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CLASSICAL/QUANTUM=COMMUTATIVE/NONCOMMUTATIVE?

VLADIMIR V. KISIL

ABSTRACT. In 1926, Dirac stated that quantum mechanics can be obtained
from classical theory through a change in the only rule. In his view, classical
mechanics is formulated through commutative quantities (c-numbers) while
quantum mechanics requires noncommutative one (g-numbers). The rest of
theory can be unchanged. In this paper we critically review Dirac’s proposition.

We provide a natural formulation of classical mechanics through noncom-
mutative quantities with a non-zero Planck constant. This is done with the
help of the nilpotent unit ¢ such that €2 = 0. Thus, the crucial réle in quantum
theory shall be attributed to the usage of complex numbers.

...it was on a Sunday that the idea first occurred to me
that ab — ba might correspond to a Poisson bracket.
P.A.M. Dirac,

There is a recent revival of interest in foundations of quantum mechanics, which
is essentially motivated by engineering challenges at the nano-scale. There are
strong indications that we need to revise the development of the quantum theory
from its early days.

In 1926, Dirac discussed the idea that quantum mechanics can be obtained from
classical one through a change in the only rule, cf. [6]:

...there is one basic assumption of the classical theory which is
false, and that if this assumption were removed and replaced by
something more general, the whole of atomic theory would follow
quite naturally. Until quite recently, however, one has had no idea
of what this assumption could be.

In Dirac’s view, such a condition is provided by the Heisenberg commutation
relation of coordinate and momentum variables [6, (1)]:

(1) Q@rPr — Prqr = ih.

Algebraically, this identity declares noncommutativity of ¢, and p,. Thus, Dirac
stated [6] that classical mechanics is formulated through commutative quantities (“c-
numbers” in his terms) while quantum mechanics requires noncommutative quan-
tities (“g-numbers”). The rest of theory may be unchanged if it does not contradict
to the above algebraic rules. This was explicitly re-affirmed at the first sentence of
the subsequent paper [5]:

The new mechanics of the atom introduced by Heisenberg may be

based on the assumption that the variables that describe a dynam-

ical system do not obey the commutative law of multiplication, but

satisfy instead certain quantum conditions.

The same point of view is expressed in his later works [7, p. 26; 8, p. 6].
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2 VLADIMIR V. KISIL

Dirac’s approach was largely approved, especially by researchers on the math-
ematical side of the board. Moreover, the vague version “quantum is something
noncommutative” of the original statement was lightly reverted to “everything non-
commutative is quantum”. For example, there is a fashion to label any noncommu-
tative algebra as a “quantum space” [4].

Let us carefully review Dirac’s idea about noncommutativity as the principal
source of quantum theory.

1. “ALGEBRA” OF OBSERVABLES

Dropping the commutativity hypothesis on observables, Dirac made [6] the fol-
lowing (apparently flexible) assumption:

All one knows about g-numbers is that if z; and 25 are two -
numbers, or one g-number and one c-number, there exist the num-
bers z1+ 22, 2129, 2221, which will in general be g-numbers but may
be c-numbers.

Mathematically, this (together with some natural identities) means that observables
form an algebraic structure known as a ring. Furthermore, the linear superposition
principle imposes a liner structure upon observables, thus their set becomes an
algebra. Some mathematically-oriented texts, e.g. [9, § 1.2], directly speak about
an “algebra of observables” which is not far from the above quote [6]. It is also
deducible from two connected statements in Dirac’s canonical textbook:

(1) “the linear operators corresponds to the dynamical variables at that time” [7,
§ 7, p. 26].
(2) “Linear operators can be added together” [7, § 7, p. 23].

However, the assumption that any two observables may be added cannot fit
into a physical theory. To admit addition, observables need to have the same
dimensionality. In the simplest example of the observables of coordinate ¢ and
momentum p, which units shall be assigned to the expression ¢ + p? Meters or
%? If we get the value 5 for p + ¢ in the metric units, what is the result
in the imperial ones? Since these questions cannot be answered, the above Dirac’s
assumption is not a part of any physical theory.

Another common definition suffering from the same problem is used in many ex-
cellent books written by distinguished mathematicians, see for example [12, § 1.1;
24, § 2-2]. It declares that quantum observables are projection-valued Borel mea-
sures on the dimensionless real line. Such a definition permit an instant construc-
tion (through the functional calculus) of new observables, including algebraically
formed [24, § 2-2, p. 63]:

Because of Axiom III, expressions such as A%, A3 + A, 1 — A, and
e all make sense whenever A is an observable.

However, if A has a dimension (is not a scalar) then the expression A3 + A cannot
be assigned a dimension in a consistent manner.

Of course, physical defects of the above (otherwise perfect) mathematical con-
structions do not prevent physicists from making correct calculations, which are in
a good agreement with experiments. We are not going to analyse methods which
allow researchers to escape the indicated dangers. Instead, it will be more beneficial
to outline alternative mathematical foundations of quantum theory, which do not
have those shortcomings.

2. NON-ESSENTIAL NONCOMMUTATIVITY

While we can add two observables if they have the same dimension only, physics
allows us to multiply any observables freely. Of course, the dimensionality of a
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product is the product of dimensionalities, thus the commutator [4, B] = AB— BA
is well defined for any two observables A and B. In particular, the commutator (1)
is also well-defined, but what is about its importance?

It is easy to argue that noncommutativity of observables is not an essential
prerequisite for quantum mechanics: there are constructions of quantum theory
which do not relay on it. The most prominent example is the Feynman path integral.
To focus on the really cardinal moments, we firstly take the popular lectures [10],
which present the main elements in a very enlightening way. Feynman managed to
tell the fundamental features of quantum electrodynamics without any reference to
(non-)commutativity: the entire text does not mention it at all.

Is this an artefact of the popular nature of these lecture? Take the academic
presentation of path integral technique given in [L1]. It mentioned (non-)com-
mutativity only on pages 115-6, 176. In addition, page 355 contains a remark
on noncommutativity of quaternions, which is irrelevant to our topic. Moreover,
page 176 highlights that noncommutativity of quantum observables is a consequence
of the path integral formalism rather than an indispensable axiom.

But what is the mathematical source of quantum theory if noncommutativity is
not? The vivid presentation in [10] uses stopwatch with a single hand to explain
the calculation of path integrals. The angle of stopwatch’s hand presents the phase
for a path x(t) between two points in the configuration space. The mathematical
expression for the path’s phase is [11, (2-15)]:

) $12(1)] = const - O/MSTet0)]

where S[z(t)] is the classic action along the path z(¢). Summing up contribu-
tions (2) along all paths between two points a and b we obtain the amplitude
K(a,b). This amplitude presents very accurate description of many quantum phe-
nomena. Therefore, expression (2) is also a strong contestant for the role of the
cornerstone of quantum theory.

Is there anything common between two “principal” identities (1) and (2)? Seem-
ingly, not. A more attentive reader may say that there are only two common
elements there (in order of believed significance):

(1) The non-zero Planck constant .
(2) The imaginary unit i.

The Planck constant was the first manifestation of quantum (discrete) behaviour
and it is at the heart of the whole theory. In contrast, classical mechanics is
oftenly obtained as a semiclassical limit 7 — 0. Thus, the non-zero Planck constant
looks like a clear marker of quantum world in its opposition to the classical one.
Regrettably, there is a common practice to “chose our units such that A = 1"
Thus, the Planck constant becomes oftenly invisible in many formulae even being
implicitly present there. Note also, that 1 in the identity A = 1 is not a scalar but a
physical quantity with the dimensionality of the action. Thus, the simple omission
of the Planck constant invalidates dimensionalities of physical equations.

The complex imaginary unit is also a mandatory element of quantum mechanics
in all its possible formulations. It is enough to point out that the popular lec-
tures [10] managed to avoid any noncommutativity issues but did mention complex
numbers both explicitly (see the Index there) and implicitly (as rotations of the
hand of a stopwatch). However, it is a common perception that complex numbers
are a useful but manly technical tool in quantum theory.

3. QUANTUM MECHANICS FROM THE HEISENBERG GROUP

Looking for a source of quantum theory we again return to the Heisenberg com-
mutation relations (1): they are an important part of quantum mechanics (either



4 VLADIMIR V. KISIL

as a prerequisite or as a consequence). It was observed for a long time that these
relations are a representation of the structural identities of the Lie algebra of the
Heisenberg group [12,14,15]. In the simplest case of one dimension, the Heisenberg
group H! can be realised by the Euclidean space R? with the group law:

3) (s,2,y) * (s',2",y) = (s + 8" + qw(z,y;2,y"), x + 2,y + 1),

where w is the symplectic form on R? |1, § 37

(4) w(z,y;2’,y") = zy’ —2'y.

Here, like for the path integral, we see another example of a quantum notion being
defined through a classical object.

The Heisenberg group is noncommutative since w(z,y; ', y') = —w(z’,y';z,v).
The collection of points (s,0,0) forms the centre of H'. We are interested in the uni-
tary irreducible representations (UIRs) of H! in infinite-dimensional Hilbert spaces.
For such a representation p, action of the centre shall be multiplication by an uni-
modular complex number, i.e. p(s,0,0) = > [ for some real h # 0.

Furthermore, the celebrated Stone-von Neumann theorem [12, § 1.5] tells that
all UIRs of H' with the same value of % in complex Hilbert spaces are unitary
equivalent. In particular, this implies that any realisation of quantum mechanics,
e.g. the Schrodinger wave mechanics, which provides the commutation relations (1)
shall be unitary equivalent to the Heisenberg matrix mechanics based on these
relations.

In particular, any UIR of H' is equivalent to a subrepresentation of the following
representation on L, (R?):

) on52,9) < F4sp) > =240 £ (g~ By 4 B,

Here R? has the physical meaning of the classical phase space with ¢ representing
the coordinate in the configurational space and p—the respective momentum. The
function f(g,p) in (5) presents a state of the physical system as an amplitude over
the phase space. Thus the action (5) is more intuitive and has many technical ad-
vantages [12,15,28] in comparison with the well-known Schrodinger representation,
to which it is unitary equivalent, of course.

Infinitesimal generators of the one-parameter semigroups p, (0, z,0) and p (0,0, y)
from (5) are the operators %hap —27ig and — %haq —27ip. For these, we can directly
verify the identity:

[—1h0, — 2mip, $h0, — 2miq] = ih,  where h = 2h.
Since we have a representation of (1), these operators can be used as a model of
the quantum coordinate and momentum.

For a Hamiltonian H (g, p) we can integrate the representation p,, with the Fourier
transform H (z,y) of H(q,p):

H:/]R? ﬁ(zay)ph(oazay)d'rdy

and obtain (possibly unbounded) operator H on L,(R?). This assignment of the
operator H (quantum observable) to a function H(g,p) (classical observable) is
known as the Weyl quantization or a Weyl calculus [12, § 2.1]. The Hamiltonian H
defines the dynamics of a quantum observable k by the Heisenberg equation:

dk - -
6 ih— = Hk — kH.
(6) ih—

This is the well-known construction of quantum mechanics from infinite-dimensional
UIRs of the Heisenberg group, which can be found in numerous sources [12, 15, 19].
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4. CLASSICAL NONCOMMUTATIVITY

Now we are going to show that the balance of importance in quantum theory
shall be shifted from the Planck constant towards the imaginary unit. Namely, we
describe a model of classical mechanics with a non-zero Planck constant but with a
different hypercomplex unit. Instead of the imaginary unit with the property i =
—1 we will use the nilpotent unit e such that €2 = 0. The dual numbers generated by
nilpotent unit were already known for there connections with Galilean relativity [13,
27]—the fundamental symmetry of classical mechanics—thus its appearance in our
discussion shall not be very surprising after all. Rather, we may be curious why
the following construction was unnoticed for such a long time.

Another important feature of our scheme is that the classical mechanics is pre-
sented by a noncommutative model. Therefore, it will be a refutation of Dirac’s
claim about the exclusive réle of noncommutativity for quantum theory. Moreover,
the model is developed from the same Heisenberg group, which were used above to
describe the quantum mechanics.

Consider a four-dimensional algebra € spanned by 1, i, € and ie. We can define
the following representation p_, of the Heisenberg group in a space of €-valued
smooth functions [21,23]:

(7) psh(sv'rvy) : f(qvp) =
et (f(q,p) +eh (sfla.p) + 1= Fala.p) = 1= Folap)) )

A simple calculation shows the representation property p_, (s,z,v)p.,(s",2',y") =
pen((s,2,y)* (s',2,y')) for the multiplication (3) on H'. Since this is not a unitary
representation in a complex-valued Hilbert space its existence does not contradict
the Stone—von Neumann theorem. Both representations (5) and (7) are noncom-
mutative and act on the phase space. The important distinction is:

e The representation (5) is induced (in the sense of Mackey [18, § 13.4]) by
the complez-valued unitary character pg(s,0,0) = e2mhs of the centre of
H'.

e The representation (7) is similarly induced by the dual number-valued char-
acter p_,,(s,0,0) = e"® = 1 4 ehs of the centre of H', cf. [20]. Here
dual numbers are the associative and commutative two-dimensional alge-
bra spanned by 1 and €.

Similarity between (5) and (7) is even more explicit if (7) is written as:

: in i
(8) pn(s,2,y) : flq,p) s e 2 (ERsHilaztpy)) ¢ (q _ %Ey,p + %Ex) .

Here, for a differentiable function k of a real variable ¢, the expression k(t + ca) is
understood as k(t)+eak’(t), where a € C is a constant. For a real-analytic function
k this can be justified through its Taylor’s expansion, see [3; 13; 29, § 1.2(10)]. The
same expression appears within the non-standard analysis based on the idempotent
unit ¢ [2].

The infinitesimal generators of one-parameter subgroups p_, (0, z,0) and p_,, (0,0, )
in (7) are
ch

. ¢h :
dpl, = —2miq — Ra,, and  dp), = —2mip + —0,,

4mi
respectively. We calculate their commutator:

9) dp3, - dpk, — dpk, - dpZ, = h.

It is similar to the Heisenberg relation (1): the commutator is non-zero and is
proportional to the Planck constant. The only difference is the replacement of the
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imaginary unit by the nilpotent one. The radical nature of this change becomes
clear if we integrate this representation with the Fourier transform H(z,y) of a
Hamiltonian function H (g, p):

) . ch (OH O OH 0
1 H = H =H+5\ 5,50  acan)
(10) (,9) pen (0,2, y) da dy T (8p dq 0Oq 3]7)

R2n 2

This is a first order differential operator on the phase space. It generates a dynamics
of a classical observable k—a smooth real-valued function on the phase space—
through the equation isomorphic to the Heisenberg equation (6):

dk oo

eh— = Hk — kH.

dt

Making a substitution from (10) and using the identity £ = 0 we obtain:

1 dk  OH 0k  OH Ok

(11) dt — Op dq Oq Ip’

This is, of course, the Hamilton equation of classical mechanics based on the Pois-
son bracket. Dirac suggested, see the paper’s epigraph, that the commutator corre-
sponds to the Poisson bracket. However, the commutator in the representation (7)
ezxactly is the Poisson bracket.

Note also, that both the Planck constant and the nilpotent unit disappeared
from (11), however we did use the fact h # 0 to make this cancellation. Also, the
shy disappearance of the nilpotent unit £ at the very last minute can explain why
its role remain unnoticed for a long time.

5. DISCUSSION

This paper revises mathematical foundations of quantum and classical mechanics

and the role of hypercomplex units i2 = —1 and €2 = 0 there. To make the
consideration complete, one may wish to consider the third logical possibility of the
hyperbolic unit j with the property j2 = 1 [16,17,20,22,23,25,26], however, this is

beyond the scope of the present paper.
The above discussion provides the following observations:

(1) Noncommutativity is not a crucial prerequisite for quantum theory, it can
be obtained as a consequence of other fundamental assumptions.

(2) Noncommutativity is not a distinguished feature of quantum theory, there
are noncommutative formulations of classical mechanics as well.

(3) The non-zero Planck constant is compatible with classical mechanics. Thus,
there is no a necessity to consider the semiclassical limit A — 0, where the
constant has to tend to zero.

(4) There is no a necessity to request that physical observables form an al-
gebra, which is a physical non-sense since we cannot add two observables
of different dimensionalities. Quantization can be performed by the Weyl
recipe, which requires only a structure of a linear space in the collection of
all observables with the same physical dimensionality.

(5) It is the imaginary unit in (1), which is ultimately responsible for most
of quantum effects. Classical mechanics can be obtained from the similar
commutator relation (9) using the nilpotent unit € = 0.

In Dirac’s opinion, quantum noncommutativity was so important because it guar-
anties a non-trivial commutator, which is required to substitute the Poisson bracket.
In our model, multiplication of classical observables is also non-commutative and
the Poisson bracket exactly is the commutator. Thus, these elements do not sepa-
rate quantum and classical models anymore.
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Still, Dirac may be right that we need to change a single assumption to get a
transition between classical mechanics and quantum. But, it shall not be a move
from commutative to noncommutative. Instead, we need to replace a representa-
tion of the Heisenberg group induced from dual number-valued character by the
representation induced by the complex-valued character. Our resume can be stated
like the title of the paper:

Classical/Quantum=Dual numbers/Complex numbers.
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ABiasiercst M KOMMYyTanus HAOJI0JaeMbIX I'NIABHBIM
OTJINYMEM KJIACCUYECKON MeXaHUKHU OT KBAaHTOBOI?

B. B. Kucuas

AnHoTAnus. B 1926 roxy /lupak npeamosioKuii, 94TO KBAHTOBAs MEXaHUKA
MOKET OBbITh IOJIyYeHa U3 KJIACCUYEeCKON 3aMEHON €IMHCTBEHHOIO JIOIY IIEHUSI.
Ilo ero MHeHUIO, KJIACCHYIECKAST MEXAHUKA ONPEJIEIIAETCs KOMMY TATUBHBIMU Be-
JmauHaMu («c-duciamMu») B TO BpeMsl KaK KBaHTOBas TpPeOyeT HEKOMMYTa-
TUBHBIX («qg-umcesr» ). OcraibHble JONYIIEeHNs ABJISIOTCA OOIMMU JIJI 0OOUX
Teopuii. B qanHol paboTe Mbl KPpUTHYECKH [TIepecMaTpuBaeM mpejjioxenve Jlu-
paxa.

C 9T0ii 1esIbI0 MBI IPEJCTABIISIEM HEKOMMYTATHBHYIO MOJEID KAGCCUMECKOT
MEXaHUKHU ¢ HeHyseBoi nocroguuoi [lnanka. D10 BO3MOXKHO Guarogaps uc-
HOJIb30BAHUIO HUJIBIIOTEHTHOM €IUHUIBI € Takoii, a0 €2 = (. CilemoBaTesbHO,
PENIAIONIYIO POJIb B IOCTPOCHUM KBAHTOBON TEOPHUM BBIMOJHIECT MHUMAS KOM-
[JIEKCHAsI eUHUIIA.

...OBLIO BOCKPECEHbE W KO MHE BIIEPBble IPHUIILIA MbIC/Ib,

aTo ab — ba MOXKeT coOTBeTCTBOBaThH CKOOKe Ilyaccona.
II.A.M. /Tupax,

http://www.aip.org/history/ohilist/4575_1.html

1. BBE/IEHUE

Ceitaac mabIIoOgaeTCs BO3POXKIEHUS WHTEpPECa K OCHOBAHUAM KBAHTOBOW TEO-
pUH, KOTOpOE TOAAEPKAHO 3aMETHLIM (PUHAHCUPOBAHNEM B Pa3JNIHBIX CTpaHax.
OmmHa 3 TpPUYIUH 9TOTO WHTEPECa CBI3aHa ¢ MPUKJIAIHBIMA THKEHEPHBIMHA BOIIPO-
caMU BO3HUKAIOIIUMHE IIPU padoTe ¢ HaHO-oObeKkTamu. Boraypruas Kormenrarenckast
WHTEPIIPETAIs ObLIa YIOBJIETBOPUTEILHOM st CPABHUTEIBHO HEOOIBIIIOTO HUC/Ia,
TeopeTnaecKnX GU3NKOB (1 MOXKET OBITh Jlayke JIbCTUIIA UX dauTapHOMY 1yxy). O
HaKoO, IS MACCOBOTO OCBOEHUsT TPAKTUKYIONNMI UHYKEHEPAMI XOTEJIOCH OBl UMETh
boJsiee peaMCTUIHYI0 KapTUHY MPOUCXOJAIIEr0 B MUKpOMUpe. B momckax Takmx
00 bsicHeHn# HeOOXOIMMO BEPHYThCS K CAMBIM MCTOKaM KBAHTOBOI TEOpHH.

B 1926 roxy dwpax mpemnoo:KuniI, YTO KBAHTOBAas MEXAHUKA, MOXKET OBITH I0-
JIy9deHa M3 KJIACCHIECKON 3aMeHOIl eJJMHCTBEHHOTO IOy eHnsT, ¢M. [12]:

...there is one basic assumption of the classical theory which is
false, and that if this assumption were removed and replaced by
something more general, the whole of atomic theory would follow
quite naturally. Until quite recently, however, one has had no idea
of what this assumption could be.!

e .. CyIIeCTBYeT OHO 6a30BO€ JOIYyIIEHNE B KJIACCHIECKON TE€OPUH, KOTOPOE HEBEPHO, U €CJIN
9TO JIONYINEHNE YJAJUTh WM 3aMEHUTHh YeM-TO Oojiee OOIIMM, BCs TEOPUsl aTOMa IOJLY4HIach
Ob1 ecrecTBeHHO. OJHAKO, JIO HEJIABHENO BPEMEHM HUKTO HE IO/I03PEBaJ, KAKOe 9TO MOYKET ObITh
JOILy IIIEHUE. »


http://www.maths.leeds.ac.uk/~kisilv/
http://www.aip.org/history/ohilist/4575_1.html

2 B. B. Kucunb

Jlupax MmpemmoIozKImI, 9T0 HeOOXOAMMOE YCIOBUE 3aKIIOYEHO B KOMMYTAIMOH-
HBIX COOTHoIIeHuax Leitzentepra st HAOII0JaeMbIX KOOPJIMHATHI U UMITYJIbCa Ha-
crumpt [12, (1)]:

(1) qrpr — Prqr = ih.

Anrebpandecku 3T0 cooTHOMEeHUEe (PUKCUPYeT HEKOMMYTATHBHOCTH BEJUYHH ¢ U
pr. Hoaromy Tupax npeoxkudi [12] runoresy o ToM, 9TO KIaccueckas MeXaHuKa
OLIPEJIEJIAETC KOMMY TATUBHBIMU BEJIMIUHAME («C-UUCJIAMU», KAK OH UX HA3BAJ)
B TO BpeMs KaK KBaHTOBag TpeOyeT HEKOMMYTATHBHBIX («q-umcest» ). OcrajibHas

qacTh TEOPUU, HE TIPOTUBOPEYAINAs TPEIbIIYIIEMY JOMYINEHUIO, He TpedyeT u3Me-
HeHMil. DTO B SBHOM BHJIe MOITBEPXK/ECHO B caeayronieii crarbe Iupaka [11]:

The new mechanics of the atom introduced by Heisenberg may be
based on the assumption that the variables that describe a dynam-
ical system do not obey the commutative law of multiplication, but
satisfy instead certain quantum conditions.?

OTa Ke TOYKa 3PEHHs HEOJHOKPATHO BhIparkKajach U B Oojee MO3MHUX padorax
[13, p. 26 (cTp. 41 pycckoro nepesoga); 14, p. 6 (crp. 11 pycckoro nepesoya)].

Touxka 3penus Iupaka mosydmia MIHIPOKOE PACIIPOCTPAHEHUE, OCOOEHHO Cpen
MaTeMATHIeCKH OPUEHTHPOBAHHBIX YUIEHBIX. Bojiee TOro, paciibiBuaTas BApUAIIHsT
«KBAHTOBOE—3TO YTO-TO TAKOE HEKOMMYTATUBHOE» HM3HAYAJIbHOIO IIPEJJIOXKEHUsI
OBLIIO C JIENKOCTHIO OOPAIIEHO BO «BCSIKOE HEKOMMYTATUBHOE—3TO KBaHTOBOe». Ha-
IpUMED, CTAJO0 MOJHBIM HA3BIBATH BCSIKYIO HEKOMMYTATHBHYIO aaredpy «KBaHTO-
BBIM IIpocTpancTBoM» (“quantum space”) [10].

JlaBaiiTe BHUMATETHLHO PA30EPEM, TEHCTBUTENIHHO I HEKOMMY TATUBHOCTD SIBJIsI-
eTCsl BAXKHEUIIINM UCTOYHUKOM KBAaHTOBOI TEOPUHU.

2. «AJITEBPA» HABJIIOJAEMBIX

OTbpocuB TpeIoIoKeHne 0 KOMMYTATHBHOCTH Hab/MomaeMbix Jlupak mesaer
cilefyIoniee, Ka3aaoch Obl oueHb rubkoe, Jgoryienue |12]:

All one knows about g-numbers is that if z; and 25 are two -
numbers, or one g-number and one c-number, there exist the num-
bers z1+ 22, 2129, 2221, which will in general be g-numbers but may
be c-numbers.?

MaremMaTu9IecKu 3TO IIPe/IIooKeHne (COBMECTHO ¢ HEKOTOPBIMU €CTECTBEHHBIMU
COOTHOIIIEHNSIME ) 0603HATAET, UTO HABJII0IaeMble 00Pa3y 0T AIredPanIecKy o CTPYK-
TYPY HA3bIBAEMYIO K0AbUoM. Jlastee, TUHEHHBIH npunyun cynepno3uyut TPedyeT,
910 OBl y HAOJIIOIAEMBIX ObLIA TaK YK€ CTPYKTYyPa BEKTOPHOTO MPOCTPAHCTBA, 9TO
BMECTE C TPEABIIYINEM YCJIOBHEM XapPAKTEPU3yeT MHOYKECTBO BCEX HADJIIOMAEMBIX
Kak aszebpy. Hekoropbie paboThl, OpUEHTUPOBAHHBIE B IIEPBYIO OYEpeh HA MaTe-
MaTHKOB, cM. [0, § 1.2], mpsiMO roBOpsT 06 «anredpe HAGIIOMAEMBIX», UTO MAJIO
OTIMYAeTCsl OT HPeJbLIyIel mmraTel 13 [12]. 1o Tak ke ciegyer U3 ABYX B3au-
MOCBSI3aHHBIX JIOMYIIEHUH, COJEPIKAIUXCS B KAHOHIIEeCKOM yuebHuke Iupaka, Ha
KOTOPOM BBIPOCJIO HE OJHO ITOKOJIEHUE UCCIIEIOBATEIEH:

(1) «uHeiiHble ONEPATOPLI COOTBETCTBYIOT JUHAMUYECKUM II€PEMEHHBIM» |13,
§ 7, p. 26, cTp. 40 pycckoro nepesojal.

2(HoBast MexaHHKa aTroMa, npejioykeHHas [ eitzeH6eprom, MoxKeT ObITH OCHOBaHA Ha JIOMYIIEe-
HUM, YTO IIepeMEHHbIe ONMCBIBAIOIINE JUHAMUKY CUCTEMBI He CJIeAyIOT 3aKOHY KOMMYTaTUBHOCTH
YMHOXKEHUS, BMECTO 3TOTO Y/IOBJIETBOPSIOT HEKOTOPHIM KBAHTOBBIM COOTHOIIIEHUSIM.»

3<<Bcé7 YTO MBI 3HaeM O Q-4YHCJIaX 9TO, €CJIM 21 U z—ABa (-4ucja, WIH OJHO (-4YUCJIO U OITHO
C-YINCJIO, TOI/Ia CYUIECTBYIOT BEJIUYUHBI Z1 + 22, 2122, 2221, KOTOPBIE B ODIIEM CIIydae sIBJISAIOTCS
Q-4UCIaMU, HO MOI'YT OKa3aTbCAd U C-UUCJIAMU.»
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(2) «auHeliHble OIEPATOPBl MOXKHO CKJajabBaTh» [13, § 7, p. 23, cTp. 38 pyc-
CKOT'O TIEPeBO/IA).

OpHako, Mpe/IIoIoKeHne, ITo JII0ObIe qBe HAOJIOaeMble JIOMYCKAIOT CJIOXKEHUE,
[TOJTHOCTHIO HECOBMECTHMO € WX (DU3MIECKUM CMBICJIOM. UTO OBI CjioKeHue OBLIO
BO3MOXKHO 00e HabJIto/[aeMble JIOJIZKHBI UMETh OJIHY Pa3MEPHOCThb. DTO TIIATEHHO
O0BACHAIOT YUCHUKAM CPEIHUX MIKOJ (<«HEIb3sI CKJIABIBATH CAIIOTH ¢ A0JIOKAMU»,
KaK TOBOPUWJI MOl yuuTesb (bU3MKH), HO 3a4acTyio TpebyioT 3abbiTh B BY30BcKuX
yuaebnnkax. [losromy, cTouTr HEMHOTO 3a/epKATHCS HA ITOM IJIEMEHTAPHOM BOIIPO-
ce. Hampumep, myis HAOIIOMAEMBIX KOODIUHATHI ¢ M UMITYJIbCA P, KAKOBA JIOJIKHA
OBITH PA3MEPHOCTD BhIpazkeHns ¢ + p? MeTpbr mmm 2227 Ecm Hamm pacuéTsl mo-
Ka3bIBAIOT 3HAYEHUE 5 Jist P + ¢ B METPUYIECKON cUCTeMe, KAKOB OyJieT pe3y/brar
pu mepexojie K aprmmaaM u iyjgam? Tak Kak Takue BOIPOCHI HE JOIYCKAKT BHST-
HOTO OTBETA, TO Ipernosoxkenne Jlupaka He COBMECTUMO € (PUBUIECCKUM CMBICIIOM
TEOPUMN.

Jlpyroe pacipocTpaHEHHOE OIIpe/ie/IeHIe, XPOMAIOIee Ha Ty Ke HOI'y, 9acTo UC-
[TOJIb3YETCsl B XOPOIINX KHUTAX HAIMCAHHBIX OTJIMYHBIME MATEMATUKAMM, CM. Ha-
npumep [17, §1.1; 26, § 2-2]. OHO BBOAUT KBAHTOBBIE HAGIIOIAEMbIE KaK [IPOEKTOPHO-
3HAYHBIE MEpPBl Ha 0e3pa3mepHoll TeHCTBUTEbHON mpsiMoii. Takoe ompenesenue
HEMeJJICHHO BJIeUET (1ocpescTBoM (byHKIMOHAJILHOIO HCIUCIICHHS] OIIEPATOPOB) CY-
[IECTBOBAHNE HOBBIX HAOJIIOIAEMbIX 3aJaHHBIX AJrebpandecKuMU BbipazkeHusMu [20,
§ 2-2, p. 63]:

Because of Axiom III, expressions such as A%, A3 + A, 1 — A, and
e all make sense whenever A is an observable.?

Ommaxo, ecn A me aBiIsgeTcsa 6e3pasMepHOil BeamInHoil To Bhpaxkenne A% 4+ A me
MOXKET UMEeTh HUKAKYIO COTJIACOBAHHYIO C 3THM Pa3MEPHOCTD.

Koneuro, dusnueckne jnedexTsr 5Tux (6e3yNpedHbX B MATEMATHIECKOM OTHO-
IIEHAT) TIOCTPOEHNUI He MeIAT (DU3MKAM II0JIyIaTh IIPABIUIIbHBIE OTBETHI, KOTOPbIE
IIPEKPACHO COIJIACYIOTCS C 3KCIepuMeHTOM. Her cMbIciia 00CyKIaTh KAKUMU CIIO-
cobaMI 3TO JOCTUTAETCs. BoJiee mo/1e3H0 HONbITaTHC 0003HAUNTE MATEMATHIECKIE
OCHOBaHUsl, KOTOPbIE He OYIYyT CTPaJaTh ONUCAHHBIME HEIO0CTATKAMHU.

3. HECYVIIECTBEHHAS HEKOMMYTATUBHOCTH

XoTst MBI MOYKEM CKJIQJIBIBATH TOJHKO HADJIIOIAEMbIE OHOMN U TOi JKe pazMepHO-
CTH, HET HUKAKUX OTPAHWYEHU TAKOTO POJa HA YMHOXKEHNE (DU3MIECKUX BEJIUINH.
EcrecrBento, pa3sMepHOCTD TIPOM3BEIEHNS PaBHA MPOU3BEICHUIO PA3MEPHOCTEH CO-
MHOXKHUTeJeH, mosToMy KoMmmyTtaTop [A, B] = AB — BA Bcerjia onpesienéH Jjist
npou3BOJILHBIX BesmanH A u B. B wactHoCTH, KOMMyTaTOD (1) BHOJIHE OIIPEIENEH.
Ho rak jin oH BaykeH JJIst TIOCTPOEHUsT KBAHTOBOM MEXaHUKM !

MOKHO yTBEPXKJIATh, YTO HEKOMMYTATUBHOCTH (DU3UIECKUX BEJUIUH HE SBJIA-
ercsd HeoOT0dUMBLM NPEONOCHIAKOT it OCHOBAHWIT KBAHTOBOW TEOPUN: XOPOIIIO W3-
BECTHBI CXeMbI 00X01siInecst 6e3 3roro. Haubostee Baomuiicst mpuMep—uHTErpa
10 Iy TsM pa3BuThiil PeffHMaHOM (U TIpe/TIOXKEeHHBbIH, o1siTh Ke, Jupakom). Yro 6b1
BBISIBUTH JIEFICTBUTEIBLHO CyIECTBEHHBIE SJIEMEHTHI O6pATUMCs B Hadaje K MOILy-
JIAPHBIM JIeKIugM [15], KoTopble IPeICTaB/IgIOT OCHOBY METO/A B OU€Hb JOCTYIIHOM
dopme. Deitaman MO paccKa3aTh JIaBHbIE MOMEHTBI KBAHTOBON 3JIEKTPOIMHAMI-
KU HE YIIOMSHYB HEKOMMYTATUBHOCTD HU Pa3y.

MoxkeT 6BITH TO TPOCTO CJIEJCTBHE MOBEPXHOCTHOCTH U3JI0¥KeHusi! BosbMéM
BIIOJIHE akaJeMuuecknii yueOHuK [16]. B HEM HEKOMMYTATHBHOCTBH yIIOMHHAETCS
qmrib Ha crpaxnnax 115-6 (§ 5-3) n 176 (§ 7-3). B gononnenue, Ha crpanuie 355

4<<BcneJ1CTBHe Axcnowmsr 111, Berpaskenusi Bpoge A2, A3 + A, 1 — A u e? Bce nmMeroT CMBICT

ecsin A sBJIsieTcss HAOJIIOIAEeMON. »
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(§ 12-10) ynomunaeTcst HEKOMMYTATUBHOCTD KBATEPHUOHOB, HO 9TO HE OTHOCUTCH K
HareMy obcyxkjennio. bojee Toro, Ha crpanutie 176 MoIIéPKUBACTCS, ITO HEKOM-
MYTaTUBHOCTH KBAHTOBBIX BEJIUYUH SIBJISIETCS CACOCTEUEM TEXHUKH WHTErPUPOBa-
HUS TI0 TIYTIM, & He CAMOICHHOW aKCHOMOIL.

YTo ke sABJIAETCS MATEMATHIECKAM OCHOBAHIEM KBAHTOBOM TEOPUH, €CJTH HEKOM-
MYTaTHBHOCTH He Tak Baxkua? Harusinoe nosecrsoBanue B [15] ucnosb3yer cekyn-
JIOMep JIIs UCYUC/IeHUsT KBAHTOBOW AMILIATY/IBI. YTOJI ITOBOPOTA CTPEJIKUA CEKYH-
JloMepa TIpeJICTaBIsAeT @ady st myTn x(t) MexKy JABYMsl TOUKaMU KOH(DUTYparm-
OHHOTO TIPOCTpaHCTBa. MaremMaTndeckoe BBIpaXKeHUe Jjisi 9TONH (ha3bl MBI MOXKEM
uaiitu B [16, (2-15)]:

) P[z(t)] = const - (/WSO

riae S[x(t)|—xaaccuneckoe deticmeue Bnoab nytu x(t). CroxKus BCe BKJIAJBI BU-
na (2) BIOTL BCEX BOBMOMKHBIX TyTefl” MKy ABYMs TOYKAME @ I b MBI OTydaeM
amiuiaTyay nepexoga K (a,b). Dra Beauuuna cOmEpKUT B cebe OUEHb AKKypPaTHOE
onucanue MHOTUX KBaHToBbIX 3bdekron. [losTomy Bhipazkenue (2) TakKe IpeTeH-
JIyeT Ha POJIb KPaeyroJbHOTO KAMHs KBAHTOBON TEOPUH.

Ho ecTb i1 XOTh 9TO-TO 00IIEE MEKILY JIBYMS OCHOGONOAG2AIOULUMY (DOPMYJIa-
mu (1) u (2)7 Ha uepsblit B3ruis, wer. [Ipu 6osiee geTaibHOM PACCMOTPEHUI MOYKHO
3aMETHUTB, ITO €CTh TOJLKO JBa OOIINX 3JIEMEHTa. [lepednciennple B MopsiiKe 3Ha-
guMocTH (KaKOBOIl OHa 3a4aCTyI0 HPEJICTABIISETCS) 9TO:

(1) Henynesas nocrosuuas [Lnanka fi.
(2) Muumag exununa i.

HeiictBurenbno, nocrosinnas [lmanka ObL1a ICTOPUIECKH IEPBOT XapaKTEePUCTHU-
KOfi KBAHTOBOIO (JIMCKPETHOIO) IIOBE/ICHNUS U BHE BCAKOTO COMHEHUS IPUHAJIEIKUT
sSpy Beeil Teopun. Bojiee TOro, Kiaaccuueckas MEXaHUKa 3a9aCTYIO MBICJUTCA KaK
epexo;] OT TOYHON KBAHTOBOI TEOPUH B HOJIyKIaccutaeckoMm mpegese i — 0. [Tosro-
My, HeHyJIeBas OCTOsTHHAast [ [JITaHKa cCIuTaeTcst siBHBIM [IPU3HAKOM KBAHTOBOI'O MUPA
B €r0 OIIO3UINH K KJIACCUIECKO Mexannke. K coKaJeHnio, IMUPOKO PACIPOCTPa-
HEHA TPAJIUINS «BBIOUPATH TAKYIO CUCTEMY €JIMHUIl, B KOTOpoil i = 1». B pesyib-
Tare, nocrosnnas [lranka ncuezaer n3 MHOTUX (HDOPMYII, T/ie €€ IMPUCYTCTBHUE OBLIO
BaxkHO. OTMeTHM Tak ke, YT0 1 B paBeHcTBe i = 1 He sBjsieTcst Ge3pasMepHbBIM
CKAJISIPOM, HO (DU3MUIECKO BEJIMINHON ¢ pasMepHOCTbIO JeficTBust. CrieoBaTesbHo,
IpocTas IKOHOMUsSI HA OIYCKAHUH ITON MOCTOSHHOW HAPYIIAET PA3MEPHOCTb BCEX
UBNIECKUX TOKIECTB.

MuvmMast eUHATIA TaK Ke sIBJISIETCS HEIMIPEMEHHBIM YIACTHUKOM JIIOOBIX (hOpMY-
JIIPOBOK KBaHTOBOM Teopuu. Jl0CTATOUHO yKa3aTh, 4TO HOIYJIsAPHbIE JieKimu |15]
[IPEKPACHO OOXOIATCs 0e3 BCSAKOrO YIIOMUHAHUS HEKOMMYTATHBHOCTH, HO COJEp-
JKaT KOMILJIEKCHBIE IHCJIa KaK sIBHO (CM. yKas3aTesb B 9TOW KHUTE), TaK U HESIBHO—
BpallleHNe CTPEJKU CeKyHJIOMepa HAIJIAIHO N300parKaeT M3MEHEHHNE YHUMO/LYJISD-
HOll KoMmILIekcHOit dasbl (2) Baosb mytu. U 910 Bropoe (HesgBHOE, HO OUEHD CYIIE-
CTBEHHOE) MCIIOJIb30BAHNE KOMILIEKCHBIX YHCE]I JaXKe BasKHee UX KPATKOrO sIBHOTO
yHnoMuHaHus. TeM He MeHee, KOMIUIEKCHBIE THCJIa 3a9aCTyI0 BOCIPUHUMAIOTCS KaK
[TOJIE3HBIN, HO BCE K€ “UCTNO MeTHUYECKUT SJIEMEHT TEOPUH.

4. KBAHTOBASI MEXAHUKA U I'PYIIIA ['ENI3EHBEPTA

B nouckax ncrounuka KBaHTOBOM TeOpun Mbl BHOBL BO3BpalllacMCs K KOMMYTa-
IIMOHHBIM COOTHOIIICHUAM (1) njin B POJIn HeO6XOILI/I]\/IOI7I AKCHUOMBI, UJIN KaK BazK-
HOE CJIeICTBHUE, HO OHU ABJIAIOTCA 00513 TEJILHBIM 9JIEMEHTOM TEeOpuHu. ,Z[OCT&TO‘IHO

SMur 3/IeChb He KacaeMCsl BOIPOca, KaKMM OOpa3oM MOXKHO MaTeMaTHYeCKH Oe3ympedHo oboc-
HOBaTb 3Ty IIPOLEAYDY.
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JABHO CTAJIO TIOHSATHO, UTO 3TU COOTHOIIEHUs SIBJISIIOTCH IPEJICTaBIEHHEM CTPYK-
TYPHBIX TOXKIECTB st anreOpel JIu rpynmer Tefizen6epra [17-19]. B npocreitimem
cJIydae olHOrO m3MepeHus, rpymmna Leiizentepra H' mpencrapisercs EBKIMIOBbIM
IPOCTPAHCTBOM R? ¢ Takoit IPYHIIOBO# olreparyeii:

(3) (s,2,y) = (s',2',y) = (s + 8"+ qw(z,y2,y'), 2 + 2,y + 1),
TJIe w ABAAeTCA cumnaekmuyeckots gopmoti na R? |1, § 37]:
(4) wlz,y;2',y') = xy' —2'y.

3/1ech, KaK W ¢ MHTErPaJIaMy 110 TPACKTOPHUSAM, MbI BUJIM €IIE OJIAH TPUMED KBaH-
TOBOTO OOBEKTA OIPEIETEHHOTO B TEPMUHAX KJIACCHIECKOTO.

I'pynmna Teitzen6epra HeKOMMYTaTHBHA B CJIEJICTBAN KOCO-CUMMETPUIHOCTH CAM-
wrekTnaeckoit dopmbr: w(x, y;a’,y') = —w(a’,y';x,y). MHOXKeCTBO TOUEK BHJIA
(5,0,0) obpasyer nentp H!. Ham moTpebyroTcss yHHTapHBIE HETPUBOIMMBI TIPE/T-
crapnernsa H' B 6eCKOHETHOMEPHEIX ITPOCTPAHCTBAX. B TaKOM IpPEICTABICHHN p
HEHTP TPYINIBI JTOJKEH JEHCTBOBATH YMHOKEHNEM Ha KOMILIEKCHOE THCIO C €H-
HITIHBIM MOJTyJIeM, To ecThb p(s,0,0) = e?™"[ naa nexoroporo h # 0.

Haustee, Baxxuast Teopema Croyna—don Heiivmana [17, § 1.5] ycranasausaer, 9to
BCE YHHUTapHBIE HEIPHBOJMMBIE IIPEJICTaBIeHN: Ipynmsl H' ¢ obmmM 3HaUeHnEM
h yamTapHO SKBHBaJeHTHBI. 113 3TOTO Cile/ryeT, UTO JIOOBIE PEATU3AIIIMI KBAHTO-
BOIi MEXaHUKU IpecTaB/giomue coornomtenre (1) (K mpumepy, BOJIHOBas MEXaAHUKA
IIpeaunrepa) yHUTAPHO SKBUBAJEHTHA MAaTPUYHOI Mexanuke [eiizentepra.

B wacTHOCTH, JII060€ YHUTAPHOE HEIPUBOAMMOE IIpesicTapienne H! sKkBuBaseHT-
HO TIOJIIPE/ICTABIICHNIO CJIe/yIOMero MpejicTaBIeHus B IpocTpancTse Ly (R?):

(5) Pr(s, @, y) = fq,p) = e 2T starton) £ (g — By p 4 Do)

3rech R? MoKeT ObITH OTOKIECTBIICHHO C KIACCHICCKIM (a306blM NPOCMPAHCIMEOM,
e ¢ 0bo3HaYaeT KOOPIUHATY B KOH(UI'YPAIIMOHHOM IIPOCTPAHCTBE U P—COOTBET-
crytomuit nmiyabe. Oyuxmums f(g,p) B (5) upeacrasiser cocrosiane GU3NICCKON
CHCTEeMBI KaK aMIUTUTyIy Ha ¢a3oBoM mpocrpancTse. [losromy, mo cpaBHeHmo ¢
Gosiee uzBecTHbIM npezcrasienueM [Ipénunrepa na aeiicrBuresbuoii ocu (Kondu-
I'yPAIMOHHOM IIPOCTPAHCTBE ), pecTasienue (5) 60/iee MHTYUTUBHO U UMEET MHOTO
TeXHUIeCKUX JocTonHcTB [17,19,29]. Xorst, Kak GbLIO OTMEUEHO BBIIIE, 06a MpeJ-
CTaBJIEHNE YHUTAPHO SKBUBAJIEHTHBI.
NudunuresnmaibHble IOPOXKAAIONIHIE OJHO-IapaMeTpudecKux noarpym p, (0, z, 0)
u p;(0,0,y) B (5) ecTb omepaTops %ﬁﬁp —27igm f%ﬁﬁq — 27ip. st uux memocpes-
CTBEHHO TIPOBEPSIETCS TOXKIECTBO:
[—4h0, — 2mip, $hO, — 27iq) = ih, tae h = 27h.

Tax Kak Mbl UMeeM IpejcTaBIeHne ToxKaecTsa (1), aTu onepaTopbl MOIYT UCIOJIb-
30BaTbCs KAK IIPEJICTABUTE/IN KBAHTOBLIX HAOIOMAEMbBIX KOODJIMHATHI I UMITYJIHCA.

Nmest knaccudecknii raMuiibrornan H (g, p), Mbl MOXKEM MTPOUHTEIPUPOBATH €0
npeobpaszosanue Pypoe H(z,y) ¢ npeacraBieHueM py,

H= [ H(zy)pp(0,2,y)dvdy

R2
u mosryanM (BO3MOXKHO Heorpanmdenusiit) omeparop H mua Ly(R?). Taxoe coot-
BercTBue oneparopa H (kBanToBoit Habmomaemoit) Kk dyukuun H(q,p) (kmaccu-
JecKoil HabJI0IaeMoll) U3BECTHO KaK keanmosarue Beliaa nmm ucwucaerue Bel-
as [17, § 2.1]. Tamunbronuan H onpejessger AMHAMUKY KBAHTOBON HAGJIIOIAEMOMN
k gepe3 ypasnenue Ietizenbepaa:

dk _

6 ih— = Hk — kH
(6) ih—
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Takoe mocTpoeHne KBAHTOBOW MEXAHWKHM Ha OCHOBE YHUTAPHBIX HEIMPUBOINMBIX
npeJicTaBIeHni rpybl Lefizenbepra XOpomo U3BeCTHO, CM. Hanpumep [17,19,22].

5. KJIACCUYECKASA HEKOMMYTATHUBHOCTD

Ceitdac MbI TIOKayKeM, 9TO B KBAHTOBOI TEOPUH HO-HACTOSIIEMY BaXKHBIM STBJISI-
IOTCH KOMILJIEKCHBIE UHCJIa, & BOBCE He HeHyJeBas nocrtosgaras [l1anka, Kak IpuHsaTo
aymaTh. KOHKPETHO, MBI IPEICTABAM MO/IEb KJIACCHIECKON MEXAHUKY C HEHYJIEBO
nocrostnnoit [lranka, HO ¢ JPYrUMHU THIIEPKOMIITIEKCHBIMU YUCIaMU. BMmecTo MHU-
MO eJIMHMIILI i CO CBOHCTBOM i2 = —1 MBI HCIOIb3yeM HUJIBIOTEHTHYIO €UHHUILY
€ TaKyio, 4To £2 = (. XOpOIIO W3BECTHO, YTO HOPOKICHHbIC efi Jyaivhbie YUCAa
CBSI3aHBI C OTHOCHTEILHOCTHIO [astiiest |2, 7]—BaskHON cuMMeTpHeil KIacCnaecKoi
MEXaHUKA—TaK 9TO €€ IOSBJEHNE B HAIIEM UCCJICIOBAHUHU HE TaKasl YK M HEOXKI-
maaHocTh. CKOpee, MbI JOJIZKHBI YIAUBJISATHCH, TOUYEMY [IyaJbHBbIE YHC/IA TAK MAJIo
U3BECTHBI U TAK PEJIKO UCIOJIBb3YIOTCS B COBPEMeHHON (busuke (7a 1 MaTeMaTuKe).

Jpyroit BayKHON 0COOEHHOCTBIO HAIEH MOJEIN KJIACCHICCKON MEXaHWKN sIBJIsI-
ercsi e€ HeKOMMYTATHBHOCTBH. TakuM 00pa3oM, OHA OIMPOBEPTaeT IMIPE/IITOJIOKEHIE
Jlupaka 0 HEKOMMYTATHBHOCTH KAK BarKHEHIIEM HUCTOYHUKE BCEX KBAHTOBBIX II0-
crpoennii. Bosiee Toro, mamma mojens OyaeT BhIBeeHa U3 BCE TOI Ke Tpymmbl | eii-
3eHbepra, 4To emié H60JIbIIe POTHUT KBAHTOBYIO U KIACCHYECKYIO TEOPHH.

Paccvorpum gersipéxmepnyio anarebpy € c¢ 6asucom 1, i, € u ie. Moxkmo ompe-
JIeJIUTE CJIeflylolee IIpeJcTaBieHue p_, rpymnsl Leitsenbepra B mpocrpancTso &-
BHAYHBIX MIaJKkuX GyHKmit [23, 25]:

(7) psh(57x7y> : f(q7p> =
et (f(q,p) +eh (sf(a.p) + 1= Folap) = 7= Fp(a.p)) ) -

47i 4mi”P

Hemnocpencrsenno mpoBepsiercst TOXKI€CTBO

psh(sﬂx’y)psh(sla xla y/) = psh((s,x,y) * (Sla xlayl))

7 rpymnosoro ymuoxkenust (3) ma H'. Tax kax p_, He sIBJIsI€TCS YHHTApPHBIM
[PEJICTABJIEHNEeM B KOMIUIEKCHOM BEKTOPHOM MPOCTPAHCTBE, TO OHO HE IO/ IaeT
nog seiicrsue Teopembl Croyna—don Heitmana. O6a npecrasiaenns (5) n (7) sB-
JIAIOTCS HEKOMMYMAMUSHOMYU T JTEHCTBYIOT Ha (DYHKINAX 3a/JaHHBIX Ha (a3oBOM
POCTPAHCTBE. BarkHOE OTIMYMe MEXK/Ly STHMHE JIBYMs IIPE/ICTABICHUSMI TAKOBO:

e IIpencrasnenne (5) namynmposaHo (B cmbicae Maxkn [4, § 13.4]) xomnaexc-
HOZHAHBLM XapaKTepoM py (s,0,0) = ™" nenrpa rpymmsr H.

e Tlpescrasienne (7) cXOMHBIM 06PA3OM HH/IYIIMPOBAHO XaPAKTEPOM B 0Yd.Ab-
noir wucaaz p,p,(s,0,0) = e = 1+ ehs nenrpa H!, cp. [5]. (dyanbibie
4quca 06pa3yIoT JBYMEPHYI0 KOMMYTATUBHYIO aCCOIUATUBHYIO ajirebpy c
6asucom {1,¢}.)

Cxozncrso mpescrasiaennit (5) u (7) Oyzer emé Gojiee HAIVISIHBIM €CIIH 3aId-
carp (7) B BUJE:

(8) pi(s,x,y) : fg,p) s e 2R @rtrn) ¢ (q - 1563/,17 + %sx) :

3nech, aasa quddepennupyemoit pyHKIUN k TeHCTBUTEILHON IEPEMEHHOI t, BBIpa-
xenwue k(t+ea) nonnmaercs Kak k(t)+eak’(t) npu npoussossuoit koucrante o € C.
st agamuTHUecKuX (DyHKIMN JIefiCTBUTEIbHOMN IEPEMEHHOMN 3TO MOXKeT ObITh 060C-
HOBAHO 4epe3 ux pasjioxkenue B psij Teiiopa [2; 3, § 1.2(10); 9]. Poacreenuniii uc-
TOYHUK STOTO BBHIPAKEHHUs] HAXOJIUTCA TAKKe B BAPUAHTE HECTAHIAPTHOTO aAHAJINA3A,

UCIIOJIB3YIOIEr0 UIEMIIOTEHTHYIO euHuILy € [8].
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NudunnresnmanbHble TOPOXKAAIONIHE [l OAHOMEPHBIX noarpyui p_, (0, z,0) u
p1(0,0,y) B npencrasiaennn (7) COOTBETCTBEHHO €CTh:

ch . eh
Ra,, u dp), = —2mip+ —

HeHOCpeILCTBeHHO BBITUC/IACTCA UX KOMMYTaTOP:

9) dp?y, - dpky, — dpl, - dpl, = eh.

dpi% = —27iq — Oy

47

DT0 TOXKIECTBO MOXOXKE HA KOMMYTAIMOHHBIe cooTHOIIeHne [eitsentepra (1): Kom-
MyTATOP OTJIMYEH OT HyJIsl I IPOIOPIHOonaen nocrostanoit [lnanka. Euncrsentoe
pas3jmyne 3aK/II0YaeTcs B 3aMeHe MHEMO eIMHUNBI He HIIBIOTeHTHYIO. IIpupo-
JIa 3TOrO 3aMeIeHtsl IPOSIBUTCSI KOTJIa Mbl IPOMHTErpUpyeM Tpejicrasienue (7) ¢
npeoGpasopanuem Pypve H (x,y) ramuabronnana H(q,p):

5h<8H8 8H8)

X o drdy=H + 2

o 2
Mpsr mosryammm auddepeHImaabHbIil OIepaTop IepBOro mopsiaka Ha (ha30BOM IPO-
crpancTBe. Takoit orrepaTop MOPOXKIAeT MMHAMUKY KJIACCHIECKON HabromaemMoit k—
DJIa KO BeIecTBeHHO-3HATHON (DyHKIMN Ha (Ha30BOM ITPOCTPAHCTBE—IIOCPEICTBOM
yPaBHEHHUsI CXO/IHOTO ¢ ypasHeHneM [eiizentepra (6):
die oo e
eh— = Hk — kH.
dt
[ozcrapass (10) u HCHOMb3Ys TOKIECTBO £2 = () MBI HOJTyIaeM:
(1) dk  OH Ok  OH Ok
dt  Op dq Oq Op’

9T0, ecTeCTBEHHO—YypasHeHrue I amMusbmona B KIIACCHIECKON MEXaHUKE UCIOJIb3Y-
fotriee ckooky Ilyaccona neyx dyuxknmit H n k. Kak ormedeno B snurpade, ln-
pPaK MPEAIIOI0KIII, ITO KOMMYTATOD JOJKEH coomeemcmeosams ckobke Ilyacco-
Ha. OHAKO, MbI OOHAPY KU/, 9TO KOMMYTATOD B IpeacTasaenun (7) 6 mownocmu
Asasemces cKookoit ITyaccomna.

Ormernm, uTo u octogaras [l1amKa, 1 HUIBIIOTEHTHAS €IMHNIIA, COKPAIIAIOTCS
u3 OKOHYaTe bHOrO ypasuenus (11), HO mig 9TOr0 NpeobpaszoBaHus ObLIO BAYKHO,
aro h # 0. Takoe 3acTeHYNBOE NCUE3HOBEHME B CaMBbIil TOCIEIHUIT MOMEHT MOYKET
OO'bSICHUTD, IIOUYEMY BEJIUYUHBI i U € OOBIYHO OCTAIOTCSI HE3aMEUEHHBIMU B KJIACCH-
YeCKOIT Teopuu.

6. 3AKJIIOYEHUE

B mammoit pabore MbI IepecMaTpuBaeM MaTEMATHIECKIE OCHOBAHIS KBAHTOBOM 1
KJIACCHIECKOH MeXaHHUKH, a TaK ¥Ke POJIb THIePKOMILIEKCHBIX eI i = —1me? =
0 B 3Tux Teopusax. /Iasg Toro, 9TO OBI ¢/Ie/IATH PACCMOTPEHUE TTOTHBIM MbI JIOJIZKHBI
YIOMSHYTh TPETHIO JIOTHYECKYIO BO3MOXKHOCTH: TUNEPOOSUTECKYIO €IUHUILY j CO
cBoiictoM j2 = +1, cM. [5,20,21,24,25,27,28], omHaKO €€ 00CYKIeHNe BBIXOUT 38
PaMKH JIAaHHOI CTaTbhU.

CrenaHHbIil aHAJIN3 TPUBOINAT K CJICIYIONIAM 3aKJIIOTEHUSIM:

(1) HekoMMyTATHBHOCTH HE 00S13aTEILHO BKJIIOUATH B AKCHOMATH3AIHIO KBAH-
TOBOI TEOPHH, OHa €CTECTBEHHO IIOJIydaeTcsl KaK CJIeJICTBUE JAPYyrux 0a30-
BBIX IIPEJIIOCHIIOK.

(2) HekoMMYTATHBHOCTH HE SBJISETCS OTIMIUTENBHOM 9epTOif KBAHTOBOIT Teo-
PUM OT KJIACCUYECKOM, CYIIECTBYIOT HEKOMMYTATUBHbBIC MOJEIN KJIaCCHIe-
CKO# MEeXaHUKH.
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(3) HenyseBag nocrosnnag [Lnanka BIojHe cOBMeCTUMA ¢ KJIACCHYECKOH Me-
xaHukoil. Her Hukakoit HeOOX0IMMOCTH PACCMATPUBATD HOJIYKJIACCUICCKAT
upejes h — 0, B KOTOPOM KOHCMaHma TOJKHA CMPemMumcs K HyJIO.

(4) Her Hukakoii HEOOGXOJMMOCTH PACCMATPHBATH MHOYKECTBO HAGJIOIAEMBIX
KaK ajaredpy, 9To HECOBMECTHMO C 0a30BBIMH (DUBUIECKUM CMBICJIOM TEO-
pun. KpanroBanme MOXKHO TPOU3BOJUTL IO MpOIedype Beiiisi, KoTopoe
TpebyeT 0T MHOXKECTBA HAOJIIOMAEMBIX C OJHON (DU3MIECKO Pa3MEPHOCTHIO
BCET'0 JINIIH CTPYKTYPBI BEKTOPHOTO TIPOCTPAHCTBA.

(5) Pemaroniyro poJsib B IIOCTPOEHUH JH000H KBAHTOBO-MEXaHUIECKON MOIeITH
nrpaer KOMIUIeKCHast MHIMas equHuIa, cM. (1) u (2). Knaccndeckas mexa-
HUKA MOYKET OBITH ITOJIy YeHa 3aMEHO MHUMON € MHUIIBI Ha HUJIHIIOTEHTHY O
£? = (0 B KOMMYTATIHOHHBIX COOTHOMEHHAX (9).

3aMernM, 9TO0 HEKOMMYTATUBHOCTH UT'DAJIA TAKYIO0 BAXKHYIO POJIb B IIOCTPOCHUAX
Jlupaka, moToOMy UTO HETPUBUAJIBHBI KOMMYTATODP TPEOOBAJICH, KaK 3aMeHa KJIac-
cuveckoit ckobke ITyaccora. Mbl okazasum, YTo yMHOXKEHIE KJIACCHIECKUX HADJIIO-
JIAeMBIX TOXKE MOXKET OBITb HEKOMMYTATUBHBIM M B 9TOM CJydae KOMMYTATOD B
TOYHOCTHU coBIagaerT co ckoOkoii [lyaccona. Takum obpasom, Bomopasmen MexKLy
JIBYyMsl TEOPUAMU He IPOXOIUT 10 JIMHUU KOMMYTATUBHO / HEKOMMY TATUBHO.

Bosmoxkno, Jlupak Bcé-Taku mpas mpenoarasi, 9T0 €CTb BCErO JIUIIb OHO 10-
[IyTIeHne, KOTOPOe OT/IESIeT KBAHTOBYIO TEOPHUIO OT KJIACCHIECKOM, CM. €ro IMePBYIO
nuTarTy B HavaJie crarbu. Mbl MOXKEM pa3/e/iuTh ero B Takoii (popme:

KsanToBas MexaHmKa acTUIBI OCHOBAHA Ha, UCIOJTHb30BAHUN MHU-
MO e TUHUIIBI JIJTsl MH/TY ITHPOBAHUS TTPEJCTABICHIS TPy B! [ eft3en-
Oepra c e€ menrpa. [Ipn 3amerne MHUMO#T €IUHUIIBI HA HUJIBIIOTEHT-
HYIO TOJIy9aeM KJIACCUIECKYI0 MEXaHWKY, MPUIEM BCE OCTAJbHDBIE
KOMIIOHEHTBI TeOpUH (HEKOMMYTATUBHOCTD, HEHYJIeBasl IIOCTOSHHAS
[Tnanka, JUHAMAYECKOE ypaBHEHNE OCHOBAHHOE HA KOMMYTATODE)
OCTAIOTCSl HEM3MEHHBIM.
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