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Doppler spectra of airborne ultrasound forward scattered by the
rough surface of open channel turbulent water flows
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Experimental data are presented on the Doppler spectra of airborne ultrasound forward scattered by

the rough dynamic surface of an open channel turbulent flow. The data are numerically interpreted

based on a Kirchhoff approximation for a stationary random water surface roughness. The results

show a clear link between the Doppler spectra and the characteristic spatial and temporal scales of

the water surface. The decay of the Doppler spectra is proportional to the velocity of the flow near

the surface. At higher Doppler frequencies the measurements show a less steep decrease of the

Doppler spectra with the frequency compared to the numerical simulations. A semi-empirical equa-

tion for the spectrum of the surface elevation in open channel turbulent flows over a rough bed is

provided. The results of this study suggest that the dynamic surface of open channel turbulent flows

can be characterized remotely based on the Doppler spectra of forward scattered airborne ultra-

sound. The method does not require any equipment to be submerged in the flow and works remotely

with a very high signal to noise ratio.
VC 2017 Author(s). All article content, except where otherwise noted, is licensed under a Creative
Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).
https://doi.org/10.1121/1.5011183
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I. INTRODUCTION

The Doppler spectra of the signals of the airborne radar

backscattered by the ocean water surface have been studied

extensively in the past with the aim of characterizing the

amplitude, period, and direction of the ocean waves.1,2

Backscattered Doppler spectra are generally dominated by

the Bragg scattering mechanism, which produces a stronger

backscattering from the surface waves with the wavelength

of approximately half the wavelength of the incident scatter-

ing wave.3 In the microwave or airborne ultrasonic range of

frequencies, the surface waves that are responsible for Bragg

scattering are short capillary ripples, which are subject to

modulations by longer waves4,5 or by the flow current.6 This

complicates the interpretation of the measurements, espe-

cially in rivers6,7 where the dynamics of short waves are still

largely unknown.

Forward scattering occurs when the receiver is located

in a near-specular direction with respect to the source.

Forward scattering or so-called bistatic arrangements have

been suggested as an alternative to backscattering, which

enables the investigation of the spectrum of the longer and

dominant waves in the ocean,8,9 or the direct estimation of

the wind and waves velocity.10 If scattering is limited to the

region of specular reflection, the Doppler spectra have a sin-

gle maximum at the frequency of the incident signal. The

width of the spectra relates to the relative roughness of

the scattering surface,11 and to the directivity pattern of the

source.12 Therefore, the behavior of the spectra can provide

information about the statistics of the water surface. There

are some advantages of the forward scattering arrangement

with respect to the backscattering arrangement: (i) the

dynamics of the larger surface waves that govern the behav-

ior of the Doppler spectra are easier to measure, and more

predictable; (ii) the signal-to-noise ratio is much higher than

in backscattering; and (iii) the measurements can be carried

out with a transducer with a broad directivity, allowing an

investigation over a wide range of surface roughness scales.

In rivers, estimations of the mean flow velocity near the

surface can also be obtained based on a delay-Doppler analy-

sis applied to ultra high frequency radar in a bistatic configu-

ration.13,14 With this technique, the limited time delay

resolution impedes the measurement of the longer waves

that propagate parallel to the flow direction, which dominate

the spectrum of the surface patterns,15 ultimately eliminating

the advantages of forward scattering over backscattering.14

The scattering of ultrasound is easier to study and interpret

compared to radio wave scattering due to the absence of

polarization. The use of a narrowband signal in the forward

scattering configuration eliminates the issue of time delay

resolution, and the wide directivity allows the simultaneous

observation of the surface behavior over a large area of the

rough surface, including the region near the point of specular

reflection where the signal-to-noise ratio is maximum.

In this work, the experimentally measured Doppler

spectra of airborne narrowband ultrasound signals forward

scattered by the water surface over a wide range of flow con-

ditions are presented. The ultrasonic measurements were

performed in a laboratory flume, where the statistics of the

water surface were simultaneously characterized.15 A linear

random-phase model of the three-dimensional dynamica)Electronic mail: g.dolcetti@sheffield.ac.uk
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surface was developed based on the measured surface statis-

tics, and implemented in a Monte Carlo simulation of the

scattered acoustic field based on the Kirchhoff approxima-

tion. The linear random-phase model of the surface rough-

ness employed in this work yields a Gaussian distribution of

the surface elevation f.16 The use of this model for the pre-

sent study was justified by previous observations of

Gaussian (at least at first-order) statistics of the water surface

elevation in open channel turbulent flows,17,18 over a similar

range of flow conditions as the one described in this work.

The comparison between the measured and modeled

Doppler spectra allows a rigorous interpretation of the meas-

urements, and demonstrates the link between the forward

scattered acoustic field and the characteristic spatial and tem-

poral scales of the water surface. These are linked to the

hydraulic conditions of the turbulent flow by the parametric

definition of the surface model, inspired by the experimental

observations detailed in Ref. 15. The results of this study can

pave the way for the development of a new range of remote

measurement devices that are able to characterize the flow

conditions remotely with a reliability superior to techniques

based on backscattered Doppler.

The paper is organized in the following manner. The

experimental acoustic setup and the hydraulic conditions of the

investigated flows are reported in Sec. II. The numerical model

is described in Sec. III. The numerical predictions of the

Doppler spectra for different parameters of the water surface

are described in Sec. IV. Experimental and numerical results

are compared in Sec. V. Section VI summarizes the main

results of the study. The fundamental equations that define the

model of the dynamic water surface of an open channel turbu-

lent flow over a rough bed are presented in the Appendix.

II. EXPERIMENTAL SETUP

A. Acoustic setup

For the experiments reported in this work, a 70 mm direc-

tional ultrasonic transducer (Pro-Wave ceramic type

043SR750, Pro-Wave Electronics Corporation, New Taipei

City, Taiwan, R.O.C.) emitting ultrasound with the frequency

of 43 kHz was employed. A schematic of the measurement

setup is shown in Fig. 1. The transducer was installed in a

12.6 m long and 0.459 m wide rectangular laboratory flume, at

the distance of 8 m from the flume inlet. The transducer faced

toward the inlet, and was inclined downward toward the bot-

tom of the flume by the angle w¼ 30 deg. The scattered

acoustic field was recorded with a 1/4 in. Br€uel and Kjær

(Br€uel and Kjær, Nærum, Denmark) 4939-A-011 microphone

with type 2670 pre-amplifier. The microphone was located at

the distance of 692.8 mm from the transducer, toward the

flume inlet. A flow of water with homogeneous mean depth H
and mean surface flow velocity U0 was circulated in the

flume. The flume bed was covered with three layers of plastic

spheres with the diameter of 25.4 mm, arranged according to

a hexagonal compact lattice. Details of the hydraulic setup

and of the dynamic behavior of the water surface observed in

the experimental conditions are described in Ref. 15. Both the

transducer and the microphone were installed along the flume

centerline. Their elevation above the mean water surface level

was adjusted before each measurement and kept constant at

200 mm with an estimated uncertainty of 5 mm. The scattered

acoustic field was recorded with the sampling frequency of

500 kHz. Fifty independent measurements of the acoustic

field were performed in each of the flow conditions discussed

in Sec. II B. Each measurement had the duration T equal to

one second. The average of the Doppler spectrum across the

50 independent measurements was calculated according to

Eq. (13).

The directivity pattern of the ultrasonic transducer at the

frequency of 43 kHz was measured in an anechoic chamber.

The details of these measurements have been described in

Ref. 19. The directivity pattern of the same ultrasonic trans-

ducer used for this work was found to be approximated by

the far-field directivity of a vibrating piston with radius

ra¼ 20 mm inserted in a rigid infinite baffle, i.e.,20

D hð Þ ¼ 2
J1 jra sin hð Þ
� �
jra sin hð Þ

; (1)

where J1 is the Bessel function of the first kind, j is the

acoustic wavenumber j¼xa/c, c¼ 340 m/s is the speed of

sound, xa¼ 2pfa, and fa¼ 43 kHz is the frequency of the scat-

tered signal in air. h is the angle with respect to the axis of the

transducer. The response of the microphone was considered

to be omnidirectional at the frequency used for this study.

Due to a relatively large distance between the transducer

and the water surface, it was assumed that the scattering of

ultrasound during the experiments occurred in the far-field.

Therefore, the complex amplitude of the incident acoustic

field at a generic coordinate r could be represented as

Pi r; Sð Þ ¼ CD h r; Sð Þð Þ eijjr�Sj

jr� Sj ; (2)

where S is the vector coordinate of the center of the trans-

ducer and C is a calibration factor related to the transducer

sensitivity. The time-dependent incident acoustic field at the

location r is given by

FIG. 1. A schematic of the measurement setup. The acoustic transducer

indicated by the letter S emits ultrasound with the directivity patter D. This

is scattered by the rough surface R with normal n, and recorded by a micro-

phone M.
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Pðr; tÞ ¼ Piðr; SÞe�ixat; (3)

where t is time and xa is the radian frequency of the input

signal. At a fixed distance jr� Sj from the transducer, the

maximum of the field amplitude is found along the main axis

of the transducer, where h(r,S) is equal to zero.

A schematic of the measurement setup with the defini-

tion of the system of reference is shown in Fig. 2. The x-y
plane of the Cartesian coordinate system coincided with the

flat water surface, which corresponded to the average eleva-

tion from the flume bed. The center of the coordinate system

was located at the intersection of this plane with the axis of

the transducer. The x axis was defined parallel to the flume

centerline, oriented along the direction of the flow. The y-

axis corresponded to the transverse direction. The elevation

of the water surface in time and space was defined by the

function z¼ f(x,y,t), where the z coordinate coincided with

the normal to the average flat surface, pointing upward. For

both the experiments and the numerical simulations reported

in this work, the transducer and the receiver had the

coordinates (in millimeters) of S¼ (346.4,0,200.0) and

M¼ (�346.4,0,200.0), respectively.

B. Water surface parameters

The experiments were performed in a wide range of sub-

critical flow conditions, each one represented by different val-

ues of the homogeneous mean flow depth, H, and of the mean

surface flow velocity, U0. These quantities are reported in

Table I for each measured flow condition, together with the

corresponding Froude numbers and Reynolds numbers defined

as F ¼ U0=
ffiffiffiffiffiffi
gH
p

and Re¼U0H/�, respectively, where g is the

gravity constant and � is the kinematic viscosity of water.

In the same range of flow conditions investigated in this

study, Dolcetti et al.15 demonstrated that the statistics of the

water surface elevation are linked directly to the hydraulic

flow conditions. The characteristic horizontal scale of the

surface roughness is represented by the reciprocal of the

wavenumber k0, which is the wavenumber of the stationary

waves. These waves are generated by the interaction of the

flow with the rough static bed, and they propagate against

the flow at a velocity equal to the mean surface velocity, so

that they appear static to an external observer. In Ref. 15, the

wavenumber k0 and the dynamics of the water surface were

determined based on a numerical procedure that allows tak-

ing into account the vertical variation of the time-averaged

streamwise flow velocity.21,22 This procedure becomes

unstable when the velocity of propagation of the surface

waves is smaller than the mean surface velocity, and when

the waves propagate against the flow. Therefore, in this work

the time-averaged streamwise flow velocity at each depth

was approximated by its value near the surface, U0. With

this approximation, the wavenumber k0 can be found as the

solution of

k0U0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gþ c
q

k2
0

� �
k0tanh k0Hð Þ

s
; (4)

where c and q are the surface tension coefficient and the den-

sity of water, respectively. k0U0 has the dimensions of a

radian frequency, and it corresponds to the characteristic fre-

quency of the surface fluctuations.15

FIG. 2. Sketch of the geometry of the problem. The surface elevation f is

defined with respect to the polar coordinate q. The angle h is measured from

the axis of the transducer. The transducer and the receiver have the coordi-

nates S and M, respectively, and their axes are inclined by the angle w with

respect to the horizontal plane.

TABLE I. Test flow conditions.

Flow condition H (mm) U0 (m/s) F (—) Re (—) r (mm) k0 (rad/m) 2k0U0 (rad/s)

1 72.9 0.35 0.41 2.5� 104 0.40 84.3 59.1

2 101.0 0.41 0.41 4.1� 104 0.50 59.9 49.1

3 42.2 0.30 0.47 1.3� 104 0.25 120.8 72.5

4 101.3 0.49 0.49 4.9� 104 1.79 41.4 40.6

5 43.0 0.34 0.52 1.5� 104 0.49 89.9 61.1

6 73.1 0.46 0.54 3.4� 104 1.21 47.0 43.2

7 40.5 0.36 0.57 1.5� 104 0.34 78.9 56.8

8 43.4 0.40 0.61 1.7� 104 0.46 62.5 50.0

9 99.0 0.60 0.61 5.9� 104 2.03 27.1 32.5

10 72.4 0.54 0.64 3.9� 104 1.17 33.4 36.1

11 43.1 0.43 0.66 1.8� 104 0.57 53.1 45.7

12 73.2 0.58 0.68 4.2� 104 1.10 28.4 32.9
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The dynamics of the water surface are described by the

dispersion relation of gravity-capillary waves propagating

over a flow with depth-wise constant time-averaged stream-

wise velocity,

X k; bð Þ ¼ kU0jcos bð Þj

þsign cos bð Þð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gþ c
q

k2

� �
k tanh kHð Þ

s
; (5)

where k is the wavenumber modulus of the gravity-capillary

waves on the free surface, and b is the angle between their

direction of propagation and the x-direction. The first term on

the right-hand side of Eq. (5) represents the advection by the

flow, which is proportional to the mean surface velocity U0.

The characteristic vertical scale of the surface fluctua-

tions is represented by the standard deviation of the elevation

function f, which is denoted by r. A unique direct relation-

ship between r and the hydraulic conditions has not been

identified yet. Therefore, the standard deviation was mea-

sured for each flow condition and at multiple locations using

a set of conductance wave probes. These measurements are

described with more detail in Ref. 15.

III. NUMERICAL MODEL

A. Acoustic model

The Kirchhoff approximation describes scattering from

a smooth surface, where the condition

v ¼ jRc sin3 w� 1 (6)

is satisfied. In Eq. (6), Rc is the curvature radius of the scat-

tering surface and w is the angle of incidence of the acoustic

waves determined by the inclination of the transducer (see

Fig. 2). v is called the Kirchhoff parameter. In this study, the

Kirchhoff parameter was determined based on an equivalent

curvature radius Rc, calculated from the reciprocal of the

Gaussian curvature Kc, as

Rc ¼
ffiffiffiffiffi
1

Kc

r
; (7)

where the standard formula for the Gaussian curvature is

Kc¼
@2f
@x2

@2f
@y2
� @2f

@x@y

 !2
2
4

3
5 1þ @f

@x

� �2

þ @f
@y

� �2
" #�2

:

(8)

Based on the Kirchoff approximation, the acoustic

potential field generated by a transducer with coordinates

S¼ (xs,ys,zs), scattered by the rough surface R, and recorded

at the location M¼ (xm,ym,zm) is equal to23

PðM;tÞ¼ e�ixat

ðð
R

nðqÞ �r Piðq;SÞG0ðM;qÞ½ �dq; (9)

where the variable of integration q ¼ ðx; y; fðx; y; tÞÞ is

defined on the rough surface R with unit normal vector n.

G0ðM; qÞ represents the free-field Green’s function, defined as

G0 M; qð Þ ¼ � 1

4p
eijjq�Mj

jq�Mj : (10)

In practice, the integration of Eq. (9) can be performed with

respect to q0 ¼ ðx; yÞ on the average flat surface R0, after a

change of variable,

q ¼ q0 þ fez; (11)

where ez is the unit vector in the direction z, and

dq ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ @f

@x

� �2

þ @f
@y

� �2
s

dq0: (12)

In this work, the average Doppler power spectrum of the

scattered acoustic field was defined as24

S xð Þ ¼ 1

T

*����
ðT

0

P M; tð Þei xþxað Þt dt

����
2
+
; (13)

where T was the total duration of one measurement, and the

angular brackets represent averaging over a number of ran-

dom realizations, or independent measurements. The defini-

tion of Eq. (13) was applied to both the experimentally

measured scattered field and to its synthetic realizations

obtained for random realizations of the surface f, based on

the numerical integration of Eq. (9).

For the numerical model, the integrand of Eq. (9) was

calculated on a rectangular two-dimensional grid with a grid

spacing of Dr. The grid had the dimensions Lx and Ly in the

x- and y-directions, respectively. Random realizations of the

surface elevation in time were generated based on the proce-

dure described in Sec. III B. The acoustic field was calcu-

lated independently for each realization at a discrete set of

time intervals, according to a frozen-surface approxima-

tion.24 The time step used for the analysis was defined as Dt.
The factor expð�ixatÞ was not considered during the calcu-

lation of the instantaneous field with Eq. (9) since it cancels

out based on the definition of the Doppler spectrum in Eq.

(13). This allowed increasing the time step above the limit

imposed by the Nyquist criterion based on xa.

B. Surface model

According to the linear random-phase surface model

implemented for this study, one realization of the surface

elevation at the time t can be described by the cosine

series16

fðx; y; tÞ ¼
X

p

X
q

npqapq cos kpq � q0 � XðkpqÞtþ Upq

� 	
;

(14)

where kpq ¼ kp½cosðbqÞex þ sinðbqÞey� is a wavenumber vec-

tor defined on the discrete grid kp ¼ pDk; p ¼ 0; 1;…, and

bq ¼ qDb; q ¼ 0; 1;…. npq and Upq are real random varia-

bles, and apq are the coefficients of the series. For a linear

random-phase model, npq is normally distributed, and Upq is

uniformly distributed in the interval (�p,p].16 The evolution
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of the surface in time is governed by a dispersion relation

X(kpq), such as the one presented in Eq. (5). The coefficients

apq are obtained from the directional spectrum of the surface

elevation W(k,b) by means of

a2
pq

2
¼
ð

Dkp

ð
Dbq

W k; bð Þk dk db; (15)

where Dkp ¼ ðkp � Dk=2; kp þ Dk=2Þ and Dbq ¼ ðbq � Db=
2; bq þ Db=2Þ are intervals with size Dk and Db centered

about kp and bq, respectively. In the study of water surface

waves, the directional spectrum W(k,b) is often factorized as

(e.g., Ref. 25)

Wðk; bÞ ¼ ŴðkÞDðk; bÞ (16)

in order to isolate the dependence on the direction of propa-

gation b. The function Dðk; bÞ is called the directional distri-

bution of the surface waves, and it is, in general, a function

of the wavenumber.

The generation of random realizations of the surface ele-

vation requires the knowledge of the two factors of the sur-

face directional power spectrum, ŴðkÞ and Dðk; bÞ, and the

dispersion relation Xðk; bÞ ¼ XðkÞ given by Eq. (5). A gen-

eral form of the surface directional spectrum has not been

determined yet for the waves that propagate over a turbulent

open channel flow. This spectrum cannot be inferred from

the measurement of the surface frequency spectrum, espe-

cially when the flow mean surface velocity is of similar order

of magnitude of the phase and group velocities of gravity-

capillary waves.26 For waves propagating in open channel

flows where turbulence is generated by active or passive

grids, Savelsberg and van de Water27 measured a power-

function spectrum with the form ŴðkÞ / k�a, and with the

exponent a � 8. Power-function spectra of the surface eleva-

tion have been predicted also theoretically based on the rapid

distortion theory for the waves generated by turbulence in a

vertically sheared flow.28 In a range of flow conditions simi-

lar to the one investigated in this study, Horoshenkov et al.17

suggested a Gaussian quasi-harmonic behavior of the spatial

correlation function of the surface elevation, which indicates

a Gaussian shape of the spectrum. This type of spectrum was

found to largely underestimate the surface slopes when com-

pared to measurements in a real river.29

Very few measurements of the directional distribution

Dðk; bÞ of the waves over turbulent flows have been presented.

By comparing the spatial correlation of the surface elevation

measured along the streamwise and the transverse directions,

Savelsberg and van de Water27 observed that the anisotropy of

the surface spectrum was related to the eventual anisotropy of

the turbulent flow in the case of grid-generated turbulence.

Dolcetti et al.15 observed a strong link between the period of

the fluctuations of the spatial correlations and the wavelength

of the stationary waves produced by the bed roughness, and

measured spatial correlation functions that were only weakly

dependent on the spatial direction. The apparent isotropy of the

correlation measured in Ref. 15 was explained in terms of the

predominance of waves with the same wavenumber k0 that

propagated in all directions. Teixeira and Belcher28 presented

theoretical predictions of the directional distribution of the

waves generated by resonance with turbulence in a vertically

sheared flow. These authors suggested a dependence similar to

cos2ðb� pÞ (in the notation used for this study), with a slight

broadening and the appearance of bimodal distributions at low

wavenumbers. The observation of the cos2 distribution was

limited to the waves that propagated against the flow and were

able to resonate with it, while the growth of waves that propa-

gate downstream with jbj < p=2 was not predicted by the the-

ory presented in Ref. 28.

In this work, the power-function spectrum ŴðkÞ / k�a

observed in Ref. 27 was adopted since its significance for

water waves over turbulent flows is well established.28 The

longest waves observed in Ref. 15 had the wavenumber mod-

ulus equal to k0. Therefore, k0 was chosen as the lower cutoff

of the spectrum for this study. The numerical results presented

in Sec. IV were obtained with two different values of a,

namely, a¼ 5 and a¼ 7. These values are representative of

the range of a that provided a better fit with the measured

Doppler spectra also reported in Sec. IV, across the measured

range of flow conditions. Values of the spectrum slope smaller

than a¼ 5 were found causing a decrease of the Kirchhoff

parameter below the range where the Kirchhoff approxima-

tion is believed to be accurate due to the increased effects of

short waves with larger curvature. Therefore, simulations with

a smaller than 5 are not discussed in this study.

The experimental conditions investigated in this study

were similar to those measured in Ref. 15 where the surface

waves were suggested to be generated mainly by the inter-

action with the rough bed, and waves that propagated down-

stream were clearly identified, although with an amplitude

smaller than that of the upstream-propagating waves. The

cos2 distribution suggested in Ref. 28 is not able to repre-

sent both downstream- and upstream-propagating waves

correctly. Therefore, in this study the function Dðk; bÞ was

described by means of two standard directional distribu-

tions, which have had applications in oceanography: the so-

called Poisson distribution and the sech2 distribution.25

These are defined by Eqs. (A1) and (A2) in the Appendix.

Dolcetti et al.15 found that most short waves with the wave-

number modulus larger than k0 were propagating either

along or against the mean flow direction x, but always paral-

lel to it. The waves with the wavenumber modulus equal to

k0, instead, were found to propagate in all directions. The

power spectrum of these waves had a maximum for the

waves that propagated against the flow direction, with

b¼ p, while it had a minimum for the waves that propa-

gated downstream, with b¼ 0. The ratio of the power spec-

tra for the waves propagating in the two opposite directions,

W(k0,p)/W(k0,0), was found to be between 10 and 102 in

Ref. 15. Both directional distributions used for this study

depend on a single parameter, b. This parameter defines the

value of the ratio

L ¼ ~DðpÞ= ~Dð0Þ; (17)

where ~DðbÞ ¼ Dðk0; bÞ is the directional distribution of the

waves with wavenumber k¼ k0. For these waves, the value
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L ¼ 101:5 was chosen, in accordance with the observations

in Ref. 15.

In order to represent the different behavior of the vari-

ous types of waves observed in Ref. 15 (namely, waves with

wavenumber modulus k¼ k0 propagating in all directions,

and waves with wavenumber modulus k� k0 propagating

only parallel to the x-direction, with b¼ 0 or b¼p), a set of

delta functions were introduced in the general definition of

the directional spectrum as follows:

W k;bð Þ¼ ~W kð Þ ~D bð Þ

� d k�k0ð ÞþH k�k0ð Þ
k

d bð Þþd b�pð Þ½ �

 �

:

(18)

In Eq. (18), H is a Heaviside step function, d is a delta func-

tion, and

~W kð Þ ¼ W0

k

k0

� ��a

: (19)

The delta functions in Eq. (18) select the specific types of

waves observed in Ref. 15 and impose either their wavenum-

ber modulus or their direction of propagation deterministi-

cally. The term d(k � k0) in Eq. (18) identifies the waves with

the constant wavenumber modulus k0, which propagate radi-

ally, with an amplitude that is governed by the directional dis-

tribution ~DðbÞ. Replacing k¼ k0 in Eq. (5), and letting b vary

between –p and p with the definition of k0 provided by Eq.

(4), one finds that the frequency of these waves varies

between 0 (when b¼p) and 2k0U0 (when b¼ 0). The terms

with d(b) and d(b � p) in Eq. (18) represent waves that prop-

agate downstream and upstream, respectively, parallel to the

direction of the flow. The spectrum of these waves decays

like / k�a according to Eq. (19), and their wavenumber mod-

ulus is k� k0 as a result of the Heaviside step function. The

waves that propagate downstream with b¼ 0 have the fre-

quency larger than 2k0U0, while the waves that propagate

upstream with b¼ p can have any frequency larger than 0. As

a result of employing the same factor ~DðbÞ across the whole

range of wavenumbers in Eq. (18), the same ratio L ¼ 101:5

between the amplitude of the upstream-propagating and

downstream-propagating waves was effectively extrapolated

to the shorter waves with k> k0.

The synthetic surface realizations that were imple-

mented in the acoustic model described in Sec. III A were

determined based on Eq. (14), where the coefficients apq

were calculated based on the spectrum defined in Eq. (18).

The specific shape of this spectrum allowed the separation of

the terms of the cosine series that pertain to the different

types of waves, so that three distinct sets of summations over

a single index could replace the double summation in Eq.

(14). The details of these calculations are reported in the

Appendix.

Although the spectrum described by Eq. (18) may not

apply, in general, to the waves at the free surface of turbulent

flows, it is believed that its simple standard formulation would

allow an easy future validation or eventual improvement of

the results presented in this study. Meanwhile, the choice to

use two different directional distributions and two different

values of the spectrum exponent a enable the observation of

the effects of the shape of the surface spectrum on the acous-

tic Doppler spectra.

C. Numerical computation

Synthetic surface realizations were generated according to

Eq. (14) with formulae (A3)–(A8), based on the values of k0

obtained from Eq. (4), and based on the measured standard

deviation of the surface elevation, r, reported in Table I. In

these realizations, f was evaluated on the same spatial and tem-

poral grid employed in the acoustic model. This grid had the

dimensions Lx¼ 2 m, Ly¼ 0.5 m, and the grid spacing Dr¼ ka/

10, where ka was the acoustic wavelength at the frequency of

43 kHz, equal to 7.9 mm. The grid spacing on the surface was

smaller than the value recommended for boundary element

methods calculations,30 ka/5, and it was sufficient to reach

good convergence in the acoustic calculations. The coefficients

of Eq. (A3) were calculated using Db¼ 2p/251 rad,

q¼ 1,2,…,2p/Db and Dk ¼ 2p=Lx; p ¼ k0=Dk;…; kN=Dk, so

that only the waves with the wavenumber k0	 kp	 kN were

modeled, where kN¼ 2p/0.005 rad/m, corresponding to a wave-

length of 5 mm. The value of Db was chosen in order to ensure

that k0Db<Dk for each flow condition. The time length of

each realization was T¼ 1 s, similar to that used in the experi-

ments, and the time step used in the simulation, Dt, was equal

to 0.001 s.

The Kirchhoff parameter v was calculated at each reali-

zation based on Eq. (6), with the characteristic angle of inci-

dence w equal to 30 deg, and with the radius of curvature Rc

given by Eq. (7). Rc varies in space and time with the gra-

dients of the surface elevation. In order to check the validity

of the Kirchhoff approximation, the minimum of Rc was cal-

culated in space for each surface realization. The calculation

was limited to the instantaneous surface realizations at the

instant t¼ 0, in light of the ergodicity of the process. An

absolute minimum was then identified across all realizations,

and replaced into Eq. (6) to estimate the minimum expected

value of the Kirchhoff parameter v. Across all simulations

presented in this work, this minimum was found to be equal

to 6.5, calculated for flow condition 3 and a¼ 5. This value

is believed to be sufficient to assume the validity of the

Kirchhoff approximation in the range of conditions investi-

gated in this study.

The validity of the surface model was tested by compar-

ing the average frequency power spectra and zero time-lag

spatial correlation functions of the synthetic surface with

those measured by means of arrays of conductance wave

probes in the way described in Ref. 15. The average fre-

quency spectra of the measured and synthetic surfaces are

shown in Fig. 3(a), while the corresponding correlation func-

tions are shown in Fig. 3(b), as determined for flow condi-

tion 6. Both the measured and modeled frequency spectra

shown in Fig. 3(a) have a maximum at zero frequency,

which indicates the presence of stationary waves on the sur-

face. The spectra are broad, and initially they decay slowly

with the frequency. The numerical model based on the
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spectrum of Eq. (18) overestimates the amplitude of the fre-

quency spectrum of the surface fluctuations at the frequency

of 
43 rad/s. This frequency is indicated by a red line in

Fig. 3(a), and it corresponds to the value of 2k0U0 for condi-

tion 6. Such a frequency is also the maximum frequency of

the waves with wavenumber k¼ k0 according to Eq. (5). At

higher frequencies, the frequency spectrum of the synthetic

surface shown in Fig. 3(a) decays more rapidly due to the k–a

decay of the spectrum of short downstream propagating

waves. This is consistent with the behavior of the experimen-

tal spectrum shown in Fig. 3(a), and with the observations

reported in Ref. 15. In the higher-frequency region of the

spectrum of Fig. 3(a), the measurements are approximated

more closely by the model with a¼ 5 than the one with

a¼ 7.

The apparent peak of the frequency spectrum of the syn-

thetic surface at the frequency of 2k0U0 was caused by a

zero of the gradient with respect to b of the dispersion rela-

tion of the waves with wavenumber k0. This gradient is

defined as

@X k0; bð Þ
@b

¼ �k0U0 sin bð Þ; (20)

and it becomes zero when b¼ 0 or b¼ p. Defining the sur-

face frequency spectrum as26

EðxÞ ¼
ð1

0

ð2p

0

Wðk; bÞdðx� Xðk; bÞÞk dk db; (21)

and expressing the delta function as a function of b, the

gradient of X appears at the denominator of the integrand in

Eq. (21). Substituting in Eq. (21) the spectrum of Eq. (18),

one finds an integrable singularity of the integrand at

x¼X(k0,0)¼ 2k0U0. This singularity would disappear if the

stochastic variation of the flow mean surface velocity U0 or

of the wavenumber k were considered, since in this case the

delta functions in Eqs. (18) and (21) would be replaced by

smooth probability functions. These variations are not con-

sidered in the simplified surface model used for this work.

As a result, the frequency spectrum of the synthetic surface

realizations does not follow the smooth decay of the mea-

sured spectrum.

The zero-time lag spatial correlation functions are

shown in Fig. 3(b), where they are plotted against the spatial

separation between the measurement locations on the sur-

face. The correlation functions of the measured and synthetic

surfaces both show a quasiperiodic fluctuation with the

period of approximately 2p/k0¼ 0.13 m in both directions x
and y, respectively. The relation between the period of the

spatial correlation function and the wavenumber k0 was

observed in Ref. 15. The correlation function of the synthetic

surface showed in Fig. 3(b) has a larger amplitude of the

fluctuations compared to the measurements, especially along

the x-direction. Similarly to the peak of the frequency spec-

trum at the frequency of 2k0U0, the larger fluctuations of the

correlation function can be explained in terms of a singular-

ity of the kernel of the streamwise wavenumber spectrum

associated with the deterministic directional spectrum used

for this study. It is suggested that replacing the delta func-

tions used in Eq. (18) with realistic probability density func-

tions could provide a more accurate comparison with the

measurements.

Regardless of these discrepancies, which are shown in

Sec. V A to affect the predictions of the acoustic Doppler

spectra only at the Doppler frequency of approximately

2k0U0, Figs. 3(a) and 3(b) show that the proposed surface

model was able to represent the behavior of the water surface

measured during the experiments at least qualitatively for

flow condition 6. The experimental results reported in Ref.

15 showed a similar behavior of the frequency spectra and

the correlation function of the surface elevation, across a

similar range of flow conditions to that investigated in this

study. It should be noted that for flow condition 3, which is

discussed more extensively in Sec. IV, the characteristic

scales of the free surface roughness were found to be close

to the resolution of the measurements reported in Ref. 15. As

a result, the fluctuations of the measured correlation function

were not observed for this condition, and the behavior of the

frequency spectrum of the elevation at high frequency was

not discussed in Ref. 15. Therefore, in Fig. 3 it was preferred

to show the comparison between the statistics of the mea-

sured and the modeled surface for condition 6. This condi-

tion had an intermediate Froude number; therefore, it is

believed to be representative of the typical behavior of the

FIG. 3. (Color online) Examples of (a) the frequency spectrum and (b) the

zero time-lag correlation function of the surface elevation, for condition 6.

(Thick line and symbols) Measurements, (thin lines) modeled. The modeled

results in (b) were obtained with a¼ 5.
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water surface. The significance of the proposed surface

model over a wider range of flow conditions is demonstrated

by the comparison between the measured and modeled

acoustic Doppler spectra in Sec. V A.

IV. NUMERICAL RESULTS

In this section, the effects of the different parameters of

the dynamic water surface model [namely, the horizontal

scale, represented by k0, the vertical scale r, the slope of the

surface spectrum a, and the directional distribution ~DðbÞ] on

the acoustic Doppler spectra are discussed, based on the

numerical predictions obtained by means of the Kirchhoff

model. Flow condition 3 was chosen as the baseline for the

numerical simulations, because in this condition the charac-

teristic horizontal and vertical scales of the rough surface

were smaller. As a result, the relation between the surface

spectrum and the acoustic Doppler spectrum is straightfor-

ward8 and the results are more easily interpreted. The effects

on the acoustic spectra of larger characteristic scales, which

are representative of different flow conditions, are illustrated

in Fig. 5, and discussed toward the end of this section.

The effects of the choice of the surface directional dis-

tribution ~DðbÞ and the surface spectrum slope a on the

acoustic Doppler spectrum for the adopted source-receiver

geometry are shown in Fig. 4. Figure 4 compares the simu-

lated Doppler spectra obtained from the synthetic realiza-

tions of a surface with the mean surface velocity

U0¼ 0.30 m/s and characteristic scales k0¼ 120.8 rad/m and

r¼ 0.25 mm measured in condition 3, but with different

choices of ~DðbÞ and a. In Figs. 4–9, the spectra are shown in

dB relative to the power of the signal reflected by a flat

surface.

Figure 4 shows two simulations obtained with the

Poisson directional surface distribution and a¼ 5 and a¼ 7,

and one simulation obtained with the sech2 distribution with

a¼ 5. The predicted Doppler spectra display a sharp peak at

the Doppler frequency equal to 0 and with the amplitude

slightly smaller than 0 dB, which is independent on a and

~DðbÞ. This peak was caused by the coherent reflection at the

specular point.11 The Doppler spectra decay smoothly and

rapidly with the frequency at both the positive and negative

Doppler frequencies. Surface waves with the same direction

of propagation can cause both positive and negative Doppler

shifts depending on the region where scattering occurs. With

the acoustic setup used for this study, where the source is

located downstream with respect to the receiver, the surface

waves that propagate downstream would yield a positive

Doppler frequency shift if scattering occurred only in the

region nearer to the receiver where x< 0. Conversely, the

same waves would yield a negative Doppler shift if scatter-

ing occurred only in the region nearer to the source where

x> 0. Waves that propagate upstream would yield a positive

Doppler shift if scattering occurred only in the region where

x> 0, and a negative Doppler shift if scattering occurred

only where x< 0. With the setup adopted in this study, both

regions with x< 0 and x> 0 were responsible for scattering.

Therefore, the Doppler spectra at both positive and negative

frequencies were affected by surface waves that propagated

in all directions. The asymmetry of the Doppler spectra was

due to the asymmetry of the projected directivity pattern of

the transducer on the surface.

Due to the small vertical scale of the surface fluctuations

compared to the acoustic wavelength in condition 3, there is a

direct relationship between the simulated Doppler spectra

shown in Fig. 4 and the spectrum of the rough surface at the

same frequency.8 As a consequence, the directional distribution

and the slope of the surface spectrum affect the Doppler spectra

in different frequency ranges. The Doppler spectra in Fig. 4

show an increase of the decay rate when the absolute value of

the Doppler frequency is larger than 2k0U0¼ 72.5 rad/s. This

frequency marks the separation between the region of the

acoustic spectrum that is governed by the directional distribu-

tion ~DðbÞ and the region that is governed by the spectrum

slope a. According to Eq. (18), the effect of the directional dis-

tribution used in the numerical simulations was essentially lim-

ited to the free surface waves with the wavenumber modulus

equal to k0, and with the frequency smaller or equal to 2k0U0.

In this frequency range, a larger average absolute difference of

FIG. 5. Examples of the simulated Doppler spectra for U0¼ 0.30 m/s,

Poisson distribution, a¼ 5. (Solid) k0¼ 120.8 rad/m, r¼ 0.25 mm, (dashed)

k0¼ 27.1 rad/m, r¼ 0.25 mm, (dotted) k0¼ 120.8 rad/m, r¼ 1 mm, (dashed-

dotted) k0¼ 27.1 rad/m, r¼ 1 mm.

FIG. 4. (Color online) Examples of the simulated Doppler spectra for flow

condition 3 (k0¼ 120.8 rad/m, r¼ 0.25 mm, U0¼ 0.30 m/s). (Dashed) a¼ 5,

Poisson distribution, (dashed-dotted) a¼ 7, Poisson distribution, (dotted)

a¼ 5, sech2 distribution. The red lines indicate the characteristic frequencies

62k0U0.
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2.3 dB in the acoustic Doppler spectra was found between the

two simulations with the same a and different directional distri-

bution. The average difference in the acoustic Doppler spectra

between the two simulations with the Poisson distribution and

different a was only 0.6 dB. In contrast, the slope of the spec-

trum a affected the waves with the wavenumber larger than k0

and the frequency larger than 2k0U0. Accordingly, at the abso-

lute Doppler frequencies larger than 2k0U0, the two simulations

with the same a and different directional distribution differed

by less than 4 dB up to a Doppler frequency of 750 rad/s, while

the Doppler spectrum obtained with a¼ 7 decreased faster with

the Doppler frequency. The difference from the similar simula-

tion obtained with a¼ 5 was 0.9 dB at the frequency 2k0U0,

and became as large as 19 dB at 750 rad/s.

The effects of the characteristic surface scales k0 and r
on the predicted Doppler spectra is illustrated in Fig. 5 for a

set of surface realizations obtained with a¼ 5 and with the

Poisson distribution, moving with the mean surface velocity

U0¼ 0.30 m/s. With respect to the baseline condition 3 with

k0¼ 120.8 rad/m and r¼ 0.25 mm, a reduction of the charac-

teristic wavenumber k0 from 120.8 rad/m to 27.1 rad/m

caused a narrowing of the Doppler spectrum, with little

effect on its amplitude. Instead, the increase of the standard

deviation of the surface elevation r from 0.25 mm to 1 mm

caused the increase of the Doppler spectrum away from the

central peak at zero Doppler frequency, and a 4 dB reduction

of the amplitude of this peak with respect to the baseline

simulation. This behavior can be explained by the loss of

coherence of the reflected signal when the amplitude of the

surface waves becomes comparable with the acoustic wave-

length.11 When both the horizontal and vertical characteristic

surface scales are increased (dashed-dotted line in Fig. 5),

the width of the central peak is governed by the standard

deviation of the surface elevation, r, and by the transducer-

receiver arrangement.11

V. EXPERIMENTAL RESULTS

A. Comparison between the numerical and
experimental results

A comparison between the numerical predictions of the

Doppler spectra and their experimental measurements, obtained

for flow condition 3, is shown in Fig. 6. The measured Doppler

spectrum in Fig. 6 compares to the numerical results presented

in Figs. 4 and 5 for small r and large k0. The sharp peak at zero

Doppler frequency, the asymmetry, and the increase of the rate

of decay of the Doppler spectrum at the absolute Doppler fre-

quency larger than 2k0U0 can all be observed in Fig. 6. The pre-

dictions of the Doppler spectrum obtained with the numerical

model and shown in Fig. 4 are presented again in Fig. 6. The

model overestimated the amplitude of the measured Doppler

spectrum at the Doppler frequencies of �2k0U0 and 2k0U0 by

approximately 12 dB and 7 dB, respectively. This large devia-

tion is explained by the larger amplitude of the frequency spec-

trum of the synthetic surface at the frequency of 2k0U0,

discussed in Sec. III C. Below this frequency, the difference

between the measurement and the simulations with the Poisson

distribution was found to be 2.8 dB in average. The sech2 distri-

bution had a larger average error of 3.8 dB. Therefore, only the

results obtained with the Poisson distribution are presented in

the rest of this paper.

A distinction must be made for the behavior at larger pos-

itive and negative frequencies. At positive Doppler frequen-

cies higher than 2k0U0, both simulations with a¼ 5 and a¼ 7

and the Poisson distribution initially approximate the meas-

urements with a maximum error of less than 4 dB. The simu-

lated spectrum obtained with a¼ 7 decreased more rapidly,

and underestimated the measurements by 8 dB at the Doppler

frequency of 200 rad/s. At the same frequency, the difference

between the measurements and the simulation with a¼ 5 was

1 dB. At even higher frequencies, the difference increased as

the measured spectrum became essentially flat. This could

have been a consequence of measurement noise or a manifes-

tation of second-order effects.31 In the negative frequency

range, the measured spectrum appeared to decay more rapidly

compared to the numerical results. In the range between

�200 rad/s and �2k0U0¼�72.5 rad/s, the average difference

between the measured and predicted spectra was 7.7 dB for

the simulation with a¼ 5 and 3.9 dB for the simulation with

a¼ 7. Based on the acoustic setup used for this study, where

the incident acoustic waves propagated predominantly toward

the negative x-direction, and assuming that most surface

waves propagated downstream toward the positive x-direc-

tion, the negative frequency range was related mainly to the

reflections from the region closer to the transducer than to the

microphone. In this region the directivity varied more rapidly,

and its representation in terms of Eq. (1) was believed to be

less reliable. Therefore, the model with the Poisson distribu-

tion and a¼ 5 was considered to provide a better approxima-

tion to the measured Doppler spectrum in condition 3.

The behavior of the acoustic Doppler spectrum shown in

Fig. 6 for condition 3 was observed consistently across the

other tested flow conditions. Changes of the flow Froude num-

ber and the characteristic surface scales were found to also

affect the spectra, as already illustrated in Fig. 5. Figures 7

and 8 show the comparisons between the measured and mod-

eled Doppler spectra obtained for flow conditions 6 and 9,

respectively. These conditions were representative of the

intermediate and larger Froude numbers across the tested

FIG. 6. (Color online) Examples of the measured and simulated Doppler

spectra for flow condition 3. (Solid) Measured, (dashed) simulated, a¼ 5,

Poisson distribution, (dashed-dotted) simulated, a¼ 7, Poisson distribution,

(dotted) simulated, a¼ 5, sech2 distribution. (Red lines) x¼62k0U0.
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range of conditions. The most noticeable difference between

the experimental results for these conditions and those for

condition 3 is the behavior of the peak at the zero Doppler fre-

quency. The amplitude of this peak decreased progressively

from condition 3 (Fig. 6) to condition 6 (Fig. 7) and condition

9 (Fig. 8). As the amplitude of the peak decreased, its width

apparently increased. As a result, for condition 9 the acoustic

Doppler spectrum decayed smoothly from zero Doppler fre-

quency, as shown in Fig. 8. This behavior was similar to the

one observed in Fig. 5 for the synthetic surface realizations

with small k0 and a relatively large characteristic surface ele-

vation r¼ 1 mm. According to Table I, comparable character-

istic horizontal and vertical scales of the surface were found

in conditions 6 and 9, where k0¼ 47.0 rad/m, r¼ 1.21 mm,

and k0¼ 27.1 rad/m, r¼ 2.03 mm, respectively.

In Figs. 7 and 8, the change of slope of the measured

Doppler spectra at the Doppler frequency of 2k0U0 is less

visible than in Fig. 6. For conditions 6 and 9, the larger rela-

tive amplitude of the surface waves meant that the relation

between the Doppler spectra and the surface spectra was not

as straightforward as for condition 3. The average difference

between the simulations and the measurements in the region

where the absolute frequency is less than 2k0U0 was found to

be 2.2 dB and 2.0 dB for conditions 6 and 9, respectively. A

larger difference of 
5 dB was found at the frequency of

2k0U0, where the model still predicted a small peak of the

Doppler spectra. This likely represents a limitation of the

surface model, which predicts sharper knees of the surface

spectrum, as discussed in Sec. III C.

At higher positive Doppler frequencies, the difference

between the measured spectrum and the model for condition

6 reduced to less than 2 dB, before increasing again at a fre-

quency of 
140 rad/s. Above this frequency, the measured

spectrum shown in Fig. 7 decayed considerably less rapidly

than that predicted by both models. A similar behavior was

observed at the negative frequencies, although here the error

began to increase later at �175 rad/s. Figure 8 shows a simi-

lar behavior for condition 9, although in this case the range

where the model with a¼ 5 was accurate within 2 dB was

limited to the absolute Doppler frequencies below 90 rad/s.

Although a direct comparison between the frequency of the

surface waves and the Doppler frequencies may not be possi-

ble when the amplitude of the surface waves is large, it is

suggested that the larger amplitude of the Doppler spectra at

high absolute Doppler frequencies may indicate a larger

amplitude of shorter and faster waves on the surface com-

pared to what is predicted by the power-function surface

spectrum used for the simulations. In fact, the comparison

between the predicted acoustic Doppler spectra obtained

with a¼ 5 and a¼ 7 and shown in Figs. 4 and 5 suggests

that a decrease of the slope of the surface spectrum causes

an increase of the amplitude of the Doppler spectra at high

Doppler frequencies. The constraints imposed by the

Kirchhoff approximation did not allow performing simula-

tions with smaller slopes of the surface spectrum, especially

at the shorter scales. This impeded the matching of the pre-

dictions with the model over the whole range of frequencies.

A two-scale model32 could be more appropriate for investi-

gating the behavior of the Doppler spectra at the higher fre-

quencies, which could also be affected by the nonlinear

dynamics of short surface waves.4

In this study, the comparison between the numerical sim-

ulations and the measurements at lower Doppler frequencies

demonstrates that the acoustic Doppler spectra are influenced

by the spectra of the free surface roughness, and the proposed

surface model and the acoustic model based on the Kirchhoff

approximation provide an adequate representation of the sur-

face dynamics and of its effects on the scattering of airborne

ultrasound at low and moderate Doppler frequencies.

B. Variation of the Doppler spectra with the flow
condition

In Sec. V A the link between the acoustic Doppler spec-

tra and the surface roughness spectra was observed for flow

conditions 3, 6, and 9. Now, it is of interest to verify if a sim-

ilar link can be found over a wider range of flow conditions.

The Doppler spectra measured in all flow conditions

reported in Table I are shown in Figs. 9(a)–9(c). Figure 9(a)

displays the results obtained for flow conditions 1, 2, and 3,

which had the lower Froude numbers, smaller than 0.49.

Figure 9(b) shows the Doppler spectra measured in

FIG. 7. (Color online) Examples of the measured and simulated Doppler

spectra for flow condition 6. (Solid) Measured, (dashed) simulated, a¼ 5,

(dashed-dotted) simulated, a¼ 7. (Red lines) x¼62k0U0.

FIG. 8. (Color online) Examples of the measured and simulated Doppler

spectra for flow condition 9. (Solid) Measured, (dashed) simulated, a¼ 5,

(dashed-dotted) simulated, a¼ 7. (Red lines) x¼62k0U0.
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conditions 4–8, with the intermediate Froude numbers

between 0.49 and 0.61. Figure 9(c) displays the results

obtained in conditions 9–12, with the larger Froude numbers,

larger than 0.61.

In Fig. 9, the frequency has been non-dimensionalized

based on the characteristic frequency jU0, where j is the

acoustic wavenumber and U0 is the flow mean surface veloc-

ity. Dolcetti et al.15 have shown that the frequency spectra of

the surface elevation scale consistently across a wide range of

flow conditions when plotted against the non-dimensional fre-

quency x/k0U0. Due to the observed link between the surface

spectra and the Doppler spectra, it would appear natural to

employ the same non-dimensionalization for the Doppler

spectra of Fig. 9. When this was attempted, the average maxi-

mum difference between all Doppler spectra in each range of

Froude numbers was found to be between 8 and 15 dB. This

was calculated as the average across all frequencies of the dif-

ference between the largest and the smallest Doppler spectra,

in the range where the spectral amplitude was larger than

�70 dB. In comparison, the same difference evaluated for the

spectra without non-dimensionalization was 4.3, 7.5, and

8.4 dB, for the low, intermediate, and higher Froude number

ranges, respectively. The proposed non-dimensionalization

based on jU0 led to a more consistent behavior of the spectra

at the intermediate and higher Froude numbers. In this case,

all spectra within the intermediate and high Froude numbers

groups were found to be included in a narrow amplitude band

with the average width of 5.0 dB and 4.4 dB, respectively. A

much less consistent behavior was found in the lower Froude

number range with the same non-dimensionalization, where

the average maximum difference among the three conditions

1–3 was found to be 10 dB, higher than when the spectra were

represented against the dimensional frequency. In spite of this

larger difference, the behavior of the Doppler spectra for con-

ditions 1 and 2 shown in Fig. 9(a) was more similar to that of

condition 3 than it was to that of the remaining flow condi-

tions, as the spectra did not show the longer tail at higher fre-

quencies, which can be observed in Figs. 9(b) and 9(c). In

general, the flow conditions 1–3, 4–8, and 9–12 showed a

behavior similar to that of conditions 3, 6, and 9 (Figs. 6, 7,

and 8, respectively), which have been discussed in Sec. V A.

The fact that the Doppler spectra behave similarly when

the frequency is non-dimensionalized based on the quantity

jU0 suggests an apparent linear dependence of the Doppler

shifts on the flow velocity. This is of notice since it poten-

tially allows estimating the mean surface velocity U0

remotely from the measurement of the Doppler spectra of

scattered ultrasound signals. Although limited at the present

stage by a partial understanding of the effects of the Froude

number on the dynamics of the free surface roughness, the

measurement of the flow velocity based on forward scattered

Doppler would be advantageous compared to similar techni-

ques based on backscattering. In fact, the signal-to-noise

ratio is significantly larger in forward scattering than in

backscattering, and a better understanding of the surface

behavior at the larger scales allows an easier interpretation

of the measurements. This was demonstrated by a close fit

between the measured acoustic Doppler spectra and those

predicted with the numerical model, as shown in Figs. 6–8.

Additional information about the water surface can be

extracted from the observation of the measured spectra in

Fig. 9. The sharp peak at zero Doppler frequency can be

observed clearly in conditions 1, 2, 3, 5, 7, 8, and 11. In these

conditions, the Doppler spectra also decay more rapidly

above a frequency that has been previously identified with

the characteristic frequency 2k0U0. This frequency is related

to the mean depth and the mean surface velocity of the flow

through Eq. (4). In the remaining conditions 4, 6, 9, 10, and

12, the Doppler spectrum decays smoothly from zero

Doppler frequency, for the reasons discussed in Sec. IV.

These are the flow conditions where the standard deviation

of the surface elevation, r, was larger than 1 mm, or 12.7%

of the acoustic wavelength, and where the characteristic hor-

izontal scale represented by the wavenumber k0 was larger.

These results demonstrate the direct link between the mea-

sured Doppler spectra and the spatial horizontal and vertical

scales of the water surface elevation.

It should be noted that, across all conditions investigated

in this study, the surface waves had an amplitude smaller

FIG. 9. Measured Doppler spectra plotted against the non-dimensional fre-

quency x/jU0. All flow conditions.
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than the ultrasound wavelength, although still larger than

prescribed by a small perturbation method. Similar condi-

tions can be found in real rivers, at low flow velocities and

large depths (e.g., Ref. 29), although larger surface waves

may occur in fast, energetic flows. The model presented here

is believed to remain valid when relatively larger waves are

considered, as long as the Kirchhoff approximation is satis-

fied, although in this case the behavior of the acoustic

Doppler spectra may differ from the one that is observed in

Fig. 9. Additional investigations are needed in order to char-

acterize the behavior of the Doppler spectra over a wider

range of flow conditions.

VI. CONCLUSIONS

The measurements of the Doppler power spectra of the

signals of ultrasound forward scattered by the dynamic free sur-

face of a turbulent open channel water flow have been pre-

sented and compared with the predictions obtained with a

Kirchhoff approximation combined with a linear random-phase

model of the dynamic rough water surface. Across the tested

range of flow conditions, the results show the existence of a

link between the acoustic Doppler spectra and the characteristic

spatial and dynamic scales of the water surface fluctuations.

When the characteristic spatial scales of the surface elevation

are relatively small, the Doppler spectra display a change of

slope at the characteristic frequency of the dynamically rough

surface, equal to twice the product of the flow mean surface

velocity and the wavenumber of the stationary waves. Larger

characteristic scales of the surface can be clearly recognized

since they cause the smoothing of the central peak of the

Doppler spectra at the zero Doppler frequency.

Across all the tested flow conditions, the Doppler spec-

tra have been found to scale consistently with the mean sur-

face velocity of the flow. It has been suggested that this

scaling may be used for the remote measurement of the

velocity in an open channel flow. The flow Froude number

was also found affecting the acoustic Doppler spectra at the

higher Doppler frequencies. The Doppler spectra of forward

scattered signals are governed by the larger and dominant

scales of the water surface. The dynamic behavior of these

waves has been well characterized in previous studies of the

free surface of turbulent flows over rough beds.15 As a result,

the behavior of the Doppler spectra measured for this type of

flow can be modeled and predicted accurately based on a

simple surface model. The forward scattering Doppler spec-

tra are characterized by a much larger signal-to-noise ratio

compared to the more traditional backscattering Doppler

spectra, which are affected by the dynamics of short and

poorly understood waves on the free surface. It is suggested

that the analysis of the Doppler spectra of ultrasound signals

forward scattered by the water surface can provide a robust

technique for the remote characterization of the flow condi-

tions in turbulent open channel flows such as small rivers

and open channels.
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APPENDIX

The Poisson directional distribution and the sech2 direc-

tional distribution are defined as25

~D bð Þ ¼ 1

2p
1� b2ð Þ

1� 2b cos b� pð Þ þ b2
� 	 (A1)

and

~D bð Þ ¼ 1

tan bpð Þ
b

2 cosh2 b b� pð Þð Þ
; (A2)

respectively. The condition ~DðpÞ= ~Dð0Þ ¼ 101:5, which was

inspired by the observation in Ref. 15, yields b¼ 0.698 for

the Poisson distribution, b¼ 0.768 for the sech2 distribution.

The form of the directional spectrum presented in Eq.

(18) allows splitting the cosine series of Eq. (14) into three

distinct sums: one for the waves with constant wavenumber

kp¼ k0 and variable bq¼ qDb, and two for the waves with

variable wavenumber kp¼ pDk� k0 and constant bq¼ 0 or

bq¼ p. For each of these waves, the coefficients apq were cal-

culated by integrating the delta functions analytically over k
or b, and then approximating the remaining integral with a

midpoint rule. As a result, a random realization of the free

surface elevation function f at the time t was expressed by

fðx; y; tÞ ¼
X2p=Db

q¼1

Bqnpq cos ½k0 cosðbqÞxþ k0 sinðbqÞy

�Xðk0; bqÞtþ Upq�p¼k0=Dk þ
XkN=Dk

p¼k0=Dk

Cpnpq

� cos kpx� Xðkp; 0Þtþ Upq

� 	
q¼0
þ

XkN=Dk

p¼k0=Dk

C�pnpq

� cos �kpx� Xðkp; pÞtþ Upq

� 	
q¼p=Db

;

(A3)

where kN is the wavenumber of the shortest simulated waves,

and the coefficients of the three series were calculated as

B2
q

2
¼ W0

~D bð Þk0Db

�
ð

Dkp

ð
Dbq

~W kð Þ ~D bð Þd k � k0ð Þk dk db; (A4)

C2
p

2
¼ W0

kp

k0

� ��a
~D 0ð ÞDk

�
ð

Dkp

ð
Dbq

~W kð Þ ~D bð ÞH k � k0ð Þd bð Þ dk db; (A5)
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and

C2
�p

2
¼ L

C2
p

2
: (A6)

It should be noted that the sums over p in Eq. (A3) were lim-

ited to k0/Dk	 p	 kN/Dk, so that only the waves with

k0	 kp	 kN have been modeled. The constant W0 was found

by imposing

X
q

B2
q

2
þ
X

p

C2
pþC2

�p

2
¼
ð1

0

ð2p

0

W k;bð Þkdkdb¼r2; (A7)

which yields

W0 ¼
r2

k0

1þ 1þ Lð Þ
a� 1

~D 0ð Þ
� �1

: (A8)

The ratio of the energy localized at the wavenumber k0 rela-

tive to the energy of the whole spectrum is equal to k0W0/r2,

and it can be calculated based on the directional distribution

and the spectrum slope a from Eq. (A8). Based on the

Poisson distribution, this quantity is 81% with a¼ 5 and

87% with a¼ 7, which shows how these waves contribute to

most of the energy. Even larger values of 91% and 94%, are

predicted based on the sech2 distribution.
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