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Grain-mixing modelling of the poraosity and per meability of binary mixtures
Anthony Diyokeugwu* and Paul Glover, University of Leeds

Summary

The porosity and permeability of binary mixtures of
spherical grains were modelled theoretically and studied
empirically against such variables as grain-size, grain-size
ratio, grain volume fraction and grain packing. The results
confirmed that binary mixing of different-sized grains
always results in a porosity loss. The degree of porosity loss
was found to be a function of the grain-size ratio.
Consequently, the mixture with the highest grain-size ratio
of 3 dropped to the lowest minimum porosity of 0.3116
while the mixture with the minimum grain-size ratio of 1.5
experienced the highest minimum porosity of 0.3716. The
observed porosities could not be described by some of the
existing porosity models including the ideal and fractional
packing models due to the assumptions of ideal packing and
no-mixing respectively underlying these models. Thus, a
corrected fine packing (or replacement) model was
developed during this research to incorporate the grain-size
ratio effect on porosity. Together with the interstitiation
model, the corrected replacement model gave the best fit to
the observed porosities. The mixtures’ permeabilities could

not be modelled by the grain-size/porosity-dependent
permeability models because these models tend to mimic the
trend of the representative porosity used. The weighted
geometric/harmonic mean permeability models (weighted
by volume fraction) described the observed permeabilities
best.

I ntroduction

The understanding of how grain mixing and packing control
the porosity (Dias et al.,, 200Kamann et al., 2007),
permeability (Bernabe and Maineult, 2015), acoustic
transmission (Leurer and Brown, 2008), heat flow (Wallen
et al., 2016) and electric current in rocks (Glover, 2015) is
very useful in various fields of science. Among these fields
are Soil Science (Zhang et al., 2011), Petrophysics (Sakaki
and Smits, 2015) and Hydrology (Zhang et al., 2009).
However, our focus is on porosity and permeability studies.

Various models have been developed to predict the porosity
(i.e. a measure of storage capacity) and permeability (i.e. a
measure of fluid-flow permission) of a single-sized grain
pack and ideally packed binary mixtures (Kozeny, 1927;
Carman, 1937; Kamann et al.,, 2007; Glover, 2006).
However, real rocks are made of the mixture of grains of
various sizes with non-ideal packing. These scenarios need
to be considered when analysing three-dimensional packing

in rocks. Thus, we have undertaken this research to model
the effects of grain size, relative grain size, grain fraction and
grain packing on the porosity and permeability of granular
mixtures (as typified by clastic rocks). However, given the
extreme complexity in the modelling of packing in rocks
with very poor grain sorting, we have focused on binary
mixtures which consists of only two sizes of grains. These
mixtures can considerably represent certain real facies like
shaley sands (Marion, 1990) and pebbly sands.

Theoretical Background

Various binary-mixing porosity and permeability models
have been developed. These include the ideal-packing
porosity models (Kamann et al., 2007; equations la-b), the
fractional-packing porosity model (Koltermann and
Gorelick, 1995; equation 2), the fine packing porosity model
(Dias et al., 2004; equation 3), the interstitiation/non-cutting
replacement porosity models P.( Glover, personal
communication, 2017; equations 4a-b), the Kozeny-Carman
permeability model (Kozeny, 1927; Carman, 1937; equation
5), the RGPZ permeability model (Glover et al., 2006;
equation 6) and the weighted mean permeability model
(Glover et al., 2006).

We have endeavoured to implement/validate these equations
via experimentation with binary mixtures of spherical grains
For each mixture, the porosity and hydraulic permeability
were measured by specially designed apparatuses. The result
of this research is applicable not only to geosciences, but
also to all fields that require the knowledge of porosities and

permeabilities, including material science, process
engineering and soil science.

The ideal coarse packing model,

q)n = q)c - If (1 — q)f) < q)c, Vm = Vc (la)

The ideal fine packing model,

DN = 1t Ot rt>®c; Vm= Vi+ Vsc (1b)
where @ is the porosity of the premixed coarse components,
s is the porosity of the premixed fine componentss the
ratio of the premixed volume of the fines to the volume of
the mixture, \his the volume of the mixture, Ms the
volume of the coarse component,i¥the volume of the fine
component and 8t is the volume of the solid coarse
component (kamann et al., 2007).

The fractional packing model (equation 2) considers that
both fine and coarse packing may occur together. It
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categorizes a mixture into region A (with coarse packing)
and region B (with fine packing).

VVFB VB

VVCA-VSFA VA
VFB+VSCB VM

VA VM (2)

where VA is the volume of region A, VB is the volume of
region B, VM is the volume of the mixture, VVCA is the
volume of void in the coarse grained component of region
A, VSFA is the volume of solid fine grains in region A, VFB
is the volume of fine component in region B, VVFB is the
volume of voids in the fine component within region B,
VSCB is the volume of solid coarser grains in region B
(Kamann et al., 2007; Koltermann and Gorelick, 1995).

Dfractional =

Dias et al. (2004) acknowledged the effect of grain size ratio
on binary mixtures’ porosity and incorporated a correction
function {exp(1.2264%,/D/d)} to give a fine packing

£(1- xD)exp(1.2264xDV D/d)

model defined as € = o Xb < Xp,min
1-€3xp

andD/d > 10 (3)

where€! is the porosity of a uniform bed of small particles,
D/d is the ratio of coarse grain size to fine grain sizeisx
the coarse particle volume fraction (Dias et al., 2004). Since
the above corrected model is limited to grain size ratios
greater or equal to 10, it could not be used in this work.

The interstitiation model,

®n= % Xof < Xeri (4a)

The non-cutting replacement model,

® —@[ﬁﬂgffdl Xt > Xeri 4b
N = Df 10— B X,y vf crit ( )

where @¢ is the porosity of the premixed coarse components,
@z is the porosity of the premixed fine componentsjsthe
fines’ volume fraction, Xt is the critical fines’ volume
fraction at the minimum porosity (P. Glover, personal
communication, 2017).

The Kozeny-Carman permeability model,
dz, o3
" 180(1- @)? (3)
where ¢h is the median grain diameter and @ is the
representative porosity (Kozeny, 1927 & Carman, 1937).

The RGPZ permeability model,

d;rain
K= o-m@ 12 (6)
where k is the permeability @ dgrain is the effective grain
diameter in (m), ® is the porosity, a is a constant which is
equal to 8/3, m is the cementation exponent which is equal
to 1.5 forspherical grains (Glover, 2006; Glover, 2D15

The weighted mean permeability masl€Glover et al.,

2008.

Karithmetic= KVt + KcVe (7a)

Kharmonic= ﬁ (7b)
K Kc

Kgeometric= KfoKCVC (7c)

where  and \t are the grains’ volume fractions of the fine

and coarse constituents respectively, andnid k are the
permeabilities of the fine and coarse constituents
respectively.

Results and Discussions

Figure 1 reveals that the ideal packing model &sinilar
trend (but not values) to the observed porosities due to the
impracticability of ideal packing. Conversely, the fractional
packing model is dissimilar (both in trend and values) to the
observed porosities. Forvw> Xerit, the fractional-packing
porosity progressively increased from the fines end-
member's porosity (at 100% fines) towards the coarse end-
member's porosity as the coarse grains fraction increased
due to the assumption of no mixing. Fot X Xcrit, the
fractional packing porosity reduces to an ideal situation.

Binary Mixture (6mm & 2mm) i

Experimental Porosity

Ideal Packing Porosity

R

actional Packing Porasity

Figure 1: The observed porosities in comparison wit
ideal and the fractional packing models for the grain
ratio of 3.

Figure 3 shows that the interstitiation model gave a good
prediction for the experimental porosity in the range of
coarse packing. However, ghnon-cutting replacement
model (equatiodb) was tested mathematically and found to
vary with the form of cell used. Also, it has not accounted
for the grain size-ratio effecton the packing porosity
Consequently, we developed a corrected fine packing
(replacement) model (equation 10) that accounted for the
grain size ratio effect and that correctly describes the fine
packing porosity following this mathematical routine:

Consider a cylindrical cell, fine spherical grains of radius
and coarse spherical grains of radius, R. Let the height of the
cell be h and the cross-sectional radius be h/2. We define a
scaling relationship between the grain sizes and the cell
height, f = hr and R = hR, where r and R are dimensionless
reperesentation of the fine and coarse grain sizes
respectively. We start by filling the cell with n fine grains
(figure 2). The porosity of the resultant structure is given by
# - gmr(hr)3
-

*

s =
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Now, let us replace some of the fine grains by coarse grains.
This fine packing or replacement process results in a net
porosity reduction since some of the fine grains and their
associated porosity are replaced by solid coarse grains.

Figure 2 Porosity-measurin
cylindrial cell.

The porosity of the resultant structure is given by

Oy = # —%nn’(hr)3 - %Nn(hf)3+§Nn:(hR)3(1—d>f)
mh
16 B
L ON=0f(1 - ?NR:*) (8)

where+ gNn(hR)3(1 — ®¢) is a replacement term which
represents the volume of solid fine grains replaced by
gNn(hR)3 volume of solid coarse grains. The remaining
volume of solid fine grains in the binary mixture is given by

_ nh® . .
Vi = =—(1— @7)®.. The fines volume fraction can

therefore be defined as
X =1 INmR?
e (1= @) + I NTR?

(1-@f) D, (1- X,
This implies that N 2= 2% (= %) ©)

SR Xof

Expressing this model in terms of the fines volume fraction
(Xvf) by substituting equation 9 into equatior8

11—, (1- Xy
o= 1= 28 w * R3
3 571'R3va
- B2 KD Omin x5 X (10)
vf
where @ is the porosity of the premixed fine components,

Xvt is the fines’ volume fraction and ®min is the minimum
porosity.®min represents the grain size ratio effect.

~ DN = Of

Although we initially assumed a cylindrical cell in the
process of formulating equation 10, the equation is
independent of the form of cell used. Additionally, sidge
and Xt cannot be greater that unity, it follows that the term

(1_ ¢f) (1_ va) (Dmin

Xyf
confirms that the fine packing or replacement process always
results in porosity loss. Another interesting fact about this
corrected replacement model is that it can be negative at very
low value of Xt If this happens we know that we have
moved into the range of coarse packing and should use the
coarse packing (or interstitiation) model instead.

in equation 8 cannot be negative. This

Binary mixture (émm & 2mm)

0 20 X, 40 60 80 100 |
Fines volume content (%) '

Experimental Porosity
Interstitation and Non-cutting Replacement Model

Figure 3: Observed porosities in comparison with
interstitiation/corrected replacement models for the g
size ratios of 3.
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Figure 4: Observed porosities in comparison with
interstitiation/non-cutting replacement models for the g
size ratios of 1.5. ’|

Together with the interstitiation model, the corrected
replacement model gave a good fit to the experimental
porosities except at the minimum porosity figure 3. The
reason for this discrepancy at the region of minimum
porosity (0.25<%t<0.35) is due to the wedging of the fine
particles between the coarse particles (Dias et al., 2004).
This wedging effect produces a higher minimum porosity
than theoretical expectations.

However, even though the interstitiation/non-cutting
replacement model gave the best prediction of the
experimental porosities, its degree of fithess decreases with
a decrease in grain-size ratio (figure 4). This is because the
grain-size ratio is a determinant of the effectiveness of
binary mixing. Also, for the mixtures with small grain size
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ratio, wall effect tend to be more pronounced and this
increases the overall mixtures porosity (Scott, 1960; Le Goff
et al., 1985; Zou et al., 1995). Thus the least grain-size ratio
of 1.5 gave the worst fitness between the observed data and
the interstitiation/corrected replacement model (figyre 4
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Figure 5 The Kozeny-Carman permeability model
comparison with the fractional packing model.
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Figure 6 The RGPZ permeability model in comparis
with the interstitiation/Corrected replacement mode

Figure 5 shows that the trend of the Kozeny-Carman model
tends to mimic that of the fractional packing porosity which
was used afts representative porosity. Conversely, figure 6
shows that the trend of the RGPZ model tends to mimic the
trend of the interstitiation/Corrected replacement porosity
which was used as its representative pdyosrhis is
because the grain-size/porosity-dependent permeability
models (including the Kozeny-Carman and the RGPZ
models) are unduly controlled by therepresentative

porosities. Thus, these permeability models are insufficient
in predicting the observed permeabilities.

The observed permeabilities of the binary mixture were best
fitted by the weighted averages of the end members
permeabilities (weighted by volume fraction; figure 7). This
validates that the permeability of a binary mixture is
controlled by the end members' permeabilities (rather than
the representative porosity as proposed by the grain-
size/porosity-dependent permeability models).

BINARY MK TURE PERRMEADBILITY
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Figure 7: Observed permeability in comparison with
weighted mean permeailities for grain size ratio of 2.4

Conclusions

Grain-size ratio is an important determinant of binary
mixtures porosity. Thus, a good model should incorporate
not only the effects of grain sizes and constituent volume
fractions, but also the grain size ratio effect. Regarding
permeability, grain size/porosity-dependent models are not
sufficient because it is possible for a rock to be highly porous
like pumice and yet impermeable. Thus, the weighted mean
permeability models performed best in modelling the
observed permeabilities. Since these models depend on end
members permeabilities (and not directly on grain size), we
have used the volume fraction of each end member (rather
than the number of grains) as the best choice of weight.

Additionally, it should be noted that the experiments
conducted in this research represent real cases of binary
mixtures. Geological processes could present different
scenarios. These may include cases of more than two grain
sizes or cases where diagenésistakenfts toll on the rock.

In all these cases, the porosity and permeability will be
different from the models describing pure binary mixtures.
The magnitude of the disparity could then be used to
measure the extent of these processes.

Acknowledgements
The authors wish to thank the University of Leeds for

hosting this research, and the Petroleum Technology
Development Fund (PTDF) for their sponsorship.



REFERENCES

Bernabé, Y., and A. Maineult, 2015, Geophysical properties of the near surface Earth: Fluid flow through porous media: Treatise on Geophysics, 11,
1941, https://doi.org/10.1016/B978-0-444-53802-4.00188-3.

Carman, P. C., 1937, Fluid flow through granular beds: Transactions, Institution of Chemical Engineers, 15, 150-166.

Dias, R. P, J. A. Teixeira, M. G. Mota, and A. L. Yelshin, 2004, Particulate binary mixtures: Dependence of packing porosity on particle size ratio:
Industrial & Engineering Chemistry Research, 43, 7912-7919, https://doi.org/10.1021/ie040048b.

Glover, P, 2015, Geophysical properties of the near surface Earth: Electrical properties: Treatise on Geophysics, 11, 89-137, https://doi.org/10.1016/
B978-0-444-53802-4.00189-5.

Glover, P. W. J, I. . Zadjali, and K. A. Frew, 2006, Permeability prediction from MICP and NMR data using an electrokinetic approach: Geophysics,
71, no. 4, F49-F60, https://doi.org/10.1190/1.2216930.

Kamann, P. J., R. W. Ritzi, D. F. Dominic, and C. M. Conrad, 2007, Porosity and permeability in sediment mixtures: Ground Water, 45, 429-438,
https://doi.org/10.1111/j.1745-6584.2007.00313.x.

Koltermann, C. E., and S. M. Gorelick, 1995, Fractional packing model for hydraulic conductivity derived from sediment mixtures: Water Resources
Research, 31, 3283-3297, https://doi.org/10.1029/95WR02020.

Kozeny, J., 1927, Uber kapillare leitung des wassers in Boden: Akademie der Wissenschaften in Wien, Mathematisch-Naturwissenschaftliche Klasse,
136, 271-306.

Le Goff, P, D. Leclerc, and J. Dodds, 1985, The structure of packed beds: Continuity of research in Nancy and some new results: Powder Technology,
42, 47-53, https://doi.org/10.1016/0032-5910(85)80037-1.

Leurer, K. C., and C. Brown, 2008, Acoustics of marine sediment under compaction: Binary grain-size model and viscoelastic extension of Biot’s
theory. Journal of the Acoustical Society of America, 123, 1941-1951, https://doi.org/10.1121/1.2871839.

Marion, D., 1990, Acoustical, mechanical, and transport properties of sediments and granular materials. Ph.D. dissertation, Stanford University, 136.

Sakaki, T., and K. M. Smits, 2015, Water retention characteristics and pore structure of binary mixtures: Vadose Zone Journal, 14, https://doi.org/10
.2136/vzj2014.06.0065.

Scott, G. D., 1960, Packing of spheres: Packing of equal spheres: Nature, 188, 908-909, https://doi.org/10.1038/188908a0.

Wallen, B. M., K. M. Smits, T. Sakaki, S. E. Howington, and T. K. K. Deepagoda, 2016, Thermal conductivity of binary sand mixtures evaluated
through full water content range: Soil Science Society of America Journal, 80, 592-603, https://doi.org/10.2136/ss52j2015.11.0408.

Zhang, Z. F., A. L. Ward, and J. M. Keller, 2009, Determining the porosity and saturated hydraulic conductivity of binary mixtures: U.S. Department
of Energy Report DE-ACO05-76RL01830.

Zhang, Z. F., A. L. Ward and J. M. Keller, 2011, Determining the porosity and saturated hydraulic conductivity of binary mixtures: Vadose Zone
Journal, 10, 313-321, https://doi.org/10.2136/vzj2009.0138.

Zou,R. P, and A. B. Yu, 1995, The packing of spheres in a cylindrical container: The thickness effect: Chemical Engineering Science, 50, 1504-1507,
https://doi.org/10.1016/0009-2509(94)00483-8.


http://dx.doi.org/10.1016/B978-0-444-53802-4.00188-3
http://dx.doi.org/10.1016/B978-0-444-53802-4.00188-3
http://dx.doi.org/10.1016/B978-0-444-53802-4.00188-3
http://dx.doi.org/10.1016/B978-0-444-53802-4.00188-3
http://dx.doi.org/10.1021/ie040048b
http://dx.doi.org/10.1021/ie040048b
http://dx.doi.org/10.1021/ie040048b
http://dx.doi.org/10.1016/B978-0-444-53802-4.00189-5
http://dx.doi.org/10.1016/B978-0-444-53802-4.00189-5
http://dx.doi.org/10.1016/B978-0-444-53802-4.00189-5
http://dx.doi.org/10.1016/B978-0-444-53802-4.00189-5
http://dx.doi.org/10.1016/B978-0-444-53802-4.00189-5
http://dx.doi.org/10.1190/1.2216930
http://dx.doi.org/10.1190/1.2216930
http://dx.doi.org/10.1190/1.2216930
http://dx.doi.org/10.1190/1.2216930
http://dx.doi.org/10.1111/j.1745-6584.2007.00313.x
http://dx.doi.org/10.1111/j.1745-6584.2007.00313.x
http://dx.doi.org/10.1111/j.1745-6584.2007.00313.x
http://dx.doi.org/10.1111/j.1745-6584.2007.00313.x
http://dx.doi.org/10.1111/j.1745-6584.2007.00313.x
http://dx.doi.org/10.1111/j.1745-6584.2007.00313.x
http://dx.doi.org/10.1111/j.1745-6584.2007.00313.x
http://dx.doi.org/10.1029/95WR02020
http://dx.doi.org/10.1029/95WR02020
http://dx.doi.org/10.1029/95WR02020
http://dx.doi.org/10.1016/0032-5910(85)80037-1
http://dx.doi.org/10.1016/0032-5910(85)80037-1
http://dx.doi.org/10.1016/0032-5910(85)80037-1
http://dx.doi.org/10.1121/1.2871839
http://dx.doi.org/10.1121/1.2871839
http://dx.doi.org/10.1121/1.2871839
http://dx.doi.org/10.1121/1.2871839
http://dx.doi.org/10.2136/vzj2014.06.0065
http://dx.doi.org/10.2136/vzj2014.06.0065
http://dx.doi.org/10.2136/vzj2014.06.0065
http://dx.doi.org/10.2136/vzj2014.06.0065
http://dx.doi.org/10.2136/vzj2014.06.0065
http://dx.doi.org/10.1038/188908a0
http://dx.doi.org/10.1038/188908a0
http://dx.doi.org/10.1038/188908a0
http://dx.doi.org/10.2136/sssaj2015.11.0408
http://dx.doi.org/10.2136/sssaj2015.11.0408
http://dx.doi.org/10.2136/sssaj2015.11.0408
http://dx.doi.org/10.2136/sssaj2015.11.0408
http://dx.doi.org/10.2136/sssaj2015.11.0408
http://dx.doi.org/10.2136/vzj2009.0138
http://dx.doi.org/10.2136/vzj2009.0138
http://dx.doi.org/10.2136/vzj2009.0138
http://dx.doi.org/10.2136/vzj2009.0138
http://dx.doi.org/10.1016/0009-2509(94)00483-8
http://dx.doi.org/10.1016/0009-2509(94)00483-8
http://dx.doi.org/10.1016/0009-2509(94)00483-8

	2975312
	old-segam2018-2975312.1

