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Extremes of a(t)-locally Stationary Gaussian Random Fields

Enkelejd Hashorva and Lanpeng Ji'

April 13, 2017
Abstract: The main result of this contribution is the derivation of the exact asymptotic behaviour of the supremum
of a class of «(t)-locally stationary Gaussian random fields. We present two applications of our result; the first
one deals with the extremes of aggregate multifractional Brownian motions, whereas the second one establishes the

exact asymptotics of the supremum of x-process generated by multifractional Brownian motions.

1 Introduction and Main Result

The classical Central Limit Theorem and its ramifications show that the Gaussian model is a natural and correct
paradigm for building an approximate solution to many otherwise unsolvable problems encountered in various
research fields. While the theory of Gaussian processes and Gaussian random fields (GRF’s) is well-developed and
mature, the range of their applications is constantly growing. Recently, applications in brain mapping, cosmology,
quantum chaos, queueing theory, insurance mathematics, number theory and some other fields have been added to its
palmares, see e.g., [2, 5, 6, 9, 3, 4, 22, 23, 18]. In applications related to extremes of non-smooth Gaussian processes
the fractional Brownian motion (fBm) appears in the definition of the Pickands constant, see e.g., [28, 10, 29, 20, 16].
Numerous research articles have shown the importance of fBm in both theoretical models and applications. For
certain applications, the stationarity of increments, which together with the self-similarity property characterizes
fBm in the class of Gaussian processes, can be a severe restriction. A natural way to relax the stationarity of
increments assumption is to introduce the multifractional Brownian motion (mfBm), see e.g., [7, 8, 31]. By definition,

a centered Gaussian process {By(y)(t),t > 0} is called a mfBm with parameter «(t),t > 0, if
1
E (Ba(t) () Ba(s)(5)) = 5 D(a(s,1)) (sa@’“ + 120 — |t — s|0‘(5’t)> ,als,t) = a(s)/2+ a(t)/2,5,t >0, (L1)

where D(z) = W and «af(-) is a Hoélder function of exponent v > 0 such that 0 < «(t) < 2min(1,7),t > 0.
For a(t) = a € (0,2),t > 0, the mfBm B,, reduces to a (non-standard) fBm.

Inspired by the structure of the mfBm, the recent paper [12] introduced a class of «(t)-locally stationary Gaussian
processes. Therein the exact asymptotics of the tail behavior of the supremum of the «(t)-locally stationary Gaussian
process are derived, which can be applied, for instance, in the analysis of the extremes of standardized mfBm.

It is worth noting that this new class of Gaussian processes includes the locally stationary ones discussed in [11, 25,

29]. Let {X;(¢),t € [0,T]},i < k € N, be independent real-valued Gaussian processes, with 7' > 0. A natural GRF
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associated with these processes is the aggregate random field

k
Z(t) =Y 0:®)Xs(t:), t=(tr,....tx) €0, T,

i=1
with 6;(-),1 < i < k some deterministic real-valued functions defined on [0, T¥.
Extremes of this GRF can not be analyzed in general by aggregating the corresponding results for processes. More-
over, the analysis of it leads to technical difficulties, see e.g., the excellent monographs [5, 29, 30]. Recently, [1] dealt
with multivariate piece-wise linear interpolation of locally stationary random fields, whereas [24] investigated the
piece-wise approximation of a(t)-locally stationary processes. With motivation from the aforementioned papers and
[12], we consider, in this paper, extremes of «(t)-locally stationary GRF {X(¢),t € [0,T]*} (to be defined below).
Specifically, we are interested in the exact asymptotic behavior of

P < sup X(t) > u) , u — 00, (1.2)

te[0,Tx

with 7" > 0 a given constant and k € N a positive integer.
Let C(D) denote the set of all continuous functions on D C R*. Next, we give a formal definition of the GRF’s of
interest.
Definition. A real-valued almost surely (a.s.) continuous GRF {X(t),t € [0,T]"} is said to be «(t)-locally

stationary if the following conditions are satisfied:
D1. E(X(¢)) =0 and Var(X(¢)) =1 for all t € [0, T]*;
D2. a;(t) € C([0,T]) and «;(t) € (0,2] for all t € [0,T), i =1,--- ,k;
D3. C;(t) € C([0,T)%) and 0 < inf{C;(¢t) : t € [0, T]*} < sup{C;(t) : t € [0, T)*} :=C}, < o0, i=1,--- ,k;

D4. uniformly with respect to ¢ € [0, T]"

k k
]—%%NX@LX@+S»:§:Q@ﬂgwuﬁ+o<§:Q@H&%mﬁ (1.3)

i=1 i=1

as s — 0:= (0,---,0) € R¥,

A canonical example of «a(t)-locally stationary GRF’s is the aggregate mfBm defined by aggregating independent
standardized mfBm’s, see Section 2.
Similarly to [12] we impose the following conditions on the functions «;(-),i = 1,--- , k. Suppose there exists some

integer 1 < k1 < k such that:

Al. each of a;(t),i = 1,--- , k1, attains its global minimum on [0,7] at a unique point 9 (set qx, = #{i € N :
1 <i<kp,t)e(0,T)}), and further for any i = ky +1,--- , k, there is some interval [a;, b;] C (0,T) such that

a;(t;) = «; in [a;, b;] which is the global minimum of «;(t;) on [0, T7;
A2. there exist M;,3; > 0,and 6; > 1,i=1,---,kq, such that

it +19) = i (t) + M;|t|% + o(|t|* |In|t||~%), t—0, (1.4)




and there exist Mi,ﬂuMi,Bi >0,and 6,0, > 1,i=ky + 1,--- ,k, such that

ai(bi +1) = (b)) + Mit? + o(t%|Int| %), ¢ 10, (1.5)

aila; —t) = agla;) + Mt% + ot |Int|=%), t]o0. (1.6)

The assumption Al is initially suggested in [12], whereas assumption A2 is a weaker version of a similar condition

given therein which assumes (1.4-1.6) with |In|¢||=% (or |In t|"§i) replaced by [t|% (or tgi).

For notational simplicity, set
Qg 1= al(t?)v 1:17 7k17
and
/ C(x)dx ::/ C(zxo, x)dx
xe{xo}xD, xeD,
for all integrable functions C(-). Further, denote by ¥(-) the survival function of an N(0,1) random variable, and
by I'(:) the Euler’s Gamma function.
The proof of our main result (Theorem 1.1) relies on the so-called double-sum method that was mainly developed

by Pickands [28] and Piterbarg [29, 30]. As expected, the Pickands constant defined by
Ho = lim ’TlE{ sup eﬁB“(t)ta} € (0,00), «a€(0,2],
T—o0 te[0,7]
appears in the asymptotic expansion, where {B,(t),t > 0} is an fBm with Hurst index a;/2. See also [15, 13, 20, 17]

for the basic properties of Pickands constant and its generalizations.
Theorem 1.1. Let {X(t),t € [0,T]*} be an a(t)-locally stationary GRF that satisfies
Cov(X(t),X(s)) <1, Vt,sc[0,T)F, t+#s. (1.7)

If both conditions A1 and A2 are satisfied, then we have

P sup X(¢)>u|=Cu(nu)’W(u)(1+o0(1), u— oo, (1.8)
te[0,T*

where where o = 22?21 1/, B=— Zf;l 1/8; and

k1 a2 1/B: k k y

— 94k z . . (33
C = 2% <11<2M) I(1/8; + 1)) <i1:[1%m)/weog(a(w» dz € (0,00), (1.9)

with O =TT {t9} Ty, 4alas, bil
Remarks: a) Under the conditions of Theorem 1.1, if, for the chosen k; < k, o;(t;) = ;i = k1 +1,--- ,k, on

some compact set Oy C Rﬁ__kl, with positive Lebesgue measure, then (1.8) holds for {X (¢),t € [0, T]* x O} with
o= Hf;l t?} x O,. In addition, with the convention that 2?21 =0, H?:1 = 1, we have that (1.8) still holds when
k1 = 0; see Theorem 7.1 in [29)].

b) We see from the proof of Lemma 3.5 that if k; = k, then case (3) in Lemma 3.5 does not appear and thus

condition (1.7) can be removed. That is the reason why a similar condition was not assumed in [12].

Brief outline of the paper: We give two applications of our main result in Section 2. In Section 3 we present some

preliminary results. All the proofs are relegated to Section 4 and Appendix.



2 Applications

In this section we apply our result to two interesting examples of «(t)-locally stationary GRF’s, namely, the aggregate
mfBm’s and the x-process generated by mfBm’s defined below.

Let {Bq)(t),t > 0} be a mfBm with parameter a(t) € (0,2],£ > 0. We define the standardized mfBm by

— B B (t)

Bag(t) = VVar(Bam (@)

,te[Tl,TQ], with 0 < T < T5 < o0.
As shown in [12]
1 — « [e3%
1-— COT(Ba(t) (1), Ba(s+t)(3 + t)) = §t (t)‘s‘ (t) + o(]s] (t))

uniformly with respect to t € [T}, T3], as s — 0.

Aggregate multifractional Brownian motions: Let {B, @ (t),t € [T1,Ts]},i = 1,--- , k, be independent stan-

i

dardized mfBm’s, with parameters «;(t) € (0,2],£ > 0,7 = 1,--- , k, respectively. Assume, for any fixed i =1, -- | k,
that a;(t) attains its minimum at the unique point t € (T7,7T%), and that there exist some positive M;, 8;, and

d; >1,i=1,--- ,k, such that condition A2 is satisfied. Set X (¢t) = ﬁ (Eal(tl)(tl) 4o +§ak(tk)(tk)) te [Ty, Ty

and recall that we set a; := a;(t?). It follows that as s — 0

k
1 s (s
L~ Cou(X (), X(t+5)) = 5 St

i=1

)1+ o(1))

uniformly with respect to ¢ € [T}, T5]¥. Thus, the conditions in Theorem 1.1 are satisfied by X. Then

P sup X(t) >u
te[Ty,T2]F
k

k 1 . o 2/Bi u ?:1(1%
_ k() T <H Ho, L (/B +1) ( i ) ) T T te)  (10)

bl t? 2M; In u)Zigl 1/B:
as u — oo. We note in passing that in view of the fact
k
P sup X(t)>u| =P Z sup  Bo,(t) > Vku
te(Ty,Th)* i—1 t€[T1,T2]

the claim in (2.10) also follows from Theorem 2.1 in [12] and Theorem 2.2 in [21].

x-process: Let {Fi,a(t) (t),t € [T1,T2]},i =1,--- , k, be independent copies of {Ea(t) (t),t € [T1,T5]}. Assume that
a(t) attains its minimum at the unique point t° € (Ty,Ty), and that there exist some positive M, 3, and § > 1, such

that
at +1%) = a(t) + Mt|® + o(|t|’|InJt]| =), ast— 0.

Consider a x-process defined by

—2 —2
X(0) = Bl o)+ 4 Bra(t), 1€ [T,T3)
Further, we introduce a GRF

Y (t,u) = By a@)O)ur + -+ Baw (Our, w= (w1, ,ug)



defined on the cylinder Gr = [T1, 2] X Sk—1, with Sx_1 being the unit sphere in R¥ (with respect to Lo-norm). In

the light of [29]
sup x(t) = sup Y (¢t u).
te(Ty, T3] (t,u)€Gr

Further we have as (s,v) — (0,0)
1 1 k—1 k—1
o _ = —a(t)| . at) - 2 a(t) 2
L= Cov(Y (t,w), Y (t+5,u +v)) = ot~*0|s|*") 4 o ;M +0 <|s| + ;|vl| >

uniformly with respect to (¢,u) € Gr. Therefore, the conditions in Theorem 1.1 are satisfied by Y, and thus we

have as u — oo (set ag := a(tY))

2
Bl k—1+2
) _od-k-3-2% Hao g F(B +1) u 0 1+ 0(1)).

P < sup x(t) >u a0 NTFOT((h — 1)/2) (nu)i/? U (u)(

te[Ty,Ta)

3 Preliminary Lemmas

This section is concerned with some preliminary lemmas used for the proof of Theorem 1.1. We assume, without
loss of generality, that 1 < k; < k and M; = 1,4 = 1,--- ,k;. As pointed out in [12], for the asymptotics
of the original process, we have to replace C;(-) with (M;)~*/5iC;(-), @ = 1,--- k. We may further assume
that ¢t = 0,i = 1,---,k;, and thus the final general result should be multiplied by 2%:. Hereafter, consider
{X(t),t € [0,T]%} to be an a(t)-locally stationary GRF with the above simplification (called simplified a/(t)-locally

stationary GRF). Set next (recall a; = o (t?))

1
- (az?lnh“‘)ﬁi =1,k

Bi Inu
Clearly
P sup X(t)>u <IP’< sup X(t)>u>
eI T2, (0,45 X TTE 1 [ai,bi] t€[0,7]*
<P sup X@t)>u]| +P sup X(@t)>u]. (3.11)
tel 1L, (0. T, alas b te ([0 712, (0,68 X TTi g, 44 las i)

There are two steps in the proof of Theorem 1.1. In step 1, we focus on the asymptotics of
w(u) =P sup X@t)>u|, u— o0, (3.12)
teH?il[07t;]xnf=kl+1[ai7bi]
which is the main part of our proof. In step 2, we shall show that (see Lemma 3.7 below)
P sup X@)>u| =o(r(w), u—occ. (3.13)
¢ (10,7 F\TTEL [0,t,) % Ty, 41 [as,bi])

The idea of finding the asymptotics of 7(u) is based on the so-called double-sum method; see e.g., [28] or [29]. Before

going to the detail of the proof, let us recall the brief outline of the double-sum method. First of all, we need to



find a suitable partition, say with cubes {W_:}, of the set ]_[121[07 ti] x Hf:k1+1[ai7 b;]. Then using the well-known
Bonferroni’s inequality we find upper and lower bounds for 7 (u), i.e.,

Z]P’(SupX ) ZP(supX > ZZP(supX > u, Suva(t)>u>.

tEW] tew; i< tew; tew?
Finally, we show that the single-sum terms on both sides are asymptotically equivalent and the double-sum term is
relatively asymptotically negligible. In what follows, we shall first introduce the cubes that are used as the partition,
followed then by some preliminary results (Lemmas 3.1-3.5) concerning the estimation for the summands of both
single-sum and double-sum terms in the above formula. For any p; € Z,, 1= 1,--- , k;, define

. . Di 1/ . . . .
C;i - C;ht (u) = (lnu( )1/5i) ) A;n = A;n (u) = [c;iacéi-&-l}v

Inlnu

and let m; = m;(u) := L(o”) (Inlnw)**+1/% | where || denotes the integer part of x. Further, let S > 1 be any fixed

integer; by dividing each A7 into subintervals of length S/u2/(a7‘(0;’71+1)) (recall functions «a;() in (1.3)), we define

Bl = Bop () 1= {C;i + uz/m]:(f;ﬁl))’ b u&aie?i))
for j; = 0,1, ,n;p, = n;p,(u) = Licp“;% u2/(a7‘(czi+1))J.
Moreover, let kg := k—k1, a = (ag, 41, - ,ax), and letk = (K, --- , Ky,) € Z*2 be a vector with integer coordinates.
For § > 0, we denote .
ok = (a+dk+[0,6%)n ] laibil,
i=ky+1

where k € B with
B={kcZF g +0}.
Define an operator g, on R¥? as in [29], i.e., for ¢ = (tg, 41, , 1) € R¥2
2 _2
gut — (U Xkq41 tk:1+17 LU g tk) . (314)

Denote A = g,,[0,1]*2, and, for fixed k € B, Ar, = Ag, (u) := guSIk + NoS with I, = (IF, -+ | IF) € Z*2 being a

vector with integer coordinates. Further, let Vg,  := a + 0k + Ay, , where I, € Ay, with
Ay, = {I, € 7k 2 Vi, kN Og 75@}

Denote

Nt = #{I, € 7 : Vi x N6 # 0} and N, = {gume =1, k.

Moreover, let, for i = 1,--- | ky,

L3 {Girpi) < jirpi € 2,0 < py <my—1,0 < jiy <myp, — 1},

H
|

Uy = {Gi,pi): jipi € 2,0 < p; <my,0 < 5i <nyp by



and
Lo={(Ix,k) : kB Vip Cox}, U= {(1,k):kc B, € A}.
We have
k1 ‘ k1 A k ks A
U I8 < Vir < TT06 % T et < U TIB.. % Vis
(Ji,pi) €LY i=1,-- ky 1=1 i=1 i=k1+1 (Ji,pi) EUT yi=1,-- kq 1=1
Iy, k)EL (IIy, k) €U

In order to specify the ’distance’ between cubes of the type Hf;l B;}:,pq: x Vi, 1, we introduce the following order

relation: for any (j,p), (j/,p') € Z?, we write
(o) =< () iff {p<p}or{p=p"andj<j}
Further, for j,p,j',p’ € Z* with (ji, pi), (ji, p}) € L1,i=1,--- k1,
(4,p) =< (3".0") iff (ji,pi) < (§i,p}) forsomei=1,--- ky,and (ji,p;) = (ji,p;) for L =1,--+ ,i—1,
and, for (I, k), {}, k') € Lo,
Iy, k) < (T, k') iff (IF, K;) < (I% K?) for some i = 1,-- , ky,and (IF, K)) = (I* | K]) for [ =1,--- ,i — 1.

Moreover, define, for j,p,j',p’ € Z,

v

ij_4;p = #{(j”?p”) € Z2 : (.77p) < (j//7p//) = (j/7pl)}'

In the sequel, for fixed j;, p;, I,k such that (j;,p;) € Ui,i = 1,2,--- k1 and (Ig,k) € Us, we consider the GRF
X(v) :=X(vy,- -+ ,v) on

k1
At =T Bl i % Vi -

J.,P
i=1

In order to obtain the estimates of the tail probabilities of the supremum of X on A?ff (see Lemmas 3.1 and 3.3

below), we introduce the following stationary GREF’s, for a fixed (marked) point v% = (vf,---,v}) 1= v} 5 4 in

i
— {Y;’E (v),v €0,5]*} is a family of centered stationary GRF’s with
Coo(Y2 (), Y22 v + @) = ¢ (=9 (St G au = 2Dty 0w o)
for e € (0,1), u > 0 such that o; +2(¢})% <2,i=1,--+ ,ky, and v,v + x € [0, S]*.
— {Z;’(; (v),v €0,5]*} is a family of centered stationary GRF’s with

Cov(Z;”i(u),Z;’l(u—&—w)) = e~ (1Ha)(Zin Ciw)u?fai| ) (3.15)

fore >0, u > 0and v,v +x € [0, 5]



Lemma 3.1. For any € € (0,1), there exists us > 0 such that for u > u.,

(@HP| sup X(v)>u| > P ( sup YE”Z(V) > u) ,

veAl;’;k velo,S]k
(@) P{ sup X(v)>u| < P| sup Z:(;(V) >u . (3.16)
veA’;k:‘ velo,5]F
Remark: Due to continuity of the functions C;(+),i = 1,--- , k, the point ¥° can also be chosen as a fixed (marked)

point in Hf;l Al x O when § is sufficiently small and v is sufficiently large. In the sequel, we chose v in this way.
Actually v° depends on p,k, but, if no confusion is caused, for notational simplicity we still write v°.

Next we introduce a structural modulus on R* by

k
|5 :Z|5i|°”, s € R*, with a; € (0,2],1 <i<k.

i=1

The following result inspired by Lemma 7 of [26] is crucial for our investigation; its proof is relegated to Appendix.

Lemma 3.2. For any compact set D C R’j_ with 0 € D, let {X,(t),t € D}, u > 0, be a family of a.s. continuous
GRF’s , with E (X, (t)) =0, E ((X,(t))?) =1 for all u, and with correlation function r,(t,s) = E (X, (t)Xu(s)). If

lim u?(1 —ry(¢,8)) = |t — s|, (3.17)

uU—r 00

uniformly with respect to t,s € D, then

P (supXu(t) > u) = Hk,a)[D]¥(u)(1 +o(1))
teD

as u — oo, where

Hg,a)[D] = E (Supeﬁa(t)_m“) € (0,00) (3.18)
teD

as defined in [29], with Ba(t) = ﬂZLl B&? (t;) and B((,i), 1 < i <k, being independent fBm’s with Hurst indexes

a;/2 € (0,1], respectively.

Lemma 3.3. For any S > 1 and ¢ € (0,1), we have, as u — 00

velo,5]F

k
() P( sup V2 w) >u> =TT P [0 (Co0°) (1 — )] () 1+ o(1)),
i=1
k
(i1) P ( s[g%] Z:(;(V) > u> = HHm [07 (C;(v")(1 + 6))1/‘”5} U(u)(1+0(1)),
ve[o,5]F i=1
where (recall (3.18)) we set Ho,[0,5] := H1,ap[[0,5]], i=1,2,--- k.

In order to estimate the double-sum term in the derivation of (3.12), we need the following two lemmas.

Lemma 3.4. Let GRF {Z;”Z(V),V € [0, 8%}, having covariance structure (3.15) with v° replaced by w®, be inde-
pendent of {Z;’f;(u);u € [0, S)*}, with € > 0. Then there exists some positive constant F., for u large enough, we

have

1 0 Sa?
P sup  —= (Z2, (V) + 7%, () > u | < F.S* 0 (u).
(We[o,s]k 75 (22,00 + Z2) ) ()



Next, we introduce a distance of two sets D1, Dy C Ri by

dist(Dy, D3y) = teDilnsfeDJt — Sla-

Further, we fix some sufficiently small 7o > 0 in the following way: uniformly with respect to ¢ € [0, T]*,
1—Cov(X(t),X(t+s)) <mno €[0,1/2) (3.19)
for |8l < 70 (recall (1.3)).

Lemma 3.5. There exist positive constants C,Cy such that for sufficiently large u we have:

(1) For (.]lvpz)a (];vpi) € ‘Czlal =1, 7k17 (Hkak)a (H]/c"kl) € ‘CQ Satlsfylng

dist (Afkf, A 5”,“ ) <7 (3.20)
and
o k! gt
Nj;ﬁ? >0 for some i =1,--- , k1, or NII,iKK‘ > (0 for some i =1,--- , ko,
we have

P| sup X(v)>u, sup X(@')>u

veAt At
kl R I/k K/ akl‘”
<CS%exp | -Cy (> ( NjﬂﬁjS) + Z (N ! > U (u). (3.21)
=1
(2) Let (jiapi)a (];ap;) € EllaZ =1, 7k1a (][kak)v (][]/c’ak,) € Lo satzlsfy
NIPE— 0 for all i =1, ,ky, and N{,fKK —Oforalli=1,---, ko

If (,p) < (3,0, then the following number k can be defined:

it =inf{l <i <ky:pi=pl,jl=ji+1}, if the defining set is nonempty,

is :=1inf{l <i < ks :p,=pi+1,5i = nip,,ji =0}, if if does not exist.

Similarly, if (j,p) = (3',p') and Iy k) < (I} . K'), then we can define r as
2=k +inf{l <i<kho:K; = K;,I{k’ =TIF+ 1}, if the defining set is nonempty,
3=k +inf{l <i<ky: K/ =K;+1,IF =N, I’ =0}, if i does not exist.

Assume, without loss of generality, that k = i} exists. We have

P sup X(w)>u, sup X(v')>u| < CS%*exp (—ClS""m) U(u), (3.22)
veAlkr v'eAl

where

k—1 .
" _ i K (JH+1)S+\/§ K (Jx +2)8
Av= I B .+ =t o e ety | T 5 % Vi

1=Kk+1
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(3) If (Gispi), (Glph) € Liyi=1,-- Kk, Ik, k), A}, k') € Lo satisfy
vy I,k
dist (A’“k AL ) > 90, (3.23)

7P’

then there exist some constants (independent of u) h > 0 and X € (0,1) such that

—h/2
P| sup X(v)>u, sup X(')>u]| <20 <u/> . (3.24)
vGA?’“};k ,UIEAZ;}/»’I“/ 1-— )\/2

The next lemma gives the asymptotics of (3.12), which is the main part of the proof of Theorem 1.1.

Lemma 3.6. If {X(t),t € [0,T)} is a simplified a(t)-locally stationary GRF, then we have

h k
m(u) = (E(ij)l/ﬁl (1/8; +1) )(HH )/men"ll{to],xnl i +1[a“b]I:I(CZ_(w))l/aidcc

i=1
xu®(Inw)’¥(u)(1+o(1), u— oo,

where a, B are the same as in Theorem 1.1.

Lemma 3.7. Under the assumptions of Lemma 3.6 the claim in (3.13) holds.

4 Proofs

Proof of Theorem 1.1: Taking into account of the (simplification) statement in the beginning of Section 3, we
conclude that the claim follows directly from (3.11) and Lemmas 3.6 and 3.7. |

Proof of Lemma 3.1: Set

1S 0 S
Xl k (y):X<c1 U] e el WSS N |V ,a+(5k—|—guSl[k+A'0’>,

3rpyu prt 2 (ealey )" PR UQ/(O"H(C');}HH))

with A¥ = g, [T5_y,, 4110, v4]. It follows that

sup X(v) 4 sup Xffp{fTL( ). (4.25)
’UeA];kZ;k UE[O S]

Furthermore, we derive, for the fixed point v° in Ag’jz;k , and u sufficiently large

1—-Cov (X”’“’k (v )Xﬂk’k (1/+:B))

J,Ps,u J,Psu

a; c;,-l-ijistyi > k
> (1-¢/9'7? ZO (w)u™/ @) ( SO Y Civ)u

i=k1+1

> ( 5/2 1/3 ZC |u72/(oz7 p+1))$| <PL REACH ) + Z Ci(vo)u_2|mi|a’i
i=k1+1

uniformly with respect to v, v + x € [0, S]¥, where we used the fact that C;(+),i = 1,--- , k, are continuous functions.

In view of the proof of Lemma 4.1 of [12] for sufficiently large u we obtain

2,Ps,u 2,Ps,u

1—Cov (Xﬂk’k (), X5k (1 +w))



k
(t)% 4 Z Ci(v%)u

i=k1+1

> (1-¢/2) (ZC’

uniformly with respect to v, v + @ € [0, S]*. Similarly, for sufficiently large u

1—Cov ( 5"fu(u),XJI{"p{iu(V + :L')) <(1+¢/2) (Z Ci(v

11

ai) (4.26)

) | (1.7

uniformly with respect to v,v + x € [0, 5]*. The claim follows now by the Slepian’s inequality (see e.g., Theorem

C.1 of [29)).

O

Proof of Lemma 3.3: Since the proofs of (¢) and (i) are similar, we present below only the proof of (i). Note that

k

lim (1 — Cov(Y2,(8), Y2,(5))) = (1 =) D Cilw) [t — s,/

U—00 4
i=1

uniformly with respect to s,t € [0, S]*. Hence (i) follows from Lemma 3.2.

Proof of Lemma 3.4: Let

Weu(v, V') = v () + Z:’Z(y')) . v 0,8k

1
— | Z
\/ﬁ ( £,u

Since W, ,, is a centered GRF with unit variance and uniformly with respect to v, u,

uU—r 00

lim u?(1 — Cov(We (v, V'), We u(py p'))) = (1 + €) (ZC’ Vv —

then by Lemma 3.2

P (2 ) + 22 w) >
sup — WV (1 u
vuel0,5)x V2 N7 -

v, €0, 5]

k
"o
i=1

z‘(’wo)M —M:'

623
)

(HH,L [0, (Ci@™)(1 + )45 ]) (H?—lm [0,Ciw )(1+s))1/ai5}) W(u)(1+ o(1))

2

< (H Ha, [0, J(L(CH (L + )M ] + 1)) SPU(u)(1+ 0(1)),

where in the last inequality we used the fact that H,, [0, R] < H,, [0, 1](|R]+1) (cf. [29]),

a

hence the proof is complete.

Proof of Lemma 3.5: Since the proof of (1) and (2) are similar, we present next only the proof of (1). Let

Y(V’ ) Xlu( )+X2)u(u'),

where
j15+1/1 k jk15+’/k1
Xq.(v X cl+7,-~,cl _—
! ( ) ( P u2/(a1(6%’1+1)) Py u2/(04k1 (Clk;li1+1))
and
-/ / / !
no_ 1 s+ St
KXou(v') = X “py T 2/(a1(c '+1))’ ’cpkl * 2/(ak1(c )
Pk

u

,a+5]<:+guS]Tk + Ag)

a+ 0K + g, SO, + A |,
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with A¥ = g, HZ k4110, 7] For any u > 0, we have

I, o o, K v’ €[0,5]%
veAj’p cA ]IC/ , s [ s ]

Pl sup X(v)>u, sup X(@)>u| <P ( sup  Yu(v,v') > 2u> .
We see from (3.19) and (3.20) that, for sufficiently large u

Var(Y,(v,v')) =4 —2(1 — Cov(X1,4(v), Xo,u(V'))) > 2.

It follows, for fixed i = 1,--- ,k;, and v; € B?

per Vi € B s that |v; —vi| > N J"’pl#. Further, we have,

JisPi 2/(a'(cl 1))

for fixed i = 1,--- , ko, Vg, +i € [K 0+

2/”% +i) 2/(zk + 2/uk 4i? 2/ap.

Ko+ G205 | and o, ,, € {K’é + KI5+ 1“”] that

T k!

[Vky+i — Uy, 4l = N i v. i Wskﬁ Therefore, there exists some Cy > 0 such that for sufficiently large u

k1 al(c 1) ko Qky +i
i’ ot S il ¥ K/ S t
/ iP5 i
Va’f'(Yu(Va v )) <4-Cso (; (ijm u2/"‘i(5§7i+1)> + Zl ( NIk K u2/ak1+i> ) .
In view of Lemma 4.4 in [12] for some C3 > 0

kl Qi I/k / Xk +i

Var(Y,(v,v')) <4—-Cs | Y ( N ;’;s) + Z < it ]; i ) uw? =: H(S,u).

i=1

Consequently,
— 2
P sup Y,(v,v')>2u )| <P sup  Y,(v,v') > L ,
v,v’€0,S]* v’ €0,5]F H(S’ u)

where Y, (v, V') = Y, (v,v")/\/Var(Y,(v,v’)). Furthermore, borrowing the arguments of the proof of Lemma 6.3
in [29] (see alternatively the proof of Lemma 4.5 in [12]), for v, v/, u, u’ € [0, S]*

Var(?u(’/7 V/) - ?u(ua H,)) < 4 (Var(Xl,u(V> - Xl,u(p’)) + Var(XZ,u(V,) - X27u(p’/)))
1 ~_ 7 ~_ 7
< 5 (Var(Zg,w) = 28, () + Var(Z8, o) = 22, ()
where the GRF Zg’i is independent of Zg’f;, and has covariance structure (3.15) with v° replaced by v’ 0 (chosen
similarly as v?). Next, by Slepian’s inequality and Lemma 3.4, we obtain

0

— 2u 1 =10 2u
P sup Y,(v,v')> ——=| <P sup — (23, W)+ Z2¢, (V)) > ——
<u,u'e[o,3]k H(S,u) v el0,5]k V2 ( s & ) H(S,u)

< FgSQk\IJ 27“
H(S,u)

k1 [e7) y , k4
< €S exp (—(Cl (Z ( NiB: s) + Z ( ,’,f‘KK ) )) U (u)

i=1
for u sufficiently large. In order to prove (3) we apply the Borell theorem (e.g., [29]). By (1.7) and (3.23), we see
that
sup Var(X(v) + X(v')) =4-2 inf (1—Cov(X(v),X(v"))) <4—2\,

’ ’ g
Iy, ko Ik Iy, -k Thor
UGAijp ,U'GAJ,’,‘ , 'vEAj’ v'eA o
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with some A € (0,1). Further, there exists some h > 0, such that

1
P sup (X(v) + X (") >h SQP( sup X(v )>h/2> -
veAltt o " , ve[0,T]k 2
Consequently, utilising Borell theorem, we obtain, for u sufficiently large
P sup X(v)>u, sup X(')>u
veA]Ik * v’eAE;“'"kl
i’p’
—h/2
<P sup (X (v) + X(v") >2u | <20 b2
» o,k 1—X/2
veA} k v EA ’,‘ o
establishing thus the claim. O

Proof of Lemma 3.6: Let ¢ € (0, 1) be an arbitrarily chosen constant, and set € := 1+ . We derive next the

C . 2
upper bound. Since n; ,, = \_"“Tp /a’("l’z“)j, we have as u — 0o

SUEID VI (I (UET) D v b o IO
Giopi) €U 1<i<ks, \vEATT (Ji>pi) €U 1<i<k K EBIL €A, velo.s]*
Iy k) €Uz

7 . k
< X E:QI(Wlif@“*”)mﬂiﬁwmaw%vmﬂ>mma+dm>

pi<m;,1<i<k; kEB i=1

_ [T5 Ha, [0, Ci()E) /28] (1 ) 1 [P Rl
- Z Z( 1—} Ci(00)2) /0 S) (H(Cz('vo)&)l/ S)) ST (}_[1 (lnu)1/5>

pi<m;,1<i<k; kEB =1

\IJ(U)(I + 0(1)) H (1nu)1/51( pl+1 6;1)6 a; al(cp 1)

N+ (Hl k1 +1(Su*2/0¢i)) k1 . wlnu
X
Hz o1 (Su™ 2/ai) i=1

1/ k k
< Z Z(FL 1,Ha1 0 C( ) ) S] (H(Ci(’vo)f)l/ai)> (Nlc+ H (Su—Z/OM)>

pi<mi1<i<ki keB Hz 1 (Ci(v0)g) /i S) i=1 i=ky+1

k1 4 209 (qn ) B Bi 201-e) g By —5;
T (a5 - g 57 b B )

i=1

XU(“v kla aaﬁ)\p(u)(l + 0(1))a

where

k 2/a;
1 U
77(% klvawg) = %a
[[L (Inw)t/si

with JT:%, . 1(-) :=1,m € N. Since

1
uh_}rrolo H(lnu)l/ﬁ" (cpiv1—Cp,) =0, lim (Inwu) Ybigt 41 = 00,

UuU—» 00

it follows that (see also [12])

m Hf:l HO‘Z [07 OZ (vo)g)l/ai S} = ﬁ H 3 2(3,55) (1n u)(cini-%—l)ﬁi |1n(cjni+1)‘75i

= lim e > =1,
Szoe [y (Ci(v0)g) e S) i1

U— 00
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k k
J;H;OZH ) (NJ II <Su—2/m>> S - TICu)e) /> da
s—0keBi=1 7 mGH {f }XI_L k1+1[azvb1] i=1

and

k1 2(1—¢) 1/8; Bi k1 o20e) o
' o . — === ((Inu)"Pic, ;)" *Z Ty
lim E | I (lnu)l/'&(c;,_ﬂ —cy)e ( b)) 2 o7 U dx
U— 00 K ¢ Rkl

pi<m;,1<i<k; =1 +
(e ) ras)
i \2(1—¢) Bi

Consequently, the upper bound is given by

k

mu =t Hoz Cz 1/017d
" <H ) </:B€H {0 ITE k1+1[a,;,b71]i=1—[1( (@) w)
2 1/B: )
XH( 2= > %”(“vkhaﬁ)‘l’(w(l+0(l))

as u — oo. Next we derive the lower bound: using Bonferroni’s inequality, we have

m(u) > Z P Su}) kX(v) > u
(Ji,pi) €L 1<i<ky, veAlk:
Iy, k)ELo
-2 E P| sup X(v)>u, sup X(v')>u
. Iy [k ’ 7
(sspi)s (10} EL3 1<k (B ), @ KLy \ VEAT veAr

(7,p)=(",p’),or
(3,p)=".p’) and Iy k)< @} k')

Similar arguments as in the derivation of the upper bound yield, as u — oo,

li P| sup X
;DY sup X (v) >

(Jipi)ELYA<i<ky, \YEA;L

Iy k)EL
0

- 6—>0}f$‘n—>oo Z Z <,,€S[1012]k E,u(V) > u)

(Ji:pi) €LY 1<i<k1 (Ulx k) EL2 )

k
S (Hm) (/ H(C’i(m))l/aidm>
=1 @l T2 {0} XTTh 4 laisbil 17

k1 a? 1/Bi )
<JI(5) 2 atw e mw0)+ o).

i=1

Therefore, by letting e — 0, in order to complete the proof, it is sufficient to show that

P| sup X(v)>u, sup X(')>u
(i:9), (3105 €LY N Si<hy (I3 o), (I K€Lz \ wealk I
(4:p)=(3",p')0r '
hm hm (jJ’):(j/’p/) and (HRJQ)<(II/€JC/)
540,500 u—>00 n(u, k1, o, B)¥(u)

3 i
= li li X =0 4.28
; §—>0H9n—>oo ul—>nolo 77(11,7 kl, a, ﬁ)\ll(u) ’ ( )
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where
Y= Z P| sup X(v)>u, sup X®@)>ul,i=1,23,
(Gp) (5" 2), I b B k) € By \ vEATS el
with
E, = {((j, p), (3',0"), Uy, k), (I}, E')) : conditions of (z) in Lemma 3.6 are satisfied, and
(3:p) < (G p)0r (3,p) = (,P) and (k) < WK}, 0 =1,2,3.
The calim in (4.28), which follows from Lemma 3.5 is shown in Appendix. O

Proof of Lemma 3.7: It is easy to see that the set [0, T]* \ Hf;1[07 t] x Hf=k1+1[ai, b;] is the union of 2k13k2 — 1
sets of the form Hf;l Ay X Hf:klﬂ ©;, with

Ao =[0,t)] or [t8,T),i=1,-- ki, and ©;=[0,a;] or [a;,b;] or [b;,T),i =ks +1,--- ,k,

where at least one of {[t!,T],i =1, ,k1,[0,a;], [b;,T],i = k1 +1,--- ,k} appears. Since the other cases are similar,

without loss of generality, it suffices to prove that

b sup X(t)>u | = o(n(u)).
e T2, 1 [0,85] x [t T [ 152 Sy 1laibil X [0k, T]
We see that
P sup X(t) >u
tGHkl Uo,¢i ] x [¢51 TIXTTEC k1+1[ b;] % [bk,T)
<p sup X(t) > u

el T2y [0t [tad TIXTTES, 4y [ bil x [br bi 5]

+P sup X(t) >u
tel—[h 1[0 AR k1 T]le k1+1[‘17 bi] X [br+tk,T)
It is sufficient to analyze the first probability on the right-hand side of the last inequality since the analysis of the

second one is similar. It is derived that

0(u) P sup X(t) >u

teTTL 7 0.4 )x [0 TIXTIES, 4 [aabil x bk bi+15)

IA

> P sup X(w)>ul|, (429
(Ji,pi) EUL yi=1,+ k1 —1,k, (I3, ) €U vel[[1,' B B, v X[ty ,T]XWnka(bﬁB]k pk)

where k = (K1, Kp,—1) € ZF>~1 I = (IF,--- | I} _)) € Z*7!, and BY

b o Us and Wi, g are defined similarly

as B]k,: Phy Uy and Vi, g, respectively.

For any fixed j;,pi,i = 1,--- , k1, k, [,k such that (j;,p;) € Ui, i =1,2,--- k1 — 1,k and (Iy,k) € U}, consider the
GRF X (v) := X(v1,--- ,vg) on the set

ki1—1
Ajplk,k = H B?i’pi x [tﬁl T] x Wi g ¥ (bk +Bjk pk)'

i=1
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For notational simplicity write next X, ,(v) instead of

J15+un ke —1 Jki—15 + Vi, —1 ' , w K JkS + v
X[l 42Tk Sk I, + A b IO TR
<Cp1 " uz/(al(czl:1+1)) ’ oy 1 u2/(06k1 1(c, 711+1)) Vi @+ Ok gy ST+ S, b bt u2/(ak(C§k+1))
where Ay = g, Hz k1+1[0 vi|, @’ = (ag 41, -+ ,ax—1) and g,, is defined in a similar way as g, (see (3.14)). It follows
that
sup X (v) 4 sup Xy (V). (4.30)
vEA;p 1y, vef0,8]F1 -1 x [thl T|x[0,8]*2

N ,
Let by, o, = u <a’“1+%(t“1) kl) and fix v° € Hkl ! Al % [0,T) X 0k x (b 4+ AL ) with AL 6 defined similarly as
before (the only difference is the dimension). In view of the proof of (3.16), there exists a constant Cy such that,
for sufficiently large u

k1.8
T !

1 — Cov(Xiy u(t), Xy (v + @) < 1 — e ¥ Shrimn, C0"u ol =Cola, |

uniformly with respect to v,v + @ € [0,5]F171 x [thr T] x [0,5]*2 such that |y, | < bg,u. Let {Z¥°(t),t €
[0, S]F1=1 x [tk T] x [0, 5]%2}, u > 0, be a family of centered stationary GRF’s such that

u

3 (1F11Pk
u72|xi‘a7’,7co|xk1‘O‘k‘1+4(tu) 1

Cov(Zy' (), 22 (v + @) = e F Zitim 00

u

for u such that oy, + 3(t51)% <2, and v, v+ € [0, S]F 71 x [th T] x [0, S]*2. In view of the Slepian’s inequality,

continuing (4.29) we get, as u — oo

Ou) < Z P < sup  X(v) > u)
(Jipi)€UL i=1,+ k1 —1,k, Iy k) EUS VEAjp I
LT (bry )"t H1
< > > P< s Xiyalv) > )
(Ji,pi)EUL i=1,+ k1 —1,k(x k) €U 1=0 ve(0,S1%1 =1 X [Ibg u,(I+1)bky ] % [0,S]%2
— ",UU
< ([ T(k )7 +2) > P ( sup Z¥ (v) > u)
(ji,ps) EUE i=1,-- k1 — 1,k (kK ) EUS vE[0,S]*1 71 % [0,br, o] X [0,S] %2
—_4 ~
< (i) Sy (e 7)),
[

k1— k
(ip) €U =1, hy—L k(T k) etty  \PEIOSTTEXI0bry W] x[0,5]%2

a4
where in the last inequality we used that (by, )" < u?/®* (Inwu) **%1 given in [12]. Furthermore, it follows from

Lemma 3.2 that, as u — oo

P sup Z’jo v)>u
VE[0,8]¥1-1x[0,bx, ] x[0,5]F2

k1—1 1/ . k 3 1/a;
(H Ho‘i [ '\ o 1( 0)) S] X HO‘M [0 (C /akl X H Hai [07 <2C1(v0)> S

1=k1+1

) W(u)(1+o(1))

<Cs HH%[O 1)S* 1 (u) (1 + (1))
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for some positive constant Cs. Consequently, similar arguments as in the proof of the upper bound in Theorem 1.1

imply

0(u)

IN

. 1 )
i=k1+1 i=1 Bi Bk Hi:ll(lnu)l/ﬁ’

= o(m(u))

as u — oo, and thus the proof is complete.

5 Appendix

k—1 ki—1 - ; Y (a N k u2/az‘ 4.
(C4T< H (b2 _ai)> (H ( 1)2//@ I‘(l/ﬁz)( k)Q/ﬁ F(l/ﬁk)> ( Hz:l )(lnu) 3Br, P \I/(’LL)

Proof of Lemma 3.2: Borrowing Piterbarg’s idea to utilise continuous mapping theorem for the conditional

Gaussian random field (see [29] for details) we write for any u > 0

1 ’LLZ o0 22
P (supXu(t) > u) = —e 2 / e* 22 P (supXu(t) > u|X,(0) =u— z> dz.

teD 27y — tcD
Clearly, for any u > 0

{Xu(t)|Xu(0) —u— g,t e D} and {Xu(t) —r(t,0)X,(0) + 74 (£, 0) (u - 2) te D}

have the same finite-dimension distribution, which implies

P (supXu(t) > u| X, (0) =u— Z) =P <sup (Cu(t) = u?(1 = 74 (t,0)) + 2(1 — 1y (£,0))) > z) ,
teD U teD

with {¢,(t) = u(X,(t) — 7. (¢,0)X,(0)),t € D}. By (3.17)
lim (u2(1 —7u(t,0)) — 2(1 — r4(¢,0))) = |t|«

U— 00

uniformly with respect to t € D for any z € R.

(5.31)

Next we prove that (,,u > 0 converges weakly to Ea in C(D) as u — oo. To this end, we need to show (e.g.,

[27, 32]):
i) finite-dimensional distributions of ¢, converge to those of Bg as u — 0o

ii) tightness, i.e., for any n > 0

lim lim sup P sup [Cu(t) — Cul(s)|>n | =0.
60 u—oo s,teD
maxi<;<k |Si7ti‘<5

First note that the increments of the centered GRF {(,(t),t € D} have the following property

Jim Var(Gu(®) = () = lim (2u(1 = ru(t.)) ~ v (ru(t,0) = 7. (s, 0))?)

= 2|t — 5|, = Var(Ba(t) — Ba(s))

(5.32)
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establishing i). Furthermore, the above holds uniformly with respect to t,s € D. In order to prove the tightness,

we use a similar approach as in [19, 14]. We start by defining, for fixed v > 0, a semi-metric d,, on R’j_ as

du(s,t) = V/Var(Cu(t) = Cu(s)).
Further write
By, (t,u,9) == {s e RY : d,(s,t) <V}
for the d,-ball centered at t € Ri and of radius ¢, and let
Hgy, (D', u,9) :=In(N'(D',u,9)),

with N'(D’,u,1) being the smallest number of such balls that cover D’, a compact set in RY . Here Hy, (D', u,?)
is called (metric) entropy for D" induced by d,,. We refer to [5] for more details on entropy.

We see from (5.32) that, for u sufficiently large, there exists some constant Cy such that

dy(s,t) < Coy/|s — o < kCod?, (5.33)

if maxi<i<i |$; —t;| < 6 < 1, where o := mini<;< ;. By Corollary 1.3.4 in [5] there exists some constant Qg > 0

such that for any 0 < § < 1

P sup |Cu(t) - Cu(3)| > < P sup |<u(t) - Cu(3)| >
s,tED s,teD
maxi<;<k |$i—ti| <6 du(8,t)<kCod T

IN

kCod 2
% / /Ha, (10, RV, u. 9)dv,
0

with R < oo being a sufficiently large. Define, for t, s € Ri, a semi-metric

cZ(t, 8) = Cov/|8 — t|a-

By (5.33) for sufficiently large u and small ¢

1
Ha, (0, R, u, 0) < Hy((0, R u,0) < ko | —— 41| <Cymn (0) ,
/192
(=)

for some positive constant Cy, with H;([0, R]*, u, ) being the entropy induced by d. Consequently,

Q=

lim lim sup P sup [Cu(t) — Cu(8)| >n | < lim dy =0,
=0 y—o0 steD 5—0

maxi<i<k ‘Sifti|<(s

Q()\/(Cl /OO \/11119
n 2o % V2

establishing ii). Moreover, since the functional sup,cp f(t) is continuous on C(D) for any z € R

lim P (supXu(t) > u| X, (0) =u— Z) =P <sup(§a(t) — tla) > z) .
U— 00 teD u teD



19

In order to apply the dominated convergence theorem to the integral in (5.31) when taking limit in u, we need a

uniform (in u large enough) upper bound of

P,(z):=P (:élg (Cult) — u?(1—7y(¢,0)) + 2(1 — r,(¢,0))) > z)

for z > 0 sufficiently large. It follows that, for u sufficiently large,

Pu(2) < P (sup(u(t) + sup(1 —r,(¢,0))z > z)

teD teD
< P (sup(:u(t) >(1- Qo)z> (5.34)
teD

for some gg € (0,1). Further, we see from (5.32) that, for sufficiently large u, there exists some positive constant Cs

such that

Var(Gu(t) — Cu(s)) < CaVar(Ba(t) — Bal(s))
for all s,t € D. Hence by Sudakov-Fernique inequality (e.g., [5])

E <sup gu(t)> < /CE (Sup Ea(t)> = Up. (5.35)

teD teD

The constant Uy is finite, which follows from Theorem 2.1.1 in [5]. Moreover,

sup Var(Cu(t)) < 0% := Cy sup Var(Ba(t)) = 2C, sup [t|o < co. (5.36)
teD teD teD
With the help of (5.34), (5.35) and (5.36), Borell-TIS inequality (Theorem 2.1.1 in [5]) gives, for any z > 1220 and
u sufficiently large,
1— —Up)?
Pu(e) <P (0, (0) > (1= gz ) < enp (- (EBLZE00 ),
teD 20
Applying the dominated convergence theorem to the integral in (5.31), we conclude that
o0 2 _
lim e 22 Py(2)dz =FE <SupeBa(t)—|t|a> ’
U=/ o teD
thus the proof is complete. O

Proof of Eq. (4.28): According to Lemma 3.5, the three parts of the double-sum in (4.28) can be estimated in
different ways. It follows from (3.24) that

2
2 < u—h/2 ) Z 1
. »3 . VI=N2 )\ e kyeca, (i) et 1<i<h
lim < lim =0

u—00 n(uvklaaaﬂ)q](u) T u—oo n(u,klaaaﬂ)q](u) 7

where the sum in the middle term can be estimated using the same arguments as the upper bound in Theorem 1.1.
Next, for sake of simplicity, we only give the estimates of the first two sums for k; = ko = 1, since the general cases
(k1, ko are arbitrary integers) follow from similar arguments. For the first sum, we derive, using (3.21) that, for u
sufficiently large
Z’(lt < Z (4 Z Z CS*exp ( - C ((N;f’ﬁf)al/QSal
(I¥ . K1)€L2,(j1,p1)EL] (41.p1) €LY (I* K1)eLl,
i.w,

. . I
(o) =Gipy) and NITIS0 NI a
1K1



20

+ <N}KK) s2))+2 Y CStex («:1 (Nj"KK) saz) >\Il(u)

(I* [K{)eL,

I'k/,K’
NL T1>0
Ky

<4Cst Z Z e~ Ci(ymis)™t Z e~ Ci(n29)2 | Z ¢—Ci(nss)°2 W (u)

(1%, K1)€L2,(j1,p1)EL] ny>1 na>0 e
§ —C!' s>t _ ! gal ! gon
S (C/S4 (e Cls (1 —|—6 CIS ) + e (Cl S ) ‘Il(’u,)7
(P, K1)€Ls, (j1,p1)ELY

for suitably chosen positive constants C', C|, CY,CY’. This, combined with the estimate of the last sum in the above

formula, yields that

3 1
lim lim

S—o00 u—00 n(’u,, kl, a,ﬂ)\ll(u) =0 (5'37)

Next, we focus on the second sum. According to (2) of Lemma 3.5, the sum Y2 can be divided into four parts,

denoted by Z?i 52 E?%

1
iz,u’ T

and Efg .,» Tespectively. Applying (3.22), Lemma 3.1 and Lemma 3.3 we find that, for
279

U

u large enough,

Z;},u <8 Z l]P’( sup X (u) > u,

ey ; 1 18 G1+D)8
(17, K1) €L, (J1,p1) €LY ‘31171+u2/al(1cm+1) "31171+u2/allcm+1] XVik i,

sup X(u) > u) + IP( sup X(u) > u)]
(G1+D)S+VS (j1+2)S (11198 1 41)S4VE
[c;1+'“2/a1(6“+1) ’Célff/"””l“} Vi 1 [Cé1+u2/a1<cp1 T %1 T 2 arep, 11 } XViw it
2
~ _ /2 e
<C Z CS4e C.S +H’HOL73[051](CU)1/Q153/2 \I/(u)
(%, K1)€L2,(j1,p1)EL] i=1

for suitably chosen constant C. Note that in the last formula VI{R’ K! is one of the adjacent sets of Vp;y K, and the

number of it is at most 8. Using the same arguments we can obtain similar upper bounds for ¥2, , %2 ,, and Zfz
2

i7,u’ T, u’

Consequently, the same reasoning as (5.37) yields
A

lim lim =0,

S— 00 u—00 n(u, k1, o, ﬁ)lI/(u)

hence the claim follows. O
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