Kieselkalk are similar in shape.

�e same two types of railway ballast were investigated in27, where measurements and DEM simulations of 
uniaxial compression and direct shear test were presented. �e experimental results of the direct shear test were 
very similar for Calcite and Kieselkalk. In contrast, in the uniaxial compression test clear di�erences could be seen 
in the sti�nesses and slight di�erences could be seen in the shape of loading-unloading cycles.

Although the presented particle shape analysis is limited to only 25 stones per ballast type, it allows conclu-
sions to be drawn regarding the experimental behaviour and DEM simulations of Calcite and Kieselkalk. 

 1. As no di�erences in the shape of Calcite and Kieselkalk stones were found, it is acceptable to conduct DEM 
simulations using the same shape for both materials, as it was done in27.

 2. �e di�erent behaviours seen in Calcite and Kieselkalk in the uniaxial compression test, is most likely not 
caused by di�erences in shape between the two materials (as no di�erence could be found from the investi-
gated stones).

 3. To describe the observed di�erences in the uniaxial compression tests, focus should be laid on parti-
cle-particle contact modelling, taking into account di�erences in: friction (e.g. due to di�erences in rough-
ness/texture as observed in this work), material behaviour (Young’s modulus, yield stress, etc.), etc. �e 
combination of these material parameters will in�uence the material’s response both in compression and 
in shear. If both types of ballast di�er in more than one material parameter, this is a possible explanation of 
the experimentally observed behaviour of di�erences in the uniaxial compression test, but similarity in the 
direct shear tests.

Related work addresses the particle shape modelling process in DEM simulations36, and future work further 
measurements of material properties of Calcite and Kieselkalk, e.g. Young’s modulus and coe�cient of friction. 
All obtained data will be made openly available. �is information will allow the development of new strategies for 
DEM model parametrisation and validation.

���ƒ�–�ƒ���ƒ�˜�ƒ�‹�Ž�ƒ�„�‹�Ž�‹�–�›
�e datasets generated and analysed during the current study are available in the zenodo.org repository31.
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