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ON FINITE DIFFERENCE SCHEMES FOR PARTIAL
INTEGRO-DIFFERENTIAL EQUATIONS OF LEVY TYPE

KONSTANTINOS DAREIOTIS

ABSTRACT. In this article we introduce a finite difference approxima-
tion for integro-differential operators of Lévy type. We approximate
solutions of possibly degenerate integro-differential equations by treat-
ing the nonlocal operator as a second-order operator on the whole unit
ball, eliminating the need for truncation of the Lévy measure which is
present in the existing literature. This yields an approximation scheme
with significantly reduced computational cost, especially for Lévy mea-
sures corresponding to processes with jumps of infinite variation.

1. INTRODUCTION
In the present article we consider a finite difference approximation scheme
for partial integro-differential equations (PIDEs) of the form
du(z) = [(Lt + J)we(z) + fi(2)] dt, (t,x) € [0,T] x R,
up(@) = b(x),  weR,
where the operators are given by

Li(z) = ay(2)02¢(x) + by(z)0:0(z) + cr(z)p(z),
Jo(z) = /R (o(x + 2) — ¢p(a) — I11j<120:0(x)) v(dz).

The coeflicient of the second derivative in L; is allowed to degenerate. Here
v denotes a Lévy measure on R, that is, a Borel measure on R such that

V({0}) = 0, /R1 A 22 u(dz) < oo.

Equations of of the type (L.1]) arise, for example, in mathematical finance
for pricing derivatives in models with Lévy noise (for further reading on the
subject we refer to [I]). Simple examples of Lévy measures are

Va(dz) := |2|70F) dz,

for « € (0,2). Notice that for a € (1,2) these measures correspond to
Lévy processes whose jumps have infinite variation and the analysis typically
becomes more challenging.

Finite difference schemes for equations of this form have previously been
studied in [2], [5], and [I4]. In addition to the standard space (time, resp.)

(1.1)
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2 KONSTANTINOS DAREIOTIS

discretization parameter h (7, resp.), they introduced a further approxi-
mation parameter ¢ for truncation of the Lévy measure. In [2], using this
approach and an explicit in time scheme, the error estimates obtained are
of the form

f‘z|§5 |z[3v(dz)

lu — w7 S
21<5 22v(dz)

+v({lzl = sH(VT + D),

which in the case of v = v, yields an error of order § + §~“(\/7 + h).
A simple calculation shows that in order to achieve an accuracy of order
e > 0, the computational cost is of order O(e~*+1)) which for @ ~ 2 is
arbitrarily close to O(¢712). In [14] only spatial discretization is considered,
0 is a function of h, and the corresponding error estimates for the spatial
approximation, in the case of infinite activity, are of the form

lu— | SR / |2l(dz).
(=1L,1)\(=h/2,h/2)

Again, in the case v = v,, a simple computation shows that the rate of
convergence is of order h?~%, which for o ~ 2 is arbitrarily slow. The
approach in [5] is also similar (truncation of the integro-differential operator
near zero). Under some technical conditions posed on the Lévy measure (it
is assumed to have a density of a particular form, that is twice continuously
differentiable and has a prescribed behaviour near zero), similar estimates
are obtained (with constants blowing up as the truncation parameter 6 — 0).

In contrast to these works, in the present article we do not truncate the
operator near the origin. We introduce a negative semi-definite approxima-
tion that treats the integro-differential operator as a second order operator
on the whole unit ball. Using this approximation and an implicit in time
scheme we obtain estimates of the form

lu — w7 S (h+ /7).

Despite the fact that our scheme is implicit in time, the gain from not
truncating the operator near the origin allows us to reduce the computational
cost to O(e™4) if the coefficients of L are independent of ¢ and O(¢~?)
otherwise. Moreover, under some more spatial regularity of the data, we
show that
lu—u™T| < (h+7).

This further reduces the computational cost to O(¢73) and O(s™*), respec-
tively. Hence, while for Lévy measures with finite mass near zero the explicit
algorithm from [2] is faster, in the case of measures with infinite mass near
zero, in particular for measures with behavour similar to v, for a € (1,2),
our scheme significantly reduces the computational cost.

Our approximation is similar to the one that we introduced in [3], [4].
However, in these works the results and their proofs rely on the non-degeneracy
of the second order differential operator. We show that the approximate op-
erator J" that we suggest here is negative semi-definite, and this combined
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with estimates obtained in [9] for the difference operators lead to apriori
estimates of the solution of the scheme independent of the discretization pa-
rameters without posing a non-degeneracy condition. This combined with
consistency estimates for the operators leads to the desired error estimates.
The analysis of the spatial approximation is done in the spirit of [I5]. The
equations are first discretized in space and solved as equations in Sobolev
spaces over R (u") and as equations on the grid (v"). Error estimates are
obtained in Sobolev norms for the difference v — u”. By using embedding
theorems, the restriction of u” on the grid is shown to agree with v". Hence,
the error estimates in Sobolev norm imply pointwise error estimates for the
difference u — v by virtue of Sobolev embedding theorems. The discretized
equations are further discretized in time (see also [7]), they are solved in
Sobolev spaces (u™7) and on the grid (v7), and estimates are obtained for
u" — w7, which in turn imply estimates for v — v,

For degenerate equations not involving non-local operators we refer to
[12], [10], [9], and [6]. In the last three articles the results are obtained in a
more general, stochastic setting, but they remain optimal for deterministic
equations as well. Moreover, in these articles Richardson’s extrapolation is
used in order to accelerate the convergence in the spatial approximation.
This is left as future work for the non-local case.

In conclusion let us introduce some notation. By u;(x) we denote the
value of a function u: [0,7] x R — R at (¢,2) € [0,T] x R, and when u is
understood as a function of ¢ with values in some function space (function
of v € R) we will write us := w(-) for ¢t € [0,7]. By 0, we denote the
derivative operator with respect to the spatial variable. The notation CZ°
stands for the set of all smooth, compactly supported, real functions on R.
We denote by (-, ), and || -||z, the inner product and the norm respectively
in Ly(R). For an integer [ > 0 , H' will be the Sobolev space of all function
in Ly(R) having distributional derivatives up to order [ in La(R), with the
inner product (f,g)y = Zzzo(aif, 929)L,, where 8%f := f, and we denote
the corresponding norm by || - ||z:. If X is a Hilbert space, C([0,T]; X) will
denote the set of all functions that are norm-continuous in ¢t € [0,7], and
Cy([0,T]; X) will denote the set of all functions that are weakly-continuous
in t € [0,T]. For real numbers «, 3, we use the notation o A 5 := min{«, 5}
and o V § := max{a,}. We use the notation N for constants that may
change from line to line. In the proofs of lemmas/theorems the dependence
of N to certain parameters is given at the statement of the corresponding
lemma/theorem.

2. FORMULATION OF THE MAIN RESULTS

In this section we introduce our scheme and we state our main results.
From now on we will use the following notations

wo :=v(R\ [-1,1]), p2:= /|<1 22 v(dz).
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Assumption 2.1. Let m > 1 be an integer.

i) The functions a,b,c: [0,T] x R — R are measurable in (¢, z). More-
over, the functions b and ¢ are m-times continuously differentiable
in z, the function a is m V 2-times continuously differentiable in
z, and there exists a constant K such that for all [ € {1,...,m},
ge{l,....,mV2}, (t,x) € [0,T] x R it holds that

[02ar(x)| + |95be(2)| + [0pce(2)] < K.

ii) The initial condition ¢ belongs to H™ and f : [0,7] — H™ is a

measurable function such that

T
K2, = [l + /0 L2 dt < o0,

Assumption 2.2. For all (¢,z) € [0,7] x R, we have a;(z) > 0.

Notice that for ¢, € C2°, by virtue of Taylor’s formula and integration
by parts we have

(Jo, ) /|Z|<1/ (1-46 L p(- + 02),0.0) 1, dIv(dz)
/| 8042 = 00, v(d2).

The solution of ([I.1]) is understood in the following sense.

Definition 2.1. A solution of (L.1)) is function u € C, ([0, T]; H') such that
for all ¢ € C° and t € [0,T] we have

t
(ut, @), = (¥, @)1 +/0 (Optis, —p0ra5 — as0zP + bsP) 1, + (cstis, @)1, ds

_ /0 t /|z|§1 /O 1 0)2(@yus(- +02).0,6)y, dBv(dz)ds
+ /Ot /|Z|>1(us(- + 2) + us, ), v(dz)ds

The following well-posedness result can be found in for example in [13].

Theorem 2.1. Let Assumptz'ons cmd hold. Then has a unique
solutionu € Cy([0,T]; HY). Moreover, u € Cy([0,T]; H™)NC([0,T]; H™™1),
and there exists a constant N, depending only on T, m, K, ug and pa, such
that

sup [[ug||Fm < NKZ,.

t<T

Remark 2.1. If Assumption holds with m > 2 in the above theorem,
then the solution is strongly continuous H' valued function, which by the
continuous embedding H' < C%'/2 (space of bounded 1/2-Hélder contin-
uous functions with the usual norm) implies that the solution w;(x) is a
continuous function of (t,z) € [0,T] x R.
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For A € R\ {0} we define the following operators

i) = LEFN O ) . (A EINO),

We continue with the approximation of the integro-differential operator. For
h € (0,1), we will denote our grid by Gy := hZ, and for integers k > 1 we
define

Bl := ((k — 1)h, kh],
while for integers k£ < —1 we define
Bl := [kh, (k 4+ 1)h).

Notice that B is not defined. From now on we assume that h € {1/n :
n €N} =N Weset Ay :={m € Z : |m| < 1/h,m # 0} and By, :=
Z\ (A, U{0}). Let us define the operators

|k|—1
o) = Y 0L6_none(x + silh),
keAy =0
Ty d(x) =Y (dlx+ hk) — ¢(x)) v(B}),
keBy,
where
_ ke 2 y(dz), 6 = e/ —0) do
Sk 7k Cr e /B{;Z v(dz), 0}, : /mk' (1 ) do.

We denote J" := Jf + J}.

Example 2.1. In the case that the Lévy measure v is given by v(dz) =
|2)~0+) dz the operator J” takes the following form

T (x)
L7 Ikl-1
D Calh k) (¢(x + 1h + h) = 2¢(x + 1h) + ¢(z + 1h — h))
1 1=0
-1 |k|-1
+ Y Y Calhi k) (b(z — lh + h) = 2¢(x — 1h) + ¢(x — lh — h))
k=—[%] 1=0
1 1 1
2 (= ) 0ta-+ 0 =0t 2
[kl>[ %]
where the coefficients Cy (h, k) are given by

(k27 = (kI = 1)*7) (k| =) — 1)
2(2 — a)hk?

k

Ca(h, k) :=
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The differential operator L; is approximated by L?, given by
Ly ¢(x) = ay(2)8" 8" ¢(x) + bi(2)8" ¢ () + crp(a).

We will write l3(Gy,) for the set of all real valued function ¢ on Gy, such

that
18117,y =1 Y (@)

zeGy

We will denote the corresponding inner product by (-, -)52(@%). Let us now
consider in l3(Gy,) the scheme

i Lh + Jh)vt + ft> (2.2)

ol

U

o

Vo
Definition 2.2. A solution of (2.2)) is a function v" € C([0,7];12(Gy,)) such
that for all ¢ € [0,7]

t
v = ¢>+/ (LE + ") + fs ds,
0
where the equality is understood in l3(Gyp,).

Remark 2.2. For [ > 1 we have the continuous embedding H' < I5(Gy,) (see
[9]). Therefore under Assumption [2.1| we have

T
60,60+ [ 10t < o

Under the same assumption it is easy to see that L + J is a bounded linear
operator on l2(Gy) into itself (with norm bounded by a constant uniformly
in t € [0,7]). Hence, under Assumption (2.2) has a unique solution.

Next is our main result concerning the spatial approximation.

Theorem 2.2. Let Assumptions[2.1] and[2.4 hold with m > 4. Let u and v"
be the unique solutions of (1.1) and (2.2)) respectively. Then there exists a
constant N, depending only on m, K, ug, po, and T, such that for all h € N
we have

sup sup |ug(z) — v (2)]* + sup [u — vl q,) < NhKh,.
t€[0,T] z€Gy, te[0,T]

We now move to the temporal discretization. Let n > 1 be an integer and
let 7 =T/n. In l3(Gp) we consider the implicit scheme

Vi = Vi1 + T[(L?T + Jh)vi + fz'T]a t=1,.,n
vy = .

Definition 2.3. A solut1on of is a function v®7: {0,...,n} — I2(Gy,)
such that the equalities in are satlsﬁed

(2.3)
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Theorem 2.3. Let Assumptions and hold. Then there exists a
constant Ny, depending only on K and T, such that for all n > Ny and
h € M there exists a unique solution V™7 of ([2.3).

Assumption 2.3. Let [ > 0 be an integer. There exist constants C' and
v > 0 such that for all z € R, t,s € [0,7], and 0 < j <[ we have

|0hae(x) — Blas(2)[* +[050: (x) — B3bs(x)|* + |Dher(z) — Dhes (@) < Ot — 5|
and

1fe = fllF < Clt = 8.
Assumption 2.4. There exists a constant K’ such that for all ¢ € [0, 7] we
have || fi[| 22 < K.

Next is our result concerning the temporal approximation.

Theorem 2.4. Let Assumptions and[2.7] hold with m > 4, and let
Assumption hold with 1 > 1. Let v and v™™ be the unique solutions

of equations (2.2)) and (2.3) respectively (for n > Ny). Then there exists a
constant N, such that for alln > N} and h € N
(i) the following estimate holds,
h, h,
max sup Wl (x) — v () |* + max vl — v T‘|z22(<[;h) <TM™WN(K'+K2)
<N 2cGy, i<n
(ii) if moreover m > 5, then
h h
max sup [l (2) — v ()2 + max v — v, ’T||122(Gh) < T?MN(K'+K2),
i<n 2cGy i<n

where N is a constant depending only on K,C, T, m, ug and ps.
A direct consequence of the theorem above is the following:

Theorem 2.5. Under the assumptions of Theorem for all n > N§ and
all h € N we have
(i) the following estimate holds,
max sup uir () — 0" (@)]° + max fuir — 07 ,) < N(B? + 7",
i<n z€Gy, 1<n
(ii) if moreover m > 5, then
h h
max sup [ur(z) — v (2)* + max|[luir — 07| g,y < N(R*+ 77N,
i<n zeGy, i<n
where N2, = K' + K2,, and N is a constant depending only on K,C, T, m,
po and jiy.

Remark 2.3. Consider the case v(dz) = |z|~(17®) dz, where the operator J"
is given by ([2.1). It is clear from the above theorem that while the constant
N depends on «, the rate of converge does not.
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3. AUXILIARY FACTS

In this section we prove some results that will be used in order to prove
the main theorems.

Lemma 3.1. For any integer | >0, ¢ € H', and any j € {0,...,1}, we have
(930", 04¢)1, < 0.

Proof. Since 0, J"¢ = J"0,¢, it clearly suffices to show the conclusion with
Il =7 =0. We have

keBy,
< S (I913, — I113,,) v(Bf) =0,
keBy,

where the inequality is due to Holder’s inequality and the translation invari-
ance of the Lebesgue measure. In order to show that (JI'¢,#) < 0, clearly
it suffices to show that for each k € A,

k| -1

> 0h0_nond(x + splh), ¢(x) | <0, (3.1)
=0 Lo

If s, = 1, then a simple calculation shows that

k|1
> 0L0_nond(x + silh)
=0
ok = 204 1)
=Y gy [0 (= Dh) = 26(x + k) + ¢(a + (L+ 1)h)]
=0
= s (B + Bh) + 0 + (k= 1)h) + (2 — 1)6(z — b) — (2K +1)6(x))
which combined with Holder’s inequality imply . If s = —1, then
|k|—1
Z 025,h5h¢($ + Sklh)
=0
ok — 204 1)
= Z Sy (e = (L Dh) = 20z — 1) + ¢(z — (L = 1)h)]
1
= gpapz (@@ + k) + é(z + (k + 1)) + 2k = 1)é(z + h) — (2[k] + 1)¢(2)),
which again by virtue of Holder’s inequality implies . ([l

Lemma combined with Lemma 3.4 from [9] implies the following:
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Lemma 3.2. Suppose Assumption [2.1] (i) holds. Then there exists a con-
stant N, depending only on K and m, such that for alll € {0,..,m} and all
¢ € H™ we have

(9:(Li + T")6,0:0)12 < NIl 7.
The following is very well known (see e.g. [9], [11]).

Lemma 3.3. For each integer | > 0, there is a constant N depending only
on 1, such that for allu € H*2, v € H'™3 and A € R\ {0} we have

16% e — Bgull o + [[6aw — Dpull g1 < NIAJ||ul| e,
H6A5Av — a,%v”HZ + ||oxd_rv — 8§UHHZ < N|A|[Jv|| gres-
We have the following consistency estimates for our approximation.

Lemma 3.4. Let I > 0 be an integer. Then there exists a constant N,
depending only on 1, o, and pg, such that for all ¢ € H'™3 we have

17"¢ — Tl s < NA||@ll143- (3.2)

Proof. Again, we can and we will assume that [ = 0. We have

T p(z) — Jad(a) = ) / (x + hk) — ¢(z + 2)) v(dz)

keBy,

_Z/Bh/ (hk — 2)0s(x + 2 + O(hk — =) dOw(d2),

keBy,
which combined with the fact that |hk — z| < h for z € Bk gives
1956 — Joo ||, < hppoll 6]l (3.3)
by virtue of Minkowski’s integral inequality. For J{l — J1, we have
Jié— I
k|1

= Z ¢h Z 0L0_1nono(x + splh) — /|| /1(1 — 0)2%02p(x + 02) dOv(dz)
z|<1J0

keAy, =0

=> Wl ZHW (6-40 92 )
— —0) (5_pond(x + splh) — O26(x + 02)) dOv(dz).
z / o 2 //m ) (6_nbnd(z + splh) — D26(z + 02)) dBu(dz)

(3.4)

Then we have for the integrand in the above quantity
S_n0no(x + splh) — 2¢(x + 02)
:5,}1(5]1(1)(.% + Sklh) — (5,h5h¢<1‘ + 02) + 67h5h¢($ + 02) — 83(25(.% + 02’)
1
:/ (splh — 02)0_p0p0zd(x + 0z 4+ n(splh — 0z)) dn
0

+ 0_ponop(x + 02) — 02p(x + 02). (3.5)
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Notice that for 6 € [I/|k|, (I 4+ 1)/|k|) and z € Bl we have
|splh — 0z| < |sglh — 0kh| + |0kh — 0z| < 2h.
Hence, for the first term at the right hand side of (3.5) we have

1
H / (sglh — 02)0_p0p0:P(- + 0zn(sklh — 02))d17HL2 < 2h||o|| g3,
0
while for the second one we have by Lemma [3.3
16-nSne (- + 02) = D2 (- + 02) |1, < | @] prs-
Therefore,
16-n0re(- + slh) = D26 (- + 02)|| L, < Nhl|o| s,
which combined with [3.4] and Minkowski’s inequality gives
1776 — Tz, < NA|¢ll s

By this inequality and (3.3]) we obtain (3.2)). O

Lemma 3.5. Let (i) from Assumption[2.1 hold. Then there exists a constant
N, depending only on K, m, ug, and ua, such that for all 1 € {0,...,},
¢ € H*? andt € [0,T] we have

ILE Bl + T 6ll50 < NlI¢llF,, ,-
Proof. Clearly it suffices to show the inequality for ¢ € C2°. We have for
A#£0
1
ho(x) = / Oz p(x + OX) db.
0
Hence, by Minkowski’s inequality we get ||0x¢||z, < ||02¢|L,, which implies

187l < NlISllsrrs 660, < N2, 63620l Lo < Nl pr2-
Hence, by Assumption (i) we have

ILESl20 < Nl 3o
By Minkowski’s inequality, we have
|k|—1

1
TEBl, < D> Y OIS nond(- + sklh)|Ly < 5 p2lléll s

-2
keAy =0

and

1736llL, < D oz + hk) = @i, < 2u0]@ll1,-

keBh
These estimates combined with the fact that 9,J" = J"d, give

17"l e < N[l g2
This finishes the proof. ([l
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Next we consider in Lo(R) the following scheme
duft = (L4 + Iyl + 1) dt
0= v

An Lay-solution of (3.6) is a function u”* € C([0, T]; La(R)) such that for all
te[0,7T)

! (3.6)

ul =1+ /Ot ((LQ + JMul + f$> ds.

Lemma 3.6. Let Assumption[2.1] hold with some integer 1 > 1 instead of m.
Then has a unique La-solution u™ which also belongs to C([0,T); H).
If moreover Assumption[2.4 holds, then there exists a constant N, depending
only on I,T, and K, such that for all h € N

sup [Juf' |3 < NKF. (3.7)
t<T

Proof. Equation is a differential equation on Lo with Lipschitz continu-
ous coeflicients, and it therefore has a unique Lo-valued continuous solution
u”. Similarly, it is a differential equation on H' with Lipschitz continuous
coefficients, and it therefore has a unique H'-valued continuous solution w”.
Since H' C Ly we have that w" = u”.

For (3.7), we have for any ¢ € [0, 7]

t
o = 0B+ [ [+ )+ ] s
2 ! h|2 T 2
I+ N [ i ds+ [ 1Al ds <o,

where the last inequality is by virtue of Lemma [3.2] and Young’s inequality.
Gronwall’s lemma finishes the proof. O

Theorem 3.7. Let Assumptions and with m > 4, and let u" and u
be the unique solutions of and respectively. Then there erists a
constant N, depending only on m, T, po, pe, and K, such that for all h € N
we have
sup |lug — ul||2m-s < N2 h2 (3.8)
t<T

Proof. We have that u” — u satisfies the conditions of Lemma with [ =
m—3,9 =0, and f; = (L} — Ly)u; + (I" — I)u;. Therefore, we have

T
sup [uf = s SN [ (L = Lous + (" = Tulys dt (39)
t< 0

T
<Nh? /0 |w||3m dt < Nh2K2,. (3.10)

where the second inequality follows from Lemmata[3.3]and This finishes
the proof. O
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Next we continue with the time discretization. Let us consider on La(RR)
the following implicit scheme.
Ui = Uj—1 + T[(L?T + Jh)ui + fir], i=1,..,n
uy = ’QZJ
An Ly-solution of the above scheme is a function v7: {0,...,n} — La(R).

The following is well known (see Proposition 3.4 in [§] for a statement
that is in fact more general).

(3.11)

Lemma 3.8. Let D be a bounded linear operator on a Hilbert space X into
itself. If there exists 6 > 0 such that (D¢, ¢)x > 6||¢||% for all ¢ € X, then
for each f € X there exists a unique g € X such that Dg = f.

Theorem 3.9. Let Assumptions [2.1 and hold. Then there ewists a
constant N', depending only on K, T, and m, such that for all n > N’ and
h € M there exists a unique Lo-solution u™™ of (3.11) which in addition

satisfies u?’T € H™ for eachi=0,...,n.
Proof. Let us write (3.11]) in the form
ID),;u,- = Fz 1= 1, ey N,
where
D, =1-— T(L?T + Jh), F,=vi_1 4+ 1fir.
For each i = 1, ...,n, I; is a bounded linear operator from H* to H* for all
k=0,...,m. By Lemma 3.2 we have

i, )z = 1812 =7 (L +TM0,6) = [0l = N6,

for all k=0, ..,m, with N depending only on K and m. Hence, if n > T'N,
then we have with A:=1— (7/N) >0

(Dids, &) r > A6

The conclusion follows from the lemma above.
O

Theorem 3.10. Let Assumptions [2.1], [2.3 and hold with m > 4 and
let u" and v be the unique Lo-solutions of equations and
respectively (for n > N'). Then there exists a constant N1 such that for all
n > Ny and h € N the following hold

(i) if Assumption holds with | = m — 3, then

max uf, — w7 |[Fns < TN (K 4 K) (3.12)
(ii) if Assumption holds with | = m — 4, then

max ufy — w7 |[Fns < THIN(K 4 K3), (3.13)

where N is a constant depending only on K,C, T, m, ug and psa.
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Proof. In order to ease the notation, let us introduce e; = uZhT — uZ” We
have that (e;)!", satisfies

e, =e;_1+ TR@'ei + Fi7 1= 1a IR

eg = 0,
where -
R, =L +J" F; = / Fy dt
(i—1)T
Fyi= (L 4 I"uy = (L + T"ujy + fi = Fagey,
and

k(t) =Ilr fort € ((I — 1)7,Il7],l=1,...,n, k(0) = 0. (3.14)
By the identity ||b]|? — ||a||?> = 2(b,b — a) — ||b — a||?, we have for j < m — 3
and ¢ > 1,

10)eil|7, — [10%ei—17, < 27(Dles, OIRie;) 1, + 2(0hei, Fy)p,  (3.15)
By Lemma we have
27(0)e;, 04 Rie;) 1, < TN|0les|,,

while by Young’s inequality we have

T
2(Oei, MF)p, < T0er, |2, +T—1||/ on |12,
(i—1)7
T

Sﬂ%@wi+/‘ |0IF, |2, dt.

(G-1)7

By using these inequalities and summing up (3.15)) over 0 < j < ¢, where
g € {m —4,m — 3}, and over i < p < n, we get

P T
leolBre < 7N S leila + N [ IR dt < o,
i=1 0
where N is a constant depending only on m and K. Let us set Ny :=T'N.
By the discrete Gronwall inequality we have for n > Ny (i.e. for 7 < 1/N)

T
mmmmsw/HEMmu
p<n 0

where N depends only on m, K and T'. We only have to estimate the term
at the right hand side of the above inequality. We have

T T
| IR Bt < [ 1L = 2l
r h h h h 2
N [0+ 2l = ) ot

T
N [ = o (3.16)
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where k,(t) is given by (3.14). Let us show first (3.12)) under Assumption
with [ = m — 3. By Assumption and (3.7) we have with g =m — 3

T
/0 N(LE = Ll )l 3 dt < N / [l [2p0se dt < TINK2,,  (3.07)

T
/0 1fe = fuge) | Fra dt < 77T (3.18)

By Lemma [3.5] we have

T T
/0 1%+ L) (= ) [ dt < N / o — o [2gas .

Therefore, in order to show (i) we only need to show that
T
/ luf = upip [ Frm—1 dt < NT(K3, + K'). (3.19)
0

For ¢ € H™ ' and ¢' € H™, one has (¢, ¢)m| < [|¢/[|rrm||¢]lgm-2. By
using this and Young’s inequality, we obtain for s,¢ € [0,T] with s <t

t
Juf =y =2 [ (= a2 Y )
S
<N / e = 2+ L+ TPV s 4+ 1o | 2ymadr

<N / sup [ e + 152

< N(Kgn +K/)(t - S)a

where the last inequality follows by Lemma and Assumption [2.4] This
shows which combined with and (3.18) (with ¢ = m — 3) imply
by virtue of ([3.16). In order to show ([3.13) under Assumption
with [ = m — 4, by virtue of (3.16]), (3.17) and (3.18), with ¢ = m — 4, it
suffices to show

T
e = i e < 72065 + 1),
For t,s € [0,T] we have

A [ T R RS A

2
/ Nsup Hu | zm =+ || fr |l grm—2 dr)

< N(t—s) (/cfn + K).
This brings the proof to an end.
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4. PROOFS OF THE MAIN RESULTS
We are now ready to prove the main theorems.

Proof of Theorem[2.3. Let J, & denote the continuous embeddings H™ 3 —
I5(Gp) and H™ 3 — C%1/2, Let u" and v" denote the solutions of and
(2.2) (the same equation, considered on l9(Gy) and Lo (Gy,)). By applying J
to both sides of we see that Ju” satisfies . Therefore Ju® = v" by
uniqueness. Notice also that fuf'(x) = Jul(z) and us(z) = Jus(x) = Kug(z),
for all t € [0, 7] and = € Gp. Hence

sup [vf (z) — wi(z)| = sup |Juf(z) — uy()]
z€Gy, zeGy,

= sup |ﬁu?(a:) — Ruy(x)]
zeGy,

S NHU? - Ut”Hm—S,
and

h ~ h o~
v — welliyen) = 1T — Jutlliy,)
< Nlug — g prm—s,

where N depends only on m. The conclusion now follows from Theorem

B O

We move to the proof of Theorem Notice that the existence part
follows easily from Theorem Namely, if u7 solves , then Ju™
solves . Also, the uniqueness part is immediate if for example one
poses a Courant—Friedrichs—Lewy condition on 7 and h (that is, 7/h? being
sufficiently small). However, such a condition is obviously not necessary,
therefore, in order to prove Theorem we will proceed as in the proof of
Theorem Hence, we need the following, whose proof is essentially given
in [I0] but we give a sketch for the convenience of the reader.

Lemma 4.1. Let Assumptions and hold with m = 1. Then there
exists a constant N, depending only on K, such that for all ¢ € lo(Gy) we
have

(£t +Me.0), o

Proof. One can replace (-,-) with (:,-);,(g,) in the proof of Lemma to
obtain

(J"¢, O)iy(@n) < 0.

Consequently we only need that (L}, )iy (Gy) < N||¢||l22(Gh). This is proved
in [I0]. In the proof of Lemma 3.3 in that article, one can replace (-, -) with
(*s)ia(G,,) to obtain

(6", (8" a) T" @)1y + (066" 6, Dy + (ct¢, )iz < NIl e,
(41
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where T"¢(z) = (¢(x + h) + ¢(x — h))/2, and N depends only on K. It is
shown also in [10] (see (3.3)) that for functions u, v

S (uv) = (M) T + (6"0)T"u.
Therefore,

(@6" 6" ug, ue) 1y ) = — (8"ug, 6™ (arwe) )iy

= — (6", (6"a)) T"ws)1y ) — (6™ s, (T"ar)6™ws)1y )
(4.2)

Notice that by virtue of Assumption we have
—((5hut, (That)éhut)b(@h) < 0.
Hence, (4.2)) and (4.1) imply
(L), D)iaen) < Nllie,):
U

Proof of Theorem [2.3 The proof is the same as the one of Theorem [3.9] this
time using Lemma [4.1] instead of Lemma [3.2 O

Proof of Theorem |2.4]. The conclusion follows by Sobolev embeddings and
Theorem similarly to the proof of Theorem O
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