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ABsTrRACT. We continue the study of finite-dimensional irreducible representations of twisted Yan-
gians associated to symmetric pairs of types B, C and D, with focus on those of types BI, CII and
DI. After establishing that, for all twisted Yangians of these types, the highest weight of such a
module necessarily satisfies a certain set of relations, we classify the finite-dimensional irreducible
representations of twisted Yangians for the pairs (son,s0n—2 @ s02) and ($02n+1,5025).
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1. INTRODUCTION

Quantized enveloping algebras of Kac-Moody algebras, and in particular of affine Lie algebras, have been
preeminent examples of quantum groups since the 1980’s. In the past few years, there has been an increase of
research activity focusing on certain coideal subalgebras of those quantized enveloping algebras, for instance
on the quantum symmetric pairs associated to finite-dimensional simple Lie algebras (see e.g. [KP, BW,
BSWW, Ko2, Le3]), which date back to work of G. Letzter in the 1990’s [Lel, Le2], and on those associated
to symmetrizable Kac-Moody algebras (see e.g. [BK1, BK2, FLLW1, FLLW2, FL2]), which appeared for the
first time in the work of S. Kolb [Kol]. See also [HK, ES, BKLW, FL1].

Important examples of coideal subalgebras of quantized enveloping algebras appeared even before the
aforementioned work of G. Letzter: around 1990, G. Olshanskii introduced in [O]] the twisted Yangians of
type Al and AII (that is, those associated to the symmetric pairs (gly,s0n) and (gly,spn)), which are
coideal subalgebras of the Yangian of gly, the later being one of the two families of quantized enveloping
algebras of affine type A(M). These twisted Yangians and their representations have been quite well studied
over the years, mainly in the work of A. Molev, M. Nazarov et al., see e.g. [Mol, Mo2, Mo3, Mo4, Mo5,
Na, KN1, KN2, KN3, KNP]. In particular, A. Molev obtained in [Mol] and [Mo2] a classification of their
finite-dimensional irreducible representations.
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In [GR], two of the present authors constructed twisted Yangians for all symmetric pairs (g, g”) where
g is an orthogonal or a symplectic Lie algebra and g” is the Lie subalgebra fixed by an involution p of g.
These new twisted Yangians of type B-C-D are also coideal subalgebras of the Yangian of g and their basic
properties were established in [GR]. In [GRW?2], we initiated a study of their representation theory, proving
some general results (e.g. that finite-dimensional irreducible representations are highest weight modules - see
Theorem 4.5 in loc. cit.) and obtaining, for twisted Yangians of type CI, DIIT and BCDO, a full classification
of finite-dimensional irreducible representations in terms of certain polynomials, in analogy with [Dr] (for
the non-twisted Yangians) and [Mol, Mo2]: see Theorems 6.2, 6.5 and 6.6 in [GRW2].

The present article is a sequel to our work [GRW2]. We start addressing the classification problem of
finite-dimensional irreducible representations of twisted Yangians for the symmetric pairs (gn, gn—q ® gq) Of
types BI, CII and DI(a) (see Table 1), and we obtain complete results for those associated to the symmetric
pairs (son,50N_2 @ 602) and (§02,41,502,). In Section 2, we recall the relevant preliminary material from
[AMR], [GR] and [GRW2]. In Section 3, we consider the twisted Yangians of orthogonal type when N =3
and N = 4. These twisted Yangians are known to be isomorphic to the twisted Yangian of (glz,s02) or
a tensor product of these, as was established in [GRW1]: see the beginning of Subsections 3.1 and 3.2 for
precise statements of these isomorphisms. Consequently, the classification of finite-dimensional irreducible
representations in these two low rank cases can be translated from the corresponding result of A. Molev
established in [Mol, Mo2]: see Propositions 3.1 and 3.4. The latter of these two propositions plays a role in
the proofs of two of the main results of this paper, namely Proposition 4.4 and Theorem 6.11.

In Section 4, some of the important results established in [GRW2] are strengthened for the symmetric pairs
of types BI, CII and DI(a). Proposition 4.4 is the main result in this section and gives necessary conditions
for an irreducible highest weight module of a twisted Yangians to be finite-dimensional. This provides
essentially one half of the proofs of Theorems 6.1 and 6.11. Its proof relies on a similar result in [GRW?2],
namely Proposition 4.18, and on Theorems 6.5 and 6.6 also from [GRW2], which are the classification
theorems of finite-dimensional irreducible modules for twisted Yangians of type BCDO0. Proposition 4.12
provides additional restrictions on the complex number o which appears in the statement of Proposition 4.4:
its proof boils down to computing the highest weight of a certain highest weight module over g%, which is
done in Lemma 4.10. In particular, this proposition shows that, when g, 2 soy, the parameter « can only
take certain rational values and must satisfy a specific inequality.

In order to prove the classification theorem for the twisted Yangians of the pair (son,s0y_2 @ s02), it is
necessary to first construct a family of one-dimensional representations parametrized by C: this is achieved
in Lemma 5.4. It turns out that, up to a twist by an automorphism, the one-dimensional representations
provided by this lemma exhaust all of them - see Proposition 5.6. Twisted Yangians can be defined in
terms of the reflection equation (2.7) and the symmetry relation (2.8), as recalled in Subsection 2.2.1. It
follows from this that each twisted Yangian admits a one-dimensional representation obtained by sending its
matrix of generators to a certain matrix G(u) which is known explicitly and is part of the definition of the
twisted Yangian (Definition 2.6): see the paragraph after (2.14). We call it the trivial representation. This
raises the question of the existence of other one-dimensional representations for twisted Yangians in general.
Twisted Yangians of type CI and DIII also admit a family of one-dimensional representations parametrized
by C. It turns out that for twisted Yangians of type BCDO, BI, CII and DI(a) with g, % so0s, the one-
dimensional representations are all twists by automorphisms of the trivial representation: this is the content
of Proposition 5.1.

The last section provides proofs of the classification theorems of finite-dimensional irreducible representa-
tions for the twisted Yangians associated to the symmetric pairs (s0x, 80y _2@®s02) and (502,41, 502,,). These
are Theorems 6.1 and 6.11 respectively. Proofs of analogous results for other twisted Yangians of type BI,
CII or DI(a) are expected to be substantially more complicated and will be presented elsewhere. (Please see
the end of this introduction for a brief explanation of the extra difficulties in these more general cases.) The
classification is in terms of a scalar a and certain polynomials which impose conditions on the highest weight
of a finite-dimensional irreducible representation. In the (sox,s0x_2 @ s02)-case, the proof of the necessity
of those conditions is actually given earlier by Proposition 4.4. The (02,41, 602, )-case is substantially more
complicated. The main differences are due to the role played by the action of an involution of the twisted
Yangian on the highest weight of a finite-dimensional irreducible representation (Lemma 6.6). This leads to
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a new condition on the roots of a certain polynomial, which is the content of Proposition 6.7. This additional
condition is a new feature which is not present in the classification theorems for twisted Yangians of type A
[Mo5, MR] or types CI, DIIT or BCDO [GRW2].

Finally, we explain how finite-dimensional irreducible representations can be realized as subquotients of
tensor products of fundamental representations along with a one-dimensional representation in the case of
(son,50N_2Ps02): see Corollaries 6.4 and 6.13. This is consistent with previously known results for twisted
Yangians of type A, CI, DIIT and BCDO (see [Mo5] and [GRW?2]).

To complete the task of classifying the finite-dimensional irreducible representations of each twisted Yan-
gian studied in [GRW2], similar results to those obtained in Section 6 must be proven for the twisted
Yangians which are, in the notation of Table 1 below, of type CII as well as types BI and DI(a) with ¢ > 3.
Like the twisted Yangians for the symmetric pairs (s025,41,502,) studied in Subsection 6.2, each of these
twisted Yangians has the common property that the necessary conditions established in Section 4 are not
sufficient for determining precisely when the irreducible quotient of a Verma module is finite-dimensional.
It is, however, possible to prove results similar to Proposition 6.7 for each of these quantum algebras, which
strengthen significantly the conditions of Section 4. In particular, for the twisted Yangians of the symmetric
pairs (spn,spn—_q D 5p,4) of type CII, this leads to a complete classification of finite-dimensional irreducible
modules. These results, which will be presented in [GRW3]|, are notably more complicated to prove than
their counterparts in Section 6. For instance, their proofs seem to require understanding how to pass repre-
sentation theoretic information between certain isomorphic presentations of twisted Yangians.

For the twisted Yangians of the symmetric pairs (son,50n_q @ $0,) which are of type BI and DI(a) with
q > 3, there are additional difficulties which arise. One such difficulty involves showing that, in the notation
of Definition 4.5, an irreducible highest weight module which is associated to the scalar « = N/4 —1/2
and polynomials Py (u) = -+ = P,(u) = 1 is finite-dimensional. Lemma 4.10 illustrates that these modules
are closely related to the spinor representations of s0g¢, where € = ¢/2 if ¢ is even and ¢ = (N — ¢)/2
otherwise. This difficulty, which will be considered in future work, does not arise for the twisted Yangians
corresponding to the symmetric pairs (s02y,+1, $02,) which are studied in the present paper. Indeed, for these
twisted Yangians the modules under consideration can be obtained by restricting the (finite-dimensional)
spinor representations of the Yangian for 02,41 which are provided by Lemma 5.18 of [AMR].
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2. PRELIMINARIES

Throughout this manuscript we will employ mostly the same notation as in [GRW2]. Thus in many
instances we will try to be concise and will refer to loc. cit. for complete details. We start by recalling some
basic definitions.

Let N =2nor N = 2n+1 with n € N. We will denote by gy either the orthogonal Lie algebra so or the
symplectic Lie algebra sp (only when N = 2n). The Lie algebra gy can be realized as a Lie subalgebra of gl
as follows. We label the rows and columuns of matrices in gly by the indices Zy = {—n,...,—1,(0),1,...,n},
where (0) is omitted if N = 2n. Set #;; = 1 in the orthogonal case and 6;; = sign(¢)-sign(j) in the symplectic
case for i,j € Zy. We also introduce a smaller set Ij{, =1In NZsyp.

For each i,j € Iy, let E;; denote the usual elementary matrix of gly. Define the transposition ¢t by
(Eij)t = HijE,jy,i and set Fij = Eij — (Eij)t so that

[Fij, Fr]l = 0juFit — 6uFrj + 65,1055 F, —i — 0, —10;;F_;; and Fj; +0,;F_; _; =0.
Then gy is isomorphic to spanc{F;; : ¢,j € Iy} and hy = spanc{F;; : 1 < i < n} forms a Cartan subalgebra

which will be denoted by h. Given a Lie algebra a its universal enveloping algebra will be denoted by Lla.
3



Introduce the permutation operator P = > i JETn E;; ® E;; and the one-dimensional projector Q = P =
P*2. Let I denote the identity matrix. Then P2 = I, PQ = QP = £Q and Q? = NQ, which will be useful
below. Here (and further in this paper) the upper sign corresponds to the orthogonal case and the lower
sign to the symplectic case.

Let tensor products be defined over the field of complex numbers. For a matrix X with entries z;; in an
associative algebra A we write

Xe= Y 10 @IeFE; 10 ®I®x; € End(CY)% @ A.
4,J€ELIN -1

Here k € N>o and 1 < s < k; it will always be clear from the context what & is.

2.1. Yangians of type B-C-D and their finite-dimensional irreducible representations. We intro-

)

duce elements tz(; with 4,5 € Zny and r € Z>¢ such that tz(-;)) = §;5. Combining these into formal power series

tij(u) =3 ,50 tl(-;)u_r, we can then form the generating matrix T'(u) = >, ;o7 Eij ® tij(u). The R-matrix
that we need is R(u) = I —u~'P+ (u— x)"1Q, where k = N/2 F 1.

Definition 2.1 ([AACFR]). The extended Yangian X (gn) is the unital associative C-algebra generated by

)

elements tg; with 1,7 € Iy and r € Z>1 satisfying the relation

(2.1) R(u —v)Th (u) Ta(v) = To(v) Ty (u) R(u — v).
The Hopf algebra structure of X (gn) is given by
A:Tu)—T(u) @ T (u), S:T(u)— T(uw)™ !, €:T(u)w— I.

The expansion of the defining relation (2.1) in terms of the generating series ¢;;(u) can be found in
e.g. Definition 3.1 of [GRW2].

For each series f(u) € 1+ u 'C[[u"!]] there is an automorphism s of X (gy) which is given by the
assignment py : T'(u) — f(u)T (u). The Yangian Y (gun) is defined as the subalgebra of X (gn) consisting of
the elements stable under all the automorphisms of the form p ¢, namely

Y(gn) = {y € X(an) : us(y) =y for any f(u) € 1+u™ Cllu™"]J}.

By Theorem 3.1 of [AACFR] and the proof of Theorem 3.1 from [AMR], there is a central series y(u) =
1437, yru~" such that

THu+ k)T (v) = T(w)T (u+ r) = y(u)y(u+ k) - L.

It was proven in Corollary 3.2 of [AMR] that the coefficients 7'1-(;) of the all of the series 7 (u) = y(u) "'t (u)
generate the subalgebra Y (gn). The corresponding generating matrix y(u) =7 (u) will be denoted by T (u).

Let us now recall elements of the representation theory of X (gn). A representation V of X(gn) is a
highest weight representation if there exists a nonzero vector £ € V such that V = X (gn)¢ and the following
conditions are satisfied:

ij(w)€=0 foralli<je€Zy, and

t
t“(u)§ = )\1(’[1,)5 for all i € In,

where A\j(u) =14+ o4 /\Er)u*’” are formal power series in w~! with coefficients )\Z(-T) € C. The vector £ is
called the highest weight vector of V', and the N-tuple A(u) = (A_p, (1), ..., A\p(u)) is called the highest weight
of V. By Theorem 5.1 of [AMR], every finite-dimensional irreducible representation V' of the algebra X (gn)
is a highest weight representation. Moreover, V' contains a unique highest weight vector, up to a constant
factor.

Given an N-tuple A(u), the Verma module M (A(u)) is defined as the quotient of X (gn) by the left ideal
generated by all the coefficients of the series ¢;;(v) with ¢ < j € Zn and ¢;;(u) — Ai(uw) with ¢ € Zy.
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Proposition 2.2 ([AMR, Proposition 5.14]). The Verma module M (\(u)) is non-trivial if and only if the
components of the highest weight satisfy
)\_l(u) )‘i+1 (’U, —K+n-— Z)

22 i) N(u—r+n—1i) for i€ Iy\{n}.

If M(A(u)) is non-trivial, then it has a unique irreducible (non-zero) quotient L(A(u)), and any irreducible
highest weight X (g )-module with the highest weight A(u) is isomorphic to L(A(u)).

Theorem 2.3 ([AMR, Theorem 5.16]). Let A(u) satisfy (2.2) so that the Verma module M(\(u)) is non-
trivial. Then the irreducible X (gn)-module L(A(u)) is finite-dimensional if and only if there exist monic
polynomials Py(u),. .., Py(u) in u such that

Ai1(u) = Pi(u+1) forall 2<i<n

Ai(u) P;(u) ;
and in addition

R

AAT(EZ;) B Pl](g?(;rf) if 9N =8P,

/\)\21(5;) - PII(D?(Z)U if 9N = S02,.

The polynomials P;(u),..., P,(u) are called the Drinfeld polynomials associated to L(A(u)): they are
uniquely determined by the highest weight A(u). Moreover, two finite-dimensional irreducible modules
L(A\(u)) and L(A*(u)) share the same n-tuple of Drinfeld polynomials if and only if there is f(u) € 1+
™ C[[u!]] such that L(A\*(u)) = L(A(u))"f; here L(A(u))*# denotes the X (gn)-module obtained by twisting
L(A\(u)) with the automorphism p ;.

Let us now focus on the finite-dimensional irreducible representations of the Yangian Y (gn). By Corol-
lary 5.19 of [AMR], any such representation is isomorphic to the restriction of an X (gn)-module L(A(u)) to
the subalgebra Y (gn), where the components of A(u) satisfy the conditions of Theorem 2.3. In particular,
finite-dimensional irreducible representations of Y (gy) are parametrized by n-tuples P = (Py(u), ..., Py(u))
of monic polynomials in u.

Assuming o € C, let L(i : o) denote the irreducible highest weight representation of Y (gn) associated
to the tuple P such that P;j(u) = 1if j # ¢, and Pi(v) = u — . These are the so-called fundamental
representations of Y (gn). (These were studied in detail in Subsection 5.4 of [AMR], see also Subsection
12.1.D of [CP].) The representations L(i : «) play an important role: any finite-dimensional irreducible
representation of Y (gu) is isomorphic to a subquotient of a tensor product of fundamental representations.
(This is formulated precisely in Corollary 12.1.13 of [CP].)

Let us now recall some aspects of the representation theory of gxn. Following Section 4.2 of [Mo5], for
any n-tuple A = (A1,...,A,) € C™ we denote by V() the irreducible gn-module with the highest weight .
That is, V() is the irreducible module generated by a nonzero vector £ such that F;;€ = 0 for all ¢ < j and
Frpé=X & foralll <k <n.

The module V() is finite-dimensional if and only if A\;_1 — A\; € Z>¢ for all 2 < i < n and
-\ €Z>o if gy =spn,
(2.3) —2M €Z>0 i gN =502p41,
A — X € ZZO if gN = S02g,.
By Proposition 3.11 of [AMR] the assignment F;; %(tgjl) — Hijt(_li_i), for all i,j € Ty, extends to an
embedding gy — X (gn), and consequently we may regard any X (g )-module as a gy-module.

We conclude this subsection with a simple corollary of Theorem 2.3.
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Corollary 2.4. Suppose that L(A(u)) is finite-dimensional with highest weight vector & and Drinfeld tuple
P = (P (u),...,Py(u)). Then the gn-module UgnE is a highest weight module with highest weight A =
(Ai)P_, whose components are given by

(2.4) Ai=—AP,u) — Z deg P,(u) forall 1<i<mn,
2<a<i
where
deg P1(u) if 9N = 5P,
(25) A(P, u) = %deg P (u) Zf gN — S02n+1,

1(deg Py (u) — deg Py(u)) if gn = 502,

2.2. Twisted Yangians and their finite-dimensional irreducible representations. Twisted Yangians
of types B, C and D were introduced in [GR] and the study of their representation theory was initiated in
[GRW2]. Let us briefly recall their main algebraic properties in the cases relevant for this paper. For complete
details and proofs of the results below, please consult [GR] and [GRW2].

2.2.1. Twisted Yangians of type BDI and CII. We will focus on twisted Yangians for symmetric pairs
(gn,8p © 9¢) With p+ ¢ = N and p > ¢ > 0, that, in terms of the notation introduced in Section 2.2
of [GRW2], are of types BI, CII and DI(a). These symmetric pairs are of the form (gn, g%;) where p is the
involution of gy given by p(X) = GXG~! for all X € gy with G the corresponding matrix in the table
below, and gf; is the subalgebra of gy fixed by p.

TABLE 1. Symmetric pairs

Type Symmetric pair (gn, g'y) G

v—1 Bii — Z?ZPTH(EH +E_i—i)
2

p—1
2

BI(a) | (s025+1,502n4+1—¢ ®S0,4) | ¢ =0 mod 2

g—1
_ 2

BI(b) (502n+1,502n+1_q 6950,1) qg=1 mod2 -1 FEi + Z?:%(Eii + E—i,—i)
3

CII (ﬁpgn,ﬁpgnfq D qu) q= 0 mod?2 Z?:l(E“ + Efi_’fi) — Z?:g-’—l(Eii + E,L,i)

n

DI(a) (502y,, 802, P 504) g=0 mod?2 21 Eui+E_;_;)— Zi:g_’_l(Eii +E_; i)

Remark 2.5. Note that we have not included pairs of type DI(b), namely (s02,,50, @ so0,) with both p
and ¢ odd. In this case the matrix G cannot be chosen to be diagonal. Also note that, in type BI(b), when

q=1, so, = {0}.

We will write g;; for the (i,7)-th entry of G. We have G = >, 7 giiFi; since g;; = 0if i # j. Let
G(u) = (9i(u))ijezy be given by
_dl—-uG _pP—q
(2.6) G(u) = - with d= T

Notice that G(u) =G if p = q.

Definition 2.6 (|GR, Definition 3.1]). The extended twisted Yangian X (gn,G)™™ is the subalgebra of X (gn)
generated by the coefficients sg—), with i,j € In and v € Z>1, of the entries s;j(u) = gij + > ey Sl(-;)u_r of
the S-matriz
S(u)= Y Eij @si(u) =T(u—r/2)Gw)T (—u+ £/2).
i,J€EIN
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The algebra X (gn,G)"™ is a left coideal subalgebra of X (gn): A(X(gn,G)™) C X(gn) @ X (gn, G)™.
The S-matrix S(u) satisfies the reflection equation
(2.7) R(u — v)S1(u) R(u + v) S2(v) = S2(v) R(u + v) St (u) R(u — v)
and the symmetry relation
S(u) — S(k —u) n tr(G(u))S(k —u) —tr(S(u)) - I

2u— K 2u — 2K

(2.8) St(u) = S(k —u) £

The above two relations are in fact the defining relations of X (gn,G)™. (Their form in terms of s;;(u) can
be found in (4.4) and (4.5) of [GR].) By Theorem 4.2 of [GR], the algebra generated by the abstract elements

55;) subject to those relations, which is called B(G) in loc. cit., is isomorphic to X (gn,G)™.

The algebra defined in the same way as B(G) except with the symmetry relation (2.8) omitted and
(sg;-), si;j(u), S(u)) replaced WiNth generators denoted (fsf-;), Sij(uw), S(u)) is cglled the extended reflection algebra
of (gn,g%) and is denoted X (gn,G)"™. In Section 5.1 of [GR], where X (gn,G)" was denoted XB(G), it

was shown that there exists a central series c(u) =1+ > o, c;u™" € X(gn,G)"™[[u""]] such that

(2.9) X(gn:9)"™ = X(gn,9)" /(c(w) = 1).
We refer the reader to loc. cit. for a more complete treatment of X (gn,G)™ and return our attention to the
twisted Yangian X (gn,G)™™.

By Proposition 3.1 of [GR], the product S(u)S(—u) = w(u) - I defines a formal power series w(u) =
L+ 37,5 woru™" with coefficients central in X (gn,G)™. The twisted Yangian Y (gn,G)"™ is defined as
the quotient of X (gn,G)™ by the ideal generated by the coefficients of the unitary relation S(u)S(—u) = I,
that is
(2.10) Y(gn,G)"™ = X(an, 6)" /(w(u) - 1).

By Theorem 3.1 of [GR] the algebra Y (gn, G)™ is isomorphic to the subalgebra of Y (gy) generated by the
coefficients o7 with 7 > 1 of the matrix entries i (u) of the S-matrix X(u) defined by

S(u) =T(u—r/2)G(W) T (—u+ r/2).

Denote by Z(gn,G)™ the subalgebra of X (gn,G)" generated by the even coefficients ws, with r > 0.
The subalgebra Z(gn,G)™ is the centre of X (gn,G)"™. Moreover, the following tensor decomposition holds

(2.11) X(on,9)™ = Z(gn.G)"™ @Y (g, G)™"

Given g(u) € 14+ u~2C[[u~?]], the assignment
(2.12) vg: S(u) — glu—k/2)S(u)

extends to an automorphism v, of X(gn,G)", and Y (gn,G)™, viewed as a subalgebra of X (gn), is the
vg-stable subalgebra of X (gn,G)": see Corollary 3.1 of [GR].

tw

A second family of automorphisms of X (gn,G)"™ is provided by conjugating S(u) by certain invertible
matrices: let A € GL(N) satisfy AA* = I and AGA' = G. Then, by Remark 3.2 of [GR], the assignment

(2.13) aa:S(u) > AS(u)A*
defines an automorphism a4 of X (gn,G)™ which factors through the quotient Y (gn,G)™.
For each i, j € Iy, set F[; = (gii + g;;)Fij and define g;; = (gi; — di;)d, where we recall that d = (p —¢q)/4.

By Proposition 3.9 of [GRW2], the fixed point subalgebra $lgh; C gy is generated by the Flf}, and the
assignments

(2.14) Ffwss) —gy and Ff o) —gy; forall ijely
extend to injective algebra homomorphisms Hgh, — X (gn, G)™ and Ughy — Y (gn, G)™™, respectively.

The matrix G(u) provides the trivial representation V(G) of X (gn,G)™ defined by the map € : S(u) —
G(u), which is the restriction of the counit of X (gn) to X (gn,G)™. When g}, = g, ® gq with g, % s02 % g,
this is a unique one-dimensional representation of X (gx,G)%, up to twisting by automorphisms of the form
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vg: see Subsection 5.1. When (gn,gh) = (son,80n_2 @ s02) with N > 5, V(G) is a special case of a
one-parameter family of one-dimensional representations which will be constructed in Subsection 5.2, and
if N =4 it belongs to a two-parameter family of one-dimensional representations; this will be explained in
Subsection 3.1. In the case when (gn, gi;) = (s03,502), V(G) is again a particular member of a one-parameter
family of one-dimensional representations, as will be seen in Subsection 3.2.

We will also make use of the rational function (see Lemma 2.2 of [GRW2])

1 + tr(G(u)) satisfying p(u)p(k —u) =1- ﬁ

When it is necessary to emphasize the dependence of p(u) on the matrix G we will denote it instead by pg(u).

(2.15) p(u) =17

2u— K 2u — 2K

Lastly, we remark that we will sometimes write X (gn, g%)™ (resp. Y (gn, g4%)"") instead of X (gn,G)™
(resp. Y (gn,G)™).

2.2.2. Highest weight representations. We now briefly summarize the relevant results of the highest weight
theory for representations of X (gn,G)" obtained in Section 4 of [GRW?2].

A representation V of X (gn,G)™ is called a highest weight representation if there exists a nonzero vector
n € V such that V = X (gn, G)"™n and the following conditions are met:
sij(u)n =0 forall i<jeZy, and
sii(u)n = pi(w)n  for all i€ Iy,

where p;(u) = gii + >, ul(-r)u_T are formal power series in u~! with coefficients ul(-r) € C. The vector n is
called the highest weight vector and the (N —n)-tuple p(u) = ((uo(u)), p1(w), . . ., pn(u)) is called the highest
weight of V' (here (uo(u)) is only present if N = 2n + 1). Given a highest weight p(u), we shall frequently
make use of the corresponding tuple fi(u) whose components are given by

(2.16) fi(u) = (2u—n+i)pi(u) + Y pe(u) forall ieIy.
l=i+1

As in the case of X (gy), every finite-dimensional irreducible representation V of X (gn,G)" is a highest
weight representation (Theorem 4.5 of [GRW?2]). Additionally, V' contains a highest weight vector 1, unique
up to scalar multiplication. Given a tuple p(u), the Verma module M (u(u)) for X (gn, G)"™ is defined as the
quotient of X (gn,G)"™ by the left ideal generated by all the coefficients of the series s;;(u) with i < j € Zn
and s;;(u) — pi(u) with i € Z. If M (u(u)) is non-trivial, then it is a highest weight module with the highest
weight (u) and the highest weight vector 1,(,) equal to the image of the identity element 1 € X (g, g)tw
under the natural quotient map X (gn,G)™ — M (u(u)).

Whenever the symbols [£] and [F] occur, the lower sign corresponds to the type BI(b) case while the
upper sign corresponds to all the other cases.

Proposition 2.7 ((GRW2, Proposition 4.17]). Let pu(u) = (/Li(u»ielg’ where for each i we have p;(u) €
gii +u 1C[[u™t]]. Then the X (gn,G)™ Verma module M (u(u)) is nontrivial if and only if

(2.17) wi(w) i (—u+n—1i) = fip1(w) fip1 (—u+n —14) forall i€ IJ"\’} \ {n},

and in addition, if gN = $02,41, the series (K — u) - g (k — u) fio(u), where

(2.18) g = ] (123,

p—q—4u
is invariant under the transformation u — Kk — u:
(2.19) w- g (w)fio(x — u) = (i — w) - g (k — w)fig(1).
In Proposition 4.17 of [GRW2] the relation (2.19) was presented instead in the form
- fio(k —u) = (k —u) - pr(u)p(u) " fio(w),
where py(u) is the rational function p(u) corresponding to the pair (gn,gn), i.e. G = I. It was proven

of [GRW2, Remark 4.4] that pr(u)p(u)~! = g(k —u)g(u)~! and hence that the two forms of (2.19) are
8



equivalent. We now take a moment to provide a more elegant proof of this equality which holds more
generally whenever (gn, gi) = (gn, 9p ® g¢) with p # ¢. In addition, we state an important corollary of this
proof which will be used in Section 5.

Proposition 2.8. The following equality holds whenever p # q:

pr(w)p(u) ™ =gk —u)g(u)~".

Proof. The defining symmetry relation of X (gn,G)™ (2.8) is equivalent to
sigw) | Gigtr(S(w)

2u— K 2u — 2K

(2.20) p(u)sij(k —u) = 0;55_;—i(u) F for all i,j € In.

Taking the sum of both sides over all ¢ = j we obtain
1 N

’U,—Ii+2’u,—211

) tr(S(u)) = pr(u)tr(S(w)).
Applying the counit € (i.e. the trivial representation) to both sides we obtain

p(uw)tr(G(k — u)) = pr(u)tr(G(u)).

When p # ¢ the series tr(G(u)) is an invertible element of C[[u~1]], and therefore the above relation can be
equivalently expressed as

(2.21) p(u)tr(S(k —u)) = (1 ¥3

L (G- w)

u)plu
as tr(G(u)) = tr ((’);f)q%_ﬁfg) =(p-— q)gf‘;—:jz, the right hand side is just g (k — u)g (u) "t O

Replacing the relation (2.20) with equation (5.23) of [GR], we obtain the following corollary:

Corollary 2.9. Suppose that p # q. Then the central series c(u) € X (gn,G)™[[u=t]] (see (2.9)) satisfies
the relation

) — 5= ) tr(S(w)

g(w)  w(S(k —u))

We also remark that (2.21) holds for any symmetric pair of type B-C-D, and in particular it implies that
tr(S(u)) = tr(S(k — u)) when (gn, g%) = (v, 9n)-

When the X (gn,G)" Verma module M (p(u)) is non-trivial, it admits a unique irreducible quotient
V(u(u)), and every finite-dimensional irreducible module is isomorphic to a module of this form.

Given a representation V of X (gn,G)", denote by V° the subspace
VO={¢ecV :s5(u)é=0 forall i<j}

The next corollary follows from a modification of the proof uniqueness for the highest weight vector of
Theorem 4.5 in [GRW2] and is analogous to Corollaries 3.2.8 and 4.2.7 of [Mo5]:

Corollary 2.10. Let u(u) satisfy the conditions of Proposition 2.7 and let £ € V(u(u)) be a highest weight
vector. Then V (u(u))? = C¢.

Let n denote the highest weight vector of the irreducible X (gy,G)!-module V (u(u)), and & the highest
weight vector of the irreducible X (gx)-module L(A(u)). By Proposition 4.10 of [GRW2], X (gn,G)"™ (£ @ n)
is a highest weight X (gn,G)"-module with the highest weight vector £ ® n, and the highest weight ~v(u)
whose components are determined by the relations

(2.22) Fi(u) = ()i (v — £/2)A_i(—u + k/2) for all i€ Zy.
Define the non-negative integers ¢ and % by

¢ {¥ if (g, oY) is type BI(b),

2.23
( ) 3 otherwise,

and k=n-—*¢.



Since (gn, gR) is not type DI(b), both ¢ and % are non-negative integers, with ¢ < n and £ > 0 except in
the case when (gn, gi) is type BI(b) with ¢ = 1 (i.e. when (gn, gi/) = (§02,41,602,)). In Subsection 4.3 of
[GRW?2], the pair (¢, %) was denoted (£, k).

An important instance of (2.22) occurs when u(u) is taken to be (g4 (u))iezy, in which case V(u(u)) =
V(G) and (2.22) provides formulas for the highest weight v(u) of the X (gn,G)®-module X (gn,G)"¢ C

L(A(w)). By (2.6), we have
=) — o (P q[+]4u
(2.24) Gii(u) =2 (71) —

while for i € Z}; satisfying 0 < i <& we have by (2.18) that

) forall A+1<i<n,

(2.25) Gii(u) = (2u — ©) <%> +e (%) = [£]2u <%) = 2u - g(u).
Hence (2.22) becomes

_ 2u-g(u)hi(u—Kk/2)A_i(—u+ K/2) if 0<i<®,

Yi(u) = {2u (%) Ni(u—k/2A_i(—u+r/2) if R+1<i<n

for each i € Z;: see also Corollary 4.11 of [GRW?2].

In [GRW?2] the finite-dimensional irreducible representations of X (gn, gi)™ were classified for (g, g4;)
of type CI, DIIT and BCDO. In the present paper the corresponding classification results for the extended
twisted Yangians X (gn, gn)% of type BCDO will play an important role, and hence we recall them here.

We emphasize that all the definitions provided in Subsection 2.2.1 still apply for the (extended) twisted
Yangians of type BCDO: one must just substitute (p,q) = (INV,0). In particular, the definition of G(u)
provided by (2.6) collapses to G(u) = I. The definitions of # and ¢ given in (2.23) also extend to include
pairs of this type, where we have (&,€) = (n,0).

Let =1if gy =spy and § =0 if gy = soy.

Theorem 2.11 (Theorems 6.5 and 6.6 of [GRW2]). Suppose that p(u) = (“i(u))ieI; satisfies the conditions

of Proposition 2.7. Then the irreducible X (gn,gn)"-module V(u(u)) is finite-dimensional if and only if
there exists monic polynomials Py (u),. .., P,(u) such that

— = with  Pi(u) = Pi(—u+n—1i+2) forall 2<i<n,
P = )
and Py (u) satisfies Pi(u) = Pi(—u + k + 2°) together with the relation
ﬁl(li—u)ipl(u—FQ‘;) K—u . B
o) Blww YT
fio(u) _ Pru+ 3)
i (u) Py (u)

Moreover, when V(u(u)) is finite-dimensional the associated tuple (Py(u),. .., Py(u)) is unique.

Zf gN — 502p41-

We end this subsection by noting that the isomorphism (2.11) together with the definition of Y (gn, G)™
implies the following statement:

Proposition 2.12. The isomorphism classes of finite-dimensional irreducible representations of Y (gn, G)tY
can be naturally identified with the isomorphism classes of finite-dimensional irreducible X (gn, G)* -modules
in which the central series w(u) acts as the identity operator.

2.3. Preliminary properties of polynomials.

In this subsection we prove two elementary results pertaining to polynomials satisfying certain symmetry
relations: see Lemmas 2.13 and 2.14. Both of these lemmas are generalizations of similar results which have
appeared in Chapters 3 and 4 of [Mo5]. As was the case in loc. cit., these results play a role in classifying
the finite-dimensional irreducible representations of twisted Yangians.
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Lemma 2.13. Let o, € C€ C,l € Z and m € Q. Suppose that P(u) and Q(u) are both monic polynomials
such that P(u) = P(—u+1) and Q(u) = Q(—u+1). Suppose also that P(a) # 0 # Q(B) and that
P(u+m) a—u ~_ Qu+m) B—u

P(u) at+u—I1l+m Qu) BH+u—1l+m
Then P(u) = Q(u) and a = .

(2.26)

Proof. This is a generalization of a result proven as part of the proof of Theorem 4.4.3 of [Mo5] (see in
particular (4.58)). There the statement of the lemma was proven in the special case where | = m = 1. The
same argument works in the general case, and we repeat it here for the sake of the reader.

If & = 3 then P(;(J:)n) = Q(;(Z;n), which implies that the rational function f(u) = Q(u)/P(u) is periodic.
This is impossible unless f(u) is constant, and, since P(u) and Q(u) are monic, this is only possible if
f(u) =1. Hence P(u) = Q(u).

Therefore it suffices to show that an equality of the form (2.26) is impossible unless & = 3. We prove
this by induction on k, where k = (deg P(u) + deg Q(u)). If k = 0 then this follows from the fact that

(2.26) collapses to o= = ﬂ+5:?+m. Suppose inductively that (2.26) is impossible whenever o # 8 and
k < M for some M € N. Assume now k = M. By symmetry, we may assume without loss of generality that
deg P(u) > 2. Additionally, without loss of generality we may assume that P(u) and Q(u) have no common
roots. Let pg be a root of P(u) such that po + m is not a root. Then (2.26) implies po =1 —m — . Write

P(u) = P'(u)(u — ug)(u~+up — 1) and set 8/ =1 — ug. Then we have

P'(u+m) a—u _ Qu+m) B —u
P'(u) atu—Il+m  Qu) B +u—1l+m’
and « # (' due to the fact that P(8") = 0. By the induction hypothesis, this is impossible. O

Lemma 2.14. Let « € C, I € Z and m € Q. Suppose that P(u) is a monic polynomial such that P(u) =
P(—u+1). Then there exists a pair (£2', P (u)), where {2 € Z>o and PJ*(u) is a monic polynomial such
that P (u) = P™(—u +1), satisfying

Plu+m oa—u P (u+m oa—mll)—u m m
(2.27) (P(u) ).oz—l—u—l—l—m: P(O’]l(u) ).(a—(még”)—l—zi—l—i-m and PJ'(a—miy)) # 0.
Moreover, the pair (¢5', P (u)) is unique with P (u) equal to P(u) divided by
1
(2.28) Qu)= ] (w—a+km)(u—1+a-—km).
k=0

Proof. We first define the pair (¢7', P™(u)) and show that it satisfies the desired properties. For each a > 0,
set

(2.29) P (y) =

- P(v) € C(u),

pou —a+Em)(u—1+a—km)
where P (u) = P(u). Note that P(® (u) will be a monic polynomial in u satisfying P(® (u) = P(®)(—u +1)
whenever P(u) is divisible by Hz;é(u —a+ km)(u—1+ a— km). Define
o Joif P@)#0,
| mings1 {P*D(a - (k—1)m) =0, P*¥) (a — km) # 0} otherwise.
It a straightforward consequence of the above definitions that P)(u) is a monic polynomial in u satisfying
PO (1) = PO (—u+1). We may now set £ = £ and P/"(u) = P®)(u). It remains to verify (2.27). By the
definition of ¢ we have P*(ac — m/{J') # 0. Moreover,
Plu+m) _ Pru+m) [Lie (w—a+(k+)m)u—1+a—(k—1)m)
P(u) P (u) Hi‘zal(u—a—l—km)(u—l—ka—km)
Pl (u+m) (a0 = 0m) —u at+u—Il+m
~ Pm(u) (a—lrm)+u—1+m a—u
11
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which implies that (2.27) holds.

Finally, note that the uniqueness of (¢27*, P7(u)) is an immediate corollary of Lemma 2.13. |

The statement of Lemma 2.14 did not explicitly appear in [Mo5], but similar ideas were needed in the
proof of Theorem 4.4.14 in loc. cit. Note that in both of these lemmas the assumption that m € Q is not
necessary. We will however only be concerned with this case.

Let us end this subsection by introducing some notation related to polynomials:

e If P(u) is a polynomial in u, we denote by Z(P(u)) its zero set.
e Given a, § € C such that « — 8 € Z, we define the string S(«, 8) corresponding to («, 8) to be the set

S(Q,B):{{ﬂ,ﬂ_Fl’,a_l} ifa—ﬂ€Z>Oa

2.30
( ) 0 otherwise.

3. REPRESENTATIONS OF LOW RANK TWISTED YANGIANS OF TYPE BDI

In this section, we use the classification results for finite-dimensional irreducible representations of the
Olshanskii twisted Yangian Y+ (2) [Mol] together with the isomorphisms from [GRW1] to classify all finite-
dimensional irreducible representations of the twisted Yangians X (04,502 @ 502)" and X (s03,502)". The
classification obtained for X (so03, 502) will provide a necessary step in proving the main results in Subsection
6.2. Here we also obtain explicit formulas for evaluation morphisms X (s04, 502 ® 502)™ — U(s02 @ s02) and
X (s03,502)" — $so0y, and study the corresponding evaluation modules.

In order to distinguish between the generators of X (gn, ghy )" and those of Y1 (2), we shall follow the
convention established of [GRW1] and denote the generators of Y+ (2) by sfj(r), where 4, j € {£1} and r > 0.
These generators are then arranged as the coefficients of the various series’ s7;(u), which in turn form the
(i,7)"" entry of the matrix S°(u). Similarly, the generators of the special twisted Yangian SY*(2) are
denoted by a:j(r)
The defining relations of Y+ (2) are the reflection equation

, and the corresponding series and matrix are denoted by o7;(u) and ¥°(u), respectively.

R°(u—v) 7 (u) R (—u — v) S5 (v) = 5 (v) R* (—u — v) S (u) R* (u — v),
where R°(u) =1 —u~')", .7 F;; ® Ej; and the symmetry relation
5°(u) = 5°(—u)
2u '

The special twisted Yangian SY (2) is the quotient of Y (2) by the ideal generated by the coefficients of
sdetS°(u) — 1, where sdetS°(u) is the Sklyanin determinant [Mo5].

(3.1) S (—u) = S°(u) +

We now recall the classification results for finite-dimensional irreducible representations of ¥ (2) and
SY*(2). A representation V of Y1 (2) is called a highest weight representation if there exists a nonzero
vector £ € V such that V = Y+(2)¢, 52, j(u)€ = 0 and s9;(u)§ = p°(u)§ for some formal series p°(u) €
1+ uC[[u~?]]. As usual, we call u°(u) the highest weight of V, and the vector ¢ the highest weight
vector. These same definitions can be given in the SY ¥ (2) setting after replacing s2, (u) with 2, (u) for each
a,be{-1,1}.

Given p°(u) € 1+ u~'C[[u~1]], the Verma module M (u°(u)) for Y (2) is defined the same way as for
X(gn) and X(gn,G)"™, and is always non-trivial. It admits a unique irreducible quotient V' (u°(u)), and
any irreducible highest weight module with the highest weight p°(u) is isomorphic to V(u°(u)). We will also
employ the notation M (°(u)) and V(u°(u)) for the SY T (2) Verma module of highest weight 1°(u) and its
irreducible quotient, respectively. In the SY*(2) case, the Verma module M (1°(u)) is non-trivial provided
that p°(—u)p®(u — 1) = 1. The distinction between SY*(2) and Y+ (2) will always be clear from context.

The following classification result is a restatement of Theorems 4.4 and 5.4 of [Mol] (see also Theorems
4.3.3 and 4.4.3 of [Mo5]): the irreducible Y+ (2)-module V(u°(u)) is finite-dimensional if and only if there
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exists a scalar v° € C together with a monic polynomial P°(u) such that P°(u) = P°(—u+ 1), P°(v°) # 0,
and
pl(—u)  2u+1 P°(u+1) u—~°

(3.2) pe(u) u—1 Po(u) .u—|—’y°'

In this case, the pair (P°(u),~°) is unique. The same classification result holds if Y+ (2) is replaced with
SYT(2), and in this case it establishes a bijective correspondence between finite-dimensional irreducible
representations and pairs of the form (P°(u),~°): see [Mob, Corollary 4.4.5].

3.1. Twisted Yangians for the symmetric pair (s04,502 @ $503). The isomorphism between the twisted
Yangian X (504,502 @ 502)™ and the tensor product of Olshanskii twisted Yangians SY 1 (2) ® Y1 (2) was
established in Proposition 4.16 and Corollary 4.17 of [GRW1]. Let K = FE1; — E_1 1 € End(C?) and let
¥°(u) denote the S-matrix of SY T(2) and S®(u) that of Y 7(2). Set V = C? @ C? with ordered basis given
byv o=e_ 1®e_1,v_1 =e_1®e, vy =e; De_1 and vy = —e; ® e;. By identifying V with C* equipped
with basis {v_2,v_1,v1,v2}, we can consider S(u) as an element of EndV ® X (504,505 ®502)" [[u~!]]. Then
the map

(3.3) X : S(u)— —X9(u—1/2)K155(u —1/2)K,

defines an isomorphism X (504,502 @ §02)" = SYT(2) ® Y1 (2): see Section E in loc. cit. for the precise
meaning of the right-hand side of (3.3). The sign difference between (3.3) and (4.59) of [GRW1] is due to the
fact that the matrix G that we use equals the matrix —G’ used in loc. cit. We will use this result to obtain a
complete description of the finite-dimensional irreducible representations of X (504,502 @ s02)" using those
of SY*(2) and Y *(2) as recalled above.

Proposition 3.1. Let the components of p(u) = (u1(u), p2(w)) satisfy the conditions of Proposition 2.7 so
that the irreducible X (04,502 @ 502)" -module V (u(u)) exists. Then V(u(u)) is finite-dimensional if and
only if there exists a tuple (Q(u), P(u),«, 8), where a, B € C and P(u), Q(u) are monic polynomials in u,
such that P(u) = P(~u+2), Q(u) = Q(~u +2), P(0) #0, Q() #0, and

) P+l o-uw  f(-w  u  Qu+l) B-u

fio(u) — P(u)  atu-—1 fio(w)  1-u Q) BHu—1

Moreover, when they exist, the pair (Q(u), P(u)) and the scalars «, 8 are uniquely determined.

Proof. The proof of this proposition is very similar to that of Proposition 5.4 of [GRW2]. We begin by showing
that the X (s04,502®502)"-module V (u(u)), viewed as a SY (2) ® Y T (2)-module via the isomorphism ¥, is
isomorphic to V(u°(u)) ® V(u®(w)), where the pair (u°(u), u*(u)) is completely determined by the relations

(34) (W) = Qu-2) @@t (-0, Falw) = —2u p(@p°@) with F=u—1/2
Writing the map (3.3) explicitly we have that
o osu(u) = oot (U) sty (@), s—aa(u) =02y () st (u),
(3 | o) o o@D sy AT 4D

Moreover, the computation at the beginning of the proof of [GRW1, Corollary 4.17] shows that
X o os1—2(—u)s—12(u) — s11 (=) sa2(w) = 52y _y(—u)siy(u—1).
Letting £ € V(u(u)) denote the highest weight vector, this in turn implies that
521, —1(=u) sty (u = 1) = —pa (=) p2 ()¢

Using the symmetry relation (3.1) of Y (2), we can rewrite the equality above as

(st + DI o8, 1) = (- alie

By induction on the coefficients S;Y) of 89, (u), this implies that there exists u®(u) € 1+u~C[[u"!]] satisfying

(3.6) st ()€ = p®(u)¢.
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Moreover, p®(u) is uniquely determined by the relation

) (1t + IS 1) = (D)
Combining (3.6) with (3.5) implies that £ is also an eigenvector for the action of of; (u) with weight p°(u)
defined by po(u) = —u° (@) u® () or equivalently by

o) = i) (o (i) + ED LD,

U

where we have used that u°(—u)™! = p°(u — 1): see the proof of [GRW2, Proposition 5.4]. Using the
notation introduced in (2.16) the last two equalities can be rewritten in the equivalent form (3.4). Finally,
since [07;(u), s3,(v)] = 0, it follows immediately from the definition of § and the two formulas x(s—1,2(u)) =
0% 1 () s}y (u) and x(s12(u)) = of; (U)s® 1 () that 0%, (u)€ = s° 1 (u)€ = 0. Thus, by the irreducibility
of V(u(u)) we can conclude that

Vip(u)) =V (p®(w) @ V(p* (u),

We can now use the isomorphism above to determine exactly when V(u(u)) is finite-dimensional. As

recalled above (3.2), the module V(u°(u)) ® V(u®(w)) is finite-dimensional if and only if there exists a
tuple (P (u) *(u),v°,7*), where v°,7v* € C and P°(u),Q*®(u) are monic polynomials in u such that
P°(u) = P°(—u+1), ( )= P*(—u—+1), P°(71) # 0, P*(72) # 0, and the following equations hold:
(3.8) pl(—u)  2u+1 Po(u+1) u—~° and pt(—u)  2u+1 P*(u+1) u—~°

' pe(u)  2u—1  Po(u) u+9° pe(u)  2u—1  P*(u) u+~y°*

Set P(u) = P*(u), Q(u) = P°(@), a = ¥* + § and B = 7° + 4. Substituting u — @, the above relations
become
e (—u) 2u Plu+1l) u—a« u®(—u) 2u Qu+1) u-—-2p
— — . . a,nd — — . . ,
we () 2u—2 Pu) uta-1 pe () 2u—2 Q) u+p-1
respectively. By relations (3.4),

) _2-20 g fa(l-w)  po(=0)

) - 2 @ pAm T
Therefore, (3.8) is equivalent to
) Putl) a—u o oml-w _u Quil) A-wu
Folw) ~ P uta-1 ) 1w QW) atB-T
Moreover, P(u) = P*(u —1/2) = P*(—u+1/2+ 1) = P(—u + 2), and the same is true for Q(u). Finally,
P(a) = P*(a—1/2) = P*(v*) # 0. Similarly, Q(8) # 0. O

We now construct the evaluation morphism X (504, 502®502)" — {(s02®s502). The fixed point subalgebra
$(s02 @ s05) C LUsoy is generated by the elements Fi; and Fae. We recall that G = diag(—1,1,1, —1) in this
case.

Proposition 3.2. The assignment
(3.9) sij(u) = gij + 295 Fyju" + 65 (Ffy — Fip)u™?

defines a surjective algebra homomorphism ev : X (504,502 @ 502)" — U(s02 @ 502).

Proof. The Lie algebra so2 is one-dimensional, that is s0o = CFY), since FY_; = F°; ; =0 and F2; | =
—F7,. Recall the evaluation homomorphism given by Proposition 3.11 of [MNO]:

(3.10) ev® 1 YH(2) = Usog, 57 (u) = 0y + (u+1/2)7'Fy.

Let @ be the isomorphism sos @ soz(= CFp, @ CFY) — 504( CFi1 @ CFQQ) given by FP — Fi1 + Fao
and P — Fay — F11 The map ® induces an isomorphism D Us0y ® sy — Uso) = $l(s02 @ s502), and so
the composition ®(ev® ® ev®) yields a surjective homomorphism Y +(2) @ Y(2) — $i(s05 @ s05) (here ev®
denotes the evaluation homomorphism (3.10) for the second copy of Y+ (2) in the tensor product).

14



Finally, by composing the resulting map with the embedding X : X (504,502 @ s02) — Y1(2) ® YT(2)
given by S(u) — —S5(u) K153 () Ky (see Proposition 4.16 of [GRW1]) we obtain precisely (3.9). O

The morphism ev allows us to extend 502 sos-modules to X (504, 502 502)"-modules. As usual, modules
obtained this way are called evaluation modules. Let V'(u1, p2) denote the irreducible so/-module with the
highest weight (1, f12); this is the one-dimensional representation of so/ in which Fj; acts as multiplication
by p; € C. The corollary below follows directly from the formula (3.9).

Corollary 3.3. The evaluation module V (i1, pa) with py, pe € C is isomorphic to the X (so4, 502 69502)““-
module V (u(u)) with

pi(u) = gii + 2gipint + (pf — pdu=?  for 1<i<2.

The collection {V (1, pi2) } 1y ,usec provides a two-parameter family of one-dimensional representations of
X (504,502 @ 502)". Note that the trivial representation V(G) may be recovered in the special case where
(11, 2) = (0,0). In Remark 5.8, it will be explained that these are essentially all of the one-dimensional
representations of X (504,502 @ 505)""

3.2. Twisted Yangians for the symmetric pair (sos3,502). The isomorphism between the twisted Yan-
gian X (s03,602)" and the Olshanskii twisted Yangian Y (2) was established in Proposition 4.3 of [GRW1].
Here we recall the necessary details of this isomorphism, which will allows us to obtain a complete description
of the finite-dimensional irreducible representations of X (s03,502)" using those of Y (2).

Let the standard basis of C2 be given by vectors e_; and e; and let V be the three-dimensional subspace of
C?®C? spanned by vectors v_; = e_1®e_1, vg = \%(6—1 ®e1t+e1®e_1), v1 = —e1®e;1. Upon identifying V
with C3 we may view the matrix S(u) as an element of EndV ® X (s03, 502)"[[u~!]]. Moreover, the operator
1R°(-1) = (I + P) € End(C? ® C?) is a projector of C* ® C? onto the subspace V and the mapping

(3.11) p 1 X(s03,502)" = YT(2), S(u) = LR, (—1)S9(2u — 1) Ry (—4u + 1)" S5(2u) K K.

where K = Ey; — E_1,_1, is an isomorphism of algebras whose restriction to the subalgebra Y (s03,502)t%
induces a isomorphism between Y (s03,502)" and SY*(2). Denoting u — 1/2 by @ the map (3.11) explicitly
reads as

(u) = 824 1 (20) 821 1 (2u) + 3 5%1,1(20) 571 (2u),
(u) = —%531 _1(2u) 50—1,1(211) - m (521,1(217)5?1(2@ + 4USO—1,1(21~L) 50—1,—1(2u))a
s—1,1(u) = 147iu 5—1 1(2u) 521,1(2@,
(u) = \%51,71(2@ 521 1(2u) + m(sfl@ﬂ) 57 _1(2u) +4us®; _(2u) Si,71(2u))a
(u) — —%(531,1(217) s1,-1(2u) + 571 (2u) 5%, 1(2U))
= 2((831,71(217)+4US‘1’1(217))831 1(2u) + (dus®y 4 (20) + 57, (21)) 57, (2u)),
Tl) 21-1(2u) 5% 1 (2u) — \/L— 21,1(2u) 57, (2u) — ms?l(mj)sil,l@u%
4u s,-1(2a)s7 1 (2u),
511(2u)51 _1(2u) + m (4USC1),71(2@ 571(2u) + 5?,71(217) 531,71(2@)7
s11(u) > s71(2u) 57, (2u) + Tlflstfﬁl@a) 521 1(2u),

which can be deduced using the formulas in the proof of Proposition 5.8 of [GRW?2].

(3.12)

So1lu

(u) =
81)_1(’(1,)
(u) =~

S10lUw

Proposition 3.4. Let p(u) = (po(u), p1(u)) satisfy the conditions of Proposition 2.7 so that the irreducible
X (s03,502)" -module V (u(u)) exists. Then V(u(u)) is finite-dimensional if and only if there exists a monic
polynomial P(u) in u and a scalar o € C such that P(a) # 0 and P(u) = P(—u + 3/2) and
fio(u)  Plu+1/2) a—wu
i (u) P(u) atu—1
Moreover, when they exist, the polynomial P(u) and the scalar o are uniquely determined.
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Proof. The proof is very similar to that of Proposition 5.8 of [GRW2]. By Proposition 2.7 the components
fio(u) and i1 (u) are required to satisfy

1/2u— u . izt;} '/NLO(U)v ,EO('UJ),ZZ()(—’UJ—F 1) — ﬁl(u)fh(—u—l— 1)'

(3.14) fio(1/2 — u) =

We may choose 11°(u) € 1+« C[[u"!]] such that
du —3
du —1

so that both equalities in (3.14) are satisfied. (See Lemma 5.7 of [GRW2].) Recall that fg(u) = (2u —

D po(u) 4+ p1(w) and g (u) = 2upq (u). Hence

(3.15) fiolu) = —2u PO(=20) 0 (2u), i () = 2u- 1°(20) p° (2u),

316) o) =5

2u(4u — 3)
2u

T u°<—2a>+u°<2a>> 1O(2u),  pu(u) = p°(20) p° (20).

Let V(u°(u)) denote the irreducible highest weight Y™ (2) module with the highest weight p°(u) and let £
denote its highest weight vector. V(u°(u)) may be viewed as a X (s03, 502)"-module via the isomorphism .
It is immediate from (3.12) that s;;(u){ = 0 for all ¢ < j and

(3.17) s11(u)€ = p°(2u) pu° (2u) € = py(u) €.
To compute sgo(u) € we need to use the following formula, which follows from the defining relations of Y (2):
[50—1,1(25)7 3?,—1@“)] = ﬁ (3?1(2“)5(;1(25) - 50—1,—1(25)50—1,—1(2“))
+ 43—31 (5T1(2U) 521 _1(2u) — 57, (2u) 531,71(2@) .

Combining this formula with the equality [s7;(u),s5;(v)]§ = 0 for all i, j € {£1}, we obtain

p(s00(w))€ = — g (dus?y 1(20) + s7,(20)) 57, (2u)€.

Applying the symmetry relation (3.1) to s%; _;(2u) in the equality above and using (3.16) we deduce that

(3.18) N —— (%

- (20 + 1020 ) 1 (20)§ = )

Equalities (3.17) and (3.18) show that, as an X (s03,$02)"-module, V (1°(u)) is isomorphic to V (u(u)).

We can now use this isomorphism to determine exactly when V(u(u)) is finite-dimensional. This occurs
precisely when there exists a monic polynomial P°(u) satisfying P(u) = P°(—u + 1) together with a scalar
~v° € C\ Z(P°(u)) such that (3.2) holds. Using (3.15), (3.2) can be written in the equivalent form

fo(w) _ A4u—3 p°(1—-2u)  P°(2u) ~°—-2u+1 _ Plu+1/2) a-u
ai(u)  du—1 pe(Ru—1) P°(Qu—1) v°4+2u—1  P(u) atu—1

where P(u) = 2~ 9 P* (W) P°(2y — 1) and = (y° 4 1)/2. With this definition of P(u) we have P(«a) # 0,
P(u) = P(—u + 3/2), and the uniqueness of P(u) is guaranteed by the uniqueness of P°(u). O

As in the previous section, we proceed by constructing the evaluation morphism X (s03,502)% — s
and the corresponding evaluation module. Recall that d = (p — q)/4 = 1/4 for the pair (s03,502). We have
the following analogues of Proposition 5.8 and Corollary 5.9 of [GRW2]:

Proposition 3.5. The assignment

(319) Sij (’U,) —

1 1
— (gz‘ju —Oyd+ (d(F{)* + UFZ))

defines a surjective algebra homomorphism ev : X (503,502) — Usos.
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Proof. Recall that soo = CFY,. By composing the map ev® in (3.10) with the map ¢ in (3.11) we find that
sij(u) — 01if i # j and

1 o 2 o
S—l,—l(u) =1+ (u — 1/4)(u+ 1/4) (1/4(Ffl,71) + U’Ffl,fl) )
1+4u 8u
_ FO FO
so0(u) = 1—4du (1—4u)? (F20a+ 1)
2 o e} o o o [}
T+ = 1) (F + duF° )FP + (F2 1+ 4UF11)F—1,—1)
 u+t1/4 1/4(F2,)?
Cou—1/4 (u—1/4)(u+1/4)’
1
s11(u) = 14 (1/4(F101)2 + UFlol) .

(u—1/4)(u+1/4)

The proof is now completed as follows. Let ® : s02 — 504 be the isomorphism of Lie algebras given by
Fp, — Ff, = 2Fy; and let ® be the corresponding isomorphism of the enveloping algebras $lsoy — $ls05.
Since G = diag(1, —1,1) and d = 1/4, it is straightforward to see that ®oev®op yields (3.19) as required. O

Let V(u) denote the irreducible so-module with the highest weight p € C; this is the one-dimensional
module in which Fj; acts as multiplication by p. Formula (3.19) implies the following:
Corollary 3.6. The evaluation module V (u) with u € C is isomorphic to the X (so03,502)" -module V (u(u))

with
202 — (u+d)
w2 — a2 ’

u+ 2dp

1
,uo(u)——l—l—2d< pi(u) =142p <m) and d:Z'

In analogy to the two-parameter family {V (u1, ft2) }i1 uacc of the previous subsection, the one-parameter
family {V(u)},ec, which includes V(G) = V(0), contains all of the one-dimensional representations of
X (s03,502)"™ up to twisting by automorphisms of the form (2.12): see Remark 5.8.

4. NECESSARY CONDITIONS IN THE GENERAL SETTING

Assume that N > 4 if gy = spy, N > 5 if gnv = son and that the pair (gn, g, ® gq) is of type DI(a),
BI or CII. In this section we use the machinery developed in [GRW2] to obtain a set of conditions on the
highest weight pu(u) of the X (gn, gp & g¢)"“-module V(u(u)) which are satisfied whenever this module is
finite-dimensional: see Propositions 4.4 and 4.12.

In this section it will often be convenient to write the symmetric pair (gn, gp D 9q) as (gn, gN—2¢ D g2¢)
(see (2.23)). This will be of particular importance in Proposition 4.1.

Let m be an integer satisfying 1 < m < € — ¢ . In what follows we will consider the quantum algebras
X (gn, 9n—2¢ D g2e)™ and X (gn—2m, N —2¢ B gg(g,m))tw simultaneously, and for this reason we will relabel
the generating series s;;(u) of X (gn—2m,dN—2¢ D gg(g,m))tw by sf;(u) for each 4,5 € Zny_oy,. Similarly,
the generating series $;;(u) of )N((gN_gm, ON_2¢ D QQ(g,m))tw shall be denoted Ezy(u) It will also be conve-
nient to employ the notation G,, and p,,(u) for the matrix G and rational function p(u) = pg,, (u) defined
in (2.15), respectively, which correspond to the symmetric pair (g§n—2m,9~n—2¢ © g2(¢—m)). In particular,
X(gN—2m,Gm)"™ is equal to X (gn—2m, N—2¢ D Ga(¢—m))"" and we will sometimes use to former notation
for brevity.

For each i,j € Iy gy, define s{I"(u) € gij + u ' X (gn, gn—2e D g2¢)™[[u™]] by

om m dij m
(4.1) sot(u) =s(ut+2)+ 52 Y sea(ut+B).

a=n—m-+1

Given an arbitrary representation V of X (gn, gn—2¢ @ g2¢)™, let Vi4,m) CV be the subspace

(4.2) Vigmy ={v €V i s5(u)v =0 for all i <jwithn—-m+1<j5<n}.
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Lemma 4.12 of [GRW2] together with a simple induction on m shows that each s{7"(u) may be regarded as
an element of End V(4 ,,,) and that for any hy,(u) € (—1)°m¢9m»/2 + 4~ 'C[[u""]] the assignment

(4.3) sii(u) = hon(u)sg™(u) for all 4, j € Iy _om

gives rise to an )Nf(gN_gm, gN—2¢ D gg(g,m))tw—module structure on V(4 ,,,). When m = 1, Proposition 4.13
of [GRW2] gave a sufficient condition on h,,(u) which guarantees that the action of the reflection algebra
X(g]\]_gm, Gm)™ on Vi+,m) factors through the extended twisted Yangian X (gn —2m, Gm)™™. In fact, a careful
reading of the proof shows that, provided V( ,,) # 0, this condition is also necessary.

The next proposition generalizes this result to the case where 1 < m < € — & .

Proposition 4.1. Suppose that V(i ) is nonzero, and let hy,(u) € (—1)°m0me/2 4y~ Cllu™]]. Then the
assignment s (u) = hy (u)s3i™(u) equips Vg m) with a X(§N—2m, 9N—2¢ © G2(e—m))"" -module structure if
and only if hy,(u) satisfies the relation

(4.4) hon (W)l () =m0 — )™ = p(u)p(u+ )7

If in addition V is a highest weight module with the highest weight vector §, then V(i ) # 0 and the
subrepresentation X (gN—2m, GN—2¢ ®92(f_m))tw§ C Vi4,m) 18 a highest weight module with the highest weight
P (w) ™ () = (hm(u)u‘i”’“b(u))iezgi2 , where the components of p°™(u) are uniquely determined by the

relations

(4.5) /;fr”(u) =ni(u+%2) foral i€Zy_,,.

Proof. That the reflection equation for X (gn—a2m,Gm)"™ is satisfied by hp,(u)s{"(u) is a consequence of
Lemma 4.12 of [GRW2]. As for the symmetry relation for X (gn—_2m,Gm )", one can repeat the proof of
Proposition 4.13 in loc. cit, replacing k' by «' —m and n — 1 by n — m. O

Given a X (gn,G)"-module V and A, (u) € (—1)%m¢mp/2 4 4~ C[[u~"]] satisfying (4.4), we denote by
Vit (u)) the X (gN—2m, 9N —2¢ © gg(g_m))tw—module which is equal to V(4 ,) as a vector space with action
determined by si%(u) = hy,(u)s;]"(u) for all 4,j € In 2. When V' is a highest weight module with £ € V/
a fixed highest weight vector, we denote by V}, (. the submodule X (gn—2mm, Gm)t€ of Vihom (w))-

In the remarks following the proof of Proposition 4.13 of [GRW2] it was explained that there always
exists hn,(u) satisfying (4.4). We now show that there is a particular series h,,(u) which can be regarded
as the most natural solution of (4.4). Let g, (u) be the rational function from (2.18) associated to the pair

(IN—2m,s ON—2¢ D G2(¢—m))-

Proposition 4.2. For any integer 1 <m < € — &¢ ,,, the series
u m\—1
(4.6) him (u) = P “gm(u)g(u+3)

belongs to (—1)9mc9mp/2 4y~ C[[u™']] and satisfies (4.4). Moreover, this is the unique choice of hy,(u) with
the property that V(G)p,,. (u) is isomorphic to the trivial representation V(Gy,).

Proof. Let hy,(u) be given by (4.6) and consider the trivial representation V(G) of X(gn,G)™. Since
V(G)(+.m) = VI(G), V(G) is also a X(gN—2m: Gm)'-module with action given by (4.3). Let’s argue that
this is just the representation S™(u) — Gm (u), where Gy, (u) is the matrix G(u) corresponding to the pair
(ON—2m, 9N —2¢ @ G2(¢—m))- The generating series 57} (u) operates in V(G) as Ay, (u)u®(u), where in this case
pl(u) = (U?m(u))ielﬁ,m has components determined by Ef\’/n(u) = gii(u + %) and g;;(u) is the (i,i)-th
entry of the diagonal matrix G(u). Let g} (u) be the (k, k)-th entry of the (diagonal) matrix G,,(u). Then,
to show that 57 (u) operates as g/ (u) for all i € I, _, . it is enough to show

(4.7) B () Gii (u + ) = g2 (u).

For any i € Zy; satisfying 0 < i < &, we have h,, (u) = g:’/’;(u) - Gii(u+ %) "1 by definition of g (u) and g, (u)
- see (2.25). Hence (4.7) trivially holds for these values of i. If instead # 4+ 1 < i < n —m, then the left-hand
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side of (4.7) is equal to

5 pt+q—2m—4u\ (p—q—2m—4u p—q[:l:](4u+2m)_2 p — q[X]2m[+]4u
b p—q[E]2m—4u) \p+q—2m—4u) p—q—2m—4u b p—q[E]2m—4u )’

which is precisely ¢/ (u) by (2.24). Therefore (4.7) holds and 57 (u) operates as g/ (u) for all i € T3, .
Since the action of the generating matrix S™(u) on V(G) is diagonal and symmetric with respect to the
transposition ¢, and G,,(u) has these same properties, we can conclude that S™(u) operates as G, (u) in

V(G) = V(9)+m)-

We already know that this action factors through the extended twisted Yangian X (g —2m, Gm )™ (yvielding
the trivial representation V(G,,)), and therefore Proposition 4.1 implies that h,, (u) satisfies the relation (4.4).

To complete the proof of the proposition it remains to explain why (4.6) is the unique choice of h,,(u)
such that V(G)p,, (u) = V(Gm). This follows from the fact that any such A, (u) must satisfy (4.7), and this
property uniquely determines h,, (u). O

Henceforth we will assume h,, (u) is given by (4.6) and we will write V{,,,) for V(s (u)) and Vp, for Vj, ().

Corollary 4.3. Suppose that u(u) satisfies the conditions of Proposition 2.7 and let & € V(u(u)) be a
highest weight vector. Then V(u(u))m is the only highest weight submodule of V (p())(m). In particular,
if V(u(u)) is finite-dimensional then V(u(w))m is a finite-dimensional irreducible module isomorphic to
V (hm (u)p®™(w)), where hy,(u) is given by (4.6) and p°™(u) is as in Proposition 4.1.

Proof. Suppose that K C V(u(u))(m) is any highest weight submodule of V (u(u))(m), and let n € K be a
highest weight vector. Since V'(u(u))(m) is equal to V (1(u))(4,m) as a vector space, sij(u)n =0 =s_; ;(u)n
for all i < j with n —m +1 < j <n. Since 7 is a highest weight vector of K, we must have sg;(u + F)n =
0=s5_ r(u+3)nforal —n+m <k <l <n-—m,and therefore sy (u)n = 0 = s_; _x(u)n for these values
of k and [. Combining these two facts gives s;;(u)n = 0 for all —n < i < j < n, and thus n € V(u(u))?. By
Corollary 2.10, V (u(u))? = C¢ and therefore 7 is a nonzero scalar multiple of . As & generates V (u(u))m,
this implies K = V (u(u))m.

The second part of the corollary follows from the first part and the fact that, if V(u(u))y, is finite-
dimensional, every proper nonzero submodule K C V(u(u))y, must contain an irreducible submodule, and
hence a highest weight vector. 0

The following proposition gives necessary conditions for the finite-dimensionality of V' (u(w)). Recall that
0=0if gy =soy and d =1if gy =spyn.

Proposition 4.4. Suppose that the irreducible X (gn, gn—2¢ ® goe )t -module V (1u(u)) is finite-dimensional.
Then there exists monic polynomials Py(u), ..., P,(u) together with a scalar o € C\ Z(Py11(u)) such that

fici(uw) _ Pi(u+1l) [ a—wu
(4.8) i(v)  Pi(u) <a+u—

for all 2 < i < n, while P(u) satisfies Py(u) = Py(—u+ x + 2°) and the relation

6i,ﬁ,+l
€> with Pi(u) = Pi(—u+n—1i+2)

folw) _ Piu+d) (_a—u \*0 o
fi(u) Pl(u)2 <Oé+u—n) if N=2n+1,
(4.9) ﬁl(”_u):Q(“—U).Pﬂu-i-?é).ﬂ—u
fig-s (u) g (u) Pr(u) u
C(u-k£1)Ru+qg—kTF1) Pu+2°) k—u .
_(2u—/£:|21)(2u—q—/£:|:1). 1P1(u) T if N=2n.

Proof. The existence of Pa(u), ..., P,(u) together with the scalar o« € C\ Z(Pr+1(u)) (provided % # 0)
satisfying (4.8) was established in Proposition 4.18 of [GRW2|. Therefore, it suffices to show that there
exists P (u) (together with o € C\ Z(Py(u)) if & = 0) satisfying Py (u) = Pi(—u + & + 2°) as well as the
relation (4.9).
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Assume first that % # 0 so that (gn, gi) # (§02,+1,602,). As a consequence of Propositions 4.1 and 4.2
we may consider the X (g —_2¢, gn—2¢) “-module V (u(u))e. In fact, by Corollary 4.3 this module is irreducible
and isomorphic to V (he (u)u® (u)) with he(u) given by (4.6) with m = €. By Theorem 2.11 and the definition
of 11°(u) (see (4.5)), there exists a monic polynomial Q;(u) such Q1 (u) = Q1(—u + k — € +2%) and

fiolu+ %)  Qilu+3)

(4.10) T h T o N
ﬁl(li—%—u)_ he () .Ql(u+26).ﬂ—€—u . B
(4.11) @il W @ ” if N =2n.

If N = 2n+ 1, then setting P (u) = Q1(u — §) we obtain the desired result from (4.10) above after shifting
U u— g. Suppose instead that N = 2n. Since m = ¢, we have g,,(u) = 1 and, after substituting u — u—%

in (4.11), we arrive at the relation

u g(m—u).Pl(u—i—Ts).fi—u

) Py(u) u

fun—uw) _u-% k—u  gli-u) Pi(ut?) x—%

figi—s (u) v k—%5-u g Py (u) u—
where P;(u) = Q1 (u — £). Since

gk—u) QRu—-r£1)Ru+qg—-rF1)

(412) glu)  Qu—-kF1HRu—gqg—r*1)’

we have established the existence of Pj(u) satisfying (4.9) and Py (u) = Pi(—u + &k + 2°).

Assume now that # = 0, and consider the X (s03,502)"-module V(u(u))e—1 which is isomorphic to
V(he_1(uw)p°=V(u)). By Proposition 3.4, there exists a monic polynomial Q;(u) together with a° €
C\ Z(Q1(u)) such that Q1(u) = Q1(—u+ 3) and

folut5) _ Qulutyz) o —u
fir(u+ 51 Qi1(u)  a*+u-—1

After setting P (u) = Q1(u — f%l), a=a’+ f%l and substituting u — u — %, we obtain the first equality
n (4.9). Since we also have Py (u) = Py(—u+ x4+ 2°) and a € C\ Z(Pi(u)), this completes the proof of the

existence of (a, Py (u), ..., Py(u)). O

The previous proposition indicates that finite-dimensional irreducible X (gx, G)*-modules are intimately
connected to tuples (o, Pi(u),..., P,(u)) which satisfy certain relations. In light of this, it is desirable to
have terminology which enables us to quickly translate between the language of highest weights and that of
finite sequences (o, Py (u),. .., Py(u)) of the form described in Proposition 4.4.

Definition 4.5. Suppose that Pi(u),..., P,(u) are monic polynomials in u such that
(4.13) Pi(u)=P(-u+r+2% and Pi(u)=P(—u+n—i+2) foral 2<i<n.

Then, given a € C\ Z(Py11(u)), we say that p(u) is associated to the tuple (o, Pi(u),. .., Py(u)) if the
relations (4.8) and (4.9) of Proposition 4.4 are satisfied and additionally (2.19) holds when N = 2n + 1.

Note that it also follows from the relations (4.8), (4.9) and (4.13) that (2.17) holds, and hence that if p(u)
is associated to a tuple («, Py(u),..., Py(u)) then the irreducible module V' (p(u)) exists.

In the case were V(u(u)) is also finite-dimensional, we follow the convention in the literature and call
(o, Py(u), ..., Py(u)) the Drinfeld tuple associated to V(u(u)) and the polynomials Pj(u),..., P,(u) the
Drinfeld polynomials.

Lemma 4.6. Suppose that u(u) is associated to (a, Pi(u),...,Py(u)). Then this is the unique tuple as-
sociated to p(u). Moreover, if p*(u) is also associated to (o, Pi(u),..., Py(u)) then there exists g(u) €
1+ u"2C[[u™?]] such that V (uf(u)) =V (u(u))vs.

Proof. The uniqueness of (a, Pi(u), ..., P,(u)) is an immediate consequence of Lemma 2.13. Let’s turn to

the second statement of the lemma. Suppose that pf(u) is also associated to (cv, Py (u), ..., Py(u)). We need

to show there is g(u) € 1+ u~2C[[u"2]] such that uf(u) = g(u — k/2)ui(u) for all i € T If this is true,
20



then V(uf(u)) and V(u(u))*s will have the same highest weight and hence be isomorphic. The proof that
there exists g(u) satisfying ,uf(u) = g(u— r/2)p;(u) for all i € I\ follows from the same type of arguments
as given in the («<=) direction of the proof of Theorem 6.2 in [GRW2]: see (6.9) therein. For the sake of
completeness we recall some of the details here.

From (4.8) and (4.9) we obtain the equalities

T i T (K — Tt (k —
(4.14) pia(w) _ “31(”) forall 2<i<n and Pei=% _ “aﬁ’; W
A () W) i)
where (a,b) = (1,1) if gnv = spn, (a,b) = (1,2) if gy = 502, and (a,b) = (0,1) if gv = 5025,41. In the s02,41

case this follows from (4.9) together with the relation (2.19). Setting g(u) = pf, (u + %)(pn(u + 5)) 71, we

obtain from the first relations in (4.14) that ,uf(u) = g(u— r/2)p;(u) for all i € Z;. The second relation in
(4.14) then yields that g(u) = g(—u), which completes the proof. O

The proof of Proposition 4.4 provides a relation between the tuples associated to u(u) and to the highest
weight of V(u(u))e (if & # 0) or V(u(u))e—1 (if # = 0) under the assumption that V(u(w)) is finite-
dimensional. The following corollary generalizes this result.

Corollary 4.7. Suppose that p(u) is associated to (o, Py(u), ..., Pp(u)), and let 1 < m < € — 6¢.,. Then
the highest weight of the X (gn—2m, 9N—2¢ D Go(e—m))"™ -module V (ju(w))m is associated to the tuple

(a—F, Pilu+3F),. .., Poom(u+3)).

Proof. By Proposition 4.1, V(u(u)),, has highest weight pf(u) = hy, (u)p®™(u) with hy,,(u) given by (4.6)
and p°(u) = (Mfm(u))ielx,,z determined by (4.5). For each 2 <i < n —m, (4.8) implies the relation

Aiy(w) i (ut %)Pi(u—i—%—i—l)( a—2 -y )Ji*’*+1Qi(u+1)< of —u >5w«+1
iw)  mu+%) P+l \atZtu—¢ T T Qi) \aFru— (€ —m) !

where Q;(u) = P;(u+ %) and of = a — . It also follows from (4.8) that Q;(u) = Qi(—u+ (n—m) —i+2)
and of € C\ Z(Qp11(u)). If N = 2n+ 1, similar observations imply that the first relation in (4.9) is satisfied
with (fio(w), 7i1 (u)) replaced by (75(u), it (u)), Py (u) replaced by Qq(u) = Py (u+ 2)and a by of = — 2.
It remains to show (4.9) holds when N = 2n and (i1 (u), figi-s (u), g (u), P1(u), k) is replaced by
(S (1) i 5 (), g (), Pa (- ), 5 — ).

By definition of pf(u) and of h,,(u), we have

Br—m=—u) har—m—u) gr-T-uw) Pu+2+2) x-2 _u
i) he(w) g+ %) Pw+%)  ut g
_gm(fﬁ—m—u).ﬂ(u—l—?‘s—l—%).fi—m—u O
gm(u) Pi(u+%) u

Our aim for the rest of this section is to show that if (o, Pi(u), ..., Py(u)) is a Drinfeld tuple then o — N/4
must take half integer values unless gy = son and ¢ = 2: this will be made precise in Proposition 4.12.
First, we proceed with two lemmas.

Lemma 4.8. Suppose that L(A(u)) is finite-dimensional with Drinfeld polynomials Q1(u),...,Qn(u) and
that p(u) is associated to a tuple (a, Py(u),..., Py(u)). Assume also that a is not a root of Qpy1(u — k/2)
or Qr+1(—u—+€+2—rk/2) and let £ € L(A(u)) and n € V(u(u)) be highest weight vectors. Then the highest
weight y(u) of the X(gn,G)" -module X (gn,G)"™ (€ ® n) € L(A(u)) ® V(u(w)) is associated to the tuple
(o, (Q1 © Pr)(u),...,(Qn ® Py)(u)), where

(—1)%8 QW) Qi(u — k/2) Qi(—u+n —i+2—k/2)Pi(u) if 2<i<n,
(—1)des D Q) (u — 5/2) Qu(—u + K/2 + 2°) Py (u) if i=1.
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Proof. Apply the formulas (2.22) in conjunction with the relations of Proposition 2.2: see the argument
following (6.8) in the proof of Theorem 6.2 from [GRW2]. O

Remark 4.9. If ais aroot of Qg1 (u—r/2) or Qg1 (—u+€+2—~k/2) then (o, (Q1OP1)(u), ..., (QnOP,)(u))
will still satisfy the relations of Proposition 4.4, except that the condition @ ¢ Z((Qr4+1 @ Pr+1)(w)) will fail
to hold. In this case one must replace (a, (Qr4+1 @ Prg1)(u)) by (o — m€, (Q1 ® P1)7(u)) where m = 1 if
% =0 and m = 1 otherwise: see Lemma 2.14.

To state the next lemma we will need the following terminology: a gh-module V' is said to be a highest
weight module with the highest weight (u;)?_; if it is generated by a nonzero vector £ such that F£§ =0 for
all i < j € Iy and Fj;§ = ;€ for all 1 <4 < n (see (2.14)).

Lemma 4.10. Suppose that p(u) is associated to (o, Pi(u), ..., Py(u)), and let & be a highest weight vector
of V(u(u)). Then the gi,-module tUgh& is a highest weight module with highest weight = (p;)1—; given by

(4.15) 1 = —sAP,u) — %Zdeg Py(u) + 6isp(a— ) forall 1<i<n,
a=2

where A(P,u) is as in (2.5) with P = (Py(u),..., Py(u)) and i — d;>p is the indicator function of the set
{k+1,...,n}.

Proof. Let pio(u) = (ftai(1));ez+ be the X (g, G)"-highest weight determined by

t—a—u

(4.16) Poyi(w) =2u-g(u) forall 0<i<®, pq(u)=2u-g(u) ( ) for #4+1<i<n,

u—a«
where the index ¢ = 0 is omitted when N = 2n. Since P;(u) = P;(—u +n — ¢ + 2) for all ¢ > 2, there exists
monic polynomials Q2(u), ..., Q,(u) such that

Pi(u) = (—1)deg Qi(“)Qi(u —k/2)Qi(—u+n—i+2—k/2),

and similarly since Pj(u) = Pi(—u + & + 2°), there is a monic polynomial Qq(u) such that Pj(u) =
(=1)dee AW Q, (u— k/2)Q1(—u+ K/2 +2%). Let L(A(u)) be a finite-dimensional irreducible X (g )-module
with Drinfeld polynomials Q1 (u),...,Qx(u), and suppose & € L(A(u)) and n € V(uq(u)) are highest weight
vectors. Then, as a consequence of Lemmas 4.6 and 4.8, there is an even series g(u) € 1 + u~2C[[u~?]] such
that V(u(u))?s is isomorphic to the irreducible quotient of X (gn,G)™ (£ ® n). As gf, acts identically in
V(p(u))¥s and V(u(u)), we can assume without loss of generality that g(u) = 1.

Since 5-fia,i(u) has u™! coefficient (2 - NSZ — Cgii + [FI€), g(u) = [£]1 + [Fldu™' + O(u?), and

Z_ui;u = -1+ (€ — 2a)u™t + O(u™?), we obtain from (4.16) the relations
(4.17) D =[F(E -0 for 0<i<h, pl)=[x(E+¢—-20a) for i>k+1.

Since Ff] = 2¢;;F;; and the embedding Ugh, — X (gn, G)"™ sends F); to 5511) — (g — 1)L (see (2.14)), we
obtain
2giifta,i + (gu — 1) B = ,u((ll)z for all i € I},
where piq,; denotes the Fj;-weight of . Combining this with (4.17) yields
tai=0 for 0<i<Hk, uaﬂ-:a—% for #+1<i<n.

Since Fi;,(€®n) = Fii @+ f10,i(§®1n), (4.15) now follows immediately from the formulas (2.4) of Corollary
2.4 and the fact that deg P;(u) = 2deg Q;(u) for each 1. O

Remark 4.11. Lemma 4.10 (and its proof) also applies for the twisted Yangians of type BCDO. In this case,
o should be removed from the tuple (c, Pi(u), ..., Py(u)). Note that, since # = n, the term &;sp (o — &)
does not actually make an appearance in (4.15), and that the definition of p4(u) given in (4.16) reduces to

(gii(u))iezgv and hence V (uq(u)) = V(G).



Proposition 4.12. Suppose that N > 4 if gn = spy and N > 5 with ¢ # 2 if gn = son. Then 2'7%(a— %)
is an integer satisfying
Rl
217 (a— &) S AP,u) + > deg Pu(u) + (1 — 2°7") deg Pyya(u),
a=2
where we recall that § =1 if gy = spay, and 6 =0 if gy = soy .

Proof. Since V(u(u)) is finite-dimensional, so is the go, highest weight module $go,& C $Ugh;§. The highest
weight of this module is (pg 41, - -, ftn) With each u; as in the relation (4.15) of Lemma 4.10.

If gn = span, then gop = spos and (2.3) implies that —pgy1 € Z>o. Otherwise, goy = 5090 and (2.3) yields
—ph+1 — Hh+2 € Z>o. Taking into account that pgy1 and pgyo are given by (4.15) we obtain the statement
of the proposition. O

5. CLASSIFICATION OF ONE-DIMENSIONAL REPRESENTATIONS

In this section we classify the one-dimensional representations of X (gn, g, @ g4)" and Y (gn, gp @ gq)™"
when (gn, gp D gq) is a symmetric pair of type BDI or CII: see Propositions 5.1 and 5.6. In fact, Proposition
5.1 also holds for the twisted Yangians of type BCDO0. These results prove that X (gn, g, @ g4)" (and thus
Y (gn, 8p D gy)"") admits non-trivial one-dimensional representations if and only if g, & g, does (which occurs
precisely when g, or g, is isomorphic to the one-dimensional Lie algebra sos).

The main difficulty in proving Proposition 5.6 is the construction of a one-parameter family {V(a)}qec
of one-dimensional representations for X (son,s0ny_2 @ 502)“" when N > 5: this is proven in Lemma 5.4,
and stated explicitly in Corollary 5.5. This one-parameter family of representations will play a crucial role
in the proof of the classification of finite-dimensional irreducible representations of X (sox,50yx_2 @ 509)%%
given in Theorem 6.1 of the next section.

5.1. Twisted Yangians for the symmetric pairs (g, g,®g,) when g,, g, % s02. We begin by classifying
the one-dimensional representations of X (gn, gi,)"™ in all cases where gf, = g, ® gq with g, % s0s % g4 We
also relax the requirement that ¢ > 0 so as to include the twisted Yangians of type BCDO, which correspond
to g =0.

Proposition 5.1. Assume that the symmetric pair (gn, 9p © 9q) s of type BCDO, BI, CII, or DI(a), and in
addition that g, % s02 % g4. Then, a representation V of X (gn, gp @ 8¢)"" is one-dimensional if and only
if V.2 V(G)"s for some g(u) € 1+ u=2Cl[u™?]].

Remark 5.2. The proof of the Proposition exploits the relationship between X (gn,g, @ g4)"” and the
Molev-Ragoucy reflection algebra B(n, €) which was studied in Subsection 4.3 of [GRW2]. For the definition
and main properties of B(n, €), we refer the reader to [MR] and Subsection 3.6 of [GRW?2].

Proof. Suppose that V is a one-dimensional representation of X (gn, g, @ gq)™. By Proposition 4.4 (if
g # 0) and Theorem 2.11 (if ¢ = 0), V can be associated to a tuple («, Py(u),..., P,(u)), where the scalar
a should be omitted if ¢ =0. If ¢ =1 or ¢ =0, then g, ® g4 = gp. Otherwise, both g, and g, are complex
semisimple Lie algebras. In either case, g, ® g4 is semisimple and thus admits no nontrivial one-dimensional
representations. Consequently, V' is isomorphic to the trivial representation of g, ® g, when viewed as a
module of this Lie algebra. Therefore, relation (4.15) of Lemma 4.10 becomes equivalent to

AP, u) + Zdeg Py(u) =6i>p(2a — &) forall 1<i<n,

a=2
from which it can be deduced that P,(u) =1 for all a # £ +1, and deg Py11(u) = 2a—Z. In the ¢ = 0 case,
this completes the proof as (Py(u),..., Py(u)) is equal to (1,...,1), the Drinfeld tuple corresponding to the
trivial representation. To complete the proof in the g # 0 case, 1t suffices to show that deg Pr41(u) =0, as
this will imply (o, Py (u), ..., Py (u)) = (&,1,...,1). Since V(G) is also associated to this tuple, the desired
conclusion will follow from Lemma 4.6.
Case 1: % > 0.
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Suppose first that # > 0, and set M = N — 2¢ + 2. Consider the one-dimensional representation
Vo1 of X(gar, gm—2 ® g2)™ furnished by Proposition 4.1. By Corollary 4.7, this module is associated to
(7, Q1(w), - -, Q41 (w)), where v = a — 551, Qu(u) = 1 for 1 < a < &, and Qp+1(u) = Ppir(u+ ). The
central series w(u) of X (gar, gp—2 @ g2)' (see (2.10)) operates as multiplication by a scalar series w(u) in
Vi—1. Let q(u) € 1+u~'C[[u1]] be the unique series such that w(u) = q(u)q(u+ ). Since w(u) is even, the
uniqueness of this expansion forces the relation q(u) = q(x —u). In particular, the series g(u) = q(u+#r/2)~!
is even and in the twisted module W = (Vz_1)"s the series w(u) operates as g(u — k/2)g(u + £/2)w(u) = 1.
Since W is one-dimensional, Proposition 4.14 and Remark 4.15 of [GRW?2] imply that W can be regarded as
a representation of the Molev-Ragoucy reflection algebra B(% + 1,1), which is necessarily associated to the
tuple (v,Q2(u),...,Qp+1(u)) in the sense of Theorem 4.6 of [MR] (see also (4.74) — (4.76) of [GRW2]).

For1 <i,j <#f+1, welet b;;(u) denote the standard generating series of B(%#+1,1), and for 1 <¢,7 <2
we let b;(u) denote the standard generating series of B(2,1) (see [GRW2, Definition 3.25]). Since W is one-
dimensional, it inherits the structure of a (2, 1)-module by allowing b¢;(u) to operate as biy4—1,j+-1(u) for
i,7 € {1,2}. This can be verified directly, but it also follows from a more general result observed in the first
part of the proof of Theorem 4.6 of [MR]. The resulting B(2, 1)-module has Drinfeld tuple (v, Qs+1(u)). The
reflection algebra B(2,1) is isomorphic to the twisted Yangian Y+ (2) (see [MR, Proposition 4.3] as well as the
remarks concluding Section 4.2 of loc. cit.), hence W can also be viewed as a one-dimensional representation
of YT(2). The arguments used to prove [MR, Proposition 4.4] show that this irreducible Y *(2)-module
corresponds to the pair (y—1,Qr+1(u+ 3)) (see (3.2)). On the other hand, by Corollary 4.4.5 of [Mo5], as a
SY *(2)-module W must be isomorphic to the module V' (y—1), which is the one-dimensional representation
of Y*(2) with the highest weight
14+ (y—1/2)u"t

v =—77 1201
(2) module by restriction (see equation (4.21) in [Mo5]). Since this module
,1), we obtain deg Pyy1(u) = deg Qp+1(u) = 0.

and may be viewed as a SY
corresponds to the pair (y —

Case 2: & = 0.

In this case, V;_1 is a one-dimensional representation of X (s03,502)%" which, by Corollary 4.7, is associated
to the pair (v,Q1(u)) = (a — 52, Pi(u + 552)). Moreover, it can be made into a Y+ (2)-module via the
isomorphism (3.11), and the proof of Proposition 3.4 shows that, as a Y7 (2)-module, Vz_; corresponds to
the pair (P°(u),~°) = (2dch1(“)Q(“T+1), 27 —1). Repeating the last part of the argument of Case 1, we are
able to conclude that deg P (u) = deg P°(u) = 0, which completes the proof of the Proposition. O

+
1
2

The below corollary of Proposition 5.1 now follows immediately from the fact that Y (g, gp ® gq)™ is the
vg-stable subalgebra of X (gn, gp @ gq)"™.

Corollary 5.3. Let (gn, 9, @ 9q) satisfy the conditions of Proposition 5.1. Then, up to isomorphism, V(G)
is the unique one-dimensional representation of Y (gn, gp @ gq)".

5.2. Twisted Yangians for the symmetric pairs (gn, g, ® g,) When g, = soo. We now turn to the
twisted Yangians associated to pairs of the form (gn, ghy) = (s0n,50n_2 @ s502) with N > 5.

The following technical lemma provides a one-parameter family of matrix solutions to (2.7) and (2.8)
associated to the pair (son,s0n_2 D $02).

Lemma 5.4. Let a € C and let G be of type BI or DI with ¢ =2 and N > 5. Then the matriz

(51)  K(uja) = k(u) (I— 2u E_p—n~— _2 g ) , where  k(u) = = a()u(u_—;;— 2

u—a u+a—2d "
and d = N/4 — 1, is a one-parameter solution of the reflection equation (2.7). Moreover, it satisfies the
symmetry relation

K(u;a) — K(k — u;a) n tr(G(u)) K(k — u;a) — tr(K(u;a)) - I'

2u— K 2u — 2K

(5.2) K'(u;a) = K(k —u;a) +

where G(u) is the is the matric defined in (2.6).
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Proof. We begin by showing that K (u;a) satisfies (2.7), that is
R(u —v) Ki(u;a) R(u +v) Ka(v;a) = Ka(v;a) R(u + v) K (u; a) R(u — v).
Notice that we only need to show this for k(u) ™K (u;a). Denote

(5.3) G(u) = _u2—uaE7n’7n - ﬁEnm
so that K (u;a) = k(u)(I + G(u)). Since I is a solution to (2.7), our task is to show that
R(u—v)G1(u) R(u+v) + R(u —v) R(u + v) G2 (v) + R(u — v) G1(u) R(u + v) G2 (v)

= G2(v)R(u+v)R(u —v) + R(u + v) G1(u) R(u — v) + G2(v) R(u + v) G1(u) R(u — v).

We first show that
P

(1— uljv) (Gl(u) (1— ui}) 4 (1— uiv) Ga(v) + G (u) (1— uH) Gg(v)) + H(u,v)

(5.4)

T (i) (1 e (1 ) ) (1 2,
Zh;e H(u,v) = Suv(a - d) (B @ B — Enn @ Ep0).

(u—a)(v—a)(u+a—2d)(v+a—2d)
The equality (5.5) reduces to

[P, 2vG2(u) — 2uG2(v) — (u — v) Ga(u) G2 (v)] = 0.
This follows from the following computations:

20G(u) = 2uG(v) — (u —v) G(u) G(v)

4uv 4uv 4uv 4uv
__<u—a_v—a>E_n’_n_ (u+a—2d_v—|—a—2d>Enn

B 4duv (u — v)
(u+a—2d)(v+a—2d)

Enn = 07

thus implying (5.5). Next we use
2u 2u

F=NQ, (1-u'P)Q=(1-u"Q QGWQ=gw)Q where glu)=-————"
and subtract (5.5) from (5.4). Then (5.4) holds if and only if the following equality is verified:
Gi(u)Q + QG2(v) + Gi(uw)QG2(v)  Ga(v)Q + QG1(u) + G2(v) QG1(u)

u+v—~K u+v—~K

_ Ga(u)Q + QGa(v) + G2(u) QG2(v) n G2(0)Q + QG2 (u) + G2(v) QG2 (u)
(u—v)(u+v—k) (u—v)(u+v—k)
4 QUG + Ga(v) + G1(w) G2(v)) _ (Ga(v) + Ga(u) + Ga(v) Gr (1) @
~ Q(Ga(u) + Ga(v) + Ga(u) G2(v)) n (G2(v) + Ga(u) + G2(v) G2(u) @
(u+v)(u—v—k) (u+v)(u—v—K)
L 90Q+ NQGa() +9(1)QGa(r) _ NGa(1)Q +9()Q +9(wGalr)Q _ e
(u—v—kK)(ut+v—kK) (u—v—k)(ut+v—k) e

Since [G(u), G(v)] = 0 we can simplify the equation above to
[G1(u) = G2(v), Q] + G1(v) QG2 (v) — G2(v) QG (u) I [Q, G1(u) + G2(v) + G1(u) G2 (v)]

u+v—~K U—vV—~K

(57) 4 [Q.Go(w) = Go(v)] + Go(v) QGa(u) = Ga(u) QGa(v) _ [@, Ga(u) + Ga(v) + Ga(u) G2(v)]
' (u—v)(u+v—k) (u+v)(u—v—kK)
(N +9(w)[Q, G2 (v)]

(u—v—k)(ut+v—k)

+

= H(u,v).
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Now observe that G*(u) = —u(2d — u) ~'G(2d — u) which implies that

u u

G1(U)Q:—2d_uG2(2d—U)Q7 QGl(U):—2d_uQG2(2d—U)-
Moreover,
o) QGa(v) = — 2 g e B ., .+ duv En n®FE
58 2 2= (u—a)(v—a) "™ T (u—a)(vt+a—2d) " T
(5.8) 4uv 4uv

E—n,—n & Enn

E_ n®@FE, _»n
+(u+a—2d)(v—a) n @ Em, +(u+a—2d)(v—|—a—2d)
Using (5.6), (5.8) and x = 2d + 1 we compute the following identity

G1(u)QGa(v) — G2(v) QG (u) n G2 (v) QG2 (u) — G2(u) QG2 (v)

u+v—~r (u—v)(u+v—kK)
4duv 1 1
IREEL ((u—a)(v—a) B (u+a—2d)(v+a—2d)> (B-nn @ En,=n = Bn,—n ® E_nn)
4uv 1 1
* (u—v)(u+v—kK) ((u—a)(v+a—2d) (v —a)(u+a—2d)> (E-nn @ En—n = En,on ® E-n.n)

B Suv(a — d) 3 — H(w. v
 (u—a)(v—a)(u+a—2d)(v+a—2d) (Bnn @ En,n = Ep,—n ® E-n.n) = H(u,v).

1

By combining the identities above and denoting @ = u(2d — u) ™! we rewrite (5.7) as

{Q uG2(2d — u) + Go(v) n G2 (u) — Gz (v) (N + g(u))Ga(v)
’ ut+v—k (u—v)(ut+tv—k) (u—v—k)(ut+v—Ek)
~ uGa(2d —u) — Ga(v) + uG2(2d —u)Ga(v)  Ga(u) + Ga(v) + Gg(u)Gg(v)] _0
U—v—K (u+v)(u—v—kK)

Denoting the commutator above by [Q,1 ® F(u,v)] we only need to verify that F(u,v) = 0, which follows
by a direct computation using (5.3), the explicit form of g(u) and kK = 2d + 1 = N/2 — 1, as we now
illustrate. After reorganizing the various terms and multiplying by (v — v — k)(u + v — k), we obtain, with
F'(u,v) = (u—v—k)(u+v—k)F(u,v):

F’(u,v)=—2m}G(U)—2qu(2d_u)+2u(1— I 1 4" 2>G(’U)

u?2 — 2 2d —u u—a u+a—2d uZ-v

uG(2d —u)G(w)  G(u)G(v)
_(u—i—v_ﬁ)( 2d —u + u—+ v )

_4”“<_ <u+al—2d - (u—a)SL?—v?))En’n_ (uia - (u+a—2§)(u2—v2))Enn

1 1 K 1 1
({1~ - E_,_» —F,,
( u—a u+a—2d+u2—v2)(v—a ’ +U+a—2d >

utv—k (u+a—2d)— (u—a)(u+v)
- E—n—n
(u—a)(u+a—2d)(u+v) v—a ’
(u—a)—(u+a—2d)(u+v)
+ nn
v+a—2d
_ 2d+1—-k B+ 2d+1—-k B, =0

(v—a)(u+a—2d) (u—a)(v+a—2d)
This completes the proof that K (u;a) is a solution to (2.7).

We now turn to proving (5.2). Our work thus far shows that the assignment S(u) — K (u;a) extends
to a homomorphism of algebras ¢, : X (gn,G)"™ — C where X (gn,G)™ is the extended reflection algebra
(see Subsection 2.2.1). By Theorem 5.2 of [GR], K (u;a) satisfies (5.2) if and only if ¢4 (c(u)) = 1: see (2.9).
Since N > 5, we have p = N — 2 > 2 = ¢ and we may therefore apply Corollary 2.9 which, by (4.12), implies
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that

(5.9)

olu :g(m—u)' tr(K (u;a)) _ u+1-—N/4\> tr(K(u;a))
Pa(c(u)) g(u)  tr(K(k—u;a)) < u— N/4 > tr(K(k —u;a))

By definition of K (u;a),

te(K (us @) = (u) (N L = ) _ Nlu=za){uta=2d) = 2u2u - 2d)

u—a u+a-—2d (u—d)? '
Let P(u) be the numerator of the right-hand side. Using that N = 2k + 2 and 2d = k — 1 we find that
Pluy=Nu—-a)(u+a—rk+1)—2uRu—rk+1)=N(u—a)(u+a— k) —2u(2u — 2k) — Na,
and hence P(u) is invariant under the substitution u +— x — u. This implies that
tr(K(u;a)) (Ko—u—d)Q B ( u— N/4 )2
tr(K(k —u;a)) u—d u+1—-N/4) "’
which by (5.9) proves that ¢,(c(u)) =1 for any a € C, as required. O

As a consequence of this lemma we obtain the existence of a family of one-dimensional representations
{V(a)}aec:
Corollary 5.5. Let a € C. Then the assignment S(u) — K(u;a) yields a one-dimensional representation
V(a) of X(son,50n—_2 @ 502)" with the highest weight v*(u) given by
@ a)(—)ruta—2d) |
(5.10) i (u) = d—u)? for all i € I},

where d = N/4 — 1.

This corollary is an immediate consequence of Lemma 5.4, the formula for each v¢(u) following from (5.1).
Note that (5.10) implies that the auxiliary tuple ¥*(u) is determined by

(u—a)(=1)%"u+a—2d—1+d;)

3% (u) = 2u - CEE for all i€ Iy,
and thus that V(a) has Drinfeld tuple (a, P (u), ..., P,(u)) equal to
(5.11) (k—a,1,...,1)

because 1 + 2d = k. The last two results of this subsection provide classifications of the one-dimensional
representations of X (son, 50y _2 @ 502)™ and of Y (soy, 50y _2 @ 502)™, respectively, when N > 5.

Proposition 5.6. Let N > 5. Then a representation V of X (son,s0n_o®502)™ is one-dimensional if and
only if V.= V(a)s for some g(u) € 1 +u>C[[u=?]].

Proof. By Corollary 5.5, for any a € C, V(a) provides a one-dimensional representation of X (son,s0y_2 ®
502)%. Hence, to prove the proposition we need to establish that, if V is a one-dimensional representation
of X(son,50n_2 @ 502)", then it can be associated to a tuple of the form

(o, Py(u), ..., Pp(u)) = (a,1,...,1).

By Lemma 4.6, this will imply that V = V' (a)*s for some g(u) € 1 + u2C[[u~2]], where a is determined by
a=142d—a.

Let V be a one-dimensional representation. Since N > 5, son_o is semisimple and thus V is equal
to the trivial representation when viewed as a son_s-module. Since s0o is one-dimensional, F}1 operates
in V as multiplication by a scalar 4. In particular, the highest weight of V' as a (soy_2 @ s02)-module is
(ui)™; =(0,...,0,7). The relation (4.15) of Lemma 4.10 therefore implies that P;(u) = 0foralll <i <n-—1
and

deg P, (u) = 2a — % — 27.
To complete the proof, we need to see that deg P, (u) = 0. This can shown using the same argument as
given in the % > 0 case of the proof of Proposition 5.1. 0
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Corollary 5.7. A representation V of Y (son,50n_o @ 502)" (with N > 5) is one-dimensional if and only
if there is a € C such that V =V (a).

Remark 5.8.

(1) If V is a one-dimensional representation of X (504,602 @ $02)™ (resp. of X (s03,602)") then there exists
(p1, p2) € C? (resp. p € C) and g(u) € 1 +u=2C[[u~?]] such that V = V (1, p2)"s (vesp. V =V (u)¥s):
see Corollaries 3.3 and 3.6 for the definitions of V(u1, p2) and V' (u), respectively. This follows from the
isomorphisms (3.3) and (3.11) together with the fact that the family {V(v)},cc, which appeared in the
proof of Proposition 5.1, is a complete list of the isomorphisms classes of one-dimensional representations
of YT (2) up to twisting by automorphisms of the form S°(u) + h(u)S°(u) with h(u) € 1 +u=2C[[u~?]].
This fact follows from Corollary 4.4.5 of [Mo5].

(2) By Lemma 6.1 of [GRW2], the twisted Yangians associated to the symmetric pairs (gan, gln) of type
CI and DIII (see [GR, GRW2]) admit a family {V(a)}sec of one-dimensional representations. The
arguments used in this section can also be applied for twisted Yangians of these types, yielding analogues
of Proposition 5.6 and Corollary 5.7 for X (g2, gln)™ and Y (gan, gl )", respectively.

6. CLASSIFICATION OF FINITE-DIMENSIONAL IRREDUCIBLE REPRESENTATIONS

In this section, we prove the main results of this paper: the classification of finite-dimensional irreducible
modules of the twisted Yangians associated to the pairs (sox,s0n_2 @ $02) with N > 5 and (s025,+1,502,,)
with n > 2.

The one-dimensional representations {V(a)}sec constructed in Lemma 5.4 and Corollary 5.5 provide
the last ingredient necessary to classify the finite-dimensional irreducible representations of X (son,s0n5_2®
509)" (N > 5) and its unextended counterpart, as is proven in Theorem 6.1 and Corollary 6.3. In particular,
Theorem 6.1 proves that for these twisted Yangians the necessary conditions of Proposition 4.4 are in fact
sufficient.

In the general setting the necessary conditions of Section 4 are not sufficient for determining exactly when
the irreducible module V(u(u)) is finite-dimensional. We will illustrate this in Subsection 6.2 by classifying
the finite-dimensional irreducible representations of X (02y,11,502,) and of Y (502,11, 502,)™ in Theorem
6.11 and Corollary 6.12, respectively. In the process we will obtain a stronger version of Proposition 4.12
for these twisted Yangians which is proven without directly using the representation theory of sog,: see
Proposition 6.7.

6.1. Twisted Yangians for the symmetric pairs (soy,s0y_2® $02). The following theorem provides a
classification of the finite-dimensional irreducible representations of X (soy,s0x_2 @ 502)" with N > 5.

Theorem 6.1. Let N > 5 and suppose that p(u) satisfies the conditions of Proposition 2.7 so that the
Verma module M (ju(u)) s non-trivial. Then the irreducible X (son, 50N _2®D502)" -module V (u(u)) is finite-
dimensional if and only if there are monic polynomials Pi(u),..., P, (u) together with a scalar o € C\

Z(Py(u)) such that

fi—1(w) _ Pi(u+1) ( a—u
i (u) Pi(u) a+u—1

for all 2 < i < n, while P (u) must satisfy P1(u) = Py(—u+ &) and the relation

2
fio (kK —u) (u-l—l—%) P(u+2*Y k—u

(6.1)

Sin
> with Pi(u) = P;(—u+n —i+ 2)

where <« =2n+1— N.

(6.2)

frat1(w) u—14 Pi(u)  w

4

Additionally, when V(u(u)) is finite-dimensional the corresponding tuple (o, Py(u), ..., Py(u)) is unique.

Proof. (=) If V(u(u)) is finite-dimensional, then the existence of « and P (u),..., P,(u) satisfying the
conditions of the theorem is guaranteed by Proposition 4.4. Here we note that as a consequence of (2.19),
the @ = 0 version of (6.2) is equivalent to the N = 2n + 1 version of (4.9) with # = n — 1. Moreover, the
uniqueness assertion has been proven in Lemma 4.6.
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(<) Conversely, assume that u(u) satisfies the conditions of Proposition 2.7 and there exists a scalar «
and monic polynomials P (u), ..., P,(u) satisfying the relations of the theorem. Since Py(u) = Py(—u+ %)
and P;(u) = P,(—u+mn—1i+2) for all 2 < i < n, there exists monic polynomials Q1 (u),...,Qn(u) such that

P(u) = (—1)%e@1WQ (u — £/2)Q1 (—u + ¥ —k/2),
Pi(u) = (=1)%8 Q%MW Q, (4 — k/2)Qi(—u+n —i+2—r/2) for each 2<i<n.

Let L(A(u)) be a finite-dimensional irreducible X (soy)-module with Drinfeld polynomials Q1 (u), ..., Qn(u).
It follows from Theorem 2.3 that such a module exists and is uniquely determined up to twisting by au-
tomorphisms of the form u; : T(u) — f(u)T(u) (see also Corollary 5.19 of [AMR]). Let £ € L(A(u)) be
a highest weight vector. Consider the one-dimensional module V' (a) from Corollary 5.5 with a = k — «,
and let n € V(a) be any nonzero vector. Since, by (5.11), V(k — «) is associated to the tuple (o, 1,...,1),
Lemma 4.8 implies that the finite-dimensional X (son,50x5_2 ® 502)* highest weight module

X (son,50N—2 @ s02)(E@n) C L(A\(u)) ® V(a)

has highest weight p*(u) which is also associated to (a, Pi(u),..., P,(u)). By Lemma 4.6, there exists
g(u) € 14 u2C[[u~?]] such that V(p*(u)) = V(u(u))*s. Since V(pu*(u)) is finite-dimensional, we can
conclude that the same is true for V(u(u)). O

Remark 6.2. Before reinterpreting the above theorem as a classification result for finite-dimensional irre-
ducible representations of Y (son,s0n_2 @ 502)", we give a few remarks on the relation (6.2):

(1) As has been pointed out in the proof of Theorem 6.1, when N is odd the relation (2.19) implies that
(6.2) is equivalent to the relation

fio(u)  Pi(u+3)
fir (u) Pi(u)

(2) If N = 2n then the existence of P;(u) satisfying P;(u) = Pi(—u+n) and condition (6.2) can be replaced

by the equivalent requirement that there exists a monic polynomial Q1 (u) such that Q1 (u) = Q1(—u+n),

n/2 € Z(Q1(u)) and

fa(k—u)  Qi(utl) k—u
iz (u) Q1(u) u

By Theorem 4.5 of [GRW2], the isomorphism class of any finite-dimensional irreducible module V has a
unique representative of the form V (u(u)), and by Theorem 6.1 we can assign to this representative a unique
tuple (o, Pi(u),...,Py(u)). This assignment is not injective: the second statement of Lemma 4.6 shows
that (o, Pi(u),..., Py(u)) determines V(p(u)) only up to twisting by automorphisms of the form v,. Note,
however, that there is a unique series g(u) € 1 + u=2C[[u~?]] such that the central series w(u) operates as
the identity in V(u(u))¥s. Indeed, by Proposition 4.6 of [GRW2] w(u) acts in V(u(u))*s as multiplication
by the series h(u)h(u + k)v(u), where h(u) = g(u — k/2) and v(u) = pn(u)pn(—u). Therefore w(u) will
act as the identity in V(u(u))”s precisely when h(u)h(u + ) = v(u)~t. A simple argument shows that
there exists a unique series a(u) € 1+ u~!C[[u~?]] such that a(u)a(u + ) = v(u) !, and this series satisfies
a(u) = a(k — u) since otherwise b(u) = a(k — u) would be a distinct solution of b(u)b(u + k) = v(u)~! (as
v(u) is even). Hence, w(u) will operate as multiplication by 1 in V(u(u))¥s exactly when g(u) = a(u + k/2).

This discussion shows that we have an injective correspondence between isomorphism classes of finite-
dimensional irreducible modules of X (son,s0n_2 @ 502)" and finite sequences (g(u); v, Py(u), ..., Py(u)),
where Py (u), ..., P,(u) are monic polynomials satisfying (4.13), « is a complex number which is not contained
in Z(P,(u)), and g(u) € 1 +u2C[[u=?]]. A straightforward modification of the (<) direction of the proof
of Theorem 6.1 shows that this is a bijective correspondence.

The next corollary provides the analogous classification result for finite-dimensional irreducible modules
of the twisted Yangians of type BDI(a) with ¢ =2 and N > 5.

Corollary 6.3. The isomorphism classes of finite-dimensional irreducible Y (son, 50N _o @ 502)" -modules
are parameterized by tuples of the form (o, Py(u), ..., Py(u)), where Pi(u),..., P,(u) are monic polynomials
in u satisfying

Pi(u)=P(-u+%) and Pi(u)=P(-u+n—i+2) foral 2<i<n,
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and « is a complex scalar which is not contained in Z(P,(u)).

Proof. The corollary follows from the discussion in the paragraphs preceding its statement combined with
Proposition 2.12. It can also be proven using the same arguments as employed to prove Corollary 6.3 of
[GRW2]. O

Recall from Subsection 2.1 the definition of the fundamental representation L(7 : «) of the Yangian Y (gn).
For each a € C, the one-dimensional irreducible representation V (a) of X (sox, 50 n_2@®502)" from Corollary
5.5 can be regarded as an irreducible representation of Y (soy,s0n_2 @B 502)“" via restriction. The following
result is the analogue of Corollary 6.4 of [GRW2] for Y (soy,s0n—2 @ $02)" and can be proven in the exact
same way. A similar argument is given in the proof of Corollary 6.13 below.

Corollary 6.4. Let V be a finite-dimensional irreducible representation of Y (son,s0n_2 ® 502)*. Then
there is m > 0, 1 < i1,...,0m < n, and a,04,,...,0; € C such that V is isomorphic to the unique
irreducible quotient of the Y (son, 50N _2 @ 502)" -module

Y (son,50n—2 B 502)" (1@ @&En®@n) C Lir: ) @+ @ Ly : s, ) @ V(a),

where n € V(a) is any nonzero vector and for each 1 < k <m, & € L(ix : oy,,) is a highest weight vector.

m

6.2. Twisted Yangians for the symmetric pairs (s02,41,502,). In this section we study the finite-
dimensional irreducible representations of X (502,,11,502,)™ and Y (09,11, $02,)" with n > 2 (which are
of type BI(b) with ¢ = 1), the culmination of our effort being a classification of all such representations
in Theorem 6.11 and Corollary 6.12, respectively. Our first step towards proving this theorem is to study
how a certain automorphism 7 interacts with highest weight modules of X (502,11, $02,): this will play
a critical role in the rest of this section, one that is similar to the role played in the analogous classification
for the twisted Yangian of the symmetric pair (gla,, $02y,) by the automorphism (4.69) of [Mo5].

6.2.1. The automorphism v¢7'. For any n > 1, let G denote the symmetric group on the N = 2n+1 symbols
{-n,...,=1,0,1,...,n} and let o be the transposition (1,—1). Set A, = >_I" | E; ,;), and note that
Al = A, = AL, Since we also have A,GA! = G, (2.13) implies that the assignment 7 (S(u)) = A,S(u)AL
extends to an automorphism of X (502,41 1,502,)". Our present goal is to determine the highest weight of

the twisted module V (u(u))¥=. To this end, we return to the low rank setting.

Lemma 6.5. Suppose that the X (s03,502)" -module V (u(u)) is finite-dimensional with associated Drinfeld
tuple (v, P(w)) as in Proposition 3.4. Then V(u(u))¥= is isomorphic to V(i (u)), where the components of
ut(u) are determined by the relations

- - 3—2u—2a 2u—2a+2 - - 2u—2a+1 2u—2a+2
(6.3) fi (w) = fio(u) - :

R e T A I A
In particular, V(u(u))¥s has the Drinfeld tuple (3 —a, P(u)).

20 —2u  2u+t2a—1 1

Proof. We appeal to the isomorphism ¢ : X (503, 502)" — Y (2) given in (3.11), which we recall is given by
(6.4) S(u) = RS, (—1)S7 (2u — 1) RS,y (—4u + 1)+ 55 (2u) K1 K,
where K = Ej1—FE_; 1. Let A= FEy _1—FE_1 1, and let 84 be the automorphism of Y+ (2) given by S°(u) —
—AS°(u)A". More explicitly, 8 is defined on generators by the assignment 7, (u) — (=1)%-1%-15° , (u)
fori,j € {—1,1}. We claim that p~1oB400 = 1L. Applying B4 to the right hand side of (6.4) and performing
a few straightforward manipulations, we obtain
%RT2(—1)(A1A2)Sf(2u — 1) TQ(—4’U, + 1)t+S§(2u)K1K2(A1A2).

Hence, (¢~ 0B409)(S(u)) = AS(u)A where A = 1 RS, (—1)A1 A2 RS, (—1) (which is an element of End(V)
End(C?)). We have Av; = —v_; for all =1 <i < 1,50 A = —Z;Z_l Ej 54y = —As. Since AS(u)A
AUS(U)Aa'u 90_1 © ﬁA oY= 1/’};

Now let V(u(u)) be as in the statement of the lemma. We have already seen in the proof of Proposition
3.4 that there exists u°(u) € 1+ u!C[[u~!]] such that fo(u) = —2u (iz:f) e (2u)p® (1 — 2u), p1(u) =
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2up®(2u)p®(2u — 1), and that viewed as a YT (2)-module V(u(u)) is isomorphic to V(u°(u)). Moreover,
V(p°(u)) has the Drinfeld tuple (2o — 1, Q(u)), where Q(u) = 248 P(W p(2£1) By Lemma 4.4.13 of [Mo5],
the twisted module V (11°(u))?4 is isomorphic to V (u®(u)), where u®(u) is given by
. S u— 2+ 2
pt(u) = po () - e

As a X (s03,502)"-module V (1°(u))?4 is isomorphic to V(,ug(u),,ug (u)) where
3—2u—2a 2u—2a+2

2a — 2u 2u+ 20— 1’
2u—2a+1 2u—2a+2
2u4+2a—2 2u+2a-—1

i = 20 (12 e )t (1 - 20) = o)

7 () = 2u - p1®(2u) p* (20— 1) = ir () -

As o1 o B4 0p =1L, we can conclude that V(u(u))wi is isomorphic to V(uf(u)) with pf(u) as in (6.3).
Consequently, we have

Abw) _fow) (3-a)-u  atu—1 Pty (F-a)-u
ﬁg(u) faa (u) a—u (%—Oz)—l-u—l Py (u) (%—Oz)—l—u—l'

We now consider the case where n > 1:

Proposition 6.6. Suppose that n > 1 and that the X (502,41, 502,)" -module V (u(uw)) is finite-dimensional
with Drinfeld tuple (a, Py(u),. .., Py(u)). Then V(u(u))¥s is isomorphic to V (u(u)), where ,uf(u) = p;(u)
for all 2 < i < n, while po(u) and pyi(u) are determined by the relations

N —2u — 2« 2u — 200+ 2

20— 2u  2u+20— N+2
2u — 2+ 1 2u — 2a0+ 2

W+20—N+1 2ut+2a—N+2

(6.5) fif(u) = fio(u) -

(6.6) i () = fir (u) -

Proof. Since V(u(u))¥s is finite-dimensional and irreducible, it is isomorphic to V (uf(u)) for some pu*(u).

Throughout the proof we fix highest weight vectors £ € V(u(u)) and &, € V(u(u))¥e.
Since Y7 (sij(u)) = So(iyo)(u) for all i,5 € In, V(p(u))4,n-1) and (V(u(u))¢2)(+7n_l) are equal as
subspaces of V(u(u)) (see (4.2)). This implies that the identity map provides a linear isomorphism between
the X (s03,502)"-modules (V(u(u))(n,l))wi and (V(u(u))¥7)(n—1). The first step of our proof is to show
that this is also a module homomorphism.
Step 1: The identity map id : (V(u(u))(n,l))wi — (V((u))¥7 ) (n—1) is an isomorphism of X (s03,502)""-
modules.
To prove that this is the case it suffices to show that, for each i,j € 73, the generating series s;;~ L(u)
of X (s03,502)"" operates the same in both of these modules. Since s7;~ Y(u) acts in V(u(u u))(n—1) as the

operator hn_l(u)(s?j(nfl)(u)) (see (4.1) and (4.6)), it operates in (V (u(u ))(n,l))w}r as the operator

hi1(w) <S"<i>a<a'>(u 27 ”ZS““ )

As o(a) = a for all a > 2, this is also equal to h, 197 (sij(u))°" =" which is precisely the operator by which
s%ﬁl(u) acts in (V(u(u))wa)(n,l).
Step 2: &, is contained in V (pu(w))n—1. Moreover (V (su(w))n—1)%" = (V (1(w))% )p_

1-

Let £ be a highest weight vector of the irreducible X (s03, 505)-module (V ((u))n—1)¥%. Since this is a

submodule of (V(u(u))(n,l))wi, Step 1 shows that & is also contained in (V(u(u))¥7)(,—1) and generates a

highest weight submodule. By Corollary 4.3, this submodule must be equal to (V (u(u))¥s )n,l and thus ¢}

must be proportional to &,. This implies that &,, being a scalar multiple of £, is contained in V (pu(u))pn—1-
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Next, Let W be the image of the module (V (1(u))n—1)%> under the isomorphism id : (V(u(u))(n,l))wi —

(V(u(u))d’:)(n_l). As W is the irreducible submodule of (V(,u(u))”’g)(n_l) generated by &, it is equal to
(V ()7 Y1
Step 3: ,uf(u) = p;i(u) for all 2 <4 <n.

Since V(u(u))n—1 is a X(s03,802)" highest weight module, it is generated by monomials of the form
( ?1;11(“) e szzcl(”)) -& where —1 < j, < iy < landrg > 1forall 1 <a < ¢, cbeing a non-negative integer.
By definition of the action of X (s03,502)", this implies V (u(u))n—1 is also spanned by monomials of the
form

(6.7) s slrede

171 tede

with the same restrictions on the indices. In particular, by Step 2 the highest weight vector &, must be

a linear combination of such monomials. Let J, 1 be the left ideal of X ($02,11,502,)" generated by all

elements SE;) with r > 1 and i < j for 2 < j < n. In particular, V(u(u))n—1) is, as a vector space, equal to

the subspace of V(u(u)) annihilated by J,_1. For every 2 < k < n and pair (¢,j) with —1 < j <7 <1 the
defining reflection equation (2.7) (see also [GRW2, (3.11)]) implies that

[skr(w), sij(v)] =0 mod J,_1,
and hence the action of sgx(u) on a monomial of the form (6.7) is given by
sw () (5115, - 5i050) = i)+ 515w ()€) = pe(w) (s3] - 175)6).
Since Sq (ko (k) (u) = sgr(u) for all 2 < &k < n, the above observation yields that ¢ (sgx(u))és = pr(u)éy for
all these values of k. Hence, pux(u) = uk( u) for all 2 < k < n.
Step 4: The formulas (6.5) and (6.6) hold.

To compute (pf(u), 11 (1)), we use Step 3 in conjunction with Lemma 6.5. Since V (14(w)),_1 has Drinfeld
1 n
tuple (o — 251, Pi(u + 251)) (by Corollary 4.7) and (V(u(w))n—1)%" = (V((w))¥7 )n—1 = V(p#(u))n-1,
Lemma 6.5 together with (4.5) gives
3—2u—-2a+n—-1 2u—-2a+n+1
2a—n+1—-2u 2u+2a—n
2u —2a+n 2u—2a+n+1
2u+20—n—1 2u+2a—-n

fio (u+ 254) = Fio(u + 234) -

)

A (o + 250) = i (u + 254) -

Substituting u — u — %51 we obtain the formulas (6.5) and (6.6). O

Proposition 6.7. Suppose that V(u(u)) is finite-dimensional with Drinfeld tuple (o, Pi(u), ..., Py(u)). It
follows that a € 3Z + & and S(a, F —a)US(a+ 1,5 —a+ 1) C Z(P(u).

Remark 6.8. By definition, the strings S(a, % —a) and S(a+ %, % —a+ %) are empty unless a > %
Therefore, the condition S(o, § —a)US(a+ 4, & —a+ 1) C Z(Py(u)) is vacuous whenever a < &

Proof of Proposition 6.7. It was shown in Proposition 4.12 that o € %Z + %. However, we will not assume
this in our proof. As a consequence of Proposition 6.6 we have V (uu(u))¥s = V(1 (u)) where uﬁk (u) = pg(u)

for all 2 < k < n and the pair (18 (u), ¥ (u)) is determined from the relations (6.5) and (6.6). Since u(u) is
associated to (a, Py(u), ..., Py(u)), the components of jif (u) satisfy the relations

ihw P+ (F-a)-u Fiw)  Pyu+1)  2u—2a+1  2u—20+2

iw P u+(F-a)-n" ) P 2u+20—-N+1 2u+2a—N+2
i (w) _ Pi(u+1)
Jif (u) P;(u)

On the other hand, since V(u*(u)) is finite-dimensional Proposition 4.4 implies that u*(u) can be associated

to a Drinfeld tuple (af, Q1(u),...,Qn(u)). Consequently, from the second relation in (6.8) we obtain the
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(6.9) forall 3<i<n.



equality
Q2(u+1) (n—a)—u _ P(ut1) (a—1)—u
Q2(u)  u+(n—a)—n+1 Py(u)  u+(a—3%)-n+1
Applying Lemma 2.14 to both sides (with m = 1 and I = n) we find that there exists monic polynomials
Q5 (u) and Py (u), together with non-negative integers {p and £ such that Py (u) = Py (—u+n), Q3(u) =
Q3(—u +n), and

Q3(ut1) (n—a—-lo)—u _ Prutl) (a—5—Lp)—u
1

Q) u+(n—a—Lo)—n+1  PS(w) ut+(a—1—tlp)-n+1’
with Q3(n — o — £g) # 0 and Ps(a — 5 — {p) # 0. By Lemma 2.13, we must have Q3(u) = P3(u) and
n—a—{lg=a-— % — ¢p. The latter relation implies that 2a — % =/{p—{q € Z, and thus that o € %Z—l— %.
If in addition o > &', then £p > £p — £y = 2a— & > 0. Since (¢p, Ps(u)) is the pair (6(11_1/2, P;_lm(u))
from Lemma 2.14 (where P(u) = Py(u)), Ps(u) is equal to P»(u) divided by the polynomial Q(u) from (2.28)
with m = 1 and « replaced by o — 1/2. Therefore P (u) is divisible by the polynomial

201—%—1 ga_%_l
(6.10) Pa(w)= J] @w-o+124K)u-F+a-k= ][] @w-a+1/2+k)(u-a+1+k).
k=0 k=0

The proof of the proposition is completed by observing that the roots of P, (u) are precisely the elements of

S, ¥ —a)uS(a+3, 5 —a+13). O

Remark 6.9. The statement of Proposition 6.7 is much stronger than that of Proposition 4.12 (in the case
(gn,9%) = (502,41,502,)). The latter tells us that o € 2Z + & and that o — & < 1(deg Py (u) + deg P»(u))
but says nothing about the roots of P»(u). In fact, since the strings S(a, & — a) and S(a+ 3,5 —a + 3)
are disjoint and both have length 2a — %, Proposition 6.7 implies that o — % < %deg Py (u).

Provided o > I, the polynomial P, (u) from (6.10) satisfies the relation

Py(u)  2u—2a+1 2u —2a + 2
P,(u+1) 2u+2a—-N+1 2u+2a—N+2

(6.11)

If instead a < &, let P (u) be the polynomial

N _2a-1 X —2a-1
P (u) = H (u—n+a+k)(u—a—k)= H (u—a—3%—k)(u—a-—k),
k=0 k=0

where the equality P, (u) = 1 is understood to hold if « = &'. Then P, (u) satisfies the relation

P (u+1) 2u—2a+1 2u—2a+ 2

Pi(u) 2u+2a-N+1 2ut2a—N+2

These observations together with the relations (6.8) and (6.9) imply the following corollary.

Corollary 6.10. Suppose that V(u(u)) is finite-dimensional with Drinfeld tuple (o, Py (u), ..., Po(u)). Then
the Drinfeld tuple of the finite-dimensional irreducible module V (u(w))¥= is (5 —a, Pi(u),. .., Pi(u)), where
Piti (u) = Pi(u) for all i # 2 and

¢, ) Pa(u)Py (u) if a<
(6.12) Prw) = {Pg(u)/Pa(u) if o>

)

w1z ez

Observe that these formulas together with those of Proposition 6.6 imply that, under the assumption
that V(u(u)) finite-dimensional, the isomorphism V (z(u)) 22 V(u(u))¥> will hold if and only if the scalar a
corresponding to V (p(u)) is equal to &
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6.2.2. Classification. With Proposition 6.7 at our disposal we can now classify the finite-dimensional irre-
ducible representations of the extended twisted Yangian X (502n+17502n)tw.

Theorem 6.11. Suppose that u(u) satisfies the conditions of Proposition 2.7 so that the Verma module
M (p(u)) is non-trivial. Then the irreducible X (§02,+1,$02,)"" -module V (u(u)) is finite-dimensional if and

only if there are monic polynomials Py (u), ..., Py(u) in u, with
(6.13) Pi(u) =Pi(—u+n—i+2) forall i>2 and Pi(u) =P (-u+%),
together with a scalar o € %Z + % such that the following relations are satisfied:
(6.14) a¢ Z(P(w), Sf-a)uSla+i, ¥ —a+1l)cZ(P(u),
e P 1— 9 _ di1
(6.15) “11(“): (ut §) (_a—u for all 1<i<n.
i (u) Pi(u) at+u—n

Additionally, when V(u(u)) is finite-dimensional the corresponding tuple (o, Py(u), ..., Py(u)) is unique.

Proof. (=) If V(u(u)) is finite-dimensional, then it follows from Propositions 4.4 and 6.7 that p(u) can be
associated to a (Drinfeld) tuple (o, Py (u), ..., Py(u)) satisfying the relations of the theorem. The uniqueness
statement has also been proven in Lemma 4.6.

(<) Conversely, suppose that u(u) can be associated to a tuple (o, Pi(u),...,P,(u)) as in Definition
4.5 which also satisfies a € 2Z+ I and the relation (6.14). We will show that V (p(u)) is finite-dimensional,
splitting our proof into two cases.

Case 1: a < %.

Let P?(u) = P;(u) for all i # 1 and set Py (u) to be the polynomial obtained by multiplying P (u) with

sz/g_m_l(u — &+ BY(u— I — ). Then Pp(u) satisfies PP (u) = PP (—u+ &) and the relation

(6.16) Bty v Rlty o-u
' PP (u) %-i—u—n_ Py (u) at+u—n’

Since PP (u) = PP(—u+ &), there exists a monic polynomial Q1(u) such that Py (u) = (—1)4€@1(WQ; (u —
£/2)Q1(—u + & — £/2), and similarly, since PP (u) = PP(—u+n — i+ 2) for all i > 2, there exists monic
polynomials Q2(u), ..., Q,(u) satisfying

Pi(u) = (—1)%e QW Q,(u — k/2)Qi(—u+n —i+2 —k/2) forall 2<i<n.

Let L(A(u)) be a finite-dimensional irreducible X (sox)-module with Drinfeld polynomials Q1 (u), ..., Qn(u),
and let & € L(A(u)) be a highest weight vector. Then Lemma 4.8 applied with V(u(u)) = V(G), to-
gether with Remark 4.9 and the relation (6.16) imply that the finite-dimensional highest weight module
X (802n+1,502,)"¢ C L(A(u)) has highest weight v(u) which is also associated to (a, Py(u),..., Py (u)).
By Lemma 4.6, there exists g(u) € 1+ u=2C[[u~?]] such that V(v(u)) = V(u(u))?s. Since V(v(u)) is
finite-dimensional, this proves that V(u(u)) also is.

Case 2: a > %.

Let pf(u) = (“g(u))ielﬁ be the tuple determined by ug(u) = pi(u) for all 2 < ¢ < n and with ﬁg(u
fi* (1) given by the formulas (6.5), (6.6), respectively. Since S(a, T-—a)uS(a+3, 4 —a+1i)C Z(Py(u)
the polynomial P, (u) from (6.10) divides P2(u). By (6.8), (6.9) and (6.11), pf(u) is associated to (§ —
a, PH(u), ..., Pi(u)), where P*(u) = P;(u) for all i # 2 and P}(u) = Pa(u)/Pa(u).

);
),

Since & — o < &, the argument of Case 1 implies that V(u*(u)) is finite-dimensional. By Proposition
4.7, V(u(u))¥= is isomorphic to V(u(u)), and thus V (u(u)) is also finite-dimensional. O

A similar argument to that given after Theorem 6.1 shows that, as a consequence of Theorem 6.11, the iso-
morphism classes of finite-dimensional irreducible X (502n+1,502n)tw—m0dules are in bijective correspondence
with tuples (g(u); a, Py (u), ..., Py(u)), where

(1) Pi(u),..., P,(u) are monic polynomials satisfying (6.13),
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(2) a € 3Z+ & is not a root of Py (u),
(3) S(q, % —a)US(a+ %, % —a+ %) C Z(Py(u)),
(4) g(u) is an element of 1 + u~2C[[u~2]].

More explicitly, the correspondence assigns to V' (u(u)) the finite sequence (g(u); o, Py (w), ..., Py(u)) where
(a, Py (u), ..., P,(u)) is the Drinfeld tuple associated to p(u) and g(u) is the unique series in 1 +u~2C[[u"2]]
such that the central series w(u) acts as the identity operator in V (u(u))”s.

The next corollary provides a classification of finite-dimensional irreducible Y (502,11, 502, )-modules,
and it follows from the above classification of finite-dimensional irreducible X (s02,11,$02,)"-modules to-
gether with Proposition 2.12.

Corollary 6.12. The isomorphism classes of finite-dimensional irreducible Y (50251 1,502, )% -modules are
parameterized by tuples (a, Py(u), ..., P,(u)) satisfying conditions (1)-(3).

We now turn towards obtaining a result analogous to Corollary 6.4 for Y (502,11, 502,)™.

Since the automorphism 7 of X (§02,+1,502,,)"" fixes w(u), it induces an automorphism of the Yangian
Y (502541, 502,)" which is given by the assignment X(u) — A, (u)AL - see (2.13). We also denote this
automorphism by ¢7. It is not difficult to see that the restriction of the irreducible X (502,,1,502,)"
module V(u(u))¥> to the subalgebra Y (502,41, 502,)" is isomorphic to V¥, where V is V (u(u)) viewed as
a Y (502,11,502,) " -module.

Given m >0, 1 <4q,...,4m <n, and «;,,...,q;, € C, we can consider the tensor product of Y (s02,+1)
fundamental representations
(6.17) Ll :a,)®--- ® L(im vy, ).

If m = 0 then we we will identify this tensor product with the trivial representation of Y (s02,41). For each
1 <k <m, let & be a highest weight vector of L(iy : a;, ) and set

€:§1®...®§m_

If m = 0 the vector £ is understood to be equal to 1 € C, where C is viewed as the space of the trivial
representation of Y (502,41). We can then consider the Y (502,,11,502,)% highest weight module

(6.18) Y (502541,500,)™ € C L(iy :y,) @+ @ Ly : 0y,).

Corollary 6.13. Let V be a finite-dimensional irreducible representation of Y (502,41, 502,)™ with Drinfeld
tuple (o, P1(u), ..., Py(w)). Then

(a) V is isomorphic to the unique irreducible quotient of a module of the form (6.18) if and only if
a<
— 4 7
(b) V¥s is isomorphic to the unique irreducible quotient of a module of the form (6.18) if and only if
a>X
=1

Proof. Tt V is isomorphic to the irreducible quotient of the module (6.18), Lemma 4.8 and Remark 4.9 with
V(u(u)) = V(G) imply that o = & — %= where ¢, is non-negative integer. This proves the (=>) direction
of (a).

Suppose now that V%5 is isomorphic to the irreducible quotient of the module (6.18). By Corollary 6.10,
V¥ associated to the Drinfeld tuple (§ — a, Pi(u), ..., Pt(u)) where Pf (u) = Pi(u) for all i # 2 and P%(u)
is given by (6.12). Hence, the same argument as given in the previous paragraph shows that % —a< %,
thus proving the (=) direction of (b).

Now let us turn to proving the (<) direction of (a) and (b), beginning with the former. Assume that
o < & Then the argument used to treat Case 1 of the (<=) direction of Theorem 6.11’s proof shows that
there is a tuple of monic polynomials Q = (Q1(u),...,Qn(u)) such that V is isomorphic to the irreducible
quotient of Y (502,,41,502,)"Eq C L(Q), where L(Q) is the unique up to isomorphism Y (02,,1)-module
with the Drinfeld tuple Q and {q € L(Q) is a highest weight vector: see Theorem 2.3 and the two paragraphs
immediately following it. The conclusion that V' is isomorphic to the unique irreducible quotient of a module
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of the form (6.18) now follows from the well-known result that L(Q) must be isomorphic to a subquotient
of a Y(802,,41)-module of the form (6.17): see [AMR, Lemma 5.17] and [CP, Corollary 12.1.13].

If instead o > %, then the argument of the previous paragraph can be used after replacing V by V¥s and
using instead Case 2 of the («<=) direction of the proof of Theorem 6.11. This yields that V%5 is isomorphic
to the irreducible quotient of a module of the form (6.18). O
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