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A systematic procedure for constructing classical integrable field theories with arbitrarily many
free parameters is outlined. It is based on the recent interpretation of integrable field theories as
realisations of affine Gaudin models. In this language, one can associate integrable field theories
with affine Gaudin models having arbitrarily many sites. We present the result of applying this
general procedure to couple together an arbitrary number of principal chiral model fields on the
same Lie group, each with a Wess-Zumino term.

I.

INTRODUCTION

The very scarceness of the property of integrability in
classical and quantum systems makes its ubiquity in high
energy physics as well as its rich history in condensed
matter physics seem even more remarkable. For instance,
integrability has played a pivotal role in recent years (see
e.g. the review [1]) in the study of the various instances
of the AdS/CFT correspondence, which brought about
a new surge of interest in the field of both classical and
quantum integrability. In particular, it has led to the
development of numerous new methods as well as to the
discovery of new integrable models.
One particular aspect of the subject of classical integrable field theories which has proved extremely fruitful
in some of these recent developments is the concept [2–5]
of the twist function. This is a rational function ϕ(z) of
the spectral parameter z which, for a very broad family of
classical integrable field theories, controls the integrable
structure of these theories through the Poisson bracket of
the Lax matrix. It was proved [2, 4–15] that this family
includes non-linear integrable σ-models and in particular
ones which are relevant to the study of the AdS/CFT
correspondence. In this setting, the twist function can
be used, for instance, to deform these theories while preserving integrability [8, 12].
It was recently shown by one of us in [16] that classical
integrable field theories admitting a twist function can be
seen as realisations of classical Gaudin models associated
with an affine Kac-Moody algebra. Gaudin models are
usually associated with finite dimensional Lie algebras,
in which case they are thought of as spin chains. In the
su(2) case they can be obtained as limits of the inhomogeneous Heisenberg XXX chain. It may therefore seem
somewhat surprising, at first, that an integrable field theory can be recast as an affine Gaudin model. However,
it is important to stress that the spin chain in the affine

case is not being used in the conventional way, as a discretisation of the field theory in which fields arise from
taking a continuum limit by letting the number of sites go
to infinity. Rather, classical fields emerge upon realising
the underlying affine Kac-Moody algebra as a centrally
extended current algebra on the circle.
Viewing the above class of integrable field theories in
this new light opens up the possibility of constructing
new classical integrable field theories by considering more
general affine Gaudin models. Indeed, all the examples of
integrable field theories discussed in [16] essentially correspond to affine Gaudin models with a single site. It
is then natural to seek to construct field theories which
correspond to affine Gaudin models with an arbitrary
number of sites. The concrete implementation of such
a construction will be presented elsewhere [17], focusing on the class of field theories which are described by
the simplest class of Gaudin models, namely the noncyclotomic ones. Classical integrable field theories which
are known [16] to be realisations of this class of affine
Gaudin models include the principal chiral model and
integrable σ-models obtained from it by adding a WessZumino term or by performing a non-abelian T-duality
[18]. Various integrable deformations of the principal chiral model also belong to this class, namely the inhomogenous [19] and homogeneous [20] Yang-Baxter deformations as well as the λ-deformation [21]. Finally, this class
also contains the inhomogeneous Yang-Baxter deformation with a Wess-Zumino term constructed in [22] and
[11].
To illustrate the main idea behind the construction it
is useful to recall that, when regarded as an integrable
spin chain, a (classical) Gaudin model has the following
two salient features:
(i) the degrees of freedom, i.e. ‘spins’, at different sites
mutually (Poisson) commute, and

2
(ii) the Hamiltonian describes interactions between the
spins at every pair of sites.
Consider an affine Gaudin model with an arbitrary number of sites N . It follows from property (i) that its phase
space is a Cartesian product of N separate phase spaces
attached to individual sites. We can take the latter to be
the phase spaces of N different integrable field theories,
each described by single site Gaudin models associated
with the same affine Kac-Moody algebra. It then follows
from property (ii) that the N integrable field theories
which we chose to attach to the different sites will become
coupled, with the strength of the couplings determined
by the relative location of each site in the complex plane.
When the N integrable field theories we start with are
Lorentz invariant, it is natural to also require the coupled
theory to be relativistic. There are certain necessary and
sufficient conditions restricting the choice of Hamiltonian
for the coupled theory which ensure that this is the case.
We obtain, in this way, a relativistic integrable field theory which couples N relativistic integrable field theories.
The purpose of the present letter is to report on the
result of applying this procedure to N coupled principal
chiral model fields on the same Lie group, each with a
Wess-Zumino term. In particular, we present the action
of the resulting coupled σ-model and give the Lax connection underlying its integrability.
II.

THE MODEL
A.

ϕ(z) = −ℓ∞ ϕ+ (z)ϕ− (z),
QN
(z − ζr± )
ϕ± (z) = Qr=1
.
N
r=1 (z − zr )

(1)

In the language of affine Gaudin models, the case N = 1
corresponds to the twist function of the principal chiral
model with a Wess-Zumino term [16]. For arbitrary N ,
the above rational function ϕ(z) can be taken as the twist
function for an affine Gaudin model with N sites.
In terms of the above data, the action obtained in [17]
from this N -site affine Gaudin model takes the form
S g

,...,g

(N )



=

ZZ


ℓ∞ ′
ϕ+,r (zr )ϕ−,r (zr ) − ϕ+,r (zr )ϕ′−,r (zr ) ,
4
ℓ∞ ϕ+,r (zr )ϕ−,s (zs )
ρrs =
,
(3)
2
zr − zs

ℓ∞ ′
ϕ+,r (zr )ϕ−,r (zr ) + ϕ+,r (zr )ϕ′−,r (zr ) ,
𝓀r =
2
for any r 6= s. Here we introduced for each r = 1, . . . , N
the two rational functions
ρrr =

ϕ±,r (z) = (z − zr )ϕ± (z),
which are regular at zr .
We note that there is some redundancy in the choice of
the 3N + 1 parameters encoded in the twist function (1).
Indeed, the expressions (3) for the coefficients entering
the action are invariant under the transformation
zr 7−→ azr + b,

Let us fix a set of 3N + 1 real parameters z1 , . . . , zN ,
and ℓ∞ . It will be convenient to gather these
together into a single rational function of the spectral parameter z, with double poles in the set P = {z1 , . . . , zN }
±
and simple zeroes in Z + ∪ Z − where Z ± = {ζ1± , . . . , ζN
}.
Explicitly, we define

(1)

The two dimensional domain with coordinates (t, x)
(which may be a cylinder or a plane) is the boundary of
the three dimensional domain with coordinates (t, x, ξ).
The coefficients ρrs and 𝓀r are determined from the factorisation of the twist function in (1) as

Action

±
ζ1± , . . . , ζN



where g (r) for r = 1, . . . , N are fields valued in a real Lie
(r)
group G0 . We define the currents j± = g (r)−1 ∂± g (r)
and the light-cone derivatives are given by ∂± = ∂t ± ∂x .
In this expression κ is the opposite of the Killing form
on g0 , the Lie algebra of G0 . IWZ [g] is the Wess-Zumino
term
ZZZ



IWZ [g] =
dt dx dξ κ g −1 ∂ξ g, g −1 ∂x g, g −1 ∂t g .

dt dx

N
X

r,s=1

+

N
X
r=1

(r)

(s) 

ℓ∞ 7−→ a−1 ℓ∞ ,

for any real constants a and b, so that there are a total
of 3N − 1 free parameters in the action (2), including the
overall factor ℓ∞ . In the case when N = 1 this gives two
free parameters ρ11 and 𝓀1 , as expected for the action
of a single principal chiral model field g (1) with a WessZumino term.
The action (2) describes a σ-model on the target space
G×N
0 . The geometry of this target space restricted to the
rth -copy of G0 alone is given by a metric proportional to
the Killing metric and controlled by the coefficient ρrr ,
along with a B-field originating from the Wess-Zumino
term, controlled by the parameter 𝓀r . This describes a
self-interaction of the field g (r) with itself, similar to the
one of a single principal chiral model with Wess-Zumino
term. In addition to these self-interactions terms, the
action (2) also contains couplings between the different
fields g (r) , controlled by the off-diagonal coefficients ρrs .
As these coefficients are not symmetric, these interaction
terms contribute to both the metric and the B-field of
the target space geometry on G×N
0 .

ρrs κ j+ , j−



𝓀r IWZ g (r) ,

B.

(2)

Field equations and Lax connection

The field equations obtained from extremising the action (2) with respect to the N fields g (r) (x, t), taking into
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account relations (3), may be written as
ϕ′+,r (zr )
ϕ′−,r (zr )
(r)
(r)
∂+ j− −
∂− j+
ϕ+,r (zr )
ϕ−,r (zr )
X
ϕ−,s (zs )
(s)
(r) (s) 
∂+ j− + [j+ , j− ]
(4)
+
ϕ−,r (zr )(zr − zs )
s6=r

ϕ+,s (zs )
(s)
(r) (s) 
∂− j+ + [j− , j+ ] = 0.
−
ϕ+,r (zr )(zr − zs )
The σ-model defined by the action (2) is integrable
by construction. The light-cone components of its Lax
connection can be expressed succinctly, again in terms of
the factorisation (1) of the twist function, as
L± (z, x, t) =

N
X
ϕ±,r (zr )
r=1

ϕ±,r (z)

(r)

j± (x, t).

R1 2 (z, w) =

1
1
= δr,s
,
ϕ±,s (zr )
ϕ±,r (zr )

(6)
(r)

for r, s = 1, . . . , N , we note that L± (zr , x, t) = j± (x, t).
The zero curvature equation for the Lax connection
(7)

holds for any value of the spectral parameter z. When
QN
multiplied by r=1 (z − ζr+ )(z − ζr− ), the left hand side
of (7) becomes a polynomial in z of degree 2N − 1. It
therefore leads to 2N equations among the fields. The
first N of these, obtained by setting z = zr , are the
(r)
Maurer-Cartan equations for the currents j± (x, t). The
remaining N equations are most easily obtained by taking a derivative of (7) with respect to z and then setting
z = zr . Making use of the identity (6) and of


d ϕ±,r (zr )
1
,
=
dz ϕ±,s (z)
z
−
zs
r
z=zr
one checks that the last N equations coincide with (4).

D.

Decoupling limit

In the model just described, a given field g (r) (x, t) at
site zr is coupled to all the other fields g (s) (x, t) at sites
zs . It is possible to find a limit in which two subsystems are pulled apart at infinite distance, and cease to
interact. The limit will be obtained by letting a real parameter γ tend to zero. We consider two models identical
to the one described in the previous paragraph, with respectively N1 and N2 sites such that N1 + N2 = N and
(a)±
(a)
with parameters zr , ζr , r = 1, . . . , Na for a = 1, 2.
The latter determine factorisations of the twist functions
ϕ(a) , exactly as in (1),
(a)

Twist function and integrability

The integrability of the field theory defined by the action (2), that is the existence of an infinite family of integrals of motion in involution, is guaranteed from the
outset since it was obtained as a realisation of an affine
Gaudin model [16]. In particular, by construction the
Lax matrix L = 12 (L+ − L− ) has the following (equal
time) Poisson bracket with itself which takes on the special r/s-form [23]
{L1 (z, x), L2 (w, y)} = [R1 2 (z, w), L1 (z, x)]δ(x − y)
− [R2 1 (w, z), L2 (w, y)]δ(x − y)

− R1 2 (z, w) + R2 1 (w, z) δ ′ (x − y),

(a)

ϕ(a) (z) = −ℓ∞ ϕ+ (z)ϕ− (z),
QNa
(a)± 
(a)
r=1 z − ζr
ϕ± (z) = QN
.
(a) 
a
r=1 z − zr

The parameters of the whole system are related to those
of the two subsystems by
1 ≤ r ≤ N1 ,

zr = zr(1) , ζr± = ζr(1)± ,

1 ≤ r ≤ N2 ,

±
zN1 +r = zr(2) + γ −1 , ζN
= ζr(2)± + γ −1 .
1 +r

Equivalently, we can write this more succinctly as
(1)

C.

C1 2
ϕ(w)−1
w−z

where C1 2 is the split Casimir of the complexification g
of g0 . The twist function ϕ(z) is the same as in (1).
The twist function is known to play a fundamental
role in many aspects of the classical integrability of field
theories which can be realised as affine Gaudin models.
For instance, in these theories, an infinite family of Poisson commuting local charges can be constructed as the
integrals of certain invariant polynomials of ϕ(z)L(z, x)
evaluated at the zeroes of the twist function [24].

(5)

Making use of the identity

∂+ L− − ∂− L+ + [L+ , L− ] = 0

where δ(x − y) is the Dirac δ-distribution. Here we have
defined the R-matrix

(2)

ϕ± (z) = ϕ± (z)ϕ± (z − γ −1 ).
Notice that one might have applied any permutation to
the sets P and Z ± before applying this procedure, so
that one may choose freely the poles and zeroes of the
two models which are going to decouple. Then one checks
explicitely that in the decoupling limit when γ tends to
zero one has
S[g (1) , . . . , g (N ) ] −→ S (1) [g (1) , . . . , g (N1 ) ]
+ S (2) [g (N1 +1) , . . . , g (N ) ],
where S (a) for a = 1, 2 is the action of the subsystem
with Na sites. We also have the limits
(1)

ϕ± (z) −→ ϕ± (z),

(2)

ϕ± (z + γ −1 ) −→ ϕ± (z),
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For the coefficients (3) in the action we then find

as γ → 0, together with
(1)

ρ11 = ρ22 =

L± (z, x, t) −→ L± (z, x, t),
(2)

L± (z + γ −1 , x, t) −→ L± (z, x, t),

ρ12 = −

(a)

where L± (z, x, t), a = 1, 2, is the Lax connection of the
subsystem with Na sites. Thus one sees that in the decoupled limit where the system is composed of two uninteracting subsystems, the complete Lax connection is
naturally valued in g ⊕ g.

E.

Global symmetries

Since the action (2) only depends on the left invariant
(r)
currents j± , the model with N sites is invariant under
the action of G×N
given by
0
(g (1) , . . . , g (N ) ) 7−→ (h1 g (1) , . . . , hN g (N ) ),

hr ∈ G0 .

The corresponding Noether currents are most simply obtained by conjugating the field equation (4) by g (r) and
(r)
(r)
rewriting it as ∂+ K− + ∂− K+ = 0 where
(r)

K± = ±

ϕ′±,r (zr ) (r) (r) (r)−1
g j± g
ϕ±,r (zr )
X
ϕ±,s (zs )
(s)
∓
g (r) j± g (r)−1 .
ϕ±,r (zr )(zr − zs )
s6=r

Because the currents at the various sites are all coupled, the symmetry under right multiplication is limited
to the diagonal action of G0 given by
(g (1) , . . . , g (N ) ) 7−→ (g (1) h, . . . , g (N ) h),

h ∈ G0 .

The corresponding Noether current reads
K± = ±

N
X

(r)

ϕ±,r (zr )j± .

r=1

Its conservation ∂+ K− + ∂− K+ = 0 can be obtained by
taking a linear combination of the N equations of motion
(4) to eliminate the commutator terms. This symmetry
is enhanced in the decoupling limit, described in the previous paragraph, to G0 × G0 .

F.

Examples

As a simple illustration of the general action in (2) let
us consider the case of two sites, namely N = 2, with the
parameters entering the twist function (1) chosen as
z1 = −z2 = γ −1 ,

ζ1± = ±1 + γ −1 ,

ζ2± = ±1 − γ −1 .

ℓ∞
(2 − γ 2 ),
4

ℓ∞
γ(γ − 2)2 ,
16

𝓀1 = −𝓀2 = −
ρ21 =

ℓ∞ 3
γ ,
8

ℓ∞
γ(γ + 2)2 .
16

The decoupling limit γ → 0 is given by
ρ11 , ρ22 −→

ℓ∞
,
2

ρ12 , ρ21 , 𝓀1 , 𝓀2 −→ 0.

(8)

In this case the action (2) therefore describes, for γ 6= 0, a
coupling of two principal chiral fields g (1) and g (2) valued
in the same real Lie group G0 . We note the presence of
a WZ term for each of these fields in the coupled theory.
It is also possible to couple two principal chiral fields
without introducing WZ terms and with the same decoupling limit (8) by choosing the following set of parameters
of the twist function (1):
q
p
z1 = −z2 = γ −1 , ζ1± = ± 1 + γ −2 + 1 + 4γ −2 ,
q
p
±
ζ2 = ∓ 1 + γ −2 − 1 + 4γ −2 .
III.

CONCLUSION

The general procedure illustrated in this letter opens
up the possibility of constructing infinite families of relativistic integrable field theories with a given underlying
Lie algebra. The basic building blocks for the construction are relativistic integrable field theories which can be
realised as affine Gaudin models. An arbitrary number
of these building blocks can then be assembled together
to form a new relativistic integrable field theory. In turn,
since the latter is an affine Gaudin model by definition,
it could be used as a new building block for subsequent
constructions. Determining the scope of all possibilities
certainly requires a thorough investigation.
The fact that the twist function of the model we have
considered is a generic rational function with N double
poles and 2N simple zeroes makes it possible to see the
importance of this object permeating through to the very
expression of the action. Indeed, it is quite remarkable
that the parameters of the action can be so conveniently
encoded in a choice of factorisation of the twist function.
To illustrate the method, we have focused on the class
of non-cyclotomic affine Gaudin models. Working within
this class, it is possible to couple together any integrable
σ-model from the list given in the introduction, provided
they all involve the same Lie group. For instance, as a
different example to the one presented in this letter, one
could couple together N − 1 principal chiral models, each
with a Wess-Zumino term, and one homogeneous YangBaxter deformation of the principal chiral model. The resulting integrable σ-model will be presented in detail elsewhere [17]. We expect that the class of non-cyclotomic
affine Gaudin models also includes the model constructed
very recently in [25] which couples together two λ-models.
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Another natural direction for further study would be
to extend the procedure to the class of cyclotomic affine
Gaudin models, which includes [16] the symmetric space
σ-model. The cyclotomic nature of the underlying affine
Gaudin model is related to the Z2 -grading associated
with this σ-model, or in other words to its gauge symmetry. There are a number of interesting questions pertaining to this class of affine Gaudin models. For instance,
it is not immediately clear what the gauge symmetry of
an integrable field theory corresponding to a cyclotomic
affine Gaudin model with multiple sites should be. Indeed, recall that the principal chiral model on a real Lie
group G0 has both a left and right G0 -symmetry. We may
choose to gauge, in an equivalent way, any subgroup of
G0 either from the left or from the right. Choosing this
subgroup H in such a way that the coset, say on the right,
G0 /H, is symmetric ensures that the resulting σ-model
will be integrable. For the model presented in this letter,
the situation is more complicated since we have shown
that the left and right symmetries are different. From
the analysis in [16], and in particular the fact that the
gauge symmetry is related to the site at infinity (which
is a fixed point of the action of the cyclic group), we expect to be able to construct a G×N
0 /Hdiag σ-model which
is integrable. This situation would be reminiscent of the
models considered in [26] (see also [27]) when the two Lie
groups G and G′ there are the same. Another important
question that will require a full analysis is the issue of

the decoupling limit within this class.
A possible next step would be to generalise the whole
procedure to the supersymmetric case. This would first
require introducing the notion of classical affine Gaudin
model associated with a Kac-Moody superalgebra. An
obvious question in this setting is to look for type IIB
superstring σ-models which could be realised as supersymmetric affine Gaudin models with multiple sites.
Having constructed classical integrable field theories
with arbitrarily many parameters, a very important and
natural question concerns the study of these models at
the quantum level. It would be very interesting to determine the renormalisation group flow in these multiparameter field theories and identify their fixed points.
The recent results obtained for the models mentioned
above in [25] indicate a very rich structure in the renormalisation group flow of these models already in the case
of two sites. Moreover, the fact that the affine Gaudin
model approach to integrable field theories enables one to
naturally construct infinitely many new relativistic classical integrable field theories corroborates the idea that
this approach may also be fruitful at the quantum level,
even in the single site case [16, 28–30].
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