
This is a repository copy of Dissipative instabilities in a partially ionised prominence 
plasma slab: II. The effect of compressibility.

White Rose Research Online URL for this paper:
http://eprints.whiterose.ac.uk/125016/

Version: Published Version

Article:

Mather, J.F., Ballai, I. and Erdelyi, R. (2018) Dissipative instabilities in a partially ionised 
prominence plasma slab: II. The effect of compressibility. Astronomy & Astrophysics, 610. 
A56. ISSN 2329-1273 

https://doi.org/10.1051/0004-6361/201731080

eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/

Reuse 

Unless indicated otherwise, fulltext items are protected by copyright with all rights reserved. The copyright 
exception in section 29 of the Copyright, Designs and Patents Act 1988 allows the making of a single copy 
solely for the purpose of non-commercial research or private study within the limits of fair dealing. The 
publisher or other rights-holder may allow further reproduction and re-use of this version - refer to the White 
Rose Research Online record for this item. Where records identify the publisher as the copyright holder, 
users can verify any specific terms of use on the publisher’s website. 

Takedown 

If you consider content in White Rose Research Online to be in breach of UK law, please notify us by 
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request. 

mailto:eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/


A&A 610, A56 (2018)
DOI: 10.1051/0004-6361/201731080
c© ESO 2018

Astronomy
&

Astrophysics

Dissipative instabilities in a partially ionised prominence

plasma slab

II. The effect of compressibility

J. F. Mather1, I. Ballai1, and R. Erdélyi1, 2

1 Solar Physics and Space Plasma Research Centre (SP2RC), School of Mathematics and Statistics, The University of Sheffield,
Sheffield, S3 7RH, UK
e-mail: jfmather1@sheffield.ac.uk

2 Department of Astronomy, Eötvös Loránd University, Plázmány P. sétány 1/A, 1117 Budapest, Hungary

Received 2 May 2017 / Accepted 11 November 2017

ABSTRACT

This study deals with the dissipative instability that appears in a compressible partially ionised plasma slab embedded in a uniform
magnetic field, modelling the state of the plasma in solar prominences. In the partially ionised plasma, the dominant dissipative effect
is the Cowling resistivity. The regions outside the slab (modelling the solar corona) are fully ionised, and the dominant mechanism of
dissipation is viscosity. Analytical solutions to the extended magnetohydrodynamic (MHD) equations are found inside and outside of
the slab and solutions are matched at the boundaries of the slab. The dispersion relation is derived and solutions are found analytically
in the slender slab limit, while the conditions necessary for the appearance of the instability is investigated numerically for the entire
parameter space. Our study is focussed on the effect of the compressibility on the generation and evolution of instabilities. We find
that compressibility reduces the threshold of the equilibrium flow, where waves can be unstable, to a level that is comparable to the
internal cusp speed, which is of the same order of flow speeds that are currently observed in solar prominences. Our study addresses
only the slow waves, as these are the most likely perturbations to become unstable, however the time-scales of the instability are found
to be rather large ranging from 105–107 s. It is determined that the instability threshold is further influenced by the concentration of
neutrals and the strength of the viscosity of the corona. Interestingly, these two latter aspects have opposite effects. Our numerical
analysis shows that the interplay between the equilibrium flow, neutrals and dispersion can change considerably the nature of waves.
Despite employing a simple model, our study confirms the necessity of consideration of neutrals when discussing the stability of
prominences under solar conditions.

Key words. Sun: filaments, prominences – Sun: corona – Sun: oscillations – waves – plasmas – instabilities

1. Introduction

Prominences are some of the most dynamical and, therefore, sci-
entifically challenging structures that occur in the solar atmo-
sphere. Suspended above the chromosphere and situated within
the coronal plasma, they are made up of dynamical threads trac-
ing the magnetic field lines that outline their structure. High-
resolution Hα observations within the past few decades have
shown a more precise structure for these fibrils, with an av-
erage width of 200 km and heights ranging between 3500–
28 000 km (e.g. Heinzel & Anzer 2006; or Lin 2011, for more
comprehensive reviews). Even though they are surrounded by
coronal plasma, prominences have chromospheric temperatures,
with lifetimes spanning from a few hours to a day in the case
of active region prominences and three to 300 days in quiescent
prominences (Parenti 2014). The fact that these structures do not
collapse under gravity may seem to be surprising at first, but
their stability is due to support from the magnetic tension forces,
working against gravity.

Due to their chromospheric origin, prominences have a rel-
atively low temperature compared to the surrounding coro-
nal plasma, with temperatures ranging between 7500–9000 K
(see e.g. Engvold 1998; Lin et al. 2005a; Okamoto et al. 2007).
These low temperatures mean the plasma is likely only partially

ionised, with the ratio of protons to neutral H-atoms in the
range of 0.2–0.9 (Ruzdjak & Tandberg-Hanssen 1990). There-
fore a one-fluid description may not be appropriate and multi-
fluid models can describe the associated physics better. With the
collisions between ions and neutrals, a resistivity acting only on
perpendicular currents is introduced (Braginskii 1965), namely
the Cowling resistivity that is several orders of magnitude larger
than the electron-generated Spitzer resistivity.

Instabilities within prominences are widely observed, the
most obvious example being the turbulent eddies that are
seen at the interface between the corona and prominence,
which may be caused by instabilities associated with wave
phenomena (Ryutova et al. 2010; Berger et al. 2010). One ex-
planation of these could be the Kelvin-Helmholtz instabil-
ity (see, e.g. Nakariakov & Roberts 1995; Terra-Homem et al.
2003; Zaqarashvili et al. 2010) that occurs when there is a shear
flow between two different plasma layers (in relation to promi-
nences see e.g. Berger et al. 2008). A shear flow can also lead
to resonant flow instabilities, which have been explained as a
type of negative energy wave instability occurring at lower shear
flow velocities than the Kelvin-Helmholtz instability (see, e.g.
Tirry et al. 1998). The Rayleigh-Taylor instability, caused by
heavier fluid sinking into lighter fluid under the force of grav-
ity, is another instability that has been theorised to occur in
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prominences (see e.g. Ryutova et al. 2012). Hillier et al. (2012)
have suggested that the Rayleigh-Taylor instability generates
some of the up-flows observed in prominences.

Being such dynamic objects, plasma flows are ubiquitous
in prominences. Bulk flows of around 10–70 km s−1 are ob-
served within quiescent prominences (Schmieder et al. 1984).
Berger et al. (2008) observed, in both the Ca II H-line and
Hα band passes of Solar Orbiter Telescope (SOT), turbulent
up-flows in quiescent prominences of an approximate constant
speed of 20 km s−1. Active region prominences can exhibit even
larger flows that can be up to a maximum of 200 km s−1. How-
ever, most of the observed flow speeds do not reach the thresh-
old for the Kelvin-Helmholtz instability to occur. Therefore,
other instabilities must be considered that require a lower flow
threshold.

The concept of negative energy waves (and the associated in-
stabilities) has been studied previously in a solar physics context
by many authors (e.g. Ruderman et al. 1996; Joarder et al. 1997;
Tirry et al. 1998; Terra-Homem et al. 2003; Ballai et al. 2015,
amongst others). This instability, again, occurs in the presence
of shear flow, but some form of dissipation must be present in
the system to account for this energy loss. Generally, the insta-
bility appears when the flow is great enough that the direction of
propagation of the “backward propagating” wave changes. This
tends to happen at flow velocities lower than those required for
the Kelvin-Helmholtz instability (see, e.g. Ruderman & Wright
1998).

Ballai et al. (2015) considered the dissipative instability in
the case of an interface between a viscous and incompress-
ible coronal plasma and a resistive (Cowling resistivity), incom-
pressible and partially ionised prominence plasma. Ballai et al.
(2017) investigated a similar problem but now modelling the
plasma as a slab, introducing dispersion. Both investigations
found that, with the increase in the fraction of neutrals present,
the value of the threshold velocity for the dissipative instabil-
ity to occur increased. The present study is a natural exten-
sion to Ballai et al. (2017) and generalisation to this problem by
including compressibility with the aim to investigate how this
affects the threshold of the dissipative instability. With this ad-
dition, we can study these instabilities in a more realistic solar
context.

The paper is set out as follows: in Sect. 2, we present
the equilibrium background and governing equations. Solutions
governing the dynamics inside and outside the wave-guides are
given, along with the necessary boundary conditions. In Sect. 3,
the dispersion relation for the symmetric sausage waves is de-
rived and the slender slab limit is taken for both the real and
imaginary part of the frequency. In Sect. 4, analysis of the slen-
der slab limit is completed and numerical solutions for the full
dispersion relation are obtained. In Sect. 5, we summarise our
results and conclude our research.

2. Equilibrium

We have considered a magnetised plasma slab of width 2z0 with
boundaries at z = 0 and z = 2z0 (see Fig. 1), situated between
to semi-infinite planes. The magnetic field in the three regions is
uniform and parallel with the x-axis such that, B0 = B0 x̂, where
x̂ is the unit vector in the x-direction. A uniform background
flow is present within the slab environment, parallel to the x-axis,
that is u0 = u0 x̂. The equilibrium temperatures, densities and
pressures are assumed to vary on a scale that is much larger than

B0

ρe ηCν

vAe

ρ0

z = 0

u0

z = 2z0

ρeν

cse vA0 cs0 vAe cse

Be Be

x

z

Fig. 1. Equilibrium configuration for the magnetic slab and its surround-
ing magnetic environment. The equilibrium flow inside the slab points
in the positive x-direction.

the wavelength of the waves studied and are therefore considered
constant functions in z, that is

T (z), cs(z),
vA(z), cT (z), u(z)

=



































Te, cse z < 0 and z > 2z0,
vAe, cTe, 0,

T0, cs0, 0 < z < 2z0,
vA0, cT0, u0,

(1)

where the indices 0 and e denote internal and external quan-
tities of the slab, respectively, and Tl, csl, vAl, cTl, ul (l = 0,
e) are the temperature, sound speed, Alfvén speed, tube speed
(cTl = cslvAl/(c

2
sl
+ v2

Al
)1/2), and background equilibrium bulk-

flow speed inside the slab.
In our model, we have approximated the entire prominence

by a slab and, therefore, the solar corona constitutes the exter-
nal environment. Given the high probability that prominences
are of chromospheric origin, we assumed that their temperature
does not reach the threshold where hydrogen is fully ionised. In
contrast, the surrounding corona, with its million degree tem-
perature, is fully ionised. In partially ionised plasmas, the con-
cept of transport mechanisms has to be treated differently, as the
way momentum and energy is transported and dissipated is dis-
tinct from the formalism used in fully ionised plasmas. The rea-
son for this is that the presence of neutrals and the collisions
between heavy particles may change the nature and magnitude
of these mechanisms (for a detailed discussion on the possi-
ble transport mechanisms in partially ionised plasmas see, e.g.
Khodachenko et al. 2004; or Zaqarashvili et al. 2011). Here, we
have assumed that the ion-neutral collisional frequency is much
larger than the harmonic motions of waves. Therefore, the dy-
namics in the partially ionised plasma can be described within
the framework of a single-fluid MHD. In addition, we assumed
that there is strong thermal coupling between the ions, electrons
a neutrals. Among all possible dissipative mechanisms, we con-
centrate on the processes that appear in the generalised Ohm’s
law, in particular, we deal with the classical and Cowling re-
sistivity. The effects of these two resistivities are very different.
The classical Spitzer resistivity is due to electrons and generates
the dissipation of currents along magnetic field. Contrastingly,
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the Cowling resistivity is due to ions and creates a magnetic
resistivity of currents that flow perpendicular to the ambient
magnetic field.

With these considerations, the dynamics in the partially
ionised prominence are given by the system of linearised MHD
equations

∂p1

∂t
+ (u0 · ∇) p1 + γp0(∇ · u1) = 0, (2)

ρ0

(

∂u1

∂t
+ (u0 · ∇) u1

)

= −∇p1 + (∇ × B1) ×
B0

µ0

, (3)

∂B1

∂t
+ (u0 · ∇) B1 = (B0 · ∇) u1 − B0 (∇ · u1) + η∇2

B1

+
ηC − η

|B0|
2
∇ × {[(∇ × B1) × B0] × B0} , (4)

∇ · B1 = 0, (5)

where all quantities with subscript 1 denote small perturbations
of background quantities. We note that the diamagnetic current
that would be present in Eq. (4) is neglected due to its weak dissi-
pation and the fact we have considered a low plasma-beta. Here,
ρ0 = ρi + ρn so that the total background density, ρ0, is always
constant, with the ion density ρi and the neutral density chang-
ing, depending on how ionised the plasma is. For a completely
ionised plasma ρi = ρ0 and for a fully neutral plasma ρn = ρ0.

We assume all perturbations to be of the form

f = f̂ (z) exp[i(kx − ωt)],

where f̂ (z) is the amplitude of perturbations and the frequency,
ω, may be a complex quantity. Since the plasma is unbounded in
the x direction, we Fourier analyse the perturbations. In addition,
instead of velocity components in the momentum Eq. (3), we use
the Lagrangian displacement,

u1 =

(

∂

∂t
+ u0 · ∇

)

ξ.

Equations (2)–(5) along with Eq. (1) can be then reduced to a
second order differential equation governing the Lagrangian dis-
placement in the z-direction

ξ′′z − M̄2
0ξz = 0, M̄2

0 = −

(

Ω2 − k2c2
s0

) (

Ω2 − k2v̄2
A0

)

(c2
s0
+ v̄2

A0
) (Ω2 − k2c̄2

T0
)
, (6)

where the quantity M̄0 is the magnetoacoustic parameter,

v̄2
A0
= v2

A0

(

1 − iηCk2/Ω
)

is the modified Alfvén speed, while

c̄2
T0
= c2

s0
v̄2

A0
/(c2

s0
+ v̄2

A0
)2 is the associated cusp speed. Here,

vA0 = (B2
0
/µ0ρ0)1/2 is the Alfvén speed and cs0 = (γp0/ρ0)1/2

is the sound speed of the internal medium, where γ = 5/3 is
the adiabatic index and µ0 is the magnetic permeability of free
space. In the above equation, Ω = ω− ku0 is the Doppler-shifted
frequency.

The solutions inside the slab must be matched, at the bound-
aries of the slab with the solutions outside the slab. These bound-
aries must be stable to perturbations, that is any displaced fluid
element on (or near) the boundary will not be advected by pertur-
bations. This can be achieved only by assuming that the transver-
sal component of the Lagrangian displacement is continuous
and any other stresses that act in the perpendicular direction
to the boundaries are matched by stresses on the other side of

the boundary. That is why it is essential to use the Reynolds-
Maxwell stress tensor to calculate the transversal stress compo-
nent that is given by

S z = −ρ0

(

v̄2
A0
+ c2

s0

) (

Ω2 − k2c̄2
T0

)

Ω2 − k2c2
s0

ξ′z. (7)

Let us now consider the dynamics in the surrounding coronal
plasma. Due to the high temperatures of the corona (>106 K),
the plasma is fully ionised. Following on from the work by
Ballai et al. (2017), we consider that the dominant dissipative
mechanism that modifies the amplitude of waves is the viscos-
ity. Given that the dynamics in the solar corona are driven mainly
by magnetic forces, the viscosity is anisotropic and its value is
given by the Braginskii’s tensor present in the momentum equa-
tion. This tensor has five components, but by far the leading
term (by about five orders of magnitude) is the first component
(also called compressional viscosity) that is due to ions (see, e.g.
Braginskii 1965; Ruderman et al. 1996). Therefore, the dynam-
ics in the solar corona is described with the help of the linearised
MHD equations

∂p1

∂t
+ γpe(∇ · u1) = 0 (8)

ρe

∂u1

∂t
= −∇p1 + (∇ × B1) ×

B0

µ0

+ ρeν

{

b(b · ∇) −
1

3
∇

}

{3b · ∇(b · u1) − ∇ · u1} , (9)

∂B1

∂t
= (B0 · ∇) u1 − B0 (∇ · u1) , ∇ · B1 = 0, (10)

where b = B0/B0 is the unit vector in the direction of the equi-
librium magnetic field, ν = η0/ρe is the kinematic viscosity, and
η0 is the viscosity coefficient and its approximative value is given
by

η0 =
ρekBTeτp

mp

,

where Te is the temperature of the external medium, kB is the
Boltzmann constant, τp is the proton-proton collision time, and
mp is the proton mass. For typical coronal values we can obtain

that η0 ≈ 5 × 10−2 kg m−1 s−1 (see, e.g. Hollweg 1985).
In a similar way to the prominence plasma derivation,

the MHD equations can be reduced to a single equation that
describes the evolution of the transversal component of the
Lagrangian displacement as

ξ′′z − M2
e N2

e ξz = 0, with M2
e = −

(

ω2 − k2c2
se

) (

ω2 − k2v2
Ae

)

(c2
se + v

2
Ae

) (ω2 − k2c2
Te

)
,

(11)

and

N2
e = 1 +

iνω

3

(

ω2 − 3k2c2
se

)2

(c2
se + v

2
Ae

)
(

ω2 − k2c2
Te

) (

ω2 − k2c2
se

) · (12)

Here, vAe = (B2
0
/µ0ρe)1/2 is the Alfvén speed, cse = (γpe/ρe)1/2 is

the sound speed of the external medium and c2
Te
= c2

sev
2
Ae
/(c2

se +

v2
Ae

)2 is the external tube speed. In order to ensure that the in-
terface between various regions is stable, the stress across the
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interfaces must be continuous, which now in the external region
takes the form

S z = −ρe

(

v2
Ae
+ c2

se

) (

ω2 − k2c2
Te

)

ω2 − k2c2
se

ξ′z + ρe

iων

3

(

ω2 − 3k2c2
se

)2

(

ω2 − k2c2
se

)2
ξ′z,

(13)

where ξz is the solution of Eq. (11). Solving Eqs. (6) and (11)
subject to the requirement that ξz is finite as |z| → ∞, gives the
following general solutions within the slab and outside of the
slab:

ξz =



































C1e−MeNe(z−2z0) z > 2z0,

C2 sinh(M̄0z) +C3 cosh(M̄0z) 0 < z < 2z0,

C4eMeNez z < 0.

(14)

The constant coefficients C1 . . .C4 can be determined after
matching the solutions at the two boundaries. The general form
of the solutions given by Eq. (14), together with the governing
equations inside and outside the slab will be used next to derive
the dispersion relation for waves propagating inside the partially
ionised magnetic slab.

3. Dispersion relation

The properties of waves propagating in the magnetic slab mod-
elling the partially ionised prominence plasma can be studied
with the help of the dispersion relation, that is the relation that
gives the eigenvalues of the equations derived earlier in the pres-
ence of the boundary conditions that need to be imposed on the
interfaces separating the two different media. According to the
standard procedure (see e.g. Ruderman et al. 1996), for a tan-
gential discontinuity like in the present study, we require that the
normal components of the displacement and the stress are con-
tinuous, that is their jump across the interface is zero.

Depending on the choice of the solution inside the slab (tanh
or coth) we find symmetric or antisymmetric modes, also la-
belled as sausage and kink modes, analogue to the fully ionised
case, see e.g. Edwin & Roberts (1982). In what follows, we con-
centrate on sausage modes, while the derivation of kink modes
is similar.

After equating the values of the displacements (imposing the
kinematic boundary conditions) and stresses at z = 0 and z = 2z0,
we obtain the dispersion relation describing the propagation of
sausage modes given by (considering large magnetic and viscous
Reynolds numbers)

FS (ω, k) = FS0(ω, k) + iFS1(ω, k) = 0, (15)

where

FS0(ω, k) = ρe

DAe

Me

tanh (M0z0) + ρ0

DA0

M0

, (16)

is the real part of the dispersion relation, while

FS1 = ρeMe

νω

6

D2
3se

D2
se

tanh (M0z0)

+ ηC

k2v2
A0

2Ω

[

ρ0M0

Dm0

Ds0DA0

+ρe

DAe

Me

Ω4

DA0DT0

(

1 − tanh2 (M0z0)
)

M0z0

]

, (17)

is the imaginary part of it. We note that Eq. (15) was derived
using a perturbation method considering terms multiplied by ei-
ther ν2 or η2

C
as negligibly small (as we assumed large Reynolds

numbers). In the above equations the quantities have the follow-
ing notation (for l = 0, e)

Dsl = Ω
2
l − c2

slk
2, DAl = Ω

2
l − v

2
Alk

2,

DTl =
(

c2
sl + v

2
Al

) (

Ω2
l − c2

Tlk
2
)

,

D3sl = Ω
2
l − 3c2

slk
2, Dml = Ω

4
l − 2k2DTl,

Ω0 = ω − ku0, Ωe = ω,

M2
0 = −

Ds0DA0

DT0

· (18)

In general, the solutions of the dispersion relation Eq. (15) are
complex quantities (here, we assume that changes in the am-
plitude of waves are temporal effects, that is we assume that
the frequency of waves is a complex quantity, while we set the
wavenumber of waves as a real quantity). As the non-ideal (FS1)
part of Eq. (15) is assumed to be small compared to the ideal part,
that is FS0 ≫ FS1, the frequency of waves can be approximated
as ω = ω0 + iω′, where ω0 is the solution of FS0(ω0, k) = 0 and
ω′ is the imaginary part of the frequency. By expanding Eq. (15)
around the solution of FS0(ω0, k) = 0 using a Taylor series, or
applying the Cairns criterion (Cairns 1979), we find that ω′ may
be approximated by

ω′ = −
FS1(ω0, k)

∂FS0(ω0, k)/∂ω
· (19)

Analytic progress in finding the solution to Eq. (15) is still dif-
ficult as the equation is highly transcendental. In the long wave-
length approximation (slender slab), both Eqs. (16) and (17) are
considered in the limit kz0 → 0, supposing that Miz0 → 0
(Edwin & Roberts 1982).

The method of dominant balance is then used to find a reg-
ular perturbation series representation of the solution. In this
limit, the real part of the dispersion relation admits wave solu-
tions that may, in general, be either surface (Mi > 0) or body
(Mi < 0) modes depending on values of background quantities
(Edwin & Roberts 1982). In our study, we use the term pseudo-
body for one of the modes that has a peculiar behaviour inside
the slab, in the sense it does not have a spatially oscillatory struc-
ture in the z-direction but is a body mode as it satisfies the con-
dition Mi < 0 (for more information on these modes see, e.g.
Zhugzhda & Goossens 2001; Ruderman 2005; Erdélyi & Fedun
2006, 2007). In addition, there are also spatially oscillatory
body-modes inside the slab which we term n = 1, 2... body
modes. These modes have nodes inside the slab. In the slender
slab limit, up to first order in (kz0)2 and kz0 for Eqs. (20) and (21),
respectively, the real solutions of the dispersion relation are

ω0 ≈ ±kcse



















1 +
ρ2

e

ρ2
0

c2
se

(

v2
Ae
− c2

se

) [

(cse − u0)2 − c2
s0

]2

2
(

c2
s0
+ v2

A0

)2 [

(cse − u0)2 − c2
T0

]2
(kz0)2



















,

(20)

ω0 ≈ u0k ± kcT0



















1 +
ρe

ρ0

[

v2
Ae
− (±cT0 + u0)2

] (

c2
s0
− c2

T0

)

M̂e

(

c2
s0
+ v2

A0

)

c2
T0

kz0



















,

(21)

where the upper signs describe the forward propagating waves,
while the lower ones describe the backward propagating waves.
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We note that the first solution, given by Eq. (20), only corre-
sponds to a surface wave. Whereas the second solution, given by
Eq. (21), may be either slow or fast depending on the choice of
the background. This solution is considered as the pseudo-body
mode for the long wavelength approximation, as noted previ-
ously. In the above relation the parameter M̂e is defined as

M̂2
e = −

[

(±cT0 + u0)2 − c2
se

] [

(±cT0 + u0)2 − v2
Ae

]

(c2
se + v

2
Ae

)
[

(±cT0 + u0)2 − c2
Te

] · (22)

Obviously the quantity M̂e has to be positive and this will impose
a restriction on the domain of flows where our study remains
valid. A simple analysis would reveal that waves will be able to
propagate in the slab provided |u0 ± cT0| < cTe or

min(cSe, vAe) < |u0 ± cT0| < max(cSe, vAe).

Both Eqs. (20) and (21) show that waves are dispersive, that is
their frequency depends on the wavelength of waves in a non-
linear way. Based on the leading order terms of the two equa-
tions, we can consider that the first equation (Eq. (20)) describes
the evolution of fast waves, while slow magnetoacoustic modes
are described by the second expression (Eq. (21)). For the case
considered in the current study, we are going to investigate the
mode that has the phase-speed approximately cT0 (when u0 = 0).
We choose this mode over the mode given by Eq. (20) as the
phase speed of this mode is affected linearly by the background
flow (in the zeroth order approximation) and can thus change
its direction of propagation, leading to the dissipative instability
mentioned previously. The imaginary part of the frequency that
is associated with the wave described by Eq. (21) is given by

ω′ = ∓





















ρr

c4
s0

k2ν (±cT0 + u0)
[

(±cT0 + u0)2 − 3c2
se
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, (23)

where ρr = ρe/ρ0 is the relative density of our equilibrium and
the Cowling resistivity, ηC given by

ηC =
v2

A0
mn(2µ − 1)

2ρ0(1 − µ)Σin

√

πmp

kBT0

, (24)

where mn is the mass of a neutral atom, Σin = 5 × 10−15 cm2 is
the ion-neutral collisional cross section and µ is the ionisation
degree of the plasma given by

µ =
1

2 − ξn
,

where ξn = ρn/ρ0 is the neutral fraction of the internal plasma.
Using the range of ion to neutral H atom number density ratio
(ρi/ρn), 0.2–0.9 given by Ruzdjak & Tandberg-Hanssen (1990),
we find a typical range for the ionisation degree µ from 0.65–
0.85. In our calculations, we assume that ρ0 = 5 × 10−11 kg m−3.
Using coronal parameters we can estimate the magnetic
Reynolds number, Rm for this particular setup. Let us define

η̂C =
v2

A0
mn

2ρ0Σin

√

πmp

kBT0

, ηC = η̂C

2µ − 1

1 − µ
· (25)

We use a length scale of approximately 107 m, which is
a typical wavelength observed in prominences which tend

to be in the range 106–108 m. Several observational evi-
dences support our choice for typical wavelength, for exam-
ple Malville & Schindler (1981) reports on observed waves
with wavelengths of 3.7 × 107 m, Thompson & Schmieder
(1991), Molowny-Horas et al. (1997) and Terradas et al. (2002)
observed waves in solar prominences with wavelengths
5.0 × 107 m, 2.0 × 107 m and 7.0 × 107 m, respectively (for
more examples see Arregui et al. 2012, and references therein).
With typical prominence background wave velocities (i.e., the
internal Alfvén and sound speeds) of 104 m s−1, the magnetic
Reynolds number is then given as:

Rm ≈ 104 1 − µ

2µ − 1
· (26)

The sign of the imaginary part of the frequency will determine
whether a wave will be damped or amplified due to instabilities.
According to the ansatz used in the present paper, ω′ > 0 s−1

would mean that the wave is amplified, while waves will be
damped in the opposite case when ω′ < 0 s−1.

4. Dissipative instability

In what follows, we are going to concentrate on the instabili-
ties that arise due to the coupling between backward propagat-
ing waves inside the slab with the counter flow. These modes
(for a particular combination of parameters) will have a positive
imaginary part of the frequency, leading to an instability con-
trary to our natural physical intuition. The imaginary part of the
frequency describing unstable behaviour is also connected to the
dissipative processes.

4.1. The slender-slab limit (kz0 ≪ 1)

For the case of a relatively cold chromospheric slab surrounded
by hot coronal material with similar magnetic fields the den-
sity ratio is small i.e. ρr ≪ 1. All the characteristic background
speeds within the slab are much smaller than outside the slab.
Since both plasma-β values are small, the flows for which we
have oscillatory solutions satisfy u0 < cTe ∓ cT0.

In this limit, the imaginary part of the frequency given by
Eq. (23) can be approximated as

ω′ ≈ ∓

c4
s0

k2
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2
A0

cT0













2cT0

(

v2
A0
+ c2

s0

)2
, (27)

where the two signs denote the forward and backward propagat-
ing wave. The straightfoward result that is obvious from Eq. (27)
is that ω′ for the forward propagating wave (corresponding to
the upper sign) is always negative, and, therefore, the forward
propagating wave is always subject to damping. In contrast, the
backward propagating wave (corresponding to the lower sign) is
damped only for a particular combination of values, but ω′ may
become positive for flows that are larger than the critical value

u0c = cT0 +
2ηCv

2
A0

3νρrkz0cT0

· (28)

In the absence of Cowling resitivity (ηC = 0, i.e. the plasma is
fully ionised), the instability occurs at flows speeds equal to cT0.
When neutrals are present in the system (i.e. ηC , 0) and the
plasma is less ionised, the Cowling resistivity tends to stabilise
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the system by increasing the threshold where instability can ap-
pear. In the limit of an incompressible plasma, (i.e. cs0 → ∞),
the critical flow speed becomes

u0c = vA0 +
2ηCvA0

3νρrkz0

, (29)

and, therefore, modes might become unstable for super-Alfvénic
flows. Previous studies, for example, by Ballai et al. (2017),
pointed out that in the case of sausage modes (see their Fig. 3),
the necessary flow to have a dissipative instability was in the re-
gion of 30 km s−1. Using the same set of parameters, our Eq. (29)
results in a critical flow speed of only 28 km s−1, that is the
two studies result in consistent critical values. The difference be-
tween the two values of critical flows may arise due to the fact
that the value obtained by Ballai et al. (2017) was obtained us-
ing numerical analysis, while the value obtained in the present
paper is determined analytically. In order to obtain Eq. (29), sev-
eral approximations were used (e.g. slender slab limit, dominant
balance method), that could account for the small discrepancy
between the two values.

It is interesting that in the case of an instability at a single
interface the critical value obtained by Ballai et al. (2015) is in
the region of 48 km s−1. However, this value cannot be com-
pared physically with our value, since while our discussion is
valid in the thin slab approximation (i.e. kz0 → 0), the results
of Ballai et al. (2015) are valid provided kz0 → ∞. However, we
may conclude that the dissipative instability in a magnetic slab
requires a lower critical flow speed for its development. There-
fore the result given in Eq. (28) suggests that once compress-
ibility is taken into account, the plasma can become unstable
at lower flow speeds (cT0 < vA0; a lower critical flow speed is
needed for the dissipative instability to occur), so compressibil-
ity tends to destabilise the plasma.

The whole partially ionised prominence is modelled here by
a slab that is surrounded by the fully ionised corona as speci-
fied earlier. In general, the width of prominences varies between
around 1–30 Mm (Lin 2011). Observations of waves in promi-
nences show that typical wave-numbers are between 10−8 and
10−6 m−1, meaning that the slender slab limit is justified to a
large extent, however, this does not cover the whole spectrum of
possible values.

We consider a slab width of ≈1 Mm, so that the set value of
kz0 = 0.01 corresponds to a wave-number of k = 2 × 10−7 m−1,
while the dimensionless quantity kz0 = 0.02, corresponds to the
wave-number k = 4 × 10−7 m−1. We assume that the tempera-
ture of the prominence is T0 = 104 K that corresponds to a sound
speed speed of cs0 = 11.7 km s−1. Assuming an Alfvén speed of
vA0 = 28.0 km s−1 results in a tube speed of cT0 = 10.8 km s−1.
When ρr = 0.02 the coronal characteristic speed are (as-
suming the same magnetic field strength in all regions):
vAe = 198.0 km s−1, cse = 83.0 km s−1, and cTe = 76.5 km s−1.
When ρr = 0.01 the coronal characteristic speeds become
vAe = 280.0 km s−1, cse = 117.0 km s−1, and cTe = 108.0 km s−1.

The variation of the critical flow speed with the ionisation
degree for compressible (based on Eq. (28)) and incompressible
(based on Eq. (29)) plasma is shown in Fig. 2. The top two pan-
els correspond to a viscosity coefficient of ν = 109 m2 s−1 that
leads to a viscous Reynolds number of R ≈ 104 (this may be
small, however it has been shown in Hollweg (1985) that in
particular coronal conditions a small Reynolds number can be
valid) with typical length scales of 107 m (again, a typically ob-
served wavelength) and typical background wave velocities of
105–106 m s−1, that is the external Alfvén and sound speeds. The
variation of the critical speed is studied for two distinct values of

the density ratio between corona and chromosphere (ρr = 0.01
and ρr = 0.02). The bottom two panels show the variation of the
critical flow speed for a viscosity coefficient of ν = 1010 m2 s−1

(corresponding to a Reynolds number of R ≈ 103), for the same
density ratios as before. In these plots, the ionisation degree, µ,
varies between 0.5 (fully ionised plasma) to one (fully neutral
fluid) and for different values of the dimensionless quantity kz0.

These figures clearly reveal that, in the case of a fully ionised
plasma, the instability occurs at flows speeds that have realis-
tic values (see e.g. Lin et al. 2005b, 2008) and the critical value
of the flow for compressional plasma is approximately half of
the flow necessary to induce an instability in an incompressible
plasma. As the concentration of neutrals is increased, there is
a critical value of this ionisation degree after which the criti-
cal flow corresponding to the incompressible plasma is lower.
At this point, the curves representing the critical flows intersect.
When either kz0 or ρr are increased the value of µ at which the
solutions cross is increased and the gradients of the flow with
respect to µ decrease. It is possible to find the critical value, µc,
when the solution paths cross, by equating Eqs. (28) and (29)

µc =

1 +
2η̂C

3νρrkz0

vA0

cT0

1 +
4η̂C

3νρrkz0

vA0

cT0

· (30)

The role of various physical parameters in the appearance of the
dissipative instability can be deduced from Fig. 2. First of all,
we keep in mind that the observed flows are sub-sonic. Compar-
ing the two left-hand panels, we see that, with a more viscous
corona, a realistic range of flow speeds for the instability to oc-
cur can be obtained even with a large fraction of neutrals present.
In the top left-hand side panel, the realistic critical flows could
appear only for plasmas that are nearly completely ionised, how-
ever, with the increase of viscosity, the plasma is more prone to
instability, even for an increased number of neutrals. That means
that viscosity has a destabilising effect. In all panels it is obvious
that once the concentration of neutrals is increased the critical
speed where instability occurs increases, meaning that neutrals
have a stabilising effect. Comparing the upper two panels we
can also observe that larger wavelength waves are more easily
developing instability. For a given ionisation degree waves with
a larger wavenumber (shorter wavelength) become unstable.

Figure 3 plots the variation of the imaginary part of the fre-
quency,ω′, with respect to the ionisation degree (µ) and the inter-
nal equilibrium flow speed for ρr = 0.01 and kz0 = 0.1 (Figs. 3a
and b) and ρr = 0.02 and kz0 = 0.2 (Figs. 3c and d). The divid-
ing line, labelled “ω′ = 0”, shows the transition between damped
(stable) waves (ω′ < 0) and amplified (unstable) waves (ω′ > 0).

In Figs. 3a and c the wave-number and viscosity coefficient
take the values of k = 2 × 10−7 m−1 and ν = 109 m2 s−1, while in
Figs. 3b and d we used k = 4 × 10−7 m−1 and ν = 1010 m2 s−1.
It is evident that for a given ionisation degree, as u0 increases,
damping is reduced below the contour ω′ = 0 s−1 and that am-
plification increases above this.

As the fraction of neutrals increases the magnitude of the
damping becomes larger below the ω′ = 0 s−1 contour and the
magnitude of the amplification decreases above this. For a given
equilibrium flow strength above the critical speed described by
Eq. (28), there will be a critical ionisation degree after which the
plasma becomes stable, meaning that the presence of neutrals,
therefore, acts to stabilise the prominence. As the coefficient of
viscosity of the corona is increased, the parameter domain where
instability can arise is much more extended.
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Fig. 2. Variation of the critical flow speed with respect to ionisation degree, µ, for the compressible case (blue lines), given by Eq. (28), and the
incompressible case (red lines), given by Eq. (29): a) and b) both with ν = 109 m2 s−1 but with ρr = 0.01 and ρr = 0.02, respectively and c) and d)
both with ν = 1010 m2 s−1 but with ρr = 0.01 and ρr = 0.02 respectively. In each the solid lines (—–) indicate kz0 = 0.1 and the dashed lines (- - -)
indicate kz0 = 0.2. The regions under the curves correspond to the stable regime.

The damping and amplification time-scales in Figs. 3a and c
are larger than 107 s which is clearly far too long for any active
prominence structure.

4.2. Numerical solutions

The analysis using the slender slab limit is very useful as a guide
towards understanding the nature and behaviour of the modes
present in the system. However, this limit is restrictive due to the
size of prominences, for which the condition kz0 ≪ 1 is not satis-
fied. Therefore, it is instructive to solve numerically Eq. (16) and
approximate the imaginary part of the frequency using Eq. (17).

Figures 4 and 5 show the variation of the imaginary part
of the frequency (ω′), with respect to the dimensionless wave-
number, kz0, for three different values of the ionisation degree
and the same viscosity coefficient. In both figures, the top pan-
els correspond to a density ratio of ρr = 0.01, while the bottom
panels were obtained for ρr = 0.02. The value of the background
flow was chosen to be u0 = 16 km s−1 (just above the internal

tube speed, cT0, in the left-hand side panels) and u0 = 28 km s−1

(close to the internal Alfvén speed, vA0, in right-hand side pan-
els), respectively. The variation of the dimensionless damping
or amplification rate is plotted against the dimensionless quan-
tity kz0, keeping k = 5 × 10−6 m−1 and allowing the width of
the slab, 2z0, to vary (see Fig. 4). In Fig. 5, we plot the same
quantity, but now the width of the slab is maintained constant at
z0 = 4 Mm (Fig. 4) and k is allowed to vary. In all cases a hori-
zontal is drawn at the ω′ = 0 level in order to clearly identify the
behaviour of the rate of change of the amplitude.

Figure 4 shows that at flow speeds just above the inter-
nal tube speed of the prominence, the pseudo-body mode and
the n = 1 body modes are unstable when µ = 0.5, that is
when the prominence is fully ionised. As the ionisation frac-
tion increases (that is more neutrals are taken into account) all
modes become stable and their amplitudes are damped, with the
pseudo-body most being the more damped. This results confirms
earlier findings that neutrals have a stabilising effect. As kz0 is
increased (larger slab sizes) both the damping and amplification
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Fig. 3. Contour plots showing the variation of ω′ with respect to the internal background flow speed, ui, and the ionisation degree µ. Red indicates
a positive value of ω′ (amplification) and blue indicates a negative value of ω′ (damping). The colour bar shows the numerical value of ω′ and the
contour labelled ω′ = 0 indicates the transition between amplification and damping of the wave. Panels a and b both use the parameters ρr = 0.01,
kz0 = 0.1, and k = 2 × 10−7 m−1 but with ν = 109 m2 s−1 and ν = 1010 m2 s−1 respectively. In the panels c and d we used ρr = 0.02, kz0 = 0.2 and
k = 4 × 10−7 m−1 along with ν = 109 m2 s−1 and ν = 1010 m2 s−1, respectively.

of modes is reduced. When the equilibrium flow is increased
to u0 = 28 km s−1 (Fig. 4b) modes will use the increased flow
speed for additional energy, waves will become unstable much
easier. Now, the increased amount of neutrals is not enough to
stabilise completely the body mode; the body mode correspond-
ing to µ = 0.75 is stable only for very a thin slab. For an even
larger concentration of neutrals (µ = 0.95), both the body and
pseudo-body mode are damped. Comparing the results obtained
for the two flow values we can observe that the amplification rate
increases with the value of the equilibrium flow.

When the density contrast between the prominence and
corona is increased the qualitative behaviour of modes in the
fully ionised case does not change, however, significant varia-
tions occur in the behaviour of the pseudo mode corresponding
to µ = 0.75. At this concentration of neutrals, the pseudo-body
mode remains stable only for large wavelengths after which it
becomes unstable. For a value of kz0 ≈ 4, the modes becomes

stable again. This latter effect could be attributed to dispersion.
Finally, when the equilibrium flow is increased the pseudo-body
mode corresponding to an ionisation degree of 0.75 stays stable
only for very large wavelengths. The n = 1 body modes be-
comes unstable for a given value of kz0. These results confirms
our finding that an increased flow speed is generating instability
in modes.

When the magnetic slab width is kept constant (Fig. 5) the
variation of the imaginary part of frequency is investigated be-
tween the limits of long and short wavelength. All figures re-
veal that the most unstable or damped regime appears in the
long wavelength approximation, while for small wavelengths all
rates tend to zero. Similar to the previous case, the amplifica-
tion or damping rate increases by almost an order of magnitude
when the flow speed is increased. The maximum of the amplifi-
cation rate occurs at larger wavelengths, once the concentration
of neutrals is increased. Similar enhancement of the damping or
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Fig. 4. Variation of the imaginary part of the frequency (ω′) for pseudo-body (—) and n = 1 (· ·) body mode with respect to dimensionless wave-
number, kz0. We fix the wavenumber at k = 5 × 10−6 m−1 with the slabwidth varying. For each separate diagram the background flow speed has
been taken to be u0 = 16.0 km s−1 and u0 = 28.0 km s−1, respectively. Panels a and b correspond to ρr = 0.01, while panels c and d to ρr = 0.02.
All panels a–d use a viscosity coefficient of ν = 1010 m2 s−1. Black lines denote an ionisation degree of µ = 0.5, red and blue lines correspond to
µ = 0.75 and µ = 0.95, respectively.

amplification rate can be observed when the density contrast is
increased.

5. Conclusions

The main focus of the current investigation is the dissipative in-
stability associated with negative energy waves (Ryutova 1988),
that is backward propagating waves that are amplified during
their propagation in a partially ionised prominence plasma slab
surrounded by a fully ionised and viscous corona. We derived
the dispersion relation for compressible sausage modes (see
Eq. (15)), described by a highly transcendental equation. The
frequency of modes is approximated using a regular perturba-
tion method in the slender slab limit, that is when kz0 ≪ 1,
and two solutions were found: one mode that propagates with
the phase speed of the external sound speed and the other mode
that progresses at the phase speed of the internal tube speed, cT0,

Doppler-shifted with the internal flow speed, u0. For the second
of these two cases, the phase speed of the backward propagating
mode reverses direction when the internal flow speed is approx-
imately equal to the internal tube speed. Our study deals only
with the stability question of slow sausage modes, as these are
the most likely to become unstable given the thresholds of equi-
librium flow speeds.

The coupling of backward propagating modes and the equi-
librium flow may result in reversing the propagation direction of
modes. Further, the flow serves as a source of energy for wave
amplification. The amplification rate is proportional to the value
of dissipative coefficients. The instability only occurs for flow
speeds larger than the internal tube speed and this threshold in-
creases when more neutrals are present in the system. In con-
trast, the critical speed is inversely proportional to the viscosity
coefficient of the fully ionised corona. In addition, the critical
speed increases with the increase in the wavelength. This result
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Fig. 5. Same as Fig. 4, but with the width of the slab fixed at z0 = 4 Mm and the wavenumber now the varying quantity.

is rather remarkable, as it shows that modes propagating along
the prominence slab can become unstable for flows that are in
the observable range (in contrast, a Kelvin-Helmholtz instability
requires flow speeds that are super-Alfvénic).

To investigate the effect of compressibility we compared
our results to the results obtained in the incompressible limit,
a similar case that is found in Ballai et al. (2017) for long wave-
length limit. First of all, the critical flow threshold derived by
us agrees very well with the values obtained for sausage modes
by Ballai et al. (2017), but these are both super Alfvénic flows.
For a compressible plasma, the critical speed was obtained to
be sub-Alfvénic, which is more realistic, as it lies in the mid-
range of values for equilibrium flows presently observed in so-
lar prominences. The flow values determined by us are much
smaller than the critical values determined by Ballai et al. (2015)
for the single interface, meaning that guided waves need smaller
flow speed to become unstable. However, depending on the ion-
isation degree of the plasma, this statement does not hold for a
larger proportion of neutrals. Therefore, when the plasma has

a sufficient amount of neutrals present, the interface is more
stable than in the incompressible case. It is worth comparing the
main results of the present study with the results by Ballai et al.
(2017). While the value of the characteristic speed for which
backward propagating waves in the slender slab limit (kz0 = 0.1
for comparison purposes) become unstable was found to be in
the region of 30 km s−1, our analysis shows that these waves, in
the presence of compression, can become unstable for speeds of
the order of 10 km s−1. Inspecting the value of the imaginary part
of the frequency (the quantity that describe the instability incre-
ment of waves), the values obtained in the compressional limit
would be at least three orders of magnitude smaller than the val-
ues obtained by Ballai et al. (2017). This reveals the fact that the
compressibility can also have a stabilising effect on the plasma.

The imaginary part of the frequency varied with flow speed
and ionisation degree and in all investigated case these instabil-
ities proved to be slow, the time scales involved could well be
of the order of 107 s in the long wavelength limit. The numer-
ical analysis of the dispersion relation for a large spectrum of
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parameters reveals that the amplification rate can reach values of
the order of 10−5 s−1 such that instabilities have a characteristic
time of 105 s

The slender slab limit, while being fairly instructive for ana-
lytically modelling the properties of the modes and instabilities,
did not provide a full picture of the behaviour of modes and the
stability of the plasma structures. That is why we solved the full
dispersion relation numerically in order to investigate how vary-
ing the importance of dispersive effects change the imaginary
party of the frequency. For pseudo-body modes the largest am-
plification rate was obtained for a flow speed of 28 km s−1 and
the maximum value was attained for kz0 ≈ 1, that is a wavelength
which is comparable with the transversal size of the slab. The
amplification rate of the wave amplitudes dropped off rapidly
with increasing kz0. Again, the absolute value of the amplifica-
tion rate and damping rate was fairly of course very dependent
to changes in ν and ρr. For the body-mode (n = 1), the effect of
a larger proportion of neutrals is to damp the waves more signif-
icantly than the previous body mode. The amplification for these
modes, caused by the dissipative instability, was much lower
than for the pseudo-body mode, so they are less likely to cause
unstable behaviour than the pseudo-body mode would.

In conclusion, our numerical analysis reveals that for a given
density ratio and flow speed the inclusion of neutrals stabilises
the plasma. This result could be easily understood, however, it
difficult to prove given the framework used to describe the in-
stability. Once the number of neutrals increases, the collisions
between heavy particles (ions and neutrals) will distribute the en-
ergy stored in waves. However, this aspect cannot be evidenced
in a single fluid description. Our aim is to expand in the near fu-
ture the current analysis to a two-fluid model and investigate the
role of collisions between heavy particles in the stability of the
plasma.

Increasing the value of the flow will increase the damping
or amplification rate of modes making the stable modes become
unstable, therefore the flow has a destabilising effect. This con-
clusion is again easy to understand keeping in mind that the dis-
sipative instability (and implicitly negative energy waves) use
the background equilibrium flow as a source of energy. The am-
plification of waves is more pronounced for short wavelengths
and intermediate slab thickness.
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